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IIPE^HCJIOBHE 


HacToam,aa KHiira npeflHa3HaaeHa cjiyaaiTB nocoSneM no Kypcy reo- 
MeTpnn fljia CTyneHTOB-MaTeMaTiiKOB neflarornnecKiix iiHCTHTyTOB n ne- 
^aroniHecKiix cneipiajiBHOCTeii ymiBepcHTeTOB; 3a^3,ana, KOTopyro OHa, no 
3aMBicjiy, flOJiJKHa pemaTB, coctoiit b tom, hto6bi b Hai-i6ojiBineH CTenemi 
npn6jni3HTb Kypc reoMeTpini k npo6jieMaM niKOJiBHoro npenoflaBamia. 

no co^epacaHi-no KHiira BKjnonaeT MaTepnaji, npe^ycMOTpeHHBifi npo- 
rpaMMoit, n cjiaraeTca ii3 flByx pa3flejiOB. nepBBiii coflepaaiT yrjiy6jieHHoe 
n flonojmeHHoe ii3Jio:>KeHiie hikojibhoii reoMeTpi-n-i b Tpex nacTax. B nepBOii 
H3 hiix — aHajniTimecKaa reoMeTpna, nocKOjiBKy KOop/pmaTBi n KpiiBBie 
HyacHbi b Kypce aHajni3a, a He tojibko b caMoii reoMeTpini. 

BTopaa nacTB nocBaipeHa sjieMeHTapHOii reoMeTpini, rojiaraeMoft Ha 
ocHOBe aKCHOM. B hiix 3a ochobhoii oSbckt npimaTa He 6ecK0HenHaa npa- 
Maa, a 0Tpe30K — «KOHeHHaa npaMaa», KOTopaa h (JairypiipyeT Ha caMOM 
,n,ejie b npenoflaBaHiiii h b npaKTiiKe, KaK, HanpnMep, b yTBep*yi,eHHH, hto 
« npaMaa npoBO^HTca no jnmeHKe». noHaTiie SecKOHenHOii npaMoft bo 3- 
HiixaeT H3 npeflCTaBjiemiH o npoflOjEKemin OTpe3xa. PaBeHCTBO OTpe3KOB 
bbo^3,htch Kax ocHOBHoe OTHOHieHiie, ho cymecTBOBamie ,h,jiiihbi — hhcjich- 
hoii fljiiiHbi npn flaHHOM MacniTaSe — c ycjiOBrieM, hto paBHbie 0Tpe3Kii 
HMeiOT paBHBie ^.jihhbi, npiiHiiMaeTca xax aKCiiOMa. AHajioniHHO ^ajiBHie 
npiiHHMaiOTca axciiOMBi o Mepe yrjia, njiomaflii h oSteMe (ecTecTBeHHO, 
ecjni, b nacTHOCTii, cymecTBOBamie njiomaflii He ,n,OKa3BiBaeTca, to ero 
cjie^yeT npimaTB b xanecTBe aKCiiOMBi). 

H 3 axcHOM bbibo^htch flOBOjiBHO mhoto cjieflCTBHii, KOTopBie caMii no 
ce6e coBepnieHHO oneBn^Hhi; hx bbiboa npeflCTaBjiaeTca nojie3HBiM KaK 
ynpaacHeHiie b CTponix flOKa3aTejiBCTBax. 

06paTiiM eiu,e BHiiMamie Ha to Heo6biHHoe o6cToaTejn>CTBO, hto mbi 
BBO fliiM b aKCHOMaTHKy aKCHOMaTHHecKoe onpeflejieHiie noHaraa cjiiirypBi 
(hjiii MHoacecTBa ToneK, KaK oho Hyaoio b reoMeTpini) . 3 to npe^CTaBjia- 
eTca ecTecTBeHHBiM h ^,a»ce Heo6xo,n,iiMBiM, ecjni ocHOBBiBaTB reoMeTpino 
Ha axciiOMax, noHHMaa no^ reoMeTpneii «Hayxy o tfnirypax*-. 



Kamie Bonpocbi sjieMeHTapHoii reoMeTpim paccMaTpiiBaiOTca BCjiefl 3a 
aKCIIOMaTHKOH, HIITaTejIb MOJKeT BIIfleTb I-I3 orjiaBjiemia. 

B TpeTBeii nacTii, Toace, co6ctb6hho, OTHOcameftca k ajieMeHTapHon 
reoMeTpim, paccMaTpimaiOTCH OTo6paaceHiia b nepByio onepe^B Te, ko- 
TopBie coxpaHaiOT paccToamia. Hx mbi Ha3BiBaeM «HajioaceHHHMH», kslk 
3to flejiaeTca b HeKOTopBix yHe6miKax (HanpiiMep, y A. II. KiicejieBa h y 
JI. C. ATaHacsma c coaBTopaMii; ya,o6HO CKa3aTB: «o/i,Ha (Jrarypa HajiaraeT- 
ca Ha ^pyryio», a TepMiiH «flBicKeHiie» OTHOCi-iTca, CKopee, k npopeccy). 

3a o6ih,hmh TeopeMaMH o HajioaceHiiax h ciiMMeTpiiefi npaBiuiBHBix 
MHororpaHHiiKOB cjieflyiOT ac}x]:>MHHbie npeo6pa30BamiH, HHBepcim h npo- 
eKTiiBHBie npeo6pa30BamiH, c kotopbix HaHimaeTca npoeKTHBHaa reoMeT- 
pna. B HarneM H3JioaceHHH OHa «CBe^eHa» k sjieMeHTapHoii reoMeTpim h 
cjiyjKHT T6M ace 3aflaaaM HiitojiBHoro npenoflaBamia (no KpaimeH Mepe b 
K jiaccax c yrjiy6jieHHBiM H3yneHiieM MaTeMaTHKii) . TonojioninecKoe CTpo- 
eHiie npoeKTiiBHOii njiocKOCTii BBiacHaeTca noTOM, b nacTii, nocBameHHOfi 
Tonojiormi. 

B KOHpe nepBoro pa3^ejia ^aeTca sjieMeHTapHoe noHaTiie o MHoroMep- 
Hoii reoMeTpim. 

BTopoii pa3^eji khhth co^epaaiT b nepBBix flByx ero nacTax ,np4)<|)e- 
peHpiiajiBHyio reoMeTpino h Hanajia Tonojioniii. Ohi-i cjiyacaT pacnnipeHiiio 
Kpyro3opa ymiTejia, ho CBH3aHBi co hikojibhbim KypcoM nepe3 noHHTiia 
fljiiiHBi KpiiBofi, njiom,a/i,H noBepxHOCTii, TeopeMy 3ftjiepa h t. n. 

^HiicjDcljepeHpiiajiBHaH reoMCTpiia ioynaeT KpriBBie h noBepxHOCTii b 
TpexMepHOM npocTpaHCTBe (a Taione hx o6o6m,eHiia b MHoroMepHOM 
npocTpaHCTBe) . IvpiiBBie h noBepxHOCTH mbi onpe^ejiaeM khk 4>nry- 
pBi — MHoacecTBa Tonex. Mbi 3a^aeM hx napaMeTpiinecKii, a He ypaBHe- 
HHHMH, KHK B aHajII'ITHHeCKOH TeOMeTpiIII. /fyia KpaTKOCTII II3JIOaceHHH 
^i-KjxliepeHpiiajiBHO-reoMeTpiiHecKiie noHHTiia mbi onpeflenaeM name Bcero 
KOHCTpyKTiiBHO — npn noMomii hbhoh (JiopMyjiBi, a yace 3aTeM ,n,aeM hiicto 
reoMeTpiiaecKoe onpefleaemie, He HcnojiB3yiomee KOHKpeTHOit napaMeTpn- 

3an,HH. 

Hanajia TeopeTiiKO-MHoacecTBeHHOH Tonojioniii H3jioaceHBi Ha ocHOBe 
noHHTHH TonojioniHecKOH CTpyKTypni b MHoacecTBe iicxo^a H3 aKCHOMaTH- 
kh otkpbitbix MHoacecTB . IIpii 3TOM yHHTBiBaeTca, hto nepBBie TOnOJIOrH- 
necKiie noHHTiia ,n,jia eBKjuiflOBa npocTpaHCTBa bboahjihcb yace bo BTopoit 
nacTH khhth h, KpoMe Toro, H3BecTHBi HiiTaTejiio H3 Kypca aHajni3a. 

IIopaflOK H3JioaceHiia thkob, hto CHanajia mbi bbo^hm noHHTiie Henpe- 
pBiBHoro OTo6paaceHiia oflHoro npocTpaHCTBa b flpyroe, 3aTeM- noHa- 
Tiie roMeoMop<J)H3Ma h tojibko nocae stoto npiiCTynaeM k ioyHemno Ta- 
khx TonoaoniHecKiix cboiictb npocTpaHCTB h MHoacecTB b hiix, nan cbh3- 



HOCTt h KOMnaKTHOCTb. H3yneHiie Haii6ojiee iiHTepecHbix c reoMeTpHne- 
cxoh tohkii 3pemiH npocTpaHCTB — MHoroo6pa3iii“i — 3aBepinaeTCH Tono- 
jiorHnecxoii KjiaccH<J)HKanneH xoMnaxTHbix flByMepHbix MHoroo6pa3ini — 
noBepxHOCTefi . 

TpeTbio nacTB BToporo pa3,n,ejia npe^CTaBjimoT ocHOBamia: reoMeTpim. 
3flecB ^acTCH axcuoMaTiixa eBxjnmoBoii reoMeTpim c TeMii »ce ochobhm- 
mii noHHTHHMii, hto b nepBOM pa3,n,ejie (n. 2), ho c axciiOMaMii paBeHCTBa 
OTpe3KOB h axciiOMOii HenpepbiBHOCTii, KOTopbie flaiOT ocHOBaHiie ;i,jih no- 
HHTEfl flJIHHbl. COOTBCTCTBCHHO, o6oCHOBbIBaiOTCH nOHHTIIH O BCeX BejIHHIl- 
Hax: fljiHHa, Mepa yrjia, njioma^b, o6bcm. ^aeTca axcuoMaTiiHecxoe onpe- 
^.ejieHiie cjanrypbi b sjieMeHTapHoii reoMeTpim, yTOHHHiomee onpeflejiemie, 
,n,aHHoe b h. 2. 3aT6M paccMaTpiiBaiOTCH noHUTiiH HenpoTHBopeniiBOCTii, 
He3aBiiciiMOCTn h nojiHOTbi, flaeTCH MO^ejib reoMeTpim JIo6aHeBCKoro h 
aHajii-iTHHecKaH MO,n,ejib eBxjnmoBoii reoMeTpim hjih, hto paBHOCiuibHO, — 
axcuoMaTHxa, ncnojib3yioiii;aH xoopflimaTbi. OHa coflepixiiT Bcero Tpii ax- 
ciiOMbi ii npiiMeHseTCH TaxjKe fljia rc-MepHoro npocTpaHCTBa. CoBepmeH- 
ho aHajiorii'iHWMH axcnoMaMH onpe^ejineTCJi nceBfloeBxjn-moBO npocTpaH- 
ctbo, ii mm npnxoflHM k Teopiiii OTHOCiiTejibHOCTii b reoMCTpiiHecKOM ee 
npeflCTaBjieHiiii. TyT ace ii3jiaraeTca rpynnoBOii npiiHipin onpeflejiemiH 
toii hjih iiHOii reoMeTpHH h, HaKOHeu,, b flonojiHeHiie, ^aeTca HexoTopoe 
noHHTHe o pHMaHOBOH reoMeTpHH. 

3 th 3axjiiOHiiTejibHbie naparpaijibi He npeTeHflyiOT Ha to, hto6bi xaac- 
^biii CTy^eHT mot hcho noHHTb h ycBOiiTb to, o neM TaM roBopiiTCH. Ho, ,ay- 
MaeTca, b 3 tom HeT Hiinero CTpauiHoro: ymiTejiio nojie3HO coneTaTb TBep- 
^oe ycBoeHiie ochob nixojibHoro xypca c npeflCTaBjieHiuiMH, Bbixo^pnniiMii 
3a ero npe^ejibi, xax 6bi coefliiHHH TBepfloe Hflpo 3HaHHH c pacninpaiomH- 
miich b npocTpaHCTBO Hayxii npe^CTaB jieHHHMii . 

B xHiire h. 1, 2, 3 h 6 HamicaHbi A. ,11,. AjiexcaH^poBbiM, a 4 h 5 — 
H. K). HepBeTaeBbiM, hm ace BbinojiHeHO 6ojibimiHCTBO pucyHxoB. 

Abtopbi 6yn,yT 6jiaro,n,apHbi BceM HHTaTejiHM — npenoflaBaTejiHM h CTy- 
^eHTaM — 3 a OT 3 biBbi h 3 aMenaHHH 06 stoii XHiire. 

Mbi 6jiaroflapHbi pe^axTopy khhth A. Jl. BepHepy 3a ero 6ojibinyio 
pa6oTy no ycoBepmeHCTBOBaHino pyxonricii h coTpyzpnixaM xatjie^p reo- 
MeTpiiii BopoHeaccxoro h HoBOCii6iipcxoro neflarornnecxiix HHCTHTy- 
tob, a Taxixe (h oco6eHHo) A. B. Ky3bMiiHbix 3a xpiiTHHecxne 3aMena- 
hhh, xoTopbie Mbi no Mepe chji nocTapajincb ynecTb. Mbi Gjiaro^apiiM 
T. H. PoixxoBCxyio ii H. A. PoixxoBCxyio 3a noMomp iipn o<J>opMjieHHH py- 


xomicii. 



HacTt. I 

AHAJIHTHHECKAH TEOMETPHH 


OcHOBHaa pejiB nepBoii Haem Kypca — yrjiy6iiTB 3HaKOMCTBO c Koop- 
pimaTaMH h BCKTopaMH h noKa3aTB, KaK OHii npiiMeHHiOTCH b reoMeTpim. 

Xoth MHoroe o KOoppimaTax 11 BeKTopax H3BecTHO H3 hikojibi, mbi 
nojiHOCTBio H3JiaraeM Bee Heo6xopiiMBie CBepemia o mix. BivrecTe c stum 
paccMaTpiiBaeTca npepcTaBjiemie y p a b h e h h a m ii b KOoppimaTax jihhhh Ha 
njiocKOCTii h noBepxHOCTeft b npocTpaHCTBe, KaKne b niKOJie He iisynajiiiCB. 

KoOppiIHaTBI H BCKTOpBI BajKHBI He TOJIBKO B reOMeTpiIII OHII IHIipOKO 
npiiMeHHiOTCH h b ppyrax pa3pejiax MaTeMaTHKH, a TamKe b <J)H3HKe h t. p. 
IIo3TOMy-TO peaB o hhx h iipeT b caMOM Haaajie Harnero Kypca. 

CymecTBeHHaa oco6eHHOCTB ii3Ji0JKeHiia b stoii KHiire — Ta, hto Baac- 
HenniHe noHHTiia Kypca aacTO myaaiOTCH no HecKOjiBKy pa3 pa3jniaHBiMii 
MeTopaMii H paccMaTpiiBaiOTCH c pa3HBix ctopoh. Tan, b stoii aacTH mbi 
T piiJKpBi o6pam,aeMca k npaMoii Ha njiocKOCTii, irayaaa ee a KOoppimaT- 
hbim, H BeKTopHBiM MeTopaMii b rjiaBax 1 h 4. AHajioniHHO oGcyacpaiOT- 
ca pa3HBie nopxopBi k kpiibbim BToporo nopapKa (KBII). BcecTopoHHee 
ii3yHeHiie ochobhbix noHHTiiii npii3BaHO cjaopMiipoBaTB 6ojiee rjiy6oKiiii h 
H iiipoKiiii B3rjiap Ha hiix. 


F jiaBa I 

HAHAJIA AHAJIHTHHECKOH TEOMETPHH 

§ 1. IIpHMoyrojiBHbie KOoppmiarBi 

AHajiHTHaecKaa reoMeTpua — sto, kopotko roBopa, TaKOii pa3peji reo- 
MeTpnn, b kotopom reoMeTpiiHecKiie (JnirypBi rayaaiOTca c noMOipBio aji- 
re6pBi Ha ocHOBe npiiMeHemia KOoppimaT. IIpHMoyrojiBHBie (peKapTOBBi) 
KOoppiiHaTBi Ha njiocKOCTii h npocTeiiimie pe3yjiBTaTBi aHajiiiTiiaecKOii 
reoMeTpim H3BecTHBi ii3 HiKOjiBHoro Kypca. Mbi, opHaKO, HaaHeM c Toro, 



hto noBTopiiM hx: hto-hto, a Hanajio, nepBBie ochobbi npe^MeTa, ^.ojijkhbi 
6bitb TBepflO ycBoeHbi, htoGbi mohcho 6bijio /jpuraTBCH ^ajiBine. 

IlpHMGHeHiie ajire6pbi, KaK h nocjieflyiomee npiiMeHemie aHajnoa, oc- 
HOBaHO Ha npe^CTaBjieHHii reoMeTpunecxiix coothohichhii b BH^e ajire6- 
pannecxiix cooTHomemm Meac/iy HHCJiaMH, npeflCTaBjraioiniiMH reoMeTpu- 
necxne BejiHHHHbi. 


IIoaTOMy mbi HaaHHaeM c Toro, hto bbi- 
6npaeM h 3aKpenjmeM pa3 h HaBceiyja 1 
e/IHHHUy flJIIIHBI (eflllHIIHHBIH 0Tpe30K) II 
b Heii BBipaacaeM Bee /pihhbi ii paccToa- 
hiih, Tax hto flajiBine «,qjiHHa» h «pac- 
CTOHHiie» o6o3HaHaioT fleiicTBiiTejiBHBie 
Hiicjia. 

Kax 113 BGCTHO ii3 mxojiBHoro xypca, 
npHMoyrojiBHBie xoopflimaTBi Ha njiocxo- 
cth onpe^ejiHiOTCH cjie/jyioiii,HM o6pa30M. 

BBi6npaeM ,npe B3aiiMHO nepneHflii- 
xyjiapHBie npHMBie — ocu Koopdunam\ hx 
TOHxa nepeceneHiiH O — nauajio Koopdunam — ,n,ejinT xaac/iyio ii3 hhx Ha 
,n,Ba jiyna; o,h,hh CHHTaeM nojioaciiTejiBHOH nojiyocBio, /jpyroii — OTpiipa- 
TejiBHOii (piic. 1). KaaynoH Tonxe M Ha och othociitch ee Koopdunama: 
paccTOHHiie OM , ecjni Tonxa Ha nojioaciiTejiBHOH nojiyocn, h paccTOHHiie 
OM c MiiHycoM fljia Toaex Ha OTpupaTejiBHOH nojiyocii. Ha oflHoii ocu 
xoop/pmaTa o6o3HaHaeTCH x, h 3Ta ocb Ha3BiBaeTCH «ocbio x» ; Ha /ipyroii 
ocii xoopfliiHaTa o6o3HaHaeTCH y , ii 3Ta ocb Ha3BiBaeTCH «ocbio y» (cTa- 
pBie Ha3BaHHH xoop/piHaT: x — «a6cH,ncca», y — «opfliraaTa» TenepB Majio 
ynoTpe6iiMBi) . ^jih Hanajia xoop/pmaT nojiynaeM x = y = 0 . 

Kaacflofi: tohxc M Ha njiocxocTH conocTaBjunoTCH b xanecTBe ee xoop- 
/pmaT xm j yM xoopfliiHaTBi ee npoexpim Ha och x ii y (HanoMHHM, hto 
npoexpiiH tohxh Ha npHMyio — sto ocHOBaHiie onymeHHoro H3 Hee nep- 
neHflHxyjiHpa hjih caMa TOHxa, ecjni OHa jieaciiT Ha npaMoft, Ha xoTopyio 
npoii3BOfliiTCH npoexTiipoBaHiie) . 

06paTHO, xaac/ipH ynopsmoHeHHOii nape Hiiceji Xo, yo cooTBeTCTByeT 
TOHxa M[x o, yo) c xoop/piHaTaMii x = xq, y = yo- OHa MoaceT 6bitb 
nojiyneHa cjie^yiomHM o6pa30M. BepeM Ha och x Tonxy M x c xoopflimaTOH 
xo; ecjni yo = 0, to sto ii 6yn,eT Tonxa M(x o, yo)- Ecjhi ace yo ^ 0, to 
npoBO/piM H3 tohxh M x nepneHfliixyjiHp x och x Ha /ynray | j/o | b CTopoHy 
nojioacHTejiBHBix y (b nojiynjiocxocTB, iyje jieaciiT nojioaciiTejiBHaH nojiy- 
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Phc. 1 


1 3to corjiameHHe othochtch k nacTH 1. 
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Phc.2 


ocb y), ecjin yo > 0, h b CTopoHy ot- 
pimaTejibHbix y , ecjin yo < 0. KoHen, 

3Toro nepneHfli-iKyjiapa n 6yn,eT Tonxa 
M(x 0 , Vo)- Ecjih MM y — onymeHHbiii 
H3 Hee nepneHfliiKyjiap Ha ocb y 1 to ko- 
op,ipiHaTa y ero ocHOBamiH M y h 6y- 
AGt yo (nocKOjibKy jih6o M Ha och y, 

Kor^a x-o = 0, jih6o OM x MM y — nps- 
MoyrojibHHK, Tax hto OM y = M X M 
(pnc. 2)). IIosTOMy nocTpoemie tohkii M( Xq, yo) mojxho HaHimaTb, b3hb 
Ha och y TOHKy M y c xoopflHHaTOii y = yo, h h3 Hee npoBO/piTb nepneH- 
^.HKyjiap k och y. 

TaxiiM o6pa30M, Mecncdy moHKaMu ruiocKocmu u ynopfidonenHUMu 
napaMu nuceji x, y ycmaHaejiueaemca e3auMH0 odH03Hav,Hoe coomeem- 
cmeue: xajx/ipH tohxc conocTaBjiaeTca napa xoopflimaT, h xa>xflOH nape 
Huceji — TOHxa c TaxiiMii xoop/piHaTaMH. 

Och o6pa3yiOT neTbipe npaMbix yrjia, BHyTpeHHHe o6jiacTii KOTopbix 
Ha3biBaiOTCH ueadpanmaMu. B xa:x/i,OM xBa,npaHTe xoop,a,HHaTbi HMeiOT 
onpe^ejieHHbui 3Hax. KBa^paHTbi HyMepy- 
iot b TaxoM nopaflxe: nepBbiii tot, r^e 
x > 0, y > 0; bo btopom x < 0; y > 0; b 
T peTbeM x < 0, y < 0; b neTBepTOM x > 0, 
y < 0 (pnc. 3). 

IIpHHHTO CHHTaTb OCb X TOpH30HTajIb- 
hoh h orpaHHneHHyK) ero nojiynjiocxocTb, 
rfle y > 0, Ha3biBaTb eepxneu, ^.pyryro, r^e 
y < 0, — HusKHeu. HanpaBjieHiie och x b 
CT opoHy B03pacTaHHH xoopflHHaTbi x npn- 
hhto CHHTaTb HanpaBjiemieM BnpaBO, npo- 
THBonojiojxHoe — bjibbo. IIoBopoT ot no- 

jioncHTejibHOH nojiyocii x x nojioJXHTejibHofi nojiyocn y CHHTaiOT H/i;ymHM 
npoTHB nacoBoft CTpejixu. IIoaTOMy b toii >xe nocjieflOBaTejibHOCTH — npo- 
THB HaCOBOH CTpejIXH — HyMepOBaHbl XBa^paHTbl. 

HyjxHO, o^,Haxo, hcho nom-iMaTb, hto sto yjxe He reoMeTpua: b reoMeT- 
Phh HeT hh Bepxa, hh Hii3a, hh HanpaBjieHHH BnpaBO, hh BjieBO h HHxaxoii 
nacoBOii CTpejixu. Bee sto othociitch He x ochm xoop/pmaT b reoMeT- 
Phh, a x hx H3o6pajxeHiiro hjih npeflCTaBjieHHio, b nacTHOCTii b cbh3h c 
H aiHHM TejiOM, no OTHonieHiiro x xoTopoMy h onpe^ejiaiOTCH «BnpaBO» h 
«BJ ieBO». 
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Phc. 3 


§ 2. IIpaMaH. ^cjichmc: OTpe3Ka b /j,aimoM OTHOineHHH 

3a(J)iiKCiipyeM Ha njiocKOCTH npaMoyrojiBHyio cucTeMy KOopflimaT 

x , y- 

Ilepeasi aadaua n.ujijiirnriccKoii reoMeTpim coctoiit b Ba/uuiuu hjih, 
imane roBopa, npeflCTaBjiCHini cjjuryp ypaBHeHHHMH. 

Onpe^ejieHHe. YpaBHeHiie c flByMH nepeMeHHbiMii x, y 3adaem cJsh- 
rypy F hjiii, KaK roBopaT, aBjiaeTca ypaenenueM stoh cfimypbi b npsiMO- 
yzoAbHUX KoopduHamax, ecjni 

а) KOop^iiHaTBi BcaKOii tohkii cjjurypbi F yn,OBjieTBopaiOT ypaBHeHiiio ; 

б ) BcaKaa napa nnceji x, y, yn,OBjieTBopHioiH,Hx ypaBHeHiiio, OKa3biBa- 
eTca napoii KOop/pmaT HeKOTopofi tohkii cjjurypbi F. 

flpyrHMii cjiOBaMH, TOHKa npiiHajyreaiHT tfnirype Torpa h tojibko to- 
rpa, Korpa KOoppimaTbi tohkii ypoBjieTBopaiOT ypaBHeHiiio (}j wry phi. Ilpn 
3 tom BTopoe ycjiOBne ponycKaeT nojie3Hyio nepec|)opMyjHipoBKy: 

6') ecjin TOHKa He npiiHapjieaaiT tfnirype, to ee KOoppHHaTbi He yu,o- 
BjieTBopaiOT ypaBHeHiiio nocjiepHeii. 

OnpepejieHino ypaBHemia tfnirypbi eooTBeTCTByeT onpepejiemie toto, 
hto 3HaHiiT «<f)iirypa, 3a/i,aHHaa hjih onpepejieHHaa /piHHbiM ypaBHeHiieM»: 

Ouzypa, onpedejiennaji dannuM ypaenenueM e neKomopou dannou cu- 
cmeMe Koopdunam, — sto mhohccctbo Bcex Tonex njiocKOCTH, KOoppimaTbi 
KOTopBix yn,OBjieTBopaiOT 3T0My ypaBHeHiiio. 

FoBopa 06 ypaBHeHiiii c pByMH nepeMeHHbiMii, He HCKjiiOHaiOT, hto oppa 
ii3 nepeMeHHBix MoaceT b HeM OTcyTCTBOBaTB. Torpa ypaBHeHiie He Hajiara- 
eT Ha Hee HHKaKHx ycjiOBini, h OHa MoaceT He3aBiiciiMO npiiHiiMaTB jno 6 bie 
3HaHeHiia. 

OnpepejieHHe. YpaBHeHiie bu/ui 

ax + by + c = 0 (1) 

Ha3biBaeTca ypaenenueM nepeou crnenenu hjih jiuueuHbiM, ecjin xoth 
6hl OflHH H3 KOStfxfj H Hue HTO B a, b OTJIIIHeH OT HyjIH (a 2 + b 2 ^ 0). 

TeopeMa 1. BcAKasi npsiMasi 3adaemcsi e npsiMoyzoJibHux Koopduna- 
max JiuneunuM ypaenenueM, u o6pamno: ecsiKoe Jiuneunoe ypaenenue 3a- 
daem e npsiMoyzo.abHux Koopdunamax npAMyw. 

,Zl,OKa3aTejiBCTBO. ^OKaaceM nepByio nacTB TeopeMbi. IlycTB Ha 
njiocKOCTH BBefleHbi npaMoyrojitHbie KOoppiraaTbi h paHa KaKaa-jin6o npa- 
Maa. Ecjiii OHa napajuiejitHa och y, to ee ypaBHeHiie HMeeT Blip x = a 
( a = const) 2 . 

~Ta.K ofxniia'iaiOT nocToairayio BejiHHHHy (ot jiaT. constans — iioctohhhbih) . 




Phc. 4 


^eftcTBHTejibHO, Taxaa npaMaa nepneHfliixy- 
jiapHa och x. IIoaTOMy y ee Tonex x = Xq, rpe 
Xo — KOop/i,HHaTa tohxh ee nepeceHemia c ochio 
x (xax 3 to cjie^yeT n3 caMoro onpeflejiemia xo- 
op^maT). ^jih Bcex jxe ^pyrax Tonex x ^ xq 
(pnc. 4). 

CoBepinetiHO aHajioniHHO npaMaa, napaji- 
jiejiBHaa och x , 3a,n,aeTca ypaBHemieM BH^a y = 
a (a = const). 

IlycTB Tenepb ,n,aHHaa npaMaa npoxo^iiT 
nepe3 Hanajio xoop/iHHaT h ne coBna^aeT hh 
c Toil, hh c flpyroft ocbio. Tor^a OHa nepecexaeT b Hanajie xoop- 
^iraaT ocb x, h ee jiyH, pacnojiojxeHHbiii b BepxHeii nojiynjiocxocTH, 
o6pa3yeT c nojioJxiiTejibHon nojiyocnio x HexoTopbiii yroji a, otjiiih- 
Hbiii ot npaMoro (piic. 5). 

B TaxoM cjiynae ^jia xajxfloii tohxii npa- 
Moii HMeeM 

V 

- = tga, 
x 

xax 3 to cjie^yeT 113 caMoro onpe^ejieHiia TaH- 
reHca (,a,jia jiyna, pacnojiojxeHHoro b mcxHen 
nojiynjiocxocTH, x n y — npoTHBOnojiojxHbix 
3HaxoB, a noTOMy OTHomemie nx to >xe). ^ji a 
Toaex, He jieacanpix Ha flaHHOii npaMoii, ot- 
HOinemie flpyroe. 

TaxiiM o6pa30M, npaMaa 3a^aeTCH ypaB- 
HeHiieM Bii,zi,a 



Phc. 5 


y = kx (k = tg a). 


( 2 ) 


IlycTb Tenept npaMaa p He npoxo- 
nepe3 Hanajio , a nepecexaeT ocb y b 
Tonxe A c xoopflHHaTon y = b, Tax hto 
b = ztOA. IIpoBefleM nepe3 Hanajio npa- 
Myio q , napajuiejibHyio p (puc. 6). Ka*- 
^,aa npaMaa, napajuiejibHaa ocu y, nepe- 
cexaeT o6e npaMbie b HexoTopbix Tonxax 
P, Q , n mm nojiynaeM napajijiejiorpaMM 
OAPQ , Tax hto QP = OA. 1 Iootomv xo- 
op,ipiHaTa y tohxh P OTanaaeTca ot xo- 
op,ipiHaTbi tohxh Q Ha CTOjibxo >xe, Ha cxojibxo xoop/pmaTa A OTjiHnaeTca 



OT KOOpflI'IHaTbl O, T. e. 

yp ~vq = yA-yo, yp = VQ + b. 

IIpaMaa q npoxo,n,iiT nepe3 Haaajio. IIoaTOMy Ha Heft 

y = kx (y Q = kx Q ). 

riosTOMy Ha npaMoft p BBinojiHaeTca paBeHCTBO 

y = kx + b. (3) 

Hh fljia KaKoft to'ikh. He jie>Kameft Ha npaMoft p, sto paBeHCTBO He 
BbinojiHaeTca, Tax KaK «OTCTynjieHiie no BepTiiKajni» ot npaMoft q, t. e. 
y — kx, dypfiT .apyrmi. 

Hiicjio k Ha3biBaeTca yzAoewM Korxfxfni, u t u e h, rn om npaMoft p. 

HTaK, ypaBHeHiie (3) npeflCTaBjiaeT npaMyio p. 

TaKHM o6pa30M, mbi nojiyHiijiii cjre/iyrcupHft pe3yjibTaT. 

Bcakoa npsiMafi, we napaji.ae.abnaji ocu y, npedcmaeAAemcA ypaenenu- 
eM euda 

y = kx + b, 

zde yznoeou KOdcfjcfjuyueHm k = tg a — manzeuc yzjia naKJioHa npAMOu 
k ocu x u b — Koopdunama mouKU nepeceueHUA npAMOu c ocuw y. 

IIpsiMaH, napaAAeAuuaA ocu y, npedcmaeAAemcA ypaeuenueM x = a. 
/IpKaaceM Tenepb, hto BcaKoe jiHHeftHoe ypaBHeHiie npe^CTaBjiaeT npa- 
Myio. 

IlycTb ^aHO ypaBHeHiie Bii^a (1) c a 2 + it 2 / 0. ^onycTHM, hto b hcm 
6 = 0. Tor^a a / 0, h ypaBHeHiie npiiBOfliiTca k BH^,y x = —c/a, t. e. 
oho npeflCTaBjiaeT npaMyio, napajuiejitHyio ocii y. Ecjiii ace & / 0, to 
ypaBHeHiie npriBOflHTca k Bi-my 

a c 

y = ——x—~, t. e. y = kx + a. 
b b 

Oho, cjieflOBaTejiHHO, npe^CTaBjiaeT npaMyio (c yrjiOBBiM KOStJxJiimHeHTOM 
k, npoxoflaipyio aepe3 TOHKy (0, d)). 

HTaK, TeopeMa 1 ,n,0Ka3aHa nojiHOCTbio. □ 

,U,onojiHeHne k TeopeMe 1 . fl,ea Jiuneuuux ypaeuenuA euda ( 1 ) 
npedcmaeAAwm oduy u my otce np.HM/yw mozda u moAhKO mozda, Kozda 
ux jieeue uacmu omAuuammcA moAUKO MHOOtcumeAeM, m. e. Kozda ouu 
UMetom eud 


ax + by + c= 0, Xax + Xby + Ac = 0, A ^ 0. 



/],OKa3aTejibCTBO. To, hto ypaBHeHHH TaKoro Bii,n,a npe^CTaBjiaiOT 
o^,Hy h Ty ace npHMyio, OHeBiiflHo: ^ocTaTOHHO pa3,n,ejiHTb BTopoe ypaBHe- 
Hue Ha A. 

IIoKajKeM o6paTHoe. IlycTB ypaBHeHHH 

ax + by + c = 0, a\x + b\y + c\ = 0 


npe^CTaBjiaiOT o^,Hy h Ty ace npaMyio. Ecjih b o^hom 6 = 0, to oho npe,n,- 
CTaBjiaeT npHMyio, napajijiejibHyio och y , 3HaHHT flpyroe — Toace, ii b HeM 
T05KG ^OJIJKHO 6 bITb b\ = 0. IIoSTOMy OHH npHBO,H,HTCH K BHfly 

C Cl 


Tax hto c/a = Ci/ai, t. e. a± : a = C\ : c. OcTajiocb nojioaciiTb A = a\/a. 
Ecjih ace 6 7^ 0 h 61 0, to ypaBHemiH npiiBO^HTCH k Bii^y 


a c a\ Ci 



Ho ohh npeflCTaBjuHOT o^Hy npHMyio, tojibko ecjin coBna^aiOT yrjiOBbie 
K 03 cjxjiHH,HeHTbi h CBoSoflHbie hjichbi, t. e. ecjni a\/b\ = a/b , C1/61 = c/6, 
nojiaraa 61/6 = A, HMeeM ai = A a, 61 = A6, Ci = Ac, hto h Tpe6oBajiocb 

^,OKa 3 aTb. □ 

/HejICHMC OTpe 3 Ka B /jaHHOM OTHOIIieHHH. 

TeopeMa 2 . Cepeduna ompe 3 Ka c KcmyaMu A\{x\, y\), A2(x2, 1/2) 
ecmt> moHKa c KoopdunamaMU 


x = 


X\ + X 2 
2 


V 1 + V 2 
2 


/],OKa3aTejibCTBO. npoeKuyiH cepe- 
yi,HHbi OTpe3Ka ecTb, ohcbii/i,ho, cepe^i-ma 
ero npoeKipni. Cepeflima nee OTpe3Ka och 

MBJKfly TOHKaMH C KOOpflHHaTaMI'I X\, X2 II 

ecTb TOHKa c KoopfliraaToft (a^i +X2)/2 (Tax 
KaK b cepe/pme ^oidkho 6 biTb x — x\ = 
X2 — x; puc. 7 ). To ace BepHO 11 yyiH y. 

06o6m,eHHe. Ecjih tohkh A t Ha OTpe3- 
Ke A 0 Ai TaKOBa, hto A^A t = AqAi ■ t, to 

x t = (1 — t)xo + tx 1, 

Vt = (1 - t)y 0 +tyi. 



(/loKaacuTC 3TO.) 


§ 3. PaccTOHHHe Mc*/i,y tcikomm. OxpyiKHOCTB. Hp>iMa>i 

B (JjopMyjinpoBKax TeopeM 1-3 cjuiKCiipyeM npaMoyrojibHbie Koop/pi- 
HaTbi x, y. 

TeopeMa 1. Paccmosmue Meotcdy mouKaMu A(xi, y\), B{x 2 , y 2 ) ew- 
paofcaemcji cfiopMyjwu 

AB = - x 2 ) 2 + ( 2/1 - y 2 ) 2 - (1) 

^OKa3aTejibCTBO. Ecjih tohkii A, B jiexcaT Ha och x , to paccToa- 
m-ie Mexyoy HiiMii paBHO AB = jx2 — X \ | . Ecjiii j/i = j/ 2 / 0, to 0Tpe30K AB 
napajijiejieH och x, h noTOMy AB = A'B ’ , r^e A 1 , B' — npoeKpim tohck 
A, B Ha ocb x. IIosTOMy AB = \x 2 — x\ |. 3to coBna^aeT c (1) npn y \ = y 2 
(puc. 8). 



Phc. 8 Phc. 9 

CoBepineHHO Tax nee npn X\ = x 2 nojiynaeM AB = |y 2 — j/i| -to see, 
hto flaeT ( 1 ). 

IlycTB Tenept x\ ^ X2 h yi ^ y 2 . IIpoBefleM nepe3 A npHMyio, na- 
pajuiejiHHyio och x, a nepe3 B — npHMyio, napajijiejiHHyio och y\ sto npa- 
MBie, Ha KOTopnix y = yi h x = x 2 - Ohii B3anMHO nepneHflHKyjiHpHbi, Tax 
Kax napajijiejibHbi ochm, h nepeceicaiOTCH b tohke C(x 2 , y\) (puc. 9). IIo 
npe^Bi/iymeMy BbiBO^y mm iimccm 

AC = \xi-x 2 \, BC = \yi — y 2 \- 

OTpe3Kii AC, BC, AB o6pa3yiOT npHMoyrojiBHMH Tpey ro jibhiik , h no Teo- 
peMe niicjiai opa 

AB 2 = AC 2 + BC 2 = ]ari - z 2 | 2 + \yx - y 2 1 2 , 

HTO paBHOCHJIbHO paBeHCTBy ( 1 ). □ 


TeopeMa 2. OKpyotcHocmb c yenmpoM A(x o, yo ) u paduycoM r nped- 
cmaejisiemcsi ypaenenueM 

( X - x 0 ) 2 + (y- yo) 2 = r 2 . (2) 

/],OKa3aTeiibCTBO. 3 to HenocpepcTBeHHO cjiepyeT H3 onpepejieHHH 
OKpy>KHOCTii h TeopeMbi 1 . ^eiiCTBiiTejibHO, tohkh c KOoppimaTaMH x, y 
jiejKHT Ha OKpyjKHOCTii Torpa h TOjibKO Torpa, Korpa paccTOHHiie ot Hee 
po TOHKii A paBHO r, t. e. Korpa x h y ynoBjieTBopaiOT ypaBHeHino (2). □ 
ypaBHemie (2) npriBopHTCH k Biipy 

x 2 + y 2 + ax + by + c = 0, (3) 

rfle a = -2x 0 , b = -2 y 0 , c = x% + y$- r 2 . 

EcTecTBeHHO cnpociiTb, hto BOo6m;e mojkbt npepcTaBjiHTb ypaBHeHiie 
Biipa (3). 

TeopeMa 3. YpaeneHue (3) npedcmaejiaem odny U3 mpex cfiusyp: 

a) OKpyoKHOcrm>, ecjiu a 2 + b 2 — 4c > 0, 

6) odny mourcy, ecjiu a 2 + b 2 — 4c = 0, 

b) nycmoe MHoatcecmeo 3 , ecjni a 2 + b 2 — 4c < 0. 
floKasaTejibCTBO. IIojiojki-im b ypaBHemm (3) 

a = -2x 0 , b = —2J/0- (4) 

Torpa ero mojkho nepemicaTb b Biipe 

(x - x 0 f + (y- yo f -xl-yl + c = Q 

1-ijih, nojiB3yacb (4) h nepeHOCH CBo6o,n,Hbie hjichm BnpaBO, b BH^e 

{x-x 0 ) 2 + (y- y 0 ) 2 = ^{a 2 + b 2 -4c). (5) 

Ecjii-i 

a 2 + b 2 - 4c > 0, (6) 

to mojkho o6o3HaHHTb b (5) npaByro nacTb nepe3 r 2 , h mbi nojiyniiM ypaB- 
HeHiie (2). HTaK, npii BbinojiHemiii HepaBeHCTBa (6) ypaBHeHiie (3) npep- 
CTaBjiaeT OKpyacHOCTb c pempoM b tohkc (xq, yo) M papnycoM r, rpe 

a b 1 r-z -z — 

Xo = ~ 2 > yo = ~ 2 ’ r = -\Ja z + b z - 4c. 

3 IIycToe MHO>KecTBO — «HH t iero», t. e. b cjiynae (3) ypaBHeHHe «HHHero He npepcTaB- 


jiaeT». 



Ecjih npaBaa nacTb b (5) paBHa Hyjno, to nojiynaeM 


(x - x 0 ) 2 + {y- yo) 2 = 0. 

3to ypaBHeHiie yflOBjieTBopneTCH TOjibKO npri x = Xq, y = yo, t. e. oho 
npe^CTaBjiaeT TOHKy (xo, yo)- 

HaKOHeii,, ecjin npaBaa nacTb b (5) OTpiipaTejibHa, to paBeHCTBO (5) 
HeB03M0>KH0, Tax KaK jieBaa ero nacTb 3aBeflOMO HeoTpiipaTejibHa npii 
Bcex x, y. □ 

PaccMOTpeB ypaBHeHiie (3), mm iiojryHiijiii npiiMep ko emopou 3adaue 
aHajiHTHHecKOH reoMeTpim: iiccjieflOBaHino toto, KaKiie (Jinrypti mojkct 
npe^CTaBjiHTB to ruin iihoc ypaBHeHiie. 

BTopoii BtiBOfl ypaBiieiiiiM npaMofi. Kan H3BecTHO, mhojkcctbo 
T oneK, Ka>KflaH H3 kotopbix paBHoyflajieHa ot flByx flaHHbix Tonex, npe,n,- 
CTaBjiaeT co 6 oit npHMyio. OneBiypio, BCHKyio npHMyio mojkho npeflCTaBHTb 
xax Taxoe mhojkcctbo — KaK cepefliiHHbift nepneH^HKyjiap no^xoflamero 
OTpe3Ka. 3 to no3BOjiaeT nojiyniiTb ypaBHeHiie npsMoft flpyrHM cnoco 6 oM. 

IlycTb Bbi6paHbi npHMoyrojibHbie KOop/pmaTM x, y h ^aHa KaKas-jni6o 
npHMan a. IIpoBe^eM nepneHfliiKyjiHpHbift eft 0Tpe30K A 1 A 2 , KOTopbift OHa 
^ejiHT nonojiaM. Tor^a tohkii M npHMoft a xapaKTepii3yiOTCH paBeHCTBOM 
paccTOHHHft: AiM = A 2 M hjih A\ M' 2 = A 2 M 2 . Ecjih KOopflimaTbi Tonex 
.4-j , A 2 o6o3HaHHTb ai, b \ ; ( 12 , & 2 , a koop/iii h a r r bi npoiraBOjibHoft tohkii 
M — x, y, to, npHMeHHH cjiopMyjiy (1) fljiH paccTOSHi-ia, mohcho HamicaTb: 

(x - ax) 2 + (y- bi) 2 = (x - a 2 ) 2 + (y - b 2 ) 2 - (7) 

BbinojiHHH B03Be^eHiie b KBa^paT, 3 aMeTiiM, hto c o 6 enx ctopoh paBeH- 
CTBa OKa3MBaeTCH x 2 + y 2 . IIoaTOMy KBaflpaTbi B3aiiMHO ymiHTOJKaioTCH h 
ocTaiOTCH x, y tojibko b nepBoft CTeneHii, t. e. nojiynaeM jiimeftHoe ypaB- 
HeHiie 

ax + by + c = 0 (8) 

(xaK BbipaxcaiOTCH 3^ecb a, b , c nepe3 01 , 02 ; 61 , 62 , saM noxa He BaxcHo). 

Mbi eipe pa3 ,n,OKa3ajii-i, TaKi-iM o6pa30M, hto BCHKaa npuMaa npeflCTaB- 
jineTCH jiimeftHbiM ypaBHemieM. 

Ho Ha cflejiaHHbiii bmboa mojkho nocMOTpeTb h imane. Mbi ,n,OKa3ajii-i, 
HTO MHOIKeCTBO TOHeK M, RJIK KOTOpbIX A [ M = A 2 M , npeflCTaBJIHCTCH 
jn-iHeiiHbiM ypaBHeHiieM. A Tax KaK paHbrne 6 bijio flOKa3aHO, hto jimeftHoe 
ypaBHeHiie 3a,n,aeT npHMyio, to mbi, mojkho CKa3aTb, ,n,OKa3ajii-i TeopeMy 
reoMeTpim : mhojkcctbo Tonex, paBHoyflajieHHbix ot flByx ,n,aHHbix tohck, 
npe^CTaBjiaeT co6oft npHMyio. 



Tenepb flOKaxeM, hto BCHKoe jiimefiHoe ypaBHemie 3a^aeT npsMyio. 
Jlijisi 3Toro BBimiiiieM BbipaiKemia KOScjacJjimPieHTOB a, b, c b (8), KaK ohm 
nojiynaiOTCH 113 (7): 


a = 2(a 2 — ai), b = 2(b 2 — b\), 
c={al + bl)^{al + bl). 


( 9 ) 


Ecjih flaHO ypaBHemie ax+by+c = 0, to no^6epeM oi, t»i ; a 2 , b 2 Tax, htoGbi 
yn,OBjieTBopiiTb paBeHCTBa (9), ii Tor^,a y6e,n,HMca:, hto ,n,aHHoe ypaBHemie 
npe^CTaBjiaeT MHOxecTBO tohck, paBHoynajieHHbix ot ToneK Ai(ai, bi), 
A 2 (a 2 , b 2 ) — t. e. npe^CTaBjuieT npHMyro. (npoBefliiTe stot bbibo^i,, peirniB 
ypaBHemiH (9).) 

OKpyjKHOCTt AnojiJioHHH. B 3a; arm aHajiiiTiiHecKOii reoMeTpim 
bxo^ht nojiyneHiie reoMeTpunecKiix pe 3 yjibTaT 0 B npn noMorn,H KOop/pmaT 
h, cooTBeTCTBeHHO , ajire 6 pbi. 

ripeKpacHbiH TOMy npiiMep paeT 3aflana: nycTb A, B — pBe paH- 
Hbie tohkh. CnpaiiniBaeTCH, Kaxyio cjmrypy o6pa3yiOT Tarnie tohkii 
M, pjia KOTopbix OTHOHiemie paccToamiii AM, BM oflno h to ace 


— con st? (10) 

BM K 1 

Ilpn k = 1 3to 6ya,eT, KaK H3BecTH0, npa- 
Maa. Ho npii k 1 sto — OKpyjKHOCTb; ee 
Ha 3 biBaiOT oKpycHCHOcmbK) Atiojuiohuji 4 . 

,3(jih ,n,OKa3aTejibCTBa B03bMeM npaMO- 
yrojibHbie KOop^HHaTbi c HanajiOM b tohkc 
B ii nojiojKHTejibHoft nojiyocbio x, npoxo- 
flam,eii nepe3 A. Torpa, nojiaraa AB = a, 
HMeeM (puc. 10) 



BM 2 = x 2 +y 2 , 
AM 2 = (x - a) 2 + y 2 . 


A no ycjiOBiiio: 


AM 2 = k 2 ■ BM 2 . 


OneBiiflHO, Mbi nojiymiM ypaBHemie BHpa (3), a H3 Hero Haii^eM peHTp h 
papnyc OKpyjKHOCTii. (npoBepirre sto pemcmie b peTajiax.) 

4 AnojiJioHHH (okojio 262—190 po h. 3.) — o/mH h3 BejiHKnx /i.peiiiiei pe'iecKHx reoMeT- 
poB snoxH EBKJiH^a (KOHeu, 4 b. — 3b.ao h. 3.) h ApxHMe^a (ok. 287—212 #0 h. 3.). 


IIojiyHHTb pememie stoh 3a,n,aHH, He nojib3yacb KOopfliiHaTaMii, 3a- 
Tpya,HHTe JlbHO . 

06o6iu,eHHe. I lyc i b nano npoii3BOjibHoe hhcjio n to'ick A \ , . . . , A n 
h Hucjia fci, . . . , k n . CnpamiiBaeTCH, hto npe^CTaBjiaeT co6oio MHoacecTBO 
ToneK M , kotopbix 


k\ ■ A\M 2 + ^2 • A 2 M 2 + . . . + k n ■ A n M 2 = c = const? 


( 11 ) 


(YcjiOBiie (10) salami Anojuiomia — nacTHbiii cjiynafl: b neM tohck ^Be, 
c = 0, A'i = 1, k 2 = —k 2 .) Otbct: sto 6 y;t,e r r jih 6 o OKpyacHOCTb, jni 6 o 
npaMaa, J 11160 Oflna TOHKa, jih 6 o nycToe MHoacecTBO (k&k b cjiyaae ypaB- 
HemiH (3)). To ace nojiyaHTca, ecjni b (11) cnpaBa nocTaBiiTB ax A by A c. 
(^OKajKHTe Bee sto.) 

§ 4. HojiMpiibic h /tpyi’MC KOop/j,miaTL.i 


M 



Phc. 11 


Bbi6epeM TOHKy O, Hcxo/ianinfi 113 nee jiya a 
h HanpaBjieHne OTcaeTa yrjiOB ot jiyaa a BOKpyr 
tohkii O. Kaac,n;oii TOHKe njiocKOCTii M, otjihhhoh 
ot O, conocTaBjraeM flBa HHCJia: paccToamie r ot 
O ro M n BbipajKeHHbiii b pa^naHax yroa ip, o6pa- 
3yeMbiii jiyaoM OAl c jiyaoM a 11 OTCHHTbiBaeMbift 
b Bbi6paHHOM HanpaBjieHHii (pnc. 11) (b npoTHBO- 
nojioiKHOM HanpaBjieHHii yroji caiiTaeTca OTpiipa- 
TejIBHblM). 3tH HHCJia r, tp Ha3bIBaiOTCH nOJMipHU- 
mu KoopdimamaMu tohkii A'I ; TOHKa O — n,enmp, jiyn a — nauajibHuu .ayu 
CHCTeMbi nojiapHbix KOopfliiHaT. E(eHTpy O cooTBeTCTByeT r = 0, a yroji ip 
He onpeflejieH. 

JXjisi yrjiOBOii KOopflimaTbi - fljia yr- 
jia <p — flonycKaiOTca, BOo6me roBopa, jiio- 
6bie 3HaneHna; npn stom, pa3yMeeTca, yr- 
jibi, OTjuiHaiOHiiieca Ha pejioe Kparaoe 2n, 
onpeflejiaiOT oflira h tot ace jiyn c Hana- 
jiom O. 

TaKHM o6pa30M, b OTjniHiie ot npaMO- 
yrojibHBix KOopflimaT, Meac,n,y 3HaHemiaMH 
noaapHbix KOopfliraaT n tohkhmh njiocKO- 
CTH HeT B3ai!MHO OflH03HaHHOrO COOTBeT- 
ctbhh: Kaac,a,a a napa KOopflimaT 3a,n,aeT onpeflejieHHyio TOHKy, ho o^hoh 
T oaxe cooTBeTCTByeT o^ho paccToaHiie r h 6 ecKOHeaHO mhoto 3HaHeHiiii 



yrjiOBOH KOopflHHaTbi. H3MeHemie KOop/pmaTbi ip ttoitbtt>khott tohkh M 
yn;o6HO npe^CTaBjiHTb KaK Bpamemie jiyna OM. 3to bh^ho Ha npiiMepe 
cnupajiu ApxuMeda (puc. 12), 3a,n,aBaeMOH ypaBHemieM 

r = atp (a > 0). 

KajK^Bifi jiyn H3 O nepeceKaeT 3Ty cmipajib b GecKOHenHOM Hiicjie ToneK 
co SHa'ieHMMMM ip, o'rjr h ' taro thh m hch Ha pejioe KpaTHoe 27r (Tax KaK r ^ 0, 
to ip > 0). 

O KOopflHHaTax. KoopdunamaMu (TOHHee KOop/pmaTaMii tohck) bo- 
o6me Ha3biBaiOTCH nucjia, KOTopbie 3a^aiOT tohkh, — TOHKa cjaiiKcnpyeTCH 
yKaaaHneM ee KOopflimaT. KoopfliiHaTbi hjih, KaK roBopaT, chctcmbi Koop- 
flHHaT MoryT 6 bitb caMbie pa3Hbie: npaMoyrojibHbie h nojiapHbie — TOJibKO 
caMbie npocTbie; KpoMe sthx mmcjihmm ii npiiMeHaiOTca flpyriie, hckoto- 
pbie H3 hiix yKa3aHbi ^ajibine. KpoMe toto, caMH npaMoyrojibHbie Koop- 
^iraaTbi mojkho BBO^HTb, Gepa pa3Hbie och, TaK ace KaK nojinpHbie — 6epa 
pa3Hbie Hanajia, Hanajibiibie jiy'iw h MeHaa HanpaBjieHiie OTcneTa yrjiOB. 

B CBH3II C pa3H006pa3IieM B03M0JKHbIX CHCTeM KOOpflHHaT HyjKHO 
HMeTb b BH/iy c jie^y ioin,ee . Kor^a roBopaT o 3a;i,aHiin cjmrypbi ypaBHe- 
HiieM, Hy>KHO oroBopiiTb — b KaKHx KOopfliiHaTax. HanpiiMep: hto 3a,a,aeT 
ypaBHemie u = av b KOop^imaTax u , vl Ecjih KOopflimaTbi u, v npaMO- 
yrojibHbie, to - npaMyio; ecjin nojiapHbie — to cnnpajib ApxiiMe^a. 06bih- 
ho onycxaiOT TaKiie oroBopKii o cucTeMe KOopflimaT, Kor^a acHO, KaKiie ko- 
op,ipiHaTbi hmciotch b BHfly, name Bce- 
ro — npHMoyrojibHbie. 

A(J)fj)l4HHbIC KOOp^HHaTbl. Ocil 
x , y (Kaac^aa — co cbohm MacinTa6oM!) 
npoBO^piTCH no,n, npoH3BOjibHbiM yr- 
jiom; yroji Meatfly nojioaciiTejibHbiMH 
nojiyocsMH nycTb 6yn,eT a. KoopflHHa- 
Ta X TOHKH M — 3T0 KOOpflHHaTa TOH 
tohkii Ha och x, b KOTopofi 3Ty ocb ne- 
peceKaeT npoBefleHHaa nepe3 M npaMaa, napajuiejibHaa och y. AHajioniH- 
ho onpeflejiaeTca KOopflimaTa y (puc. 13). 

^OKajKHTe — b thkhx KOopflimaTax — TeopeMy o npaMoii: BcaKaa npa- 
Maa npeflCTaBjiaeTCH jiHHeifflbiM ypaBHeHHeM, h o6paTHo: BcaKoe jiimefraoe 
ypaBHeHHe npeflCTaBjiaeT npaMyio. 

Haii^HTe Bbipaacemie fljia paccToamia Me*fly TOHKaMii. HamniiHTe 
ypaBHeHHe OKpyatHOCTH. 



Puc. 13 


§ 5. IIpeo6pa30BaHne Koop/pinar 

Ilepexo^, ot oflHiix xoopnHHaT k npyniM — ot oflHoii cucTeMbi xoopnn- 
HaT k npyroii — coBepmaeTca nyTeM npeo6pa3oeaHU}i KoopduHam. OopMy- 
jibi npeo6pa30BaHiiH BbipaixaiOT CTapbie xoopnHHaTbi aepe3 HOBbie. (Koop- 
^HHarhi. ot KOTopbix npoiicxoflHT nepexon, mojkho Ha3biBaTb «CTapbiMH», 
a flpyrae — «HOBbiMii».) PaccMOTpiiM nepexon ot npaMoyrojibHbix xoopflii- 
HaT k nojiapHbiM h o6paTHO, xorna y rax Haaajio o6in,ee, nojioJXHTejibHaa 
nojiyocb x coBnaflaeT c HaaajibHbiM jiyaoM h HanpaBjieHiie OTcaeTa yrjiOB 
n^eT ot nojiojKHTejibHoft nojiyocn x k nojiojKHTejibHon nojiyocn y. Torna 
(xax mojkho Bn^eTb H3 caMoro onpenenemia Tex h npynix xoopniiHaT, a 
TaioKe — KOCHHyca h crmyca (puc. 14 )) 

x = r cos (p, y = r sin <p\ 

nr. — 2 + y (!) 

r = \J x z + y z , tg ip=—. 

x 

(Tax xax b npe^ejiax ot 0 no 2n yroji He onpenejiaeTca TaHreHCOM o^ho- 
3HanHO, to HyjxHO ynHTbiBaTb 3Hax x h y. Kax?) 



PaccMOTpiiM Tenepb npeo6pa30BaHiie npaMoyrojibHbix xoopnHHaT. 
IlycTb HMeiOTCH nse CHCTeMbi xoopnHHaT: CTapaa x, y h HOBaa x ' , y' . Ha- 
aajio CTapofi — O, hoboh — O' (pnc. 15). PeoMeTpHaecxn nepexon ot CTa- 
poii cucTeMbi xoop/i,HHaT x hoboh mojxho npencTaBHTb TaxiiM o6pa30M: 
nepeHOCHM och Tax, hto6bi Haaajio O nonajio b O' . 3aTeM noBopaanBaeM 
och Tax, hto6bi nojioJxiiTejibHaa nojiyocb x nepeinjia b nojiojxHTejibHyio 
nojiyocb x ' . Ilocjie stoto nojioJxiiTejibHaa nojiyocb y jih6o coBnanaeT c no- 
jioaaiTejibHOii nojiyocbio y' , jiii6o He coBnanaeT, a 6yn,eT HanpaBjieHa npo- 
TiiBonojiojxHO. Torna Ha.no ee «nepeBepHyTb» OTpajxemieM OTHOCHTejibHO 


och x. 


IIpeflCTaBHM 3TO (J)OpMyjiaMH B KOOpflHHaTaX. PaCCMOTpi'IM KavKflblii 
BUfl npeo6pa30BaHiia KOoppyrnaT OTpejibHO. 

IlepeHoc na'iajia. IlycTB HOBoe Hanajio O' HMeeT CTapbie Koopypi- 
HaTbi 2/0 (puc. 16). HoBbie och napajuiejitHBi CTapaiM h oypmaKOBO c 
hhmh HanpaBjieHBi. 3th och- npaMbie x = Xq, y = j/o- IlosTOMy HOBbie 
KOopfliraaTbi x' , y' npoH3BOjibHOH tohkii M(x, y) 6yn,yT 

x’ = x-x 0 , y' = y-yo- (2) 

IIoBopoT BOKpyr iia'iajia. IlycTB hobbic KOoppimaTbi hmciot to >kc 
Hanajio O, hto h CTapbie, ho ocii noBepHyTbi Ha yroji a (oTcniiTbiBaeMbin 
KaK 6bijio yKa3aHo) (puc. 17). 



Phc. 16 Phc. 17 

Ecjiii BBecTH nojiapHbie KOoppymaTbi co CTapbiM h hobbim HanajibHbiM 
jiynoM, to HOBbie nojiapHbie KOoppymaTbi 6ypyT, ohcbiipho, 

r' = r, p' = p — a. (3) 

IIosTOMy H3 (JsopMyji (1) HOBbie x' , y' 6yn,yT 

x' = r' cos p l = r cos {p — a), 
y' = r' siny/ = r sin {p — a). 

OTcropa 

x' = r cos p cos a + r sin p sin a, 
y' = r sin p cos a — cos p sin a. 

H BBiipy BbipanceHiiH (1) pjia CTapmx x, y nojiynaeM 

x' = x cos a + y sin a, y' = y cos a — x sin a. 


(4) 


06paTHbii"i nepexofl ot hobmx KOopflimaT x ' , y' k CTapbiM x , y 
CBOflHTCH k noBopoTy Ha yroji a b o6paTHyro CTopoHy, t. e. Ha —a. IIo- 
3TOMy (Tax Kax cos (— a) = cos a, sin (—a) = — sin a) 

x = x' cos a — y' sin a, y = x' sin a + y' cos a. (5) 

Ecjih coefliiHHTB noBopoT c nepeHOCOM, kotopbih ^ejiaeTCH CHanajia, to b 
(J jopMyjiy (4) HaflO noflCTaBiiTb x — xo, y — yo bmccto x, y. 3to npiiBOflHT 
k TOMy, hto (JsopMyjibi (4) nojiynaT CBo6o,n,HbiH hjich. AHajioninHO 6yn,eT 
c (JsopMyjiaMH (5). BbimicbiBaTb sth cjjopMyjibi He 6yn,eM. 

H3MeHeHHe HanpaBJieHHH och y oana'iaeT nepeMeHy 3Haica Koop- 
flpmaTbi y, Tax hto cjsopMyjibi npeo6pa30BaHHH 6y^yT 

x' =x, y' = -y. 

Meatfly npomiM, OTCKyja cjiefljyeT nojie3Hoe 3aMenaHiie: ecjin ypaBHe- 
Hne f(x, y) = 0 He i-OMeHaeTCH npn nepeMeHe 3HaKa y, to oho onpe^ejiaeT 
cjjnrypy, ci-iMMeTpHHHyio OTHOCiiTejibHO och x. 

§ 6. 06 aHajiHTHHecKOH reoMeipnH 

Kax yxe 6bijio CKa3aHO b § 1, oSipas 3a,n,ana aHajiiiTiinecKOH reoMeT- 
pHH coctoiit b H3yneHHH reoMeTpiinecKiix (Jsiiryp c noMonflBio ajire6pBi Ha 
ocHOBe npiiMeHeHHH KOopfliraaT. ^jih stoto 4>nrypa npe^CTaBjiaeTCH ypaB- 
HeHHHMH hjih HepaBeHCTBaMii b KOopfliraaTax — b TaKOM npe^CTaBjieHHH 
coctoiit Tax Ha3biBaeMaH nepeasi 3adana aHajiiiTiinecKon reoMeTpini. 

B aHajiiiTiinecKyio reoMeTpino BKjnonaeTca Taione emopasi 3adana, 06- 
paTHan nepBOii: nccjie,zi,OBaTb, KaKiie reoMeTpimecKne cjsiirypbi npe^CTa- 
BHTCH TeMI-I HJIH II H MM II ypaBHeHIIHMII. Bee 3T0 MOJKHO 6bIJI0 BIIfleTb B 
npefli,HiecTByioin,eM hsjiojkbhhh, oco6chho b § 3, r,n,e mbi BbiBejin ypaBHe- 
Hiie OKpyjKHOCTii b npHMoyrojibHbix KOopflimaTax, 3aT6 M bbihchhjih, xa- 
Kiie (JnirypBi mojkbt BOo6in,e npeflCTaBjiHTb ypaBHeHiie no,n,o6Horo Biifla, 
3aTeM to »ce Cflejiajni ,h,jih npHMOii h, HaKOHen,, ;i;ajrpi peineHiie reoMBT- 
pnnecKOH 3a;i,a r iii 06 OKpyjKHOCTii AnojijiOHiiH, nojitsyacb pe3yjibTaTaMii, 
nojiyHeHHbiMii b KOop/pmaTax. 

Xoth mbi npiiBejiH npiiMepbi pa3Hbix chctcm KOop/pmaT, npeiiMyipe- 
CTBeHHO ncnojib3yiOT npHMoyrojibHbie KOopprmaTbi. 

YpaBHeHHH. ypaenenueM c deyMH nepeMennuMU x, y b o6ipeM 
CMbicjie Ha3biBaiOT paBeHCTBO F(x, y) = 0, rpe F(x, y) — BOo6ipe 
KaKaa-jiiiSo (JiyHKiflHH nepeMeHHbix BeipecTBeHHbix miceji x , y. YpaB- 
HeHiie Ha3biBaeTCH ajiseSpaunecKUM, ypaenenueM cmenenu n, ecjin 



ero jieBaa nacTB npe^CTaBjiaeT co6oh MHoroHjieH CTeneHii n othoch- 
TejiBHO x, y c HHCJieHHBiMii K03f]x]3 h H ue HTarvi ii . 3to 6yflyT ypaBHemia 
BH^,a ax + by + c = 0 (nepBoft CTenemi), ax 2 + bxy + cy 2 + dx + ey + / = 0 
(BTopoii CTeneHii) h t. .zi;. IIpii stom no,n,pa3yMeBaeTCH, hto xoth 6bi npn 
o,h,hom H3 «CTapinnx» hjibhob KoaiJxJinpHeHT He paB6H Hyjno. Ho, Hanpn- 
Mep, njieHbi c y MoryT BOBce OTcyTCTBOBaTb. noaTOMy hiicjio nepeMeHHBix 
onpe^ejiaeTca He TeM, ckojibko iix b BBipaxceHiiii jieBOii nacTii ypaBHe- 
hi-ih , a ycjiOBiieM, hto ypaBHemie othociitch k deyM nepeMeHHBiM: jieBaa 
nacTb F(x, y) ecTb cjiyHKipifl deyx nepeMeHHbix. Ecjih o^Ha nepeMeHHaa 
b ypaBHeHiie He bxo^ht, to ee 3HaHeHiia hiihcm He CBH3aHBi. (no STOMy 
noBOfly 3aMeTiiM, hto onpe^ejinTB jieByio nacTb ypaBHeHiia F(x, y) = 0 
Kax «BbipajKeHiie, co^epxcamee x h y», HenpaBiuiBHo; k TOMy ace, ecjin y 
OTcyTCTByeT, ero mojkho «bkjhohiitb», npii6aBHB y — y.) 

B npocTpaHCTBe — Tpii KOop/pmaTBi, h, cooTBeTCTBeHHO, TaM ypaBHe- 
Hiie F(x, y) = 0 iiMeeT coBceM flpyroft CMbicji, neM b cjiynae flByx nepe- 
MeHHbix — Ha njiocKOCTii. 

B aHajiHTHHecKoii reoMeTpiiii npimaTO roBopiiTB, hto ajire6paiiHecKoe 
ypaBHeHiie F(x, y) = 0 3a,n,aeT auhuw hjiii Kpueyw , hto o^ho ii to nee 
(npaMaa — Toxte KpiiBaa). Ho mbi yxce BHflejin, hto ypaBHeHiie moxsbt 3a- 
^aBaTb ii TOHKy, h nycToe MHOxcecTBO. B aHajiHTHHecKoii reoMeTpiiii 3to 
TO»ce «KpiiBBie» hjiii «jihhhh». B flpyrax nacTax MaTeMaTiiKii Taxoe noHii- 
MaHne TepMHHa «KpiiBaa» iiCKjiiOHaeTca, a TepMiiH «jniHiia» He ynoTpeS- 
jiaeTca. 

B cjiynae ajire6paiiHecKiix kphbbix flByM onpeflejieHiiaM — ypaBHeHiia 
,n,aHHOH KpiiBOH h KpiiBOii, 3a^aHHOH ypaBHeHiieM, — cooTBeTCTByiOT Bee 
Te xce ^Be 3a;ia'in: bbibccth ypaBHeHiie ^aHHoro Bima kphbbix h, o6paTHO, 
BbiacHiiTb, KaKiie «KpiiBBie» MoryT onpe^ejiaTBca ypaBHeHHHMH flaHHoro 
BH^,a. 3th 3aflaHii mbi pennum b § 2 fljia ypaBHemrii nepBoii CTenemi (b 
npuMoyrojiBHBix KOop/pmaTax) : ohii 3apaiOT npxMBie, h Kaxcpaa npaMaa 
MOxceT 6bitb 3a,n,aHa TaiaiM ypaBHeHiieM. B § 3 Te xce ppe 3a;iaHii 6bijiii 
penieHBi pjia ypaBHemrii BTopoii CTeneHii BH^a x 2 + y 2 + ax + by + c = 0. 
B caeflyiomeii rjiaBe BTopaa 3a^,ana 6ypeT penieHa pjia jho6bix ypaBHeHHH 
CTeneHii 2. 

Ecjiii ppe KpiiBBie 3a,n,aiOTca ypaBHeHHHMH 

F(x, y) = 0, G(x, y) = 0, 

to nx o6T>e^i,iiHeHHe 3apaeTca ypaBHeHiieM 


F(x, y) G(x, y) = 0, 



a nepeceneHne — ypaBHemieM 


F 2 (x, y) + G 2 (x, y) = 0 
hjih CHCTeMon ypaBHeHnn 

f F(x, y) = 0, 

\ G(x, y) = 0. 

TaK, MejK,ny npomiM, mojkho ii3 flByx npHMBix nojiymiTB KpiiBbie bto- 
poro nopaflKa (hto6bi bbihchiitb Kaxiie — paccMOTpiiTe B03M0JKHbie cjiy- 
Haii). KpoMe Toro, mojkho 3aMeTHTB, hto Kpimaa, 3a,n,aBaeMaji ypaBHem-i- 
eM F(x, y) = 0, 3a,n,aeTC5i TaKHte ypaBHemieM F 2 (x , y ) = 0. IlosTOMy, 
KCTaTii, npaMaa — sto KpiiBaa He tojibko nepBoro, ho ii BToporo nopupKa. 

3to 3aMenaHHe, Kax h ppynie, o6pam;aeT BHHMamie Ha to, hto Hy*;- 
HO 6 bITB no B03M0JKH0CTH TOHHBIM, HO H6 flOrMaTHHHBIM (a flOrMaTH3M B 
HiKOjiBHOM npenoflaBaHiiii cjiepyeT npeopojieBaTb) . 

HepaisencTiia. Onrypni, oco6eHHO iiMeiomne BHyTpeHHiie tohkii, 3a- 
paiOT b KOopfliiHaTax o#hhm hjih HecKOjibKiiMii HepaBeHCTB aMi-i , — Kax ro- 
BopaT, cucmeMou HepaBeHCTB. Hanpimep, b npaMoyrojitHbix KOoppimaTax 
HepaBeHCTBO 

2 , 2^2 
x +y ^ r 

3a/i,aeT xpyr papnyca r c peHTpoM b Hanajie. A CHCTeMa H3 ppyx Hepa- 
BeHCTB 

{x 2 + y 2 < r 2 , y ^ 0 } 

3apaeT nojiyKpyr. HepaBeHCTBO x 2 + y 2 < r 2 3apaeT BHyTpeHHOCTB Kpyra. 
HepaBeHCTBO 

ax + by + c ^ 0 (ax + by + c ^ 0) 

3apaeT nojiynjiocKOCTB, orpaHimeHHyio npuMOii ax+by + c = 0 (y6ep,HTeci> 
b stom). 

06ipee onpepejiemie HepaBeHCTBa (hjih chctcmbi HepaBeHCTB), 3apa- 
roipero paHHyio (Jinrypy, noBTopaeT onpepejiemie ypaBHemiH tfmrypBi, h 
tohho Tan nee onpepejiemie tjuirypbi, 3apaHHOii HepaBeHCTBOM , noBTopneT 
onpepejieHiie (JmrypBi, 3apaHHoft ypaBHemieM. (CtJiopMyjmpyHTe cootbct- 
CTByioipue onpepejicmra!) 

IlapaMeTpHHecKoe aapai i no kphbbix. / fapa.u e rap i i/h e c ki im 3adanu- 
eM KpiiBOH Ha3BiBaeTCH TaKoe ee 3apamie, Korpa OHa npepcTaBjineTCH KaK 
nyTB (TpaeKTopua) pBiuKemiH tohkii. To ecTb, BbipajKaacB MaTeMaTiine- 
ckh, mojkho CKa3aTB TaK: napaMeTpiinecKoe 3apamie KpiiBoit coctoht b 



tom, hto Koop^HHaTbi ee ToneK 3 a,a;aK)TCfl KaK (J)yHKi];HH HeKOTopofi nepe- 
MeHHon — «napaMeTpa»: 

{x = f(t), y = g(t)}. 

KajK/jOMy 3HaHeHiiio napaMeTpa t = to H3 yKa3aHHoro npoMencyTKa ero H3- 
MeHemia cooTBeTCTByeT tohkb c KOop^HHaTaMii x = /(to)) V = g(t 0 / h Tax 
npe^CTaBjiaiOTCH Bee tohkh kphboh. Ec- 
jih npeflCTaBjiHTB napaMeTp KaK BpeMH, to 
h nojiynaeTCH CKa3aHHoe Bbirne o kphboh, 

KaK o nyTH (pnc. 18 ). 

IIpHMep: napa.vieTpu'iecKoe npe/i,- 

CTaBjiemie OKpyjKHOCTH 

x = r cost, y = r sint, 

r^e t «npo 6 eraeT» HHTepBaji ot 0 ^o r 
(hjiii, ecjin yroflHO, ot —00 flo +00). One- 

BPI^HO, ppa, 3TH ypaBHCHIIH paBHOCHJIBHBI 
TOMy, hto x 2 + y 2 = r 2 . 

IlapaMeTpHHecKoe npe^CTaBjieHiie npHMOii: 

x = at + b, y = ct + d (—00 < t < +00), 

rfle a 2 + c 2 ^ 0 (xoth 6bi o^ho h3 npicejp a, c otjpiihho ot Hyjia). TaKiie 
ypaBHeHiia 3a^aiOT npHMyio, h BCHKyio npaMyio mojkho npeflCTaBHTb TaKH- 
mh ypaBHeHHHMH. (Y6eflHTeci> b stom!) BnponeM, ^ajibrne Mbi cnepnajibHO 
paccMOTpiiM napaMeTpiinecKoe 3a,n,aHHe npaMofi (cm. § IV. 4) . 

B aHajii-iTHHecKOH reoMeTpim napaMeTpiinecKHM 3a^,aHiieM kphbbix 
nojib3yK)TCH Majio, ho b o6meii Teoprni KpiiBbix napaMeTpunecKoe 3afla- 
HPie HBjppieTCH ocHOBHbPM. 3ia o6pii,aH Teopna KppiBbix nppiHa^jpejKPiT du(f>- 
<f>epeHv i ua.n , bHou zeoMempuu, Ha3biBaeMOPt TaK noTOMy, hto b Hen Ba*- 
HeHinyio pojpb rirpaeT npiiMeHepnie flHcfpcjDepeHppiajPbHoro PiCHHCJieHPiH (cm. 
h. 4, rjr. I). 

TeoMeTpHH h aHajiH3. B aHajPH3e cay'iaiOT (lyiiKiuni f{x) hjph, hto 
paBHOCPijPbHO, hx rpatJ)HKPi, 3aflaHHbie ypaBHCHPuiMPi y = f{x). TyT cjsyHK- 
h,hh pi3o6pa>KaeTCH KpiiBoii. Ho He caMa no ce6e, a b OTHomeHini k ^aH- 
hoh cpiCTeMe KOopflpraaT. B flpynix KOop^pmaTax x' , y' Ta nee KppiBajp 6y- 
,n,eT 3a/i,aBaTbCH ,n,pyroii (JpyHKipiepi pijppi, BOo6m;e, HCKOTopbPM ypaBHemieM 
F{x', y') = 0 . 

Mojkho CKa3aTb TaK. AHajppi3 pi3ynaeT KpriBbie b cbh3h c flaHHOft ch- 
CTeMoli KOopflHHaT, b KOTopoli OHii npeflCTaBjPHKJTCH ypaBHemieM BH^,a 



Phc. 18 


y = f{x). FeoMeTpua H3yaaeT KpiiBBie He3aBiiciiMO ot toii hjih iihoh ciiCTe- 
mbi KOoppimaT. FeoMeTpiiHecKiie CBOiicTBa kphboh hc 3aBiicaT ot BBi6opa 
cncTeMbi KOopfliiHaT, b KOTopoii KpiiBaa npepcTaBjiaeTca ypaBHeHiieM. K 
reoMeTpim othochtch to, hto He H3MeHaeTca npii npeo6pa30BaHim Koop- 
pimaT. To, hto He H3MeHaeTca, Ha3BiBaeTca (c jiaTiracKoro) uHeapuanm- 
hum. IIosTOMy roBopaT: npepMeT reoMeTpim cocTaBjiaiOT imeapuanmu 
npeo6pa30BaHHii npaMoyrojiBHBix KOoppimaT. 


FjiaBa II 

KPHBblE BTOPOrO nOPH^KA 

3pecB, roBopa o KOopprmaTax, mbi 6ypeM iiMeTB b Biipy npaMoyrojiB- 
Hbie KOoppiiHaTbi (noxa hbho He oSpaTHMca k nojiapHBiM KOoppimaTaM). 

§ 1. TlIlIBI KpHBBIX BTOpOTO IIOp>i;i,Ka 

Mbi 3HaeM, hto ypaBHemia nepBofi CTeneHii npepcTaBjiaiOT npaMBie 
jhihhh. EcTecTBeHHO 3apaTBca BonpocoM o MHO»cecTBax, onpepejiaeMBix b 
npaMoyrojiBHBix KOoppimaTax ypaBHemiaMii BTopofi CTenemi. Taxoe 06- 
ipee ypaBHeHiie iiMeeT Blip 

anx 2 + 2 ai 2 xy + a 22 y 2 + 2a\X + 2 a 2 y + a 0 = 0; (1) 

npepnojiaraeTca, kohchho, hto xoth 6 bi opim H3 KOStfxjHipneHTOB an, ai2, 
a 2 2 OTjii-iHeH ot Hyjia 5 . 

Onpepejietme. FeoMeTpiinecKoe mccto (hjih mhoskcctbo) Tonex, ko- 
oppimaTBi KOTopBix ypoBjieTBopaiOT TaKOMy ypaBHemno, Ha3BiBaeTca Kpu- 
eou emoposo nopfidua (coKpaipeHHO KBII ). 

3to onpepejieHiie iiHBapnaHTHO othochtcjibho BBi6opa chctcmbi Koop- 
pimaT: KOoppiiHaTBi b opHoii cucTeMe BBipaacaiOTCH nepe3 KOOppHHaTBI B 
ppyroft cucTeMe jihhchho, Tax hto nopcTaHOBKa Taxiix BBipaacemiH pji a 
x m y b ypaBHemie (1) He MoaceT noBBiniaTB ero CTeneHB (cm. §7). Ftpii 
3tom ajieHBi BTopofl CTeneHii He MoryT h Hcae3HyTB. IlHaae npii o6paTHOM 
nepexope ot «hobbix» KOoppimaT x ' , y' k «CTapBiM» x, y ohh He motjui 6bi 
nOHBHTBCH. 

OKa3BiBaeTca, ypaBHemia BTopofi CTeneHii MoryT npepcTaBjiaTB cyipe- 
CTBeHHO pa3HBie KpiiBBie. Cymecmeyem eoceMb munoe Kpueux emopozo 
nopsidna. IlepeHHCJiHM hx. 

PIpuriMTO imcaTB 2ai2, 2oi, 2a2 pjifl ypoScTBa, KOTopoe CKaaceTCH jiajibme; 
2a\2xy = a\2xy + a,2iyx, 2 a\x = a\x • 1 + ai 1 • x, ... 



Bo-nepBbix, sto ajuiuncu, dunep6ojiu u napa6ojiu; (J)opMajibHO nx moxc- 
ho onpe^ejiHTb Tax. 

1. Sjuiunc — 3to xpHBaa (pnc. 19), npe^CTaBjiaeMaa b no^xo^HHjeii 
CHCTeMe KOop^HHaT ypaBHeHHeM Bima 


2 2 

£2 , y_ = i 

a 2 b 2 


(2) 


(Kax npaBHjio, noflpa3yMeBaiOT, hto a ^ b > 0.) npocTeftiniiH cjiyaali — 
Kor^,a a = b. Tor^a ypaBHemie npeflCTaBjiaeT OKpy>KHOCTb 




Phc. 19 


Phc. 20 


TaKHM o6pa30M, OKpyjKHOCTb — npocTciinmii aacTHbiii cjiyaaft ajijiimca. 

2. runepGojia -sto Kpimaa (pnc. 20), KOTopaa b iio;ixo;(hiuiix Koop- 
^iraaTax npe^CTaBjiaeTca ypaBHCHiieM BH^i,a 


5-S- 1 - <*> 

IIpocTeHimiH aacTHbifi cjiynafi nojiynaeT- 

ca npii a = b, — sto Tax Ha3biBaeMaa pae- 

Ho6oKatt nmep 6 ojia (pnc. 21 ), npeflCTaB- 

jiaeMaa ypaBHemieM 

2 2 2 
x — y = a . 

Ecjih noBepHyTb och Ha 45 °, sto ypaB- 
HeHiie npeo 6 pa 3 yeTca b 



./_ v 


2 


Phc. 21 


Tax aTO b TaKHx KOop/i,iiHaTax paBHo6oxaa nmep6ojia npe^CTaBjiaeT 
rpatfaix o6paTHOii nponoppiiOHajibHOCTii. 

3. riapn,6o./ia - sto xpiiBaa (pnc. 22), xoTopaa b noflxoflam,Hx xoop,n,H- 
HaTax npeflCTaBjiaeT rpatfaix nponopuyiOHajibHOCTii xBa/ipaTy hjih, flpyrn- 

mi cjiOBaMii, rpacjsiix npocTeiiniefi xBa,n,- 
yk paTHOii (JjyHKipiH 

y = ax 2 . 

O^HaKO b aHajiiiTiiaecKOii reoMeTpim 
npiiHaTO MeHaTb och pojiaMH h 3a,n,aBaTb 
napaSojiy ypaBHeHiieM 



y = 2 px. 


(4) 


Pnc. 22 


IIoaeMy imeHHO Tax — 6yn,eT bii^ho ^ajib- 
ine (cm. §5). YpaBHemia (2), (3), (4), xa- 
khmi mm onpe^ejinjiH 3,n,ecb ajuimrcbi. nmep6ojibi h napa6ojibi, Ha3biBa- 
lOTCa HX KaHOHUHeCKUJMU ]JpaSHeHU.H.M,U (nOHaTHO, HTO b ppyrux xo- 
op^HHaTax ohh 6ynyT 3a,n,aBaTbca ypaBHemiaMii flpyroro Biifla). 

KpiiBbie Tpex Ha3BaHHbix thhob — aji- 
jumcbi, nmepSojibi, napa6ojibi — o6jia^,a- 
iot paflOM 3aMeaaTejibHbix reoMeTpiiae- 
cxhx cbohctb h MoryT 6biTb onpeflejie- 
Hbi pa3HbiMii reoMeTpiiaecxiiMii ycjiOBiia- 
mi; 3to 6yn,eT cflejiaHO ^ajibine (cm. § 3, 4, 
5). B aacTHOCTii, ohii npeflCTaBjiaiOT co- 
6oio xpuBbie, nojiyaaiomiieca, ecjm npa- 
moh xpyroBoii xoHyc (xoHyc Bpamemia) , 
o6pa3yeMbift npaMbiMii, npoxoflanpiMH ae- 
pe3 o^Hy Toaxy — BepniHHy xoHyca, ne- 
pecexaTb njiocxocTaMH, He npoxoflaiipi- 
mh aepe3 BepnniHy (pnc. 23). IIoaTOMy 
ohh nasbiiwHOTca KOHunecKUJwu, ceue- 

HUHMU. 

Hx mojxho 6bijio 6bi Ha3BaTb Taxace «HacToan;iiMii» KBII b cpaBHemm 
c ocTajibHbiMii naTbio TimaMH KBII. 

3a xoHHaecxiiMH ceaemiaMii cjie^yiOT Tpii Tima KBII, cocToaiipix 113 
npaMbix. 

4. Ilapa nepeceKatou^uxcH np.H.MMX (pnc. 24). B [lopxopamnx xo- 
op^HHaTax OHa npe^CTaBjiaeTca ypaBHemieM y 2 — k 2 x 2 = 0. 



Phc. 24 


Phc. 25 


5. Ilapa n apa.n.n, e.a t, hi>i,x npsuvtbtx (puc. 25). B nopxopjiipHx Koop- 
pimaTax OHa npepcTaBjraeTCH ypaBHeHHeM y 2 — a 2 = 0. 

6. Odna np.HMa.u (puc. 26). B nopxo- 

pimpix KOopflHHaTax OHa npepcTaBjraeTCH y 

ypaBHemieM y 2 = 0. 

HaKOHep, PiMeiOTCH epe ppa Tima bbi- 

poHcpaioiniixcH KBII: 

7. Odna moHKa. Ee npepcTaBjraeT x 

ypaBHemie x 2 + y 2 = Ob Taxiix Kooppn- 

HaTax, b KOToptix OHa npHHHTa 3a Hanajio. 

8. Ilycmoe MHOcncecmeo -nycTaa 

«KpiiBaH» 6e3 ToneK. Ee npepcTaBjraeT Phc. 26 

ypaBHerae Tima 

x 2 +y 2 + 1 = 0 hjih x 2 + 1 = 0. 

C 3THMH KBII mm y»ce BCTpenajmcb, paccMaTpiiBaa o6o6rn,emie ypaB- 
HeHIIH OKpyjKHOCTII B § 3 TJI. I. 

Htoto mbi nepemicjmjm 8 TimoB KBII. /Jpyrcix KBII He GbmaeT, Kax 
6ypeT poKa3aHO pajibine b § 7. A Tenepb paccMOTpiiM HexoTopbie reoMeT- 
pimecKiie CBOiiCTBa KommecKiix ceHemiii. 

§ 2. <&opMa ajuiMiica, rmiep6ojibi h napa6ojiti 

HccjiepyeM tfiopMy sjumnca. ninep6ojibi h napa6ojibi, ncxopa H3 paH- 
hoto Bbime nx onpepejieHHH KaHomiHecKHMii ypaBHemraMH. 

3jijihiic. Oh HMeeT pBe B3anMHO nepneHpiiKyjiapHbie och ciiMMeTpim; 
hx Ha3biBaiOT ero ocmmu . Och nepecexaiOTCH b ero pempe ciiMMeTpiin 


hjih — i^enmpe ajijinnca. 3 th CBOHCTBa Henocpe^CTBeHHO bh^hbi H3 toto, 
hto 3jijiHnc MOHceT 6 bitb 3a,n,aH ypaBHeHneM 


x 

a 


2 

2 



(i) 


3peci> ochmh ero cjiyxcaT och KOoppHHaT, a peHTpoM — Hanajio KOoppimaT. 

^eiicTBHTejibHO, OTpajKeHne othociitcjibho och x coctoht b 3aMeHe to- 
nex (x, y ) Ha (x, —y), t. e. b nepeMeHe 3HaKa y. IIosTOMy, BOo6me, ecjin 
y bxopht b HeKOTopoe ypaBHeHiie tojibko b hcthbix CTeneHax, to KpiiBaa, 
npeflCTaBjiHCMaa: thkiim ypaBHemieM, c h m m e r rp m h h a othocht6jibho och x 
(cp. 3aMeHamie b KOHpe § 5 rji. I). AHajioniHHO, ecjin ypaBHeHiie copepnaiT 
X TOJIBKO B HeTHBIX CTeneHHX, TO OCB y eCTB OCB CHMMeTpiIII KpHBOH. 

CiiMMeTpiia (hjiii OTpasKemie) OTHOCiiTejiBHO tohkh, cjiyxcaipeft Hana- 
jiom koopphhht, coctoht b 3aMeHe ToneK (x, y ) Ha (— x, —y). riosTOMy 
ecjin b ypaBHeHHe bxopht hjichbi tojibko c hcthbimh CTeneHHMii hjih pa»ce 
neTHBiMH cyMMaMH CTeneHeii (t. e. pjin Kaxporo HjieHa ax a y @ cyMMa a+/3 
neTHa), to Hanajio hbjihctch peHTpoM ciiMMeTpini KpiiBoii 6 . 

Tohkii nepeceneHiiH ajumnca c ochmh Ha3BiB hiotch ero eepmunaMu. 
BejiHHHHBi a, b npepcTaBjiniOT co6oit paccTOHHiin ot peHTpa po BepniiiH 
sjijiHnca (TaK Kan npir y = 0 H3 (1) cjiepyep hto x = ±a, h npii x = 0— 
hto y = ±b). Hx Ha3BiBaiOT nojiyocfiMu sjijiunca. OnpyiKHOCTB xapaKTe- 
pii3yeTca, oneBiipHO, hx paBeHCTBOM. 

Ocb sjuiimca, KOTopoit OTBenaeT 
6ojiBinee H3 Hiiceji a, b , Ha3BiBaeTCH 
6oAbmou , ppyroii — mcljiou. 06bihho 
npepnojiaraiOT, hto b ypaBHemin (1) 
a ^ b, TaK hto a — 6ojiBmaH nojiyocB, 
b — Majiaa h ocb x — «6ojiBinaH ocb», 
ocb y — «Majiaa» (pnc. 27). 

H 3 ypaBHemiH (1) cjiepyep hto 
|x| ^ a, \y\ ^ 6, t. e. sjuiunc 3aKjno- 
neH b npHMoy ro jiBHiiKe , orpamiHeH- 
HOM npHMBIMH x = ±a h y = ±6. 3ji- 
jiimc orpaHHHHBaeT sjuiunTHnecKyio 
«njiorpapKy», KOTopyio Toxce Ha3BiBaiOT sajiuticom ] OHa 3apaeTCH HepaBeH- 
ctbom x 2 / a 2 + y 2 /b 2 1. OHa BBinyKjia — 0Tpe30K, coepiiHHioipiiH jno6Bie 

pBe ee tohkii, copepnaiTCH b Hell. (,U,OKa>KHTe 3to.) 



6 Pa3yMeeTCH, Bee CKa3aHHoe coxpai i>ieT cnjiy, ecjin cjiobo «'iernF.iH» 3aMeHHTB Bciopy 
b 3tom a63au,e Ha cjiobo « hchgthbih » . 


3 jumnc KaK npoeKu,HH OKpy>KHOCTH. 3 jijinncy mojxho ;i,a:n. cjie- 
pyiomee onpepejiemie. 3juinnc — sto xpiiBaa, xoTopaa nojiynaeTca npn 
cjKaTHii OKpyjKHOCTH k xaxoMy-jni 6 o ee pnaMeTpy. IIpii npoexTHpoBa- 
hhii c njiocKOCTH P Ha njiocKOCTb Q npoHCxo^HT OKarne b^ojib npHMbix, 
nepneHfliiKyjiapHBix jihhhh nepeceneHna njiocxocTeft P, Q. IIosTOMy paH- 
Hoe onpepejiemie sjuitinca paBHOCHjiBHO TOMy, hto ajuinnc ecTB npoexipia 
OKpyjKHOCTII (puc. 28 ). 




Puc. 28 

Cxame (Jiiirypti b k pa 3 k oci-i x coctoht b tom, hto xanypaa Tonxa 
(a;, y) (Jnirypbi nepexopiiT b Tonxy (x, y) c x = x, y = y/k , Tax hto x = x, 
y = ky. IIoaTOMy oxpyixHOCTb x 2 + y 2 = a 2 nepexopiiT b xpirayio 

~2 , 7 2—2 2 

x + k y = a , 

HJIH, eCJIH nOJIOJKHTB a/k = b, 

—2 —2 
x y 

I- — = 1 

a 2 b 2 

CoBepmeHHO Tax ixe pacTsoxemie oxpyjxHOCTii ot npaMofi paeT sji- 
jihiic. IIoaTOMy njiocxHe ceneHiia npaMoro xpyroBoro HHjiHH/ipa — sjijihii- 
cbi (pnc. 29). 

rHnep6ojia. OHa HMeeT pBe och ciiMMeTpini h peHTp cnMMe r rpnn. 3 to 
bh^ho H3 ee ypaBHeHiia 

Jl „.2 

(2) 


-L = l. 


Kax h fljia sjijninca, ochmii cjiyjxaT och xoopprmaT, peHTpoM — Hana- 
jio. Oppa octb — «MHiiMaa» He nepecexaeT rimep6ojiy, ppyraa — «Beipe- 
CTBeHHaa » — nepecexaeT b ppyx Tonxax, Ha3biBaeMbix eepimmaMu. (Ha- 
rjiappo 3 to OHeBHpHO, a (JiopMajibHO poxa3biBaeTCH «b ppa cjiOBa». Ecjih 


x = 0, t. e. 6epeTca ocb y. to 113 (2) nojiynaeTCH y 2 = — b 2 , hto HeB03MO>x- 
ho. Ecjih y = 0, t. e. 6epeTCH ocb x, to x 2 = a 2 h x = ±a.) 

CjieflOBaTejibHO, BejiHHHHa a ecTb paccTOHHiie ot pempa rnnep6ojibi 
,3,0 ee BepiHim. OHa Ha3biBaeTCH eev^ecmeeHnou nojiyocbm, a b — mhumou 
(noTOMy hto npn 3aMeHe b Ha y/—l b ypaBHemie nmep6ojibi nepexopiiT b 
ypaBHeHHe sjijmnca). Bcerpa noppasyMeBaeTCH, hto a, b > 0. 

H 3 ypaBHemia (2) OHeBiipHO, hto a ,/a 2 ^ 1. IIosTOMy x 2 ^ a 2 . Cjiepo- 
BaTejibHO, Ha mnep6ojie HeT tohcx c \x\ < a. OHa coctoht h 3 flByx BeTBeii, 
pa3^,ejieHHbix pejioft nojiocoii Mexcpy npHMbiMH x = a, x = — a. Otii BeTBii 
yxo^HT b 6ecKOHeHHOCTb, Tax xax npn |cc| — 00 Taxjxe |y| — > 00 . 

AcHMnTOTbi i’Hi:op6ojibi. IIpHMbie 




(3) 


oSjiapaiOT b OTHonieHHii mnepSojibi c ypaBHemieM (2) BajxHbiMH cboh- 
ctbhmh. Ecjih Tonxa, pBiiraacb HenpepbiBHO no rnnep6ojie, yuajiaeTCH b 

6ecxoH6HHOCTb, to OHa HeorpaHiiHeHHO 
npHCjiiiixaeTCH x opHOH H3 stiix npHMbix 
(puc. 30). 

IIpaMaa, oSjiaflaiomaH b OTHOine- 
HHH XaXOH-JIIl6o XpHBOH nOflo6HbIM cboii- 

ctbom, Ha3biBaeTCH ee acuMnmomou. Ha- 
nie yTBepjxpemie o npaMbix (3) cocto- 
ht, CTajio 6biTb, b tom, hto ohh cjiyjxaT 
acHMnTOTaMH ramep6ojibi. 

/])oxa»ceM 3 to yTBepjxpeHiie. H3 ypaB- 
HeHHH (2) cjiepyeT, hto pjra tohxii 
X(x, y), jiejxameii Ha nmepOojie, HMeeT 
MecTO paBeHCTBO 



Phc. 30 



IlycTb Tonxa X pacnojioixeHa, HanpiiMep, Ha toh nacTH rimep6ojibi, 
rpe x > 0, y > 0. BepTiixajibHaa npaMaa, npoxo^amaa nepe3 Hee, nepece- 
neT npHMyio y = £x b HexoTopoli tohxc X\(x, yi), Tax hto 



IIosTOMy y 2 — y 2 = 6 2 , OTKya,a 


b 2 


yi-y = 


yi+y 


(4) 


Ecjiii x — > +oo, to y — > +oo h j/i — > +oo; noaTOMy H3 paBeHCTBa (4) 
cjie,nyeT, hto x/i — z/ — >■ 0. TeM caMbiM TOHKa X HeorpamiHeiiHO npii6jin- 
jKaeTca k npaMOii y = -x. 

OcTajiBHbie nacTH nmep6ojibi, iyje x > 0, y < 0 n t. n., He HyjKHO 
paccMaTpiiBaTb, Tax KaK 113 ciiMMe r rpnH rimep6ojibi OTHOCiiTejibHO oceii 
HCHO, HTO flJIH HIIX BbmOJIHeHO aHajioniHHoe. □ 

H 3 ^,OKa3aHHoro BbiTeKaiOT cjieflyiomiie ppa, 

3aMenaHHa. 1. HepTHTb nmep6ojiy i ia;i,o Tax, hto6bi ee boibm, 
«pacnpaMjiHHCb», npHJKHMajnicb k aciiMnTOTaM (puc. 31, a — BepHbili, 
puc. 31,5 — HeBepHbiii). 




Phc. 31. 


2. Ilpn flBHHceHHH TOHKii no mnep6ojie ^BiDKemie sto Ha Gojibihiix 
paCCTOHHIIHX BCe MeHbHie OTJHIHaeTCH OT npHMOJIIIHeilHOrO — OT flBHJKeHHH 
no aciiMnTOTe . 

IIapa6ojia. OHa HMeeT o;i,ny ocb ciiMMeTpim — sto ocb x . Kor^a na- 
pa6ojiy npe^CTaBjiaeT KaHOHiinecKoe ypaBHemie y 2 = 2px. ToHKa nepe- 
ceHeHiiH napa6ojibi c ocbio Ha3biBaeTCH ee eepmunou. Kaacflaa npuMaa, 
napajijiejibHaa och, nepecexaeT napa6ojiy b o^hoii tohkb. 

§ 3. 3jijihiic; ero cJiOKajitHoe cbohctbo 

3jijiimcy mojkho r & ti , (ii oneHb nacTO flaiOT) cjieflyiomee hiicto reo- 
MeTpimecKoe onpe^ejieHHe. 

djuiunc — 3mo (fimypa (npueasi), o6pa3oeaHHasi mouuaMU, y Komopux 
cyMMa paccmosiHuu om deyx 3adamwx moueK cfiuKcupoeaHa (h 6ojibine 


paccTOHHiia MejK/jy ,a,ByMH yKa3aHHbiMii TOHKaMii) . To ecTb ecjiH F\, F 2 — 
^aHHbie tohkii, to ojijiimc o6pa30BaH TOHKaMii M, fljia KOToptix 


(1) 


F\M + F 2 M = const > F\ F 2 . 


IIocjie^Hee HepaBeHCTBO hco6xo,h,hmo: oho 03HanaeT, hto cyMMa ,n,Byx 
ctopoh TpeyrojiBHHKa Fi F 2 M 6ojibnie TpeTbeft 7 . 

Tohkii Fi, F 2 Ha3biBaiOTca ifioKycaMu ajunmca. Ecjiii ohii cjniBaiOTca, 
to ycjiOBne (1) CBOflHTca k TOMy, hto FM = const; tohkii c stiim ycjio- 
BiieM o6pa3yiOT ORpyamocTb. OHa CHHTaeTca nacTHbiM (iiHorfla— Bbipoac- 
^chhbim) cjiynaeM ajuiiinca. 

3,zi,ecb mbi 6ya,eM noHHMaTb ajuiimc b CMbicjie ,n,aHHoro onpeflejieHiia 
h flOKa>KeM, hto oh 3a,naeTCH b noflxo/pnipix KOop/pmaTax ypaBHCHiieM 
x 2 / a 2 + y 2 /b 2 = 1 (t. e. HBjiaeTca ajijiimcoM b cmbicjic paHHoro b §1 
onpepejieHiia) . 

floKasaTejibCTBO. BBepeM npaMoyrojibHbie KOoppimaTbi c Hana- 
jiom nocpepime Meayiy cjiOKycaMii. t. e. b cepepime OTpe3Ka F 1 F 2 , 11 c 


ocbio x, npoxoflameit nepe3 tfiOKycbi 
(puc. 32). BBe^eM o6o3HaHemia: nocTO- 
aHHyio b (1) o6o3HaHHM 2 a h nojioiKHM 
F\M = r\, F i 2 M = r 2 , Tax hto ycjiOBne 

(1) 6yn,eT BbiraafleTb cjiepyiomiiM o6pa- 
30 m: 


y 


M 



F, ~ c c F 2 x 


ri +r 2 = 2 a. (2) 


IIojiaraeM em,e F\F 2 = 2c, Tax hto 

paccTOHHiie (JiOKycoB ot Hanajia paBHO 
c, h cjiOKycbi pacnojioiKCHbi b TOHKax 
F\ (— c, 0), F 2 (c, 0). IIosTOMy 


Phc. 32 



H3 ( 2 ) HaxoflHM: 

r\ = (2a - ri) 2 = 4a 2 + r 2 - 4arr, 4ari = r 2 - r\ + 4a 2 . (4) 

OTcropa, nojib3yacb nocjiepHiiM paBeHCTBOM b (3), nojiynaeM 


c 


( 5 ) 


ri = —x + a. 


a 


7 Tohkii M c ycjioBiieM F\M + F 2 M = F\F 2 o 6 pa 3 yioT 0 Tpe 30 K F\ F 2 ] TO'ieK M c 
Fi M + F2 M < F1F2 He cyni,ecTByeT. 


Bo3bo,h,I'Im b KBa^paT h noflCTaBjineM rf 113 (3). Tor,n,a npocTbie npeoSpa- 
30BaHHH (KOTopBie bbi flOjBKHbi npo,n,e.iiaTB!) npnBOflHT k ypaBHemno 


= 1 . 


(6) 


Tax KaK a > c, to mojkho nojioiKiiTB a 2 — c 2 = b 2 . Tor^a ypaBHeHiie (6) 
coBnaflaeT c ypaBHemieM (2) H3 § 1: 


x 

a 


2 

2 



( 7 ) 


Hto mbi flOKa3ajin, BBiBe^pi sto ypaBHeHiie? Mbi ^,OKa3ajni, hto Koop- 
^,1-iHaTBi ToneK ajuiimca (b ero reoMeTpiinecKOM onpeflejieHini ycjiOBiieM 
(2)) ya,OBjieTBopaiOT ypaBHeHiiio (7), t. e. hto sth tohki-i co^epiKaTCn cpe- 
^h ToneK, yn,OBjieTBopHioin,iix 3TOMy ypaBHeHiiio: flpyraiMii cjiOBaMii — hto 
sjijninc coflepjKiiTCH b kphboh, npeflCTaBjieHHolt ypaBHeHneM (7). Ho sto 
eipe He 3 Han pit, hto oh ii ecTB 3Ta KpiiBaa: Be^B OHa MOJKeT coflep»caTB 
tohkii, fljia KOTopBix ycjiOBiie (2), onpeflejimomee sjijninc, He BBinojiHaeT- 
ca. CTajio 6 bitb, HyiKHO eipe npoBepiiTB, hto 1-13 ypaBHemiH (7) BBiTexaeT 
ycjiOBiie (2). 

^eitcTBya «b jio6», HyiKHO, nojiB3yHCB ypaBHemieM (6), BBiBecTii bbi- 
paaceHiiH pjm r±, r 2 - 


c c 

r\ = a H — x, ri = a x 

a a 


(8) 


ii, cjiojkiib hx, nojiyniiTB: r\ + = 2 a. npo,a,ejiaeM stot bbiboa. 

H 3 BBipaaceHiiH (3) /i,jih r 2 n H3 ypaBHemiH (7) HaxofliiM: 

r 2 = (x + c) 2 + b 2 - ^rx 2 = (1 - ~^)x 2 + 2cx + c 2 + b 2 , 


n TaK KaK b 2 = a 2 — c 2 , to 


r 


2 _ 
l — 



(9) 


H3BjieKaa KopeHB, nojiyniiM ,h,jih n hjih BBipancemie (8), hjih to nee co 
3HHKOM MiiHyc: 



r i = - 


(10) 



IIoHeMy (10) He mojkbt bbihojihhtbch? PaccToamie r i ^ 0, a npaBaa 
nacTB 3^ecb nojioiKHTejiBHa npn a + < 0. O/piaKO sto HeB03M0:scHO b 

CHjiy ypaBHeHiia (7): H3 Hero OHeBimHO cjie^yeT, hto |x| ^ a, ho Tor^a 
a + > 0, nocKOjibKy 0 < c/a < 1. 

TaKHM o6pa30M, H3BjieneHHe kophh H3 (9) ,n,aeT ,h,jih n tojibko BBipa- 
Hcemie (8). 

Tax KaK b (J)opMyjiax (3), H3 kotopbix flejiaeTCH bbibo/i,, r 2 O'rjiH'iae roi 
ot n tojibko 3HaKOM npn c, to h ^,jih T 2 nojiynaeM BBipa»ceHiie (8). B 
pe3yjiBTaTe mbi nojiynaeM, hto ri + r2 = 2a. CjieflOBaTejiBHO, ypaBHemie 
(7) 3aflaeT sjijinnc (b flaHHOM ero reoMeTpiinecKOM onpe,n,ejieHiiii). □ 

Otmctiim, hto ^.ajiBine — b § 4 — npn aHajioniHHOM BBiBO^e H3BjieHeHiie 
KopHH pp.CT flpyroii pe3yjiBTaT. 

3aMenaHHe. IIpoBepKy mojkho npoBCCTii H3 reoMeTpiinecKiix coo6- 
pajKeHHH 6e3 BBiKjia^OK. H 3 ypaBHemin (7), KaK yjxe 3aMeneHO, cjieflyeT, 
hto x € [—a, a]. KaiK/i.OMy x 113 3Toro npoMencyTKa cooTBeTCTByeT onpe- 
flejieHHBiit y 2 n, CTajio 6 bitb, flBa 3HaHemia: ±y. BMecTe c TeM c KaiK^oii 
ctopohbi ot 0Tpe3Ka |x| ^ a Ha nepneH/piKyjiupe k HeMy jiejKiiT no oflHolt 
TOHKe M c ziaHHOH cyMMOii F\M + F 2 M (cyMMa sthx paccTOJnniii pacTeT 
c yuajieHiieM M ot och x h noTOMy HMeeT ^,aHHoe 3HaneHHe tojibko b o^- 
hoh TOHKe c KaiKflOH ctopohbi ot ocii). Ho, no ,n,OKa3aHHOMy npn BBiBO^e 
ypaBHeHiia (7), sth tohkii jiexcaT Ha KpiiBoii c stiim ypaBHCHiieM. A Tax 
KaK Ha tom nee nepneH/piKyjiupe c KajK^oft ctopohbi ecTB no o,h,hoh TOH- 
Ke 3TOH KpiIBOH, TO 3TII TOHKII COBna^aiOT C yKa3aHHBIMII TOHKaMH. TeM 
caMBiM 3Ta KpiiBaa n ecTB sjijiimc, hto ii Tpe6oBajiocB ^OKa3aTB. 

Oiipe;j,ejieHHC. OTHomeHiie 


e = 


c 

a 


( 11 ) 


Ha3BiBaiOT aKcyenmpucumemoM sjuiimca (noTOMy hto oho noKa3BiBaeT, 
HacKOjiBKO (JiOKycBi y^ajieHBi ot pcHTpa; ,h,jih OKpyjKHOCTii c = 0, TaK hto 

e = 0). 

C 3tiim o6o3HaHeHiieM (JiopMyjiBi 
(8) 3aniiCBiBaiOTCH KOMnaKTHo: 

r± = a + ex, ?"2 = a — ex. (12) 

PaccTOHHiia n = F t M , r2 = F2M Ha- 
3BiBaiOT (fioKajibHUMu paduyca.Hu toh- 
kii M Ha ajumiice. 



Cbohctbo sjunmca, BbipajKeHHoe ycjiOBiieM F 1 M+F 2 M = const, Ha3ti- 
BaiOT ero tftoKa./i&nuM ceoucmeoM. IIosTOMy nojiyHeHHbm HaMii pe3yjibTaT 
MOJKHO Bbipa3I'ITb TaK. 

Onpede.aeHU.H ajuiunca e,?.o cfioKaM>whiM ceoucmeoA 1 u kohohu- 
necKUM, ypaeneHueM, paeuocu jw>hw. 

OoKajibHoe cbohctbo ^aeT npocToft cnoco6 nepTHTb sjuninc. BoTKHyB 
b 6yMary ,n,Be 6yjiaBKii b cjiOKycax ajijinnca, npiiKpenjiHiOT k hiim KOHpa- 
mii HiiTKy /yiHHOii b ,n,Be 6ojibimie nojiyocii. OTTuniBaH HiiTKy ocTpueM 
KapaHflama, oSbo^ht o^Hy nojiOBimy amranca, noTOM — flpyryio (pnc. 33). 

§ 4. rmiep6ojia; ee cjjOKajibHoe cbohctbo 

rimep6ojiy mojkho onpeflejniTb reoMeTpiiHecKii cjie^yiomHM o6pa30M. 

Funep6o.na — omo upueasi, o6pa3oeauHaji mouKaMU, y Komopux mo- 
dyjib pa3Hocmu paccmojmuu orn deyx 3adanHux moHeK cfiuKCupoean (h 
MeHbme paccTOHHiiH Meatfly ^amibiMH TOHKaMii) . To ecTb ecjni F\, F 2 — 
,a,aHHbie tohkii, to rimep6ojia o6pa3yeTCH TOHKaMii M, pjis kotopbix 

\F\M — F 2 M | = const < F 1 F 2 . (1) 

HepaBeHCTBO 3,n,ecb Bbipa»caeT, hto pa3HOCTb flByx ctopoh Tpeyrojib- 
Hi-iKa F\ F '2 M MeHbme TpeTbeii 8 . 

Tax see, Kax b cjiynae sjunmea, tohkii F\, F 2 Ha3biB aiOTCH cfioKycaMU 
nmep6ojibi, paccTOHHiia F\M , F 2 M po tohkii M Ha ninep6ojie Ha3biBa- 
iotch (fioKaJibHUMu paduycaMu; CaMO cbohctbo rHnep6ojibi, BbipaaccHHoe 
ycjiOBiieM (1), Ha3biBaeTca ee (fioKaJiunuM ceoucmeoM. 

3^,ecb mm 6ya,eM Ha3biBaTb ninep6ojioii KpiiByio, onpe^ejieHHyio 4>o- 
KajibHbiM cboiictbom (1). 3aflana coctoiit b tom, hto6bi ^,OKa3aTb, hto 
3to onpeflejieHiie paBHOcmibHO ,n,OKa3aHHOMy Bbime b § 1 ypaBHemieM 
x 2 /a 2 — y 2 /b 2 = 1. 

^OKa3aTejibCTBO. BBe^eM o6o3HaHeHiia: F\M = r 1 , F 2 M = r' 2 , 
const = 2 a 11 ycjiOBiie (1) 3amimeM b Biifle \r\ — r’2 1 = 2a. 3to 03HanaeT, 
hto BbinojiHCHO oflHO H3 flByx paBeHCTB: 

ri — r 2 = 2a, hjih T 2 — r\ = 2a. (2) 

CooTBeTCTBeHHO , rnnep6o.ua coctoiit h 3 flByx «BeTBeii»: Ha o,h,hoh Bbinoji- 
HJieTCH nepBoe 113 3thx paBeHCTB, Ha ^pyrofi — BTopoe. 


8 Tohkh M, fljia kotopbix F\ M — l : 2 A / = /' I /'2 - o6pa3yioT jiyna c HanajiOM b 
TO'max F\ . F‘2- To'ibk Me F\ M — F2 M > F\ F2 He cymecTByeT. 



BBefleM Tam-ie ace KOopflimaTbi, KaK b cjiynae sjijiimca. Hanajio 6epeM 
nocpeflime MCJK^y cj^OKycaMH, ocb x npoBO,a,iiM nepe3 <|>OKycbi. IIojiaraeM 
F[ F '2 = 2c. OoKycbi pacnojioJKeHbi b tohkbx F\(—c, 0), ^(c, 0). IIoaTOMy 
(Tax ace, Kax b cjiynae sjuii-mca) 

r{ = (x + cj 2 + y 2 , r 2 = (x - c) 2 + y 2 , (3) 

r\ — rl = 4cx. (4) 

Bo3bMeM Ty BeTBb rimep6ojibi, Ha KOTopofi BbinojiHeHO nepBoe ii3 pa- 

BeHCTB (2): n — r2 = 2a. Tor^a 

rl = (2 a-n) 2 . 


OTCio^a, nojib3yacb (4), TaK }k, KaK b cjiynae sjumnca, nojiynaeM 


ri = a H — x. 
a 


( 5 ) 


Bo3BOflHM b KBa/ipaT h noflCTaBjiaeM r 2 113 (3). Tor^a npocTbie npeo6- 
pa30BaHiiH npiiBOflHT, TaK ace KaK b cjiynae sjunmca, k ypaBHemno 


V 


= 1 . 


(6) 


Ho Tenepb c > a (BCJieflCTBiie HepaBeHCTBa b ycjiOBim (1)). noaTOMy mojk- 
ho nojiOKHTb c 2 — a 2 = 6 2 , h mbi nojiyniiM: 



( 7 ) 


Mbi ^i,0Ka3ajni, hto tohkii, rjisi kotopmx BbinojiHaeTca nepBoe H3 pa- 
BeHCTB (2), npiiHafljiejKaT KpiiBOii c ypaBHemieM (7), t. e. hto nepBaa BeTBb 
nmep6ojibi b Hen coflepaaiTca. Ho sto He bch mnep6ojia. ypaBHeHino (7) 
ya,OBjieTBopaeT Taxace h BTopaa ee BeTBb. 3 to bm flOKaaceTe aHajioniHHO 
npe^bi/i,yHi,eMy, ncxoflH 113 BToporo paBeHCTBa (2). 

Tenepb Hyamo ,n,0Ka3aTb, hto He TOjibKO o6e BeTBii coflepacaTca b Kpn- 
Boii (7), ho h hto ohh ee HcnepnbiBaiOT. Toiyja h 6ya,eT flOKa3aHO, hto 
ypaBHeHiie (7) fleftcTBiiTejibHO 3a^aeT mnep6ojiy, onpe^,ejieHHyio ee 6yo- 

KajIbHblM CBOHCTBOM. 

06paTiiMca k cooTBeTCTByiomeMy BbiBO^y, Tax ace KaK b cjiynae 3Ji- 
jiimca. H 3 Bbipaacemia (3) ,n,jia r 2 , nojib3yacb (7) h TeM, hto c 2 = a 2 + b 2 , 
HaxoflHM: 

r\ = (x + c) 2 + ^-rx 2 - b 2 = fa + -aA 
a z \ a ) 


2 



(8) 


OTcro^a, nojiaraa c/a = e (nan n b (11), §3), nojiyaaeM 

r\ = ±(a + ex). 

Mimyc 3^ecb B03MOJKeH — b OTjniane ot cjiyaaa sjunmca. Hfe ypaBHemia 
(7) oneBHflHO, hto |x| ^ a. IIoaTOMy npn — x ^ a, nocKOjibKy c > a, 6yn,eT 
— (a + -x) = — a — -x ^ c — a > 0. 

AHajioniHHO Hafl^eM r 2 , hcxo^h h3 BbipaaceHiia (3): .zyia r 2 oho ot- 
jiinaeTca TOjibKO 3HaKOM npn c. IIosTOMy mojkho cpa3y HamicaTb ero, 

I13MeHHH B (8) 3HRK npH f. 

r 2 = ±(a - ex). (9) 

3flecb onHTb bosmojkhbi 06a 3HaKa. 

Ilpn x a HMeeM 


ri = a + ex, r 2 = — a + ex. 

Ilpri x Js a HMeeM 

ri = — (a + ex), r 2 = a — ex. 

B 0601-ix cjiyaaax \r\ — r 2 \= 2a. 

HTaK, Mbi flOKa3ajni, hto Kansan TOHKa KpiiBOH c ypaBHCHiieM (7) 
jie>KHT Ha o^hoh H3 BeTBeii mnep6ojibi. Hanie yTBepayipHHe nojiHOCTbio 
,n,0Ka3aH0. □ 

TaKHM o6pa30M, mbi ;i,OK;i.3a.;[n, hto onpedexienusi eunep6oM>i, ee 
rfioKa.n'hHM.M, ceoucmeoM, u KanoHunecKUM ypaenenueM paeno- 

CUJl'bH'bl. 

OoKajibHoe cbohctbo rnnep6ojibi 
,n,aeT npocToft cnoco6 nepTiiTb ee. 

BTbixaeM b 6yMary flBe 6yjiaBKH b c]do- 
Kycax riinep6ojibi h npriKpenjiaeM k 

HIIM — K OflHOII H flpyrOH — flBC HHTKII ; 

Ha hhx Ha^eBaeM kojichko pi, HaTHHyB 
HHTKii, noMeipaeM ero b TOHKe Meac^y 
cjpoKycaMH, r^e ^ojiaoia 6biTb Bepmii- 
Ha rimep6ojibi. Ecjhi Tenepb nepeMe- 

maTb KOJieHKO, HaTHTCIBaH HHTKII, TO 
Kaac^aa 113 hiix — ot 6yjiaBKH ^o KOJienKa — 6yneT yfljniHHTbca Ha o^,Hy h 
T y ace BeaiiHHHy, Tax hto pa3HOCTb hx 6ya,eT nocToamia. IIoaTOMy ocTpne 
KapaHflania, BCTaBjieHHoro b kojichko hjih npnacaToro k HeMy, 6yn,eT onn- 
CbiBaTb BeTBb ranep6ojibi (puc. 34). 



5. IIapa6ojia; ee (JioKyc h flHpeKTpnca. 
^HpeKTpHcti ajiJiHnca h rmiepGojibi 


IIapa6ojie mojkho ,n,aTb cjiepyiomee reoMeTpiinecKoe onpe^ejieHHe. 

Ilapa6oJia — 3mo Kpuean, o6pa3oeaHHaji mouKaMu, paenoydaJieHHUMu 
om danuou moHKU u om damiou npnMou (npn ycjiOBHH, hto ,n,aHHaa TOHKa 
He jiejKHT Ha stoh npaMoft) . To ecTb ecjni F — ^aHHaa TOHKa, D — ,n,aH- 
Haa npaMaa, am d — paccToamia ot tohkh M p,o F h D, to napa6ojia 
o6pa30BaHa TOHKaMH M, pna KOTopaix 


( 1 ) 


r = d. 


ToHKa F Ha 3 biBaeTca ifooKycoM napa 6 ojibi, npaMaa D — ee dupenmpu- 
cou. 

IIoKajKeM, hto napa6ojia onpe^ejiaeTca yKa3aHHbiM reoMeTpuaecKiiM 

CBOHCTBOM. 

^OKa3aTejibCTBO. BBep,eM KOop^HHaTbi, npoBe^a ocb x nepneH/pi- 
KyjiapHO fliipeKTpnce nepe3 cjjOKyc. Hanaao B03bMeM b cepeflime OTpe3Ka 


Meac/iy flHpeKTpiicoft h (f)0Kyc0M. /JjiHHy 
3Toro OTpe3Ka (paccToaHiie ot (JjOKyca F 
pO flHpeKTpHCbl) o6o3HaaHM p, Tax HTO 

cjjOKyc 6yn,eT tohkoh (p/2, 0), a flirpeKTpu- 
ca — npaMoii x = —p/2 (pnc. 35). PaccTO- 
aHiie ot tohkh M (x. y) po p,HpeKTpncbi 
6yp,eT 



d y 


d 


-p/2 


d= * + | . (2) 


PaccToaHiie »ce r = FM po (Jpoxyca 6 yn,eT 



Phc. 35 


( 3 ) 



( 4 ) 


( 5 ) 


3tiim p,OKa3aHO, hto tohkh c r = d copppacaTca b kphboh c ypaB- 
HemieM y 2 = 2 px. 06paTHoe p,OKa3biBaeTca «o6paTHbiM xop,OM»: H3 (5) 
nojiynaeM (4), h, H3BjieKaa Kopmi, nojiynaeM r = d. □ 


HTaK, onpepejieHiiH napa6ojibi paBeHCTBOM r = d n ypaBHemieM (5) 
paBHOCIIJIBHbl. 

/l,HpeKTpHCbi ajuimica h rHnep6ojibi. 3jijninc, o r ivin'ini,iii ot 

OKpyjKHOCTH, h rnnep6ojia xapaKTeproyiOTCH BMecTe c napa6ojioit o6iu,hm 
cbohctbom . 3to KpiiBbie, o6pa3yeMbie TOHKaMH, y KOTopbix OTHomemie 
paccTOHHHii po paHHOii TO'iKH F n po paHHOii npaMoii D (He npoxoppupeii 
nepe3 F ) oppo n to see. To ecTb ecjin r h d — paccTOHHHH tohkii M po F 

H £), TO 

T 

— = e = const. (6) 

a 


IIppineM pjm sjuninca e < 1, a pjia nmepGojibi e > 1, h sto hiicjio 
ecTb He hto imoe, khk SKcpcHTpiiciiTeT. ^3,jih napa6ojibi ace, Kax cjiepyeT 
H3 npepbipyipero, e = 1. 

ITpHMaH D TaKsce Ha3biBaeTCH dupeKmpucou , a TOHKa F — (fionycoM 
KpiiBoft — ajumnea hjih mnep6ojibi. IIo chmmctphh ajuinnca pi rpinep6ojibi 
y hhx no pB'A (JiOKyca h pBe piipeKTpiicbi. 3 to Te caMbie (JiOKycbi, KOTopbie 
cjmryppipyiOT b (JiOKajibHOM cbopictbc. ,U,HpeKTppica h cjaoKyc, pna kotopbix 
B binojiHeHO (6), pacnojiaraiOTCH c opHoft CTopoHbi ot pempa. ^iipeRTpucbi 
nepneHpHKyjiHpHbi .jhihiiii (JiOKycoB h pacnojioJKeHbi ot pempa Ha paccTO- 

HHHH 


a 

^ c 


KppiBaa c nocTOHHHbiM othoihchpicm (6), oneBiipHO, onpepejiaeTCH pBy- 
mh BejiPinpiHaMPi: OTHOincHiieM e b (6) (sKcpeHTpiiciiTeT) pi paccTOHHiieM p 
cjiOKyca ot pnpeKTpiicbi. Jlpsi ajurmica 
h rnnep6ojibi 

p=~. ( 7 ) 

c 

OKpyjKHOCTb HCKjiiOHaeTCH: pjia Hee 
c = 0; y Hee HeT piipeKTpiicbi. 

^OKajKeM, hto sjuiimc, otjthhhmh 
ot OKpyiKHOCTH, h rimep6o,na o6jiapa- 
K)t yKa3aHHbiM cboiictbom. PaccMOT- 
pnM puc. 36. BBepeM KOoppimaTbi x , y 
Kan h paHbine tax, hto6bi (JiOKycbi 6bi- p HC . 36 

jih b TOHKax F\ ( — c, 0), F 2 (c 1 0). ^upeKTpiica D 2 — sto npaMaa x = q = 
a/e. y ToneK ajuinnca |t| a pi e < 1. IIosTOMy paccTOHHiie npoii3BOjibHOPi 
ero tohkii M(x, y ) ot piipeKTppicbi D 2 6ypeT 

, a 

(I 2 = q — x = x. 

e 



(8) 


BMecTe c TeM no tfiopMyjie (12) §3 cjjOKajiBHoe paccTOsmue 

T 2 = a — ex. (9) 

IIosTOMy V2 = ec?2 , hto h Tpe6oBajiocb ,n,OKa3aTb. 

no CHMMeTpiin ajijinnca tohho Tax ace n = ed\. CTajio 6biTb, paBeH- 
ctbo (6) Ha sjijnince BbinojiHaeTCH. 

06paTHo: n3 (6) n (8) cjie^yeT (9), a 113 (9), KaK noxasaHO Bbime b 
§ 3, BBiTexaeT ypaBHemie ajuiimca. TamiM o6pa30M, paBeHCTBO (6) c e < 1 
xapaKTepn3yeT sjijnmc, hto ii Tpe6oBajiocb ^OKa3aTb. 

AHajioriinHbiii BbiBOfl ,h,jih ninep6ojibi HiiTaTejib npoBe^eT caM. 3flecb 
HyjKHO HMeTb b BH^y, hto fljiH oflHoro (JiOKyca ecTb ,n,Be cjjopMyjibi paccTO- 
aHia (no cjjopMyjiaM (8), (9) §4). ^jih KajK,n,oro H3 sthx «paccT05nnrii» 
HyjKHO npoBepiiTb paBeHCTBO r/d = e. □ 


§6. YpaBHeHHe b nojuipiibix Koop^miarax 

Bo3bMeM nojiapHbie KOopflimaTbi c HanajiOM b cjjOKyce paccMaTpnBa- 
eMoii KpiiBon — ajijinnca, ninep6ojibi hjih napa6ojibi, a HanajibHbin jiyn 
HanpaBiiM nepe3 GjiioKaiiniyio k cjsoKycy Bepnnmy hjih, hto paBHOcmib- 

ho, b CTopoHy cooTBeTCTByromefi pji- 
peKTpucbi nepneHflHKyjuipHO k Heft 
(puc. 37). n P n TaKOM Bbi6ope koop^h- 
HaT pa^najibHaa KOopflimaTa tohkii Ha 
KpHBOH eCTb He HTO IIHOe, KaK (flOKajIb- 
Hbiii pa^nyc. 

no CBOiicTBy ^upeKTpHCbi n tfiOKyca 

Phc.37 r = ed. (1) 

nycTb q — paccTOHHiie ot (JiOKyca flo ^iipeKTpHCbi, ai — KOop/pmaTa toh- 
kii, Korpa ocb x HanpaBjieHa no HanajibHOMy Jiyny, t. e. k /pipeKTpuce. 
Torpa ecjin x < q, to 

d= q — x. (2) 

TaK 6ya,eT pjia ajumnca, napa6ojibi h toh bctbii rnnep6ojibi, KOTopaa 
6jncKe k B3HTOMy cjjOKycy. BMecTe c TeM b nojiapHbix KOoppimaTax 

x — v cos 9. 



noaTOMy (1) paeT 


r = ed = e(q — x) = eq — er cos 9, 


OTKyfla 


1 + e cos 9 

3to h ecTi. ypaeuenue ajuinnca, 
napa6ojibi h o^hoh bctbii nmep6ojiBi e 
nojiupH'bix Koopdimamax. 

BejiiiHiiHa eg HMeeT npocToft reo- 
MeTpiiHecKHii CMbicji. ITpn 9 = tt/2 
(JiopMyjia (3) ,n,aeT r = eg; sto 3Ha- 
hiit, 3:to eg ecTb paccTOHHiie ot (Jdo- 
Kyca flo KpiiBofi no nepneH/i,HKyjiH- 
py k och (puc. 38). Oho Ha3biBaeTCH 
(fooKdMHUM napaMempoM h o6o3Hana- 
eTCH p. 

B cjiynae nmep6ojibi ,h,jih flpyroii ee 
BeTBH (puc. 39) 

d = x — q. 


IIosTOMy 



Phc. 38 



r = ed = e(x — q) = er cos 9 — eg, 


Phc. 39 


OTKyn,a 


r = 1—L = £®_. (4) 

1 — e cos 9 e cos 9 — 1 

fljia napa6ojn>i e = 1 n g = p, sto to caMoe p, KOTopoe bxoaht b ee 
ypaBHemie. 

BBe^eM 4>OKajiBHBiii napaMeTp p b ypaBHeHiia (3), (4): 


T* — — ( O ) 

1 + e cos 9 ’ e cos 9—1 

04,HaKO name HanajibHbiii jiyn nojinpHbix KOopfliraaT HanpaBjiHiOT npo- 
THBonojioiKHO, ot GjinxcalimeH BepiniiHbi. Topua yroji 9 H3MeHneTCH Ha 7r, 
h KOCiiHyc MeHHCT 3HaK. IIosTOMy npii Taxiix KOopflHHaTax ypaBHeHim 6y- 
AyT 


p 

1 — e cos 9 1 


- P 

1 + e cos 9 ' 


(6) 


ITpii 3apaHini ypaBHeHHHMH (5) HaHajibHbiii jiyn 9 = 0 npoxopiiT nepe3 
tohkHj 6jin>KaHirrne k (fioxycy. IIpii 3apaHnn ypaBHemiaMH (6), HanpoTHB, 
HaHajibHbift jiyn He nepecexaeT he napa6ojiy, he ri-mep6ojiy. rnnep6ojiy He 
nepecexaiOT jiynn, pjia xoTopnix 3HaMeHaTejib HenojioJXHTejieH. (B khkom 
yrjie 3axjiiOHeHbi stii jiymi?) 

3HaaeHHe ypaBHeHra koiih'icckhx cciciimm b nojiapHtix ko- 
op/pHaTax. CorjiacHO nepBOMy 3aKOHy Kenjiepa (oTKpbiTOMy iim oxojio 
1610 r.), njiaHeTbi pBiiraiOTca no sjuiimcaM, b 4>oxyce KOTopbix HaxopriTca 
Cojmpe. 

IIotom HbiOTOH BbiBeji H3 CBoero «BToporo 3aKOHa» h 3aKOHa TaroTe- 
HHSI. HTO BCHKOe TejIO no/], BJHIHHHeM npHTajKeHIIH CojIHH,a HeoSxOpHMO 
pBiiraeTca no xpiiBOii — sjunmcy, napa6ojie hjih bctbii rnnep6ojibi — c 4>o- 
KycoM b Cojnrpe, xoTopaa oxBaTbiBaeT cjioxyc (xax Ha pi-ic. 37), He cniiTaa 
Toro cjiynaa, xorpa oho pBicxeTca npaMO k Cojrapy hjih ot Hero. 

EcTecTBeHHO npimaTb 3a Hanajio xooppiraaT pemp Cojnrpa i-i b xa- 
necTBe opHoii H3 xooppiraaT B3aTb paccToamie ot Hero. B xanecTBe ppy- 
roil ecTecTBeHHO B3aTb yroji noBopoTa papnyc-BexTopa, npyipero H3 peH- 
Tpa Cojmpa k pBHJxyipeMyca Tejiy. TeM caMbiM mbi bbophm nojiapHbie 
xooppimaTbi b njiocKOCTii, b KOTopofi pacnojiojxeHa TpaeKTopna He6ec- 
Horo Tejia. Tax ecTecTBeHHO noaBjiaeTca npepcTaBjiemie stoh Tpaex- 
TopHH b noaapHbix xooppimaTax. Tax jxe ecTecTBeHHO , hto ypaBHe- 
Hiie (3) 3apaeT i-imchho BeTBb rnnep6ojibi, o6xopaipyio (Jjoxyc: Tpaex- 
Topiia He MOJxeT coctohtb h3 pByx pa3pejieHHbix BeTBeii h H3-3a npn- 
TajxeHiia Tejia x Cojrapy, HaxopaipeMyca b (fioxyce, pojuxHa orn6aTb 
ero. 

Boo6ipe ypaBHemie (3) npepcTaBjiaeT jno6yio B03M0JKHyio TpaexTopnio 
MaTepiiajibHOii tohxii bo bchxom nojie, rpe ciijia npiiTaaceHiia HanpaBjieHa 
x cjjiixciipoBaHHOMy peHTpy h oSpaTHO nponoppuoHajibHa xBappaTy pac- 
ctohhhh (ncxjHOHaa cjiynaft, xorpa Toaxa pBicxeTca no npaMofi x pempy 
hjhi ot Hero) . Ecjih ace pefiCTByeT ciijia OTTajixiiBaHiia ot pempa, — TO?xe 
o6paTHO nponoppuoHajibHaa XBappaTy paccToamia, — to Toaxa nop bjiii- 
HHiieM Taxon chjibi pBHJxeTca no ppyroii BeTBii mnep6ojibi, OTxopaipeft ot 
cjioxyca (piic. 39). 

no 3axoHy «o6paTHoro xBappaTa paccTOHHiia» pefiCTByiOT «xyjiOHOB- 
cxne» chjibi: chjibi npiiTHJxeHiiH Meacpy npoTiiBonojiojxHbiMii no 3Haxy 
sjiexTpiinecxiiMH 3apapaMii h OTTajixiiBaHHa — Meacpy opHOHMeHHbiMii 3a- 
papaMH. 

Eipe b Hanajie XX Bexa bcjihxhh aHrjnmcxHH (])H3hk Pe3ep(J)opp H3 
Ha6jiiopeHHH Hap pacceamieM ajibtfia-HacTHp 3axjnoHHji, hto aTOM HMe- 
eT appo, xoTopoe nojiojxiiTejibHO 3apa»ceHO. B stom BaacHeiinieM OTxpbi- 



thh cymecTBeHHyio pojib Cbirpajio to, hto TpaexTopiin a-nacTnu, flOjcxHbi 
6bitb BeTBHMii rnnep6oji 9 . 

TaKHM o6pa30M, xomiHecxiie ceHemra h npeflCTaBjieHiie hx ypaBHemi- 
hmi-i (6) CBa3aHbi c caMbiMii cjjyHflaMeHTajibHbiMii npofijieMaMn ecTecTBO- 
3HaHHH: c no3HamieM 3aKOHOB flBicKeHira HeSecHbix Ten, c o,zi,Hon ctopohh, 
h OTKpbiTiieM flflpa aTOMa, c ^pyroft! 

YpaBHeHMe koiiiihcckoio ccichmii, OTHeceHHoe k Bepimme. Ec- 
jih Hanajio xoopflimaT B 3 HTb b Bepmrme h coxpamiTb HanpaBjieHiie och x, 
nojiyniiM ypaBHemie, o 6 m;ee fljia ajijinnca, nmep 6 ojibi n napa 6 ojibi: 

y 2 = 2 px + (e 2 — l)x 2 . 

3flecb p, e — Kax h Bbiine, b ypaBHemrax (5), (6), — cjaoxajibHbiii napaMeTp 
h SKcpeHTpnciiTeT. ITpii e < 1 nojiynaeTCH sjijnmc, npii e > 1 — nmep6ojia, 
npii e = 1 - napa6ojia 10 . BbiBe^nTe sto ypaBHeHiie h paccMOTpiiTe, Kax 
H3MeHHeTCH BUfl XpiIBOII npii nOCTOHHHOM p H HenpepbIBHOM H3MeHeHHH e, 
Hammas ot Hyjia. 


§ 7. RjiacciicJiMKauMM KBII 

B § 1 mm yxa3ajiH 8 TiinoB KBII. Tenepb floxajxeM, hto umu ucuepnu- 
eammcfi ece 603M00KHue KBII , t. e. hto ypaBHeHiie 

ana: 2 + 2a± 2 xy + a 22 y 2 + 2aia; + 2 a 2 y + a 0 = 0 (1) 

MOJxeT npe^CTaBjiHTb tojibxo xpiiByio o^hoto h 3 yxa3aHHbix TiinoB. 3 to 
mojxho Ha3BaTb «ochobhoii TeopeMofi 0 KBII». 

H,a,ea ^oxa3aTejibCTBa coctoht b tom, hto6m nyTeM npeo6pa30BaHiiii 
xoopfliiHaT npiiBecTii ypaBHeHiie (1) x bo3mojkho 6ojiee npocTOMy Bii^y, 
xor^a Tim xpiiBofi, xaxyio oho mojxct npeflCTaBjiaTb, CTaHeT oneBi-mHbiM. 
^eiicTBHTejibHO, ypaBHeHiie MOJxeT 6biTb cjio>xHbiM noTOMy, hto ciiCTeMa 


Koiie'ino. Ha6jnoflaeMBie TpaeKTopHH — npaMBie: BeTBB THnep6ojiBi ;i,a.jieKo ot Bep- 
ihhhm HeoTjiHHHMa ot acHMnTOTbi. Ho ^bh^kghho no rnnep6ojie onpe^ejineT HanpaBjie- 
Hne flBH^KeHHH jieTHmeii k H,uipy n OT6pomeHHon HflpoM a-HacTHD,bi. 3 to h nrpaeT pojib 
b BbiBO^e <J)opMyjibi PesepcJ^op^a, npHMeHHH KOTopyio k aHajiH3y OKcnepnMeHTajibHbix 
^aHHbix, oh /i;oKa3aji cymecTBOBamie n^pa. 

10 n P n e < 1 (e 2 — l)x 2 < 0, npn e > 1 (e 2 — l)x 2 > 0. 3to Bbipa^caiOT caMH rpe- 
necKne Ha3BaHHn: <ojumnc» — He^oeraTOK, «rnnep6ojia» — h36bitok. HasBaHne «napa- 
6ojia» 03HanaeT «npHKjia,zj;biBaHHe» n CBH3aHO c reoMeTpnnecKHM cmbicjiom ypaBHeHnn 
y 2 = 2 px: KBa^paT, nocTpoeHHbin Ha OTpe3Ke y, paBHOBejiHK npnMoyrojibHHKy co cto- 
poHaMH 2 p, x. 



KOopflimaT He CBjraaHa ecTecTBeHHO c KpiiBOii. 3a^ana coctoht b tom, hto- 
6bi nepeiiTii ot, TaK CKa3aTb, cccjiynaimoin chctcmbi KOop/praaT k «ecTe- 
CTBeHHOII» flJIH flaHHOH KpiIBOH. 

JleMMa (A). Bcezda mochcho noeepHymt> ocu KoopduHam man, umo6u 
HAen c npou3eedeHueM xy ucue3. 

/l,OKa3aTejibCTBO. flonycTHM, a\2 7^ 0. BBe^eM KOop/pmaTM x ' , y ' , 
noBepHyB ocu Ha yroji a. Toiyja 

x = x' cos a — y' sin a , 
y — x' sin a + y' cos a. 

IIoflCTaBjiHH 3 th BbipaaceHHH b (1), Haft^eM K03(J)4)rin,rieHT 2 a' 12 npn npo- 
H3Be^eHHH x'y'\ oh 6yn,eT 

2ai2 = 2a22 sin a cos a — 2 an sin a cos a + 

+ 2ai2(cos 2 a — sin 2 a) = (022 — an) sin 2a + 2oi2 cos 2a. 

Tax KaK npeflnojiojKCHO ai2 7^ 0 , to, b3hb a Tax, hto 

cos 2a an — 022 

■ 0 = ctg 2a = — 

sm 2a 2ai2 

nojiynHM 2a' 12 = 0. □ 

TaKHM o6pa30 M, mm mojkcm npe^nojiaraTb ^ajibnie, hto ypaBHemie 
HMeeT Bi-m 

ana; 2 + a 22 y 2 + 2aia; + 2 a 2 y + a 0 = 0. (2) 

IIOHHTHO, HTO B 3TOM ypaBHeHHH K03(J)(|)HH;HeHTbI, BOo6lH,e TOBOpH, He Ta- 
Kiie, KaK b (1), h KOopflimaTbi x , y 6epyTCH ynce b flpyroii cncTeMe, ho ^jih 
npocTOTbi 3anncH mbi stoto He OTMenaeM. 

JleMMa (B). Ecau e ypaeuenuu (2) an 7^ 0 (022 7^ 0), mo u.aeH c 
x (y) Mootcno ucKAwuumb nepenocoM nauaAa Koopduuam. 

floKasaTejibCTBO. ITepeHeceM Hanajio b TOHKy ( — ai/an, 0), TaK 
hto x = x' — ai/an, y = y' . 

Torpp 

anx 2 + 2a±x = 

= an(x') 2 — 2an— —x' + ^-V + 2aia; / = 

an \an J 

= a n (a /) 2 + > 



t. e. HjieH c x' OTcyTCTByeT. (IIojie3HO otmbthtb, hto npn nepeHOce Hanajia, 
t. e. noflCTaHOBKe x = x' + p (vi y = y' + q), K03(J)(J)iiD,iieHTbi npn x 2 , y 2 
y»ce He H3MeHaiOTCH. ) □ 

Tenepb mojkho 3aMeTiiTb, hto b ypaBHeHini (2) xoth 6bi oflim H3 koscJ)- 
cjunpieHTOB an, a 22 se paBeH Hyjno. Mojkho CHinaTb, hto 022 7^ 0 (miane 
nepeiiMeHyeM KOop/pmaTbi) . Tor^a, npiiMeHaa «onepanmo B», t. e. yxa- 
3aHHbin tojibko hto b jieMMe (B) nepeHOC Hanajia, Mbi npn^eM k ypaBHe- 
Hi-no, r^e HjieH c y' OTcyTCTByeT. TamiM o6pa30M, OKa3biBaeTca, hto Bcer^a 
mo*ho Bbi6paTb KOop/pmaTbi Tax, htoGm flaHHaa KBII npe,n,CTaBjiajiacb 
ypaBHemieM Bima 

anx 2 + a-ixy 1 + 2a\x + a 0 = 0. (3) 

Ife 3Toro ypaBHeHiia bii^ho, hto ocb x cjiyaaiT ocbio cnMMeTpnn KpiiBon. 
CTajio 6biTb, mm ^OKa3ajin, MeiK/iy nponiiM, hto Bcaicaa KBII HMeeT xoth 
6bl OflHy OCb cnMMeTpnn ! 

Tenepb paccMOTpiiM pa3jniHHbie bo3mojkhocth ,n,jia ypaBHemia (3). 
Cjiynaii I. IlycTb b (3) an 7^ 0 (n 022 7^ 0, kslk yate npeflnojio»ceHo) . 
Toiyja onepapiieft (B) mojkho npiniTii k ypaBHemno 6e3 HjieHa c x, Tax hto 
ypaBHemie (3) npiiMCT Biifl 

ana: 2 + a 22 y 2 + a 0 = 0 (4) 

(HOBbie KOopflimaTbi Mbi fljia npocTOTbi 3anncn o6o3HanaeM x, y). 

Tenepb ecTb ,n,Be bo3mojkhoctii: (I, 1) ao 7^ 0, (I, 2) a 0 = 0. 

(I, 1) ^HpnycTHM, a 0 7^ 0. Tor^a (4) mojkho nepemicaTb b Bn^e 


ax 2 + /3y 2 = 1 ( a = , (3 = . 


TyT ecTb cjieflyioniiie bo3mojkhoctii: 

(I, la) IlycTb a > 0 n (3 > 0. Tor^a, nojiaraa a = a~ 2 , (3 = b~ 2 , 
npiiBe,neM (5) k Bi-my 

2 2 

■*_ r _ 1 

a 2 ' b 2 

t. e. KpiiBaa — sjuninc. 

(I, 16) IlycTb a < 0, (3 < 0. Tor^a paBeHCTBO (5) h6bo3mo}kho hii npn 
KaKiix x, y, Tan hto Kpimaa — nycTaa. 

(I, 1b) IlycTb a, (3 pa3Hbix 3HaK0B. IlycTb iimchho a > 0, (3 < 0. Tor^a, 
nojiaraa a = a~ 2 , [3 = — 6 , nojiyniiM 

2 2 

_ r = 1 

a 2 b 2 



t. e. KpiiBaa — nmep6o.na. (IIohhtho, hto ccjih a < 0, f3 > 0, to mojkho 
nepeiiMeHOBaTb KOopzpmaTbi.) 

(I, 2) IlycTb ao = 0. Tor^a (4) cbo,zi,htch k 

a n x 2 + a 22 y 2 = 0, (6) 


H eCTb flBe B03M0JKH0CTII: 

(I, 2a) IlycTb an, a 22 pa3Hbix 3HaKOB, tak hto a\\/a 22 < 0 (no ycnoBino 
an 7^ 0, a 22 7^ 0). Tor^a, flejin (6) Ha 022 h nojiaraa —an/a 22 = k 2 , 

3aM6HHeM (6) Ha 

y 2 — k 2 x 2 = 0, t. e. ( y + kx)(y — kx) = 0. 

TaKHM o6pa30M, KpiiBan ecTB napa npnMBix y = kx, y = —kx. 

(I, 26) IlycTB an, a 22 oppioro 3HaKa. Toryja, Kan oneBii/i,HO, (6) B03- 
mojkho jinnib npn x = y = 0, t. e. KpiiBaa ecTb Tomca. 

Cjiynaii II. B ypaBHemni (3) an = 0 (022 7^ 0 no ycnoBino). 
IIoaTOMy ypaBHemie (3) (ecjm pa3flejiHTb Ha 022) cbo^htch k ypaBHe- 

HHH) BHfla 

y 2 + 2 px + q = 0. (7) 

Mbi pa3JinnaeM npejK^e Bcero /ipa cjiynaa: J11160 p 7^ 0, jin6o p = 0. 
(II, 1) IlycTb p / 0. Toiyja nepeHeceM Hanajio b Tomcy (— q/2p , 0), 
t. e. nojioJKHM x = x' — q/2p. B pe3yjiBTaTe ypaBHemie (7) npiiBe,n,eTCH k 

BHfly 

y 2 + 2px’ = 0 , 

hjih, nocjie chhtiih HiTpuxa, nojiynaeM 

y 2 = -2 px, 

t. e. KpiiBaa — napa6ojia. Ecjii-i p > 0, to, o6pam,aH HanpaBjiemie och x, 
t. e. h3mbhhh 3HaK x, nojiymiM cnpaBa 2 px. 

(II, 2) IlycTb p = 0. Toiyja (7) npiiBOfliiTCH k Bimy 

y 2 + q = 0 (8) 


h HMeeTCH Tpii cjiynaa: q < 0, q = 0, q > 0. 

(II, 2a) Ecjii-i q < 0, to (8) paBHOcmibHO 

{y + V^q){y- V^q) = o, 

t. e. KpiiBan ecTb napa napajuiejiBHbix npaMbix y = y/—q, y = —y/—q. 



(II, 26) Ecjih q = 0, to ypaBHemie (8) cboahtch k y 2 = 0, t. e. y = 0, 
t. e. npeflCTaBjiaeT npaMyio. 

(II, 2b) Ecjih q > 0, to paBeHCTBO (8) h6bo3mo>kho hii npii KaKOM y. 
t. e. KpiiBaa — nycTaa. Ho nycTyio KpiiByio mbi y»ce nojiyaiuiH paHbine b 
cjiyaae (I, 16). 

« OcHOBHaa TeopeMa o KBn» ^0Ka3aHa. □ 

3aMeaaHHe. nycTaa KpiiBaa nojiyanjiacB y Hac ppasuppi: b cjiyaaax 
(I, 16), (II, 2b). 3to o6i jHCHaeTca TeM, hto ee npeflCTaBjiaiOT b 3thx cjiy- 
naax cymecTBeHHO pa3jniHHBie ypaBHemia. B cjiynae (I, 16) ee ypaBHeHiie 
coflepjKHT o6e KOop/pmaTBi, a b cjiynae (II, 2b) — tojibko o,n,Hy. 

Otmcthm. hto ypaBHeHiie btopoh CTeneHH MoaceT npeflCTaBjiaTB 
OKpyjKHOCTB tojibko Tor^a, Korfla oho HMeeT Biifl 

a(x 2 + y 2 ) + 2a\x + 2a,2y + ao = 0. (9) 

^eitcTBiiTejiBHO, ecjin KpiiBaa — OKpyjKHOCTB, to nocjie noBopoTa oceli, 
HCKjiiOHaiomero xy, aojekho 0Ka3aTBca an = 022 - (Sjuihhc c paBHBiMH 
ochmh.) Ho x 2 + y 2 He H3MeHaeTca npii noBopoTe oceft, t. e. x 2 + y 2 = 
x 2 +y 2 - noaTOMy h ^o noBopoTa ^ojijkho 6bitb an = 022 , ai 2 = 0, t. e. 
ypaBHeHiie ^ojkkho hmci’b yKa3aHHBiii bh^. 

0^,HaKO ypaBHeHiie (9) MoaceT npe^CTaBjiaTB OKpyacHOCTB jiiihib npii 
a\ + a 2 > aao; ee pa/piyc r = \/ a\ + a| — aao- (^OKaaciiTe sto.) npii 
af + a 2 = aao ypaBHeHne 3a^aeT TOHKy, a npii af + a 2 < aao ~ nycToe 
MHOJKeCTBO. 

OTCiOfla, Meatfly nponiiM, cjie^yeT, hto ecjin ,a,aHO ypaBHeHiie (9) h 
3apaHee ii3BecTH0, hto npeflCTaBjiaeMaa iim KpiiBaa coflepaaiT xoth 6bi 
flBe TOHKH, TO OHa — OKpyjKHOCTB. 

AHajioniHHO, ecjin b o6m,eM ypaBHeHim (1) ai2 = 0 h an, a 22 o^hoto 
3Haxa h KpiiBaa coflepaaiT xoTa 6bi ,n,Be tohkii, to OHa — sjuihiic. (no- 
aeMy? ) 


FjiaBa III 

BEKTOPbl H KOOP^HHATbl 

§ 1. IIOHHTHe BeKTOpa 

HanpaejieHHtie OTpe3Kn. TepMiiH «B6KTop» ynoTpe6jiaiOT b reo- 
MeTpuii no Kpaimefi Mepe b flByx CMBicjiax, — xoth h CBH3aHHBix, ho TeM 
He MeHee cyipecTBeHHO pa3jiiiHHBix. C o^hoii ctopohbi, BeKTopoM Ha3Bi- 
BaiOT HanpaBjieHHBiH OTpe30K, c flpyroii ctopohbi, bcktop noHiiMaiOT, KaK 



nOHIIMaiOT B 4)H3HKe «BeKTOpHBie BejIHHHHbI» — CKOpOCTB, CHJiy n T. n. (ko- 
rpa roBopaT, HanpHMep, hto op,Ha n Ta ace ciuia MoaceT 6biTb npujioaceHa 
k pa3HbiM TejiaM — b pa3Hbix TOHKax) . npepcTaBjiaeTca ypoOHbiM pa3Jiii- 
HaTb COOTBeTCTBeHHO «KOHKpeTHbIII BeKTOp» — HanpaBJieHHbHl 0Tpe30K 
h «a6cTpaKTHbifl (hjih, Kax npiiHHTO roBopHTb, cbo6ophmh) BeKTop». Pac- 
CMOTpiiM CHanajia HanpaBjieHHbie OTpe3Kii — KomcpeTHbie BeKTopbi. 



Phc. 40 


HanpaeJienHUM ompe3KOM Ha3biBaiOT 0Tpe30K, y 
KOToporo o^iih KOHeu, HMeHyiOT nauaJioM , a ppyroii — 
kohv,om SToro HanpaBjieHHoro OTpe3Ka. IIosTOMy b 
iiiyTKy mojkho CKa3aTb, hto HanpaBjienHbifi 0Tpe30K — 
3to 0Tpe30K, y KOToporo tojibko opira KOHep, a ppyroii 
nepenMeHOBaH b nanajio. PucyiOT HanpaBjieiiHbiii ot- 
pe30K co CTpejiKoft Ha KOHpe h o6o3HanaiOT AB, ecjni 
A — ero Hanajio, a B — KOHeu, (pnc. 40). 

3aMenaHHe. Xtannoe onpepejiemie mojkct noKa- 
3aTbca He MaTeMaTimecKiiM. npimaTO roBopiiTb, hto HanpaBjieHHbiM ot- 
pe3KOM Ha3biBaeTCH 0Tpe30K, y KOToporo yKa3aH nopapoK kohu,ob: nep- 
bbiii KOHeu, cuiiTaeM HanajiOM, BTopoii kohh,om HanpaBjieHHoro OTpe3Ka. 
OpHaKO hto 3HaHiiT «nopapoK kohh,ob», KpoMe toto, hto opHOMy KOHpy 
OTHeceHO cjiobo «nepBbiii», ppyroMy — «BTopoft»? IIoaTOMy othociitb op- 
HOMy KOHpy cjiobo «HaHajio» — HiinyTb ne MeHee CTporo, h, kctptii, sto 
cooTBeTCTByeT TOMy, hto roBopaT «Hanajio BeKTopa», ho hiikto He tobo- 
piiT «nepBbift KOHeu, BeKTopa». 

TaKiiM o6pa30M, paHHoe humh onpepejiemie HanpaBjieHHoro OTpe3Ka 
BnojiHe MaTeMaTiinecKoe, oho tojibko Heo6biHHO c tohkii 3pemia npHHaToii 
«HayHHOCTii» BbipaaceHHH. 

PoBopaT: «HanpaBjieHHbiii 0Tpe30K jieaciiT Ha npaMOii» hjih «HanpaB- 
jieHHbiii 0Tpe30K nepneHpiiKyjiapeH (napajuiejieH) npaMolt» (hjih njiocKO- 
cth hjih ppyroMy HanpaBjieHHOMy OTpe3Ky h t. n.), ecjni cooTBCTCTByio- 
iu,HH eMy 0Tpe30K (t. e., b cyipHOCTii, oh caM) copepaaiTca b npaMoii, nep- 
neHpiiKyjiapeH (napajuiejieH) npaMoii (iijiii njiocKOCTii h t. n.). Tohho TaK 
ace nop djiuHOu HanpaBjieHHoro OTpe3Ka noHHMaiOT pjirmy cooTBeTCTByio- 
rpero eMy OTpe3Ka. 

HanpaBjieHHbiii 0Tpe30K Ha3biBaiOT, KaK yace 6bijio CKa3aH0, eenmopoM, 
h mm 6ypeM TaK nocTynaTb, xoth 6bi papa KpaTKOCTii. KpoMe o6o3HaHeHiia 
HauajiOM h KOiipoM: AB : PQ h t. n., BeKTopbi o6o3HaHaiOT ~a , b h t. n., 
iijiii nojiyjKiipHbiM HipHcJiTOM: a, b h t. n. 

Bee paBaeMbie 3pecb onpepejieHiia h bbibopbi othochtch k BeKTopaM b 
npocTpaHCTBe , paBHO KaK h Ha njiocKOCTii. 


HanpaejieHHe h paBeHCTBO HaiipaiiJicHutix OTpe3KOB. BeKTO- 
pbi — HanpaBjieHHbie OTpe3KH — AB, CD Ha3biBaiOTCH odunaKoeo nanpae- 
jienHUMu hjih, Kopoae, conanpaeJieHHUMU , ecjni npii HeorpamiHCHHOM 
npOflOJEKeHIIH OHII He paCXOflHTCH, T. e., TOHHO TOBOpH, KHKOBbl 6bl HII 

6buin paBHbie OTpe3KH AM hCT, coflepacaiipie tohkii B h D, paccToa- 
Hue MN He npeBoexofliiT HeKOToporo ^aHHoro paccTOHHira (puc. 41 ). 9 to 
cooTBeTCTByeT npaKTHHecKOMy npeflCTaBjieHino o «/iBH>KeHHH napajuiejib- 
HbiMii KypcaMH» (He coHanpaBjieHHbie BeKTopbi AM , CN MoryT CHana- 
jia cxo^HTbca, ho noTOM CTaHyT pacxo^HTbca, puc. 42 ). CoHanpaBjieHHbie 
BeKTopbi o6o3HaHaiOTCH: AB CD h t. n. IlapajijiejibHbie, ho He coHa- 
npaBjieHHbie BeKTopbi Ha3biBaiOTCH npomueonoJiootcHo HanpaeAennuMU n 

o 6 o 3 HaHaiOTCH: AB CD. 




Phc. 41 


Phc. 42 


TeopeMa 1 . flea eenmopa, coHanpaeAermue c mpembUM, conanpae- 
Aenu dpys c dpyzoM. 

/JoKasaTejitCTBO. IlycTb BeKTopbi AB, CD coHanpaBjieHbi c EF . 
Toiyi,a cymecTByiOT Taxue HHCjia d±, d 2 , hto ecjin OTpe 3 Kii AM, CN, EP 
paBHbi h coflepjKaT, cootbctctbchho, tohkii B, D, F, to 

MP < d\, NP<d 2 . 

Ho no HepaBeHCTBy TpeyrojibHiiKa 

MP + NP > MN. 


noaTOMy 


MN < d\ + d 2 , 


11 3 to BepHO fljia jno 6 bix Tonex M, N Taxiix, hto B € AM, D £ CN, 


AM = CN 11 . Cjie^,OBaTejibHO, BeicropBi AB, CD coHanpaBjieHBi, hto ii 

TpeGoBajiocB floxasaTB. □ 

Onpe/j,ejieHHe. flpa, BeKTopa CHiiTaiOTCH paenuMU, ecjin ohii coHa- 
npaBjieHBi n HMeiOT o^Hy h Ty »ce ,n,jiHHy. PaBeHCTBO BeKTopoB 3amiCBiBa- 
eTCH, Kax npiiHHTO fljra paBeHCTBa: AB = CD n t. n. 

TeopeMa 2. /fea eeKmopa, paenue mpemueMy, paenu dpyz dpyzy. 

floKasaTejitCTBO. 3to HenocpeflCTBeHHO cjie^yeT H3 onpeflejieHiiH 
paBeHCTBa 6jiaroflapa Teopeivre 1. ^eftcTBiiTejiBHO, nycTB AB = CD h 
EF = CD. 3to 3HaHiiT, BO-nepBBix, hto AB h EF coHanpaBjieHBi c CD h, 
cjieflOBaTejiBHO, no TeopeMe 1 coHanpaBjieHBi flpyr c ^pyroM. Bo-btopbix, 
,a,jniHBi AB h EF paBHBi fljnme CD, a 3HamiT, h caMH paBHBi. UTax, 
AB h EF coHanpaBjieHBi h iimciot paBHBie ;prHHbi, a 3HamiT, ohii, no 
onpe^eneHiiio, paBHBi. □ 

Cjie/i,CTBHe. OrrmomeHue paeeucmea eeKmopoe pecfjjieKcueno, cum- 
MempuuHO u mpaH3umu6H0, m. e.: 1) a = a; 2) ecjm a = b, mo b = a; 
3) ecjiu a = b u b = c, mo a = c. 

IlepBBie ppa, CBoiicTBa 3aKjnoneHBi b oirpejiyjieHHH, TpeTne BBiTexaeT 
H3 TeopeMBi 2. □ 

OTHomeHiie, o6jiaflaioiH,ee stiimh CBoitcTBaMH, Ha3BiBaioT BooSipe aneu- 
ea.aenmHocm'bw — OTHomemieM 3KBiiBajieHTHOCTii. ,H,jih bcktopob mbi Ha- 
3BiBaeM ero paeencmeoM. 

3aMeaaHHe. CyrpecTByeT MHemie, hto roBopiiTB o paBeHCTBe bckto- 
pOB B 3TOM CMBICJie H6JIB3H. IIOTOMy HTO B ^.pyiTIX CJiyHaHX «paBHBie» 
03HanaiOT «coBna,a,aioiH;iie». HanpiiMep, x = 2 03HanaeT, hto x ecTB hiic- 
jio ppa. Ho AB = CD BOBce He 03HanaeT, hto AB coBnaflaeT c CD. 
noaTOMy b HeKOTopBix KHHrax BeKTopBi, «paBHBie» b HarneM CMBiejie, Ha- 
3BIBaiOT « SKBIinO JIJieHTHBIMII » . OflHaKO MBI BMeCTe C MHOTHMH flpyniMii 
aBTopaMii CHiiTaeM BnojiHe bo3mojkhbim npiiMeHiiTB k BCKTopaM TepMiiH 
«paBeHCTBO», Kan oho 6bijio 3^ecB onpe^ejieHO. To, hto paBeHCTBO ,h,jih 
BeKTopoB (HanpaBjieHHBix OTpe3KOB) h fljia Hiiceji HMeeT pa3HBiit cmbicji, 
He ^ojiJKHO Bac CMyipaTB, HyjKHO tojibko noHHMaTB sto pa3jmHne. 

O coHanpaBJieHHBix h paimoix BeKTopax. 

TeopeMa 3. ,Zfea eeKmopa AB, CD, ne jieotcaui,ue na odnou npsiMou, 
conanpaejienu mozda u moAbKO mozda, Kozda ohu napa.mieAbHU u Jieotcam 
e codepotcaiyeu ux ruiocKocmu no odny cmopony om npHMOu AC, npoxo- 
dttw,eu uepe3 ux uauajia. Ecjiu otce eenmopu AB, CD jieotcam na odnou 


1:L HepaBeHCTBO TpeyrojiBHHKa, AB + BC JJ AC, flOKa3BiBaioT b njiaHHMeTpnH, ho 
oho BepHO h b npocTpaHCTBe; nepe3 jno6t.ie Tpn tohkh A, B, C npoxo^HT njiocKOCTb, 
H nOTOMy & J 151 HHX BepHO BCe, HTO ,ZI,OKa3L>IBaeTCH B n JiaHHMeTpHH . 



npjiMou, mo ohu coHanpaejienu mozda u mojibuo mozda, Kozda odun U 3 
jiyueu AB , CD codepotcum dpyzoiL. 

/],OKa3aTejibCTBO. BTopoe yTBepjxflemie TeopeMbi mojkho cmiTaTb 
oneBii^HbiM. 06paTiiMCH k nepBOMy (pnc.43, a). 

E[ycTb OTpe3Kii AB, CD napajijiejiBHbi h jiencaT no o^Hy CTopoHy ot 
npHMOii AC. Tor^a ecjin B^ojib hiix npoBefleHbi paBHbie OTpe3Kii AM, CN , 
to mm nojiynaeM napajijiejiorpaMM co CTopoHoft MN , npoTiiBonojiojxHoii 
AC, Tax hto MN = AC. CTano 6biTb, BexTopbi AB, CD coHanpaBjieHbi. 


C 

A 



a 



Phc. 43 


^HoxajKeM o6paTHoe. IlycTb BexTopbi AB, CD He jiexcaT Ha oflHoii npa- 
moh h coHanpaBjieHbi. IIpoBefleM H3 tohkii C 0Tpe30K CE, napajuiejib- 
Hbiii AB h jiejKammi no Ty ixe CTopoHy ot npuMoii AC. IIo ,n;oxa3aHHOMy 

CE TT AB. 

/^onycTHM, CE He HajieraeT Ha CD, t. e. OTpe3Kii CE, CD o6pa3yiOT 
yroji. Torfla ecjin B^ojib hiix OTxjia^biBaTb Bee Sojibimie paBHbie OTpe3Kii 
CP, CN, to paccToam-ie PN 6yn,eT HeorpaHimeHHO pacTii, a ecjin paB- 
Hbie hm OTpe3Kii AM OTKjia,n,biBaTb baojib AB, to Bee BpeMH MP = AC 
(puc. 43, 6). 

IIo HepaBeHCTBy TpeyrojiBHiixa 

MN > NP - MP = NP — AC, 


h Tax xax NP He orpaHHneHO, to h MN He orpammeHO. Ho sto npoTii- 
BopemiT TOMy, hto no ycjiOBino AB ii CD coHanpaBjieHbi, Tax hto MN 
^.ojijxho 6biTb orpaHimeHO. TaxiiM o6pa30M, 0Tpe30x CE ^.ojuxeH Hajie- 
raTb Ha CD. A CTajio 6biTb, CD pacnojioixeH Tax ixe, xax CE, t. e. Toixe 
napajuiejieH AB h jiejxiiT no Ty >xe CTopoHy ot AC. Hto ii Tpe6oBajiocb 
^,oxa3aTb. □ 


TeopeMa 4. bcakozo eenmopa AB npu jik>6ou mom ce C cyipe- 
cmeyem eeumop CD , paenuu AB, u npumoM moAbKO odun. Kopoue omo 
eupacHcawm maK: om ecuKOu momtu mochcho omAOotcumt> eenmop, paenuu 
dannoMy, u npumoM mojibKO odun. 

floKasaTejibCTBO. IlycTb ^,am>i BeKTop AB n TOHKa C, He jie- 
jKani,aH Ha npuMoft AB. IIpoBe^,eM nepe3 tohkii A, B , C njiocKOCTb, 
b Heft npoBe^eM 0Tpe30K CD, napajijiejiBHbift 11 paBHbift AB h pac- 
nojiOHceHHBift no Ty nee CTopoHy ot npuMoft AC, hto h 0Tpe30K AB 
(pnc. 43, a), no TeopeMe 3, CD = AB. BeKTop, paBHbift AB, otjio- 
»ceH ot tohkii C . Oh eflHHCTBeHHbiii, noTOMy hto nepe3 TOHKy C npo- 
xoaht tojibko oflHa npHMaH , napajijiejibHan flaHHOft AB. BeKTop CD ppn- 
»ceH jiejKaTb Ha Heft, n ero HanpaBjieHiie h ,n,jiHHa onpeflejieHbi o^ho- 
3HaHHO . 

Ecjiii TOHKa C jiejKHT Ha npaMoft AB, to mojkho nocTynHTb, HanpiiMep, 
Tax. npoBO^HM 0Tpe30K AC. Ecjiii oh coBna^aeT no HanpaBjiemiio c AB, 
to OTKjia^biBaeM CD = AB b^ojib C A. B npoTHBHOM cjiynae OTKjiaflbiBa- 
eM CD = AB b npoTHBonojiojKHyio CTopoHy. To, hto 3^ecb HanpaBjieHHbift 
OTpe30K CD, paBHbift AB, tojibko o/piH, oneBiiflHo: Ha jiyne ot ero Hanajia 
OTK.ITajTbTBaeTCH TOJIBKO OflHH 0Tpe30K, paBHbift flaHHOMy. □ 

Otmctiim BajKHoe cboiictbo paBeHCTBa BeKTopoB. 


JleMM a. P aee ncrr ieo AB = CD u.M,eem Mecmo mozda u moAuno mo- 
zda, Kozda AC = BD. 

floKasaTejibCTBO. Ecjiii OTpe3Kii AB, CD He jiencaT Ha o^hoii 
npHMoft, to corjiacHO TeopeMe 3 paBeHCTBO AB = CD paBHOCiuibHO TOMy, 

hto OTpe3KH AB, CD cjiyncaT npoTHBO- 
nojiojKHbiMii CTopoHaMii napajuiejiorpaMMa. 
^Be ^pyrne ero CTopoHbi - sto OTpe3Kii AC 
h BD, TaK hto AC = BD (pnc. 44). CoBep- 
ineHHO TaK nee ii3 paBeHCTBa AC = BD cjie- 
^yeT, hto AB = CD. 

Ecjiii tohkii A, B, C, D jiexcaT Ha o^hoii 
npuMoft, to flOKa3aTejiBCTBO nojiynaeTCH, ec- 
jih nocMOTpeTb, KaK OTpe3KH AC, BD nojiy- 
naiOTCH ii3 AB, CD. PaccMOTpemie pa3Hbix 
cjiynaeB HiiTaTejiB npoBe^eT caM. □ 
Hyjib-iiCK'rop. B /lOKaaaiiiioii tojibko hto jieMMe ecTb jiomHecKHft 
nponycK. PaBeHCTBO AB = CD MoaceT OKa3aTbCH paBeHCTBOM AB = AB, 
Tax KaK lie oroBopeHO, hto TOHKa C OTjiiiHHa ot A. PaBeHCTBO AB = AB 



BepHO, a no jieMMe (nocxojibxy C = A n D = B) oho HMeeT MecTO Tor^a 
h TOJibKO Tor^a, Korfla AA = BB. 

IloaTOMy fljia Toro, hto6m jieMMa 6buia BepHa bo Bcex cjiynanx, Hynaio 
npiicoefliiHHTb k BeKTopaM (HanpaBjieHHbiM OTpe3KaM) «Hyjib-BeKTopbi», y 
KOTopbix Hanajio h xoHen; coBna^aiOT. Bee ohii cniiTaiOTCH paBHbiMii Apyr 
Apyry. Kanc^a a Tonxa npeflCTaBjiaeT co6ofi Hyjib-BeKTop, ecjin ee paccMaT- 
piiBaTb Kan ero Hanajio n kohcd;. ^jniHa Hyjib-BexTopa paBHa Hyjno, a Ha- 
npaBjiemiH oh He HMeeT (!). 

Boo6m;e, bmccto BexTopoB HanpaBjieHHbix OTpe3KOB mojkho pac- 
CMaTpi-iBaTb «BeKTopbi» — ynopfidouennue napu mouen: o^Ha tohkh — 
«Hanajio», flpyraa — «Kcmev,», He iicxjnoHaji hx coBnaflemiH. B hckoto- 
pbix cjiynaax Tax BeKTopbi h onpeflejunoT (xax napbi tohck), ii sto 
6biBaeT 6ojiee yn,o6HbiM. TeopeTiiHecxn sto 6e3pa3jiHHH0, Tax Kan Ha- 
npaBjieHHbifi 0Tpe30K onpe^ejiaeTCH cboiimh HanajiOM h kohd,om. ^o- 
ctohhctbo HanpaBjieHHoro 0Tpe3Ka nepe,n, napofi Tonex — b Harjia^,- 

HOCTH. 

CBo6oflHBlfi BeKTOp. 

Onpe^ejieHHe. Ceo6odnuM eenmopoM (i-uni npocTO eenmopoM) Ha- 
3biBaeTCH a6cTpaxTHbiii oGbckt, CBH3aHHbift c paBHbiMii HanpaBjieHHbiMii 
OTpe3xaMH TeM, hto xajKflbifi 113 paBHbix flpyr Apyry HanpaBjieHHbix ot- 
pe3KOB cniiTaeTCH npe^CTaBHTejieM flaHHoro cboGoahoto BexTopa, a HepaB- 
Hbie HanpaBjieHHbie 0Tpe3xn npe^CTaBjiaiOT pa3Hbie CBo6o^Hbie BexTopbi. 

Tax noHHMaeMbift bcktop Ha3biBaeTCH cboGoahmm noTOMy, hto oh 
npe^CTaBjiHCTCH HanpaBjieHHbiM OTpe3KOM He3aBHCiiMO ot toto, ot xaxoH 
tohkii tot OTjiojxeH. PaBHbie HanpaBjieHHbie OTpe3xn AB , A'B otjio- 
nceHHbie ot pa3Hbix Tonex, npeflCTaBjnnoT Oflra h tot >xe BexTop. Tax hto 
roBopaT: AB — sto BexTop a, OTjiojxeHHbin ot tohkii A, a A'B 1 — tot >xe 
BexTop, OTjiOHceHHbiii ot tohkii A! . 3to mojkho cpaBHHTb, HanpiiMep, c cii- 
jioii, xor^a OHa paccMaTpiiBaeTca He3aBiiciiMO ot toto, k xaxoMy Tejiy OHa 
npiuiojxeHa; xax, cxajxeM, cnjia thtii jiOKOMOTiiBa; ee mojkho npruioxaiTb 
x pa3HbiM noe3flaM. Tax h BexTop mojkho «npiuiaraTb» — OTxjia,n,biBaTb 
ot pa3Hbix Tonex. 

B nacTHOCTii, Bee Hyjib-BexTopbi A A, BB h t. n. npeflCTaBjnnoT oflim 
h tot jxe CBo6o^Hbin Hyjib-BeKTop, xoTopbiii o6o3HaHaeTCH 0. 

,Z],aHHoe onpe^ejieHHe BexTopa b Bii^e a6cTpaxTHoro oGtexTa, npefl- 
CTaBjiaeMoro HanpaBjieHHbiMii 0Tpe3xaMii, BbipajxaeT to, xax Ha caMOM 
Aejie noHiiMaiOT bcktop b reoMeTpim. ,U,ajibHie sto 6yzi,eT oco6chho hc- 
ho BiiflHO iipn onpeflejiCHiiii cjiOHcemiH BexTopoB. BexTopbi — sto o6t 3- 
exTbi, c xoTopbiMii npoii3BO/i,HT onpe,n,ejieHHbie achctbiih, npe»c/i,e Bcero 



cjioJKemie. ymiTbiBaH sto, mm flajitme yTOHHiiM onpeflejiemie BeKTopa. 

ToHHoe HarjiH/i,Hoe npeflCTaBjiemie BeKTopa ,n,aeTCJi nepeMememieM Ma- 
TepiiajibHofi to'ikii hjih, 6ojiee rpy6o, MaTepnajibHoro Tejia. IlepeMeineHrie 
onpe^ejiaeTCH HanpaBjiemieM h paccTOHHiieM, Ha Kanoe oho npoiicxo^iiT: 
Ha 2 km k ceBepy, 10 niaroB BnpaBO h t. n. ,ZI,aHHoe KOHKpeTHoe nepeMeme- 
Hiie MaTepnajiBHOH tohkii 113 reoMeTpiinecKOH tohkii Ab B H3o6pa:*aeTCH 
HanpaBjieHHbiM OTpe3KOM AB. Ho o^ho h to »ce nepeMememie MoryT co- 
BepmaTB pa3HBie Tejia 113 pa3HBix MecT, h hx nepeMememiH H3o6pa3HTCH 
paBHBiMii HanpaBjieHHBiMii OTpe3KaMii . Tax, jnoflii b CTpoio, ,n,ejiaiOHi,He no 
KOMaH^e flBa rnara Bnepefl, coBepmaiOT o^ho h to »ce nepeMememie: «^Ba 
mara Bnepe,n». 

Benmop , KaK h nepeMememie, xapaKmepu3yemcfi Hanpae.nenueM u pac- 
cmofinueM u.au d.auHou. 3adarm> eeumop — 3nav,um sadamt HanpasJienue 
u paccmomue (djiimy). HanpaBjieHiie 3a^aeTCH HanpaBjieHHbiM 0Tpe3K0M 
hjih jiynoM, h Bee HanpaBjieHHbie OTpe3Kii, coHanpaBjieHHbie c ^aimbiM, 
HMeiOT ^,aHHoe HanpaBjieHiie. nocKOJibKy y paBHbix HanpaBjieHHbix OTpe3- 
kob o,a,HO h to »ce HanpaBjieHiie h omia h Ta nee ^jirma, to ohh npe^CTaB- 
jihiot oflHH h tot »ce BCKTop. ®pa3a «BeKTop a OTjionteH ot tohkh A» 
3HamiT, hto nocTpoeH HanpaBjieHHbiii 0Tpe30K AB , npeflCTaBjunomiiH stot 
BeKTop, h mm 6yn,eM m-icaTb AB = a. JJ.a una hjih Mody.tib BeKTopa — sto 
,a,jiHHa npe^CTaBjiHiomero ero HanpaBjieHHoro OTpe3Ka, OHa o6o3HanaeTCH 
KaK MO^yjib |a| h t. n. 

3aMenaHHe. ^amioe 3flecb onpeflejiemie BeKTopa KaK a6cTpaKTHoro 
o6T>eKTa, npe^CTaBjiHeMoro HanpaBjieHHbiMii 0Tpe3KaMH, MOxceT noKa3aTb- 
ca Heo6biHHbiM. 0/maKO Bee o6mne nomiTHH HMeiOT TaKOii xapaKTep. Hto 
TaKoe « ^om » Boo6m,e KaK He aScTpaKTHbiii oSteKT, CBH3aHHbiii c KOHKpeT- 
HbiMH flOMaMii? H KaK 6biBaiOT pa3Hbie Timm ^omob, TaK 6biBaiOT h pa3Hbie 
«Tiinbi» BeKTopoB — HepaBHbie aScTpaKTHbie BeKTopm. 

0^,HaKO TaKoit B3rjum b MaTeMaTiiKe HenpiiBbineH, bmccto stoto nojib- 
3yiOTC5i noHHTiieM MHoncecTBa h ,zi;aiOT onpeflejiemie: BeKTop — sto mho- 
ncecTBO Bcex paBHbix HanpaBjieHHbix OTpe3KOB, h flaxte xotht npeflCTa- 
BHTb ero MHOJKeCTBOM paBHbix HanpaBjieHHbix OTpe3KOB, OTJIOJKCHHblX OT 
Bcex ToneK npocTpaHCTBa (xoth e^Ba jih KTO-mi6ym> Ha caMOM ^ejie Tax 
npe^CTaBjiaeT BeKTop). B ,nyxe stoii TeopeTiiKO-MHOJKecTBeHHOH ycTaHOB- 
kh HyjKHO onpe^ejiHTb Tax: «aom» — sto mhojkcctbo Bcex aomob: hiicjio 
^Ba — sto MHoncecTBO Bcex nap npe^MeTOB, h t. n. Ha caMOM xce ^ejie 
BeKTop — sto npe^CTaBjiHeMbiii HanpaBjieHHbiMii OTpe3KaMii sjieMeHT Bex- 
TopHoii ajireSpbi. 



§ 2. CjiojKeHHe BeieropoB 


B 



Phc. 45 


Onpcyyejieiiiic. Ecjiii MaTepnajibHaH tomkh nepeMecTiuiacb 113 tomkii 
A b Tonxy B , a iiotom 113 B b C, to nojiynaeTCH nepeMememie 113 A b 
C. IIo3TOMy, ecTecTBeHHO, CHirraeTCH, hto nanpaBjieHHbie OTpe3Kn AB, 
BC, npe^CTaBjiHiomiic stii nepeMem,e- 
hkh, CKjia^BiBaiOTCH ii flaiOT b cyMMe Ha- 
npaBjieHHbiii 0Tpe30K AC (piic. 45). 3to 
3amiCBiBaeTCH Tax: 

AB + BC = AC. 

B cooTBeTCTBim c stum onpe^ejiH- 
K)T CJIOJXeHTO (CBoSoflHblx) BeKTOpOB. 

IlycTB .up, a BexTopa a , b. Ot- 

KjiaflBiBaeM a ot xaxoii-jni6o tohxii 
A h nojiynaeM HanpaBjieHHbiii OTpe- 

30k AB = a. 3aTeM ot tomkii B OTxjia,n,biBaeM BeKTop b ii no- 
jiynaeM BC = b. Tor^a HanpaBjieHHbiii 0Tpe30K AC npe^CTaBjiH- 
eT BeKTop c, KOTopbiii ii npiiHHMaeTCH 3a cyMMy BeKTOpOB a ii b: 

c= a+ b. 

O^piaxo 3to onpe^ejieHiie CBH3aHO c npoii3BOjibHO Bbi6paHHoii tohkoh 
A. IIosTOMy HyjKHO erpe ^OKa3aTb, hto cyMMa — BexTop a+ b - He 3aBHCHT 
ot Bbi6opa tohkii A. To ecTb HyiKHO ,n,oxa3aTb 

KoppeKTHOCTb. He3aeucuMo om mozo, c kclkou mourn A Hauuna- 
emca nocmpoenue cyMMu, oho daem paenue nanpaejieHHue ompe3Ku AC 
u meM caMUM — odun u mom rwce eeitmop c = a+ b. Kopone, 
ecAu AB = A\B\ u BC = B\C\, mo AC = A\C\. 
^],OKa3 aTejibCTBO. IIo jieMMe, ,noxa3aHHOii b npe,a,bmyiii,eM napa- 
rpatfie, paBeHCTBa AB = A\B\ ii BC = B\C\ paBHOCiuibHbi paBeHCTBaM 
A A[ = BB U BBl = CCI. 


OTCiofla, no TpaH3iiTiiBHOCTii paBeHCTBa, AAi = CC\. A OTCio^a no 
Toil ixe jieMMe, Ha KOTopyio tojibko hto cocjiajnicb, cjie^yeT AC = A\C\, 
hto ii Tpe6oBajiocb ,zi,oxa3aTb. □ 

OnucaHHaa: onepapiin nojiyHemiH BeKTopa c no BexTopaM a, b Ha3bi- 
BaeTCH iix c.n.oMc.e.Hue.M, no npaeujiy nip eyzo.m, nuna . Ilpn Bceii Ha- 
rjiH^HOCTii 3to npaBiuio CTpa^aeT TeM TO,n,0CTaTX0M, hto b HeM cjioixeHiie 
npoii3BOfliiTCH b onpe^ejieHHOM nopHflxe, Tax hto em;e HyixHO ,n,oxa3aTb, 
hto cyMMa He 3aBiiCHT ot nopsmxa cjiaraeMbix. Ho sto Henocpe^CTBeiiHO 


bh^ho npii cjioDtceHuu no npaeuAy napajuiejiozpaMMa. Oho npoira- 

BO,2,HTCH TaK. 


C a d 



Ecjih BeKTopti a, ft He napajuiejib- 

HBI, HX OTKJiaflbIBaiOT OT O^HOII TOH- 

kh, nojiynaa AB = a, AC = b, h 
Ha 0Tpe3Kax AB, AC ctpoht napaji- 
jiejiorpaMM. Ero ,n,iiaroHajib AD h flaeT 
cyMMy a+b (puc. 46). ^eiicTBHTejibHO, 
b napajuiejiorpaMMe a = AB = CD, 
b = AC = BD. IIoaTOMy 


Phc. 46 


C = AD = AB + BD 


a+b, 


II TOHHO TaK >xe 


c = AD = AC + CD = b + a. 

CTajio 6 bitb, a + b = b + a. 

Ecjiii BexTopbi OTxjia^biBaiOTCH Ha o^hoh npHMOii, to paBeHCTBO a + 
b = b+ a BblBO^HTCH 113 CJIOJKeHIIH flJIIIH, eCJIII a IT b, H II3 HX BblHHTaHIIH, 
ecjiii a || b. HiiTaTejib caM npo^ejiaeT stot bbibo^. 

Cjiojxemie no npaBiuiy TpeyrojibHiixa cooTBeTCTByeT cjiojxemno ne- 
peMemeHHH, coBepmaeMbix o^;ho BCjie,n, 3a flpyniM. CjiojxeHiie no npaBH- 
jiy napajijiejiorpaMMa cooTBeTCTByeT cjiojxemiio flByx oflHOBpeMeHHbix ne- 
peMememiH, xax, HanpiiMep, npn flBiDxemiii no najiy6e njibiByipero xo- 
pa6jia. B (f)H3Hxe nojib3yiOTCii nparouiOM napajijiejiorpaMMa, nocxojib- 
xy cxjiaflbiBaiOTCH BexTopbi, HanpHMep ciijibi, npiijio>xeHHbie b oflHoii 

IIo^i,o6ho npaBiuiy napajijiejiorpaMMa, 
OTMeTiiM npaeujio napcui.ae.aenuneda: cyM- 
Ma Tpex BexTopoB, He napajijiejibHbix o^- 
hoh njiocxocTii, npe^CTaBjiHeTca ^naroHa- 
jibio napajijiejienimefla, nocTpoeHHoro Ha 

3TI1X BeXTOpaX, OTJIOJXeHHbIX OT OflHOII TOH- 

xii, xax peGpax (puc. 47). 

3aMenaHHe. Ecjiii He bbo/pitb noHa- 
Tne CBoGo^Horo BexTopa, a onpeflejiHTb bcx- 
Top tojibxo xax HanpaBjieHHbiii 0Tpe30x, to 
cjiojxemie BexTopoB, BOo6m,e roBopa, HeB03M0JXHO, Tax xax cxjiaflbiBaiOT- 
ca He flaHHbie HanpaBjicmibie OTpe3xn, a tojibxo paBHbie iim. CxjiaflbiBaTb 
mojxho HanpaBjieHiibie OTpe3xn c o6hj,iim HanajiOM. 



Ajirc6pai4'ICCKMC CBOHCTBa CJIO>KCim>l BCKTOpOli. 

1. A- 1151 KajK,a,bix AByx BexTopoB a, b 
o^HOSHaHHO onpe^ejieHa nx cyMMa c = 

a + b. 

2. CjioxceHHe BexTopoB nepeMecTH- 
TejIBHO (KOMMyTaTHBHo), t . e. a + b = 
b + a. ( 3 to flOKa3aHO.) 

3. CjioJKeHHe BexTopoB coneTaTejib- 

ho (accopnaTiiBHo) , t . e. (a + b) + c = 
a + (b + c). PlIC - 48 

^OKa3aTeju>CTBO oneBimHO, ecjrn cxjia^biBaTb no npaBiuiy Tpeyrojib- 
HHKa (pnc. 48): 

(AB + BC) + CD=AC + CD = AD = 

= AB + BD = AB + (BC + CD). 

4. npn6aBjieHne Hyjib-BexTopa minero He MeHaeT: 

a + 0 = a, 



Tax xax 

AB + BB = AB. 

5. fljia xa?x/];oro BexTopa ecTb npoTHBonojiojxHbin — a, t. e. Taxoii, hto 

a + (—a) = 0 . 

(Ecjiii a = AB , to a = BA h AB + BA = AA.) 

Bee 3 th CBOHCTBa 03HanaiOT, hto BexTopm o6pa3yiOT KOMMymamuenym 
zpynny OTHOCHTejibHO cjiojxeHiia (to, hto BexTopHaa onepapna 3anncbiBa- 
eTCH xax cjiojxeHiic, yxa3biBaiOT, roBopa, hto sto rpynna «b a^mHTHBHofi 
3anHCii» ) . 

6. 0^,H03HaHHO onpe^ejieHO BbiniiTaHne, t. e. ,n,jia xa>xflbix AByx Bex- 
TopoB a, b cyipecTByeT Taxon BexTop c -hx pa3H0crm>, hto a = b + c; 
nuniyT c = a — b. 

^eiicTBHTejibHO, ecjrn cjiojxhtb c = a + (— 6), to no onpeflejiemno sto 
h 6yn,eT pa3H0CTb BexTopoB a n 6, Tax xax 


b c — b — a ~ ( — b) — a (b ( — b)) — a 0 — cl. 


r Z[pyroH pa3H0CTH HeT, Tax xax ecjii-i a = b + c, to, npn6aBjiaH (—6) k 
o6enM CTopoHaM paBeHCTBa, nojiyaiiM 

a + (— b ) = 6 + c + (— b) = c + b + (— b) = c + 0 = c. 

Pa3Jio»ceHHe BeKTopa Ha cocTaBJimomHe. CaMOjieT nomeji Ha no- 
ca/pcy. Ero nepeMememie coctoiit h 3 AByx cocTaBjiaioiii,Hx: BepTiixajiB- 

Hoit h ropii30HTajibH0ii: nepBaa noxa- 
3BIBaeT, HaCKOJIBKO OH CHII3HJICH, BTO- 
paa — HacKOJiBKO h b KaKOM HanpaBjie- 
hibi oh nepeMecTiijica Ha^ 3eMjiefi 3a 
BpeMH c H H >Ke h h a (puc. 49, a ). 

Bee rpy3a, Biicaipero Ha TpeHore, 
pa3JiaraeTca b^ojib hot TpeHorii Ha Tpn 
cocTaBjiHK)m,He (puc. 49, 6). Bee Teaa Ha 

HaKjiOHHOH njiocKOCTH pa3JiaraeTCH Ha flaBjiemie Ha njiocKOCTB h «cxaTBi- 
Baioinyio cnjiy» b^ojib njiocxocTii (phc.49,6). 





Phc. 49 6 


Phc. 49 e 


Kopotko roBopa, cocmae/Lfnomue ^,aHHoro BeKTopa — sto Taxue bck- 
TopBi , cyMMa kotopbix paBHa 3TOMy BexTopy. Oh «eocTaBjiaeTCH» H3 hhx, 
xax cyMMa H3 cjiaraeMBix, h pa3JiaraeTca Ha hiix, xax Ha cjiaraeMBie. IIo- 
3TOMy h roBopaT o pa3JiojxeHiin Ha cocTaBjiaromiic. 

PauiOKCHHC BeKTopa b njiocKOCTH. Bcmkuu eeKmop e ruiocKOcmu 
odH03Hav.no pa3Jiazaemcfi na cocmaeAfumyue, napajuiejibHue deyM dan- 
hum nepeceKawuitUMCfi npsiMUM. 

/],oxa3aTejiBCTBO. IlycTB flaHBi npaMBie a, b , nepecexaromneca b 
T oaxe O, h b toh ace njiocxocTii — BexTop v. Otjiojkiim ero ot tohxh O, 
Tax hto 6ya,eT OV = v. IlycTB OV He jieixHT hii na o^hoh H3 npaMBix a, 


b , npoBe^eM H3 tohkii V OTpe3Kii 
VA\ \b, VB||a c xoHpaMii A Ha a n B 
Ha b (puc. 50). Torfla no npaBHjiy na- 
pajuiejiorpaMMa 

OV = OA + OB. 

BexTopbi v a = OA, vt = OB h 

HBJIHIOTCH COCTaBJIHK)m,IIMH BeKTopa V 
b^ojib npaMbix a, b: v a \\a, Vb\\b, v a + 

Puc. 50 

v b = v. 

Ecjiii v\\a, Tax hto BexTop v = OV oxa3biBaeTca Ha npuMoft a, to 
oh caM h cjiyjKHT CBoeft cocTaBjunomeii v a b^ojib a, a v b = 0, Tax hto 
v = v a + v b - Ecjiii jxe w| |6, to v a = 0 h Vb = v. 

Unax, ,ii,OKa3aHO, hto bcktop pa3JiaraeTCH Ha cocTaBjunomiie no npa- 
mmm a, b. HyjKHO ,zi,oxa3aTb, hto Taxoe pa3Jio>xeHiie eflimcTBeHHO. 

IlycTb HMeiOTCH flBa pa3JK»xeHHJi, Tax hto 

v = v a + v b = v' a + v' b . (1) 



OTcro^a v a -v' a = v' b - v b . 

3^,ecb BeKTop v a — v' a napajijiejieH npaMoii a, a v' b — Vb napajijiejieH 
npHMOii b. 5Icho, hto ohh MoryT 6biTb paBHbi, tojibko ecjiH ohh HyjieBbie, 
t. e. ecjiii v a — v' b = 0, v' b — v b = 0, Tan hto v' a = v a , v' b = v b . 3HanHT 
o6a pa3JiojKemiH (1) coBna^aiOT h flByx pa3Hbix 6biTb He MO>xeT, hto h 
Tpe6oBajiocb ,noxa3aTb. □ 

Pa3Jio>KCHMC eeKTopa no npaMon n njiocKOCTH. Bc.hkuu eenmop 
v donycKaem, u npumoM eduHcmeennoe, pa3JiomceHue na dee cocmaeAAio- 
vu,ue: odny — v a , napaJuiem>Hym dauHou npfiMOu a, dpyeyw — v a , napa.a- 
Aejibnym dannou njiocKocmu a, nepeceKamiyeu npsiMyw a; e (ftopMynax: 


v = v a + v a , v a \\ a, Wa,||a. 


floKasaTejibCTBO. IlycTb v — 
^aHHbiii BeKTop, a n a — ^aHHbie npa- 
Maa h njiocKOCTb, nepecexaiomiiecji b 
TOHK e O. OtJIOJKHB BeKTop V OT TOHKH 

O , nojiyniiM OV = v (pnc. 51). 

IlycTb (3 — njiocKOCTb, npoxo^Hmaa: 
nepe3 npHMbie a h OV. OHa nepecexa- 
eT a no HexoTopoft npHMoii b. IIo floxa- 
3aHHOMy BeKTop v = OV pa3JiaraeTCH 



Phc. 51 


Ha cocTaBjunoinHe no npHMbiM an b: v = v a + v;,. Ho v b ecTb, oneBii/i,HO, 
ero cocTaBjunomaa Ha njiocKOCTH a: v b = v a . Cjie^OBaTejibHO, 


v = v a + v a . 


EflHHCTBeHHOCTb TaKoro pa3Jio>KeHHH: flOKa3biBaeTCH aHajiorHHHO 
npeflbiflymeMy. □ 

Pa 3 Jio>KCHMC eeKTopa no TpeM npaMbiM. Be. 'dram eenmop v do- 
nycKaem, u npumoM eduncmeennoe, pa 3 AocHcenue na cocmaejuiroinue, na- 
paJi/ieMHue mpeM dannuM npjiMUM a, b, c, ne napa/uie.abHUM odnou ruioc- 
Kocmu: 

V = V a + V b + V Cl V a \\a, Vi, 1 1 b, v c || c. 


^OKa 3 aTejibCTBO. nycTb ,n,aHbi Tpn npHMbie, He napajuiejibHbie o^- 
hoh njiocKOCTH. nepeHeceM hx, ecjni Hynmo Tan, HTo6bi ohii nepeceKjnicb 



b oflHofi Tonne O; o6o3HamiM hx a, b , c 
(puc. 52 ). nycTb a — njiocKOCTb, npo- 
xo^Hmaa: nepe3 npaMbie b, c. ^aHHbiii 
BeKTop pa3Ji0JKHM na cocTaBjunomiie 
v a , v a no npHMon a n njiocKOCTH a. 
3aTeM pa3Jio»aiM v a no npHMbiM b, c. 
B pe3yjibTaTe nojiynHM pa3JiojKemie v 
Ha cocTaBjunomne: 

v = v a + v b + v c , 

V a ||ci, V h ||fe, V C ||C. 


TaKoe pi)3. : io>K<‘iine (yiinic'nionno, 
Tan KaK no ^OKasanHOMy Bbime pa3Jio>KeHiie v = v a + v a e^iiHCTBeHHO h 
pa3Jio»:eHHe v a = v b + v c e^HHCTBemio. □ 

06iu,hh libiBO/i, o pa ij[Q>KCHMn Ha cocTaBJiHioin,He. nojiynenHbie 

BblBO^bl MOJKHO CyMMIipOBaTb: 

TeopeMa 1. Bchkuu eenmop donycnaem, u npumoM eduncmeennoe, 
pa3jioaK.eHue na cocmaejumm^ue e naotcdoM U3 mpex cjiedywu^ux cjiyuaee: 

a) no deyM nepeceKawmuMcx, npnMUM , ecjiu eenmop napajuiejien npo- 
xodnvu,eu uepe 3 nux n.aocKoemu; 

6) no nepeceuawinuMcsi npjiMou u njiocKocmu; 

b) no mpeM npsiMUM, ne napajuiejibnuM odnou njiocKocmu. □ 

M3 3 toh TeopeMbi BbiTexaeT 

TeopeMa 2. IIpu cdiocHcenuu eenmopoe coomeemcmeyioiyue cocmae- 
jittww,ue CKJiadueawmcfi. 


^],OKa3aTejibCTBO. ^OKajKBM 3Ty TeopeMy, HanpnMep, fljia pa3Jio- 
HcemiH BeKTopoB no npHMOii a h nepeceKaromen ee iijiockoctii a. IlycTb 
,a,aHbi BeKTopti u , v, n nycTb w = u + v. Pa3JiojKiiB stii BeKTopbi no 
npHMoii a h njiocKOCTH a, nMeeM 

U = U a + U a , V = Va + V a , W = W a + W a . 

Tor^,a H3 nepBbix flByx pa3Jio»ceHiiii 

w = U + V = u a + u a + v a + v a = (u a + V a ) + (w« + W a ). 

3flecb BCKTop u a + v a napajijiejieH npHMon a , a u a + v a — napajijiejieH 
njiocKOCTi-i a, t. e. ohh npe^CTaBjunoT pa3Jio»ceHHe BeKTopa u + v = w. 
IIosTOMy, BBii^y e/i,nHCTBeHHOCTii pa3Jio»ceHna, w a = u a + v a , w a = u a + 
v a , hto n TpeSoBajiocb flOKa3aTb. 

B cjiynae flpynix pa3Jio»ceHnii ,n,OKa3aTejibCTBO coBepmeHHO Ta- 
Koe nee. □ 

^H,OKa3aHHyio TeopeMy mojkho nepetJ)pa3iipoBaTb Tax: 

Benmopu mochcho cKJiadueamb no cocmae.tifiwvu,uM. 

§3. y MHOiKeHHe eeKTopa Ha hhcjio. 

KoOp^HHaTBI BeKTOpa 

KojiJiHHeapHOCTt h KOMnjiaHapHOCTb. Ciiof)0,[,nhie BeKTopbi Ha3bi- 
BaiOT KOAauneapnuMu, ecjin npeflCTaBjunoiipie hx HanpaBjieHHbie OTpe3Kii 
napajuiejiBHbi HeKOTopon npHMon. Ilpn stom yflo6HO cmiTaTb Hyjib-BeKTop 
KOjijiiiHeapHbiM jno6oMy CBo6o,n,HOMy BCKTopy. 06o3HaneHiie — to »ce, hto 
h ^jih napajuiejibHOCTii: a. 1 1 fo n t. 

CBo6o/i,HBie BeKTopBi Ha3biBaiOT KOMnAanapnuMU , ecjin npe^CTaBjia- 
K>m,ne nx HanpaBjieHHbie OTpe3Kii napajuiejibHbi HeKOTopoit njiocKOCTH. 
Ilpn stom, onaTb jkb, yn,o6HO cnnTaTb Hyjib-BeKTop napajuiejibHbiM jiio- 
6oii njiocKOCTH. IIosTOMy Tpn BeKTopa, cpe/pi KOTopbix ecTb nyjib-BeKTop, 
Bceiyja KOMnjiaHapHbi. 

flpyrnMH cjiOBaMii, ecjin BeKTopbi OTKjia,n,biBaTb H3 o^hoh tohkii, to 
KOJIJHIHeapHbie BCKTOpbl OKa>KyTCH JieJKaiH,HMH Ha OflHOII npHMOII, a KOM- 
njiaHapHbie — b o^hoh njiocKOCTH. 

yMHOxemie BeKTopa Ha hhcjio. IIpou36edenueM iieKTopa a Ha 
^eficTBHTejibHoe hiicjio x Ha3biBaeTCH BeKTop, o6o3HaneHHbii“i xa hjih ax, 
Taxon, hto, BO-nepBbix, ero ^juraa paBHa |cc| | a | h, bo-btopbix, ecjin a/0, 
to npn x > 0 xa || a h npn x < 0 xa f| a (ecjin a = 0 iijih x = 0, to, 
no nepBOMy ycjiOBino, \xa\ = 0, tb,k hto xa = 0). 



TeopeMa 1. HeHy.aeeou eenmop a u eeumop b KOJiJiimeapHu mozda u 
moJit>Ko mozda, nozda cyiyecmeyem maKoe hucao x, nmo b = xa; maKoe 
hucao x npu dannux a u b eduHcmeennoe. 

^OKa 3 aTejibCTBO. Ecjiii a / On b = xa, to 6 ||a, KaK cjie^yeT 1-13 
caMoro onpeflejieHHH yMHO»ceHiia BCKTopa Ha hiicjio (no KOTopoMy J11160 
6 = 0, jih6o b "ff a , jih6o b fj, a). 

IlycTb a ^ 0 h b 1 1 a . HaftfleM Tanoe x, hto b = xa. Ecjiii b = 0, to 
x = 0. Ecjiii b || a, to 6epeM x = |6|/|o|. PaccMOTpnM BeKTop xa = j^ja. 
no onpeflejieHiiio yMHOJKeHiiH Ha hiicjio 

M = HtH = \b\, 

\a\ 

h Tan KaK x > 0, to xa tt <*• A TaK KaK b || a , to xa ff b. TamiM 
o6pa30M, \xa\ = |6 | h xa b , cjie^oBaTejibHO, xa = b. 

Ecjiii b 'fj. a, to 6epeM x = — |6|/|a|, h TOiyja 113 onpeflejiemiH yMHO- 

HCeHIIH Ha HIICJIO 

\xa\ = j — 7 1 a I = 161, h Tan KaK xa t j a, to xa || b. 

I«l 

CjieflOBaTejibHO, xa = b. TeopeMa ,n,OKa3aHa. □ 

Koop/j,iiiiaTL.i BeKTopa. 

TeopeMa 2. Ilycmb e n.aocKOcmu danu dea HeKOJUiimeapnux eeumopa 
a , b. Tozda bcakuu eenmop x e omou nAOCKOcmu Mootcem 6umt> nped- 
cmaejien e eude 

x = xa + yb, 

u npumoM eduncmeeHHUM o6pa30M. 

(FoBopsiT: BeKTop x pa3JiaraeTCH no BeKTopaM a , b.) 
Z(oKa3aTejiijCTBO. Otjiojkiim BeKTopni a, b ot o^hoii tohkh O : 
nojiymiM OA = a, OB = 6, h npoBe^eM npaMBie OA , OB — o6o3HaHiiM hx 
a, b. CorjiacHO TeopeMe 2 npe,n,Bmym;ero naparpacjia bchkiiii bcktop b toii 
nee njiocKOCTii o,n,H03HaHHO pa3JiaraeTCH Ha cocTaBjimomiie, napajuiejiBHBie 
npHMBiM a, b: 

X = X a + X b . (1) 

Tan KaK BeKTopBi a , b napajijiejiBHBi npHMBiM a, b, to no ^,OKa3aHHOii 
tojibko hto TeopeMe 1 bcktopm x a , x b BbipaxaiOTCH nepe3 BeKTopm a, b: 


X, 


xa, x b = yb. 


(2) 



TaxiiM o6pa30M, H3 (1) cjie^yeT 


x = xa + yb. (3) 

3to npeflCTaBjieHiie efliiHCTBeHHO, nocKOJitKy npeflCTaBjieHHH (1), (2) 
efll'IHCTBeHHBI. □ 

TeopeMa 3. Ecau eetcmopu a, b, c neKOMHAanapHu, mo bcakuu een- 
mop x supacHcaemcA uepe3 hux e eude 

x = xa + yb + zc. 

/JoKasaTejitCTBO. Otjiojkiib bcktopbi a, b , c ot oflHoit tohkii O , 
nojiyniiM () A = a, OB = b. OC = c h npoiie;i,eM npHMBie O A . OB , OC ; 
o6o3HaHiiM hx a, b , c. IIo TeopeMe 2 npeflbmymero naparpaijia jiio6oii 
B eKTop x 0,n,H03HaHH0 pa3JiaraeTCH Ha cocTaBjiHiomne no stiim npHMBiM: 

x = x a + x b + x c . (4) 

IIo TeopeMe 1 cymecTByiOT Tanne Hiicjia x, y, z, hto 

x a = xa, x b = yb, x c = zc , (5) 

npimeM Taxiie nucjia e/piHCTBeHHbi. H 3 (4) h (5) 

x = xa + yb + zc, (6) 

npimeM x, y, z onpe^ejieHBi o,z];H03HaHHO, TaK KaK npeflCTaBjieHHH (5), (4) 

eflHHCTBeHHBI. □ 

Onpe^ejieHne. Hncjia x, y b TeopeMe 2 h x, y, z b TeopeMe 3 Ha- 
3BiBaiOTCH KoopdunamaMU BeKTopa x othochtcjibho BeKTopoB a, b (b 6a- 
3uce a , b) h cooTBeTCTBeHHO othociitcjibho bcktopob a, b , c (b 6a3uce 
a, b , c). 

TeopeMa 2 yTBep»c,zi,aeT: Ha njiocKOCTii npri HeKOjijnraeapHbix BeKTopax 
a, b bchkhh BeKTop x HMeeT othochtcjibho Hiix onpeflejieHHbie Koop/pma- 
tbi; oh BbipascaeTCH nepe3 hiix no tfiopMyjie (3). OneBiiflHO, hto BMecTe c 
TeM no toii see tfjopMyjie BCHKiie flBa nncjia, 3aflaHHbie b cjniKCHpoBaHHOM 
nopaflKe, onpe^ejunoT HeKOTopBifi bcktop x. 

AHajioniHHO, TeopeMa 3 yTBepjKflaeT: npn HeKOMnjiaHapHbix bckto- 
pax a, b , c b npocTpaHCTBe bchkiiii bcktop x HMeeT OTHOCiiTejiBHO hiix 
onpe^ejieHHBie KOopflimaTbi; oh BbipaxcaeTCH nepe3 hiix no cjsopMyjie (6). 
OneBiiflHO, BMecTe c TeM, hto bchkhh ynopH^OHeHHaH TpoiiKa miceji x, y, 
z onpe^ejineT no toh »ce cjaopMyjie HeKOTopBifi bcktop x. 



0 1 1 pe/jejicHiie . Bgktopm a, b Ha njiocKOCTii h a, b. c — b npocTpaH- 
ctbg Ha3BiBaiOTCH ocnoenuMU (hjih, KaK roBopHT, OHii o6pa3yiOT 6a3Uc). 

3HaHeHiie KOopflimaT BGKTOpa coctoiit hg tojibko b tom, hto ohii 3a- 
^aiOT BGKTOp, HO H B TOM, HTO On6paU,HII CJIOJKGHIIH H yMHOJKGHHH BGKTOpa 
Ha HI-ICJIO npGflCTaBJIJHOTCH TaKIIMII JKG OnGpapHHMII C KOOpflHHaTaMH, T. G. 
cnpaBGfljiiiBa cjiG^yromaH 

TeopeMa 4. IIpu cjiootcenuu eeKmopoe ux Koopdunamu cKJiadueawm- 
ca, maK umo Koopdunamu ci/mmu paenu cyMMaM coomeemcmeennux ko- 
opdunam. 

IIpu yMHootcenuu eeKmopa na uucao ezo Koopdunamu yMnoatcammcfi 
Ha mo atce uucao, maK umo Koopdunamu npou3eedenufi eeKmopa na hucjio 
paenu npou3eedenuAM Koopdunam na omo uuc.no. 

^jih toto hto6bi ^OKa3aTb 3Ty TGopGMy, Hysmo ycTaHOBHTb ochobhbig 
CBOHCTB a yMHOJKCHIIH BGKTOpa Ha HIICJIO. 

Ajire6pan'iccKMe CBOHCTBa yMHoaceHHH BeKTopa Ha hhcjio. H 3 
OnpGflGJIGHIIH yMHOJKCHIIH BGKTOpa Ha HIICJIO HGnOCpG^CTBGHHO BBITGKaiOT 
TpH CBOHCTBa yMHOJKGHIIH. 

1. Ecjiii a = 0 hjih x = 0, to = 0 (TaK KaK no ncpBOMy ycjiOBino 

\ xa \ = MM)- 

2. 1 ■ a = a rjisi bchkoto BGKTOpa a. 

3. (—1) • a = a. 

^ajiGG, yMHOJKGHHG BGKTOpa Ha hiicjio o6jia^,aGT tpgmh «BbiHiicjniT6jib- 
HBIMII» CBOIICTBaMII HJIH, KaK GipG TOBOpHT, flJIH HGTO BbmOJIHHIOTCH CJI6- 
^yiomHG Tpii «3aKOHa». 

4. CoHGTaTGJibHbiii 3aK0H (accopiiaTHBHOCTb) : ,h,jih jho6oto BGKTOpa a 
h jiio6bix HiicGJi x, y 

x{ya) = ( xy)a . 

5. PaCnpGflGJIHTGJIbHblll 3aKOH (flIICTpil6yTHBHOCTb) flJIH HI-ICJIGHHblX 
mhojkhtgjigh: fljia jno6oro BGKTOpa a up 11 jno6bix micjiax x, y 

(x + y)a = xa + ya. 

6. PaCnpGflGJII-ITGJIbHblll 3aKOH (,Z],HCTpil6yTHBHOCTb) ^JIH yMHOJKaGMbIX 
BGKTopoB: fljia jho6oto micjia x 11 jho6mx bgktopob a, b 

x(a + b) = xa + xb. 

/],OKa3aTGJHiCTBO. (4) ^ocTaTOHHO paccMOTpGTb cjiynafi, Kor^a 
x ^ 0, y ^ 0, a ^ 0. CpaBHiiM BGKTopbi ( xy)a 11 x(ya). ^jihhm hx 
OHGBH flHO paBHbi. Ecjiii xy > 0, to jih6o x > 0, y > 0, jih6o x < 0, y < 0. 



B nepBOM cjiynae yMHOJKemie Ha y h x He H3MeHHCT HanpaBjiemifl, bo 
btopom — H3MeHHeT ero flBajKflbi, Tax hto no-npexoieMy x(ya) j| ( xy)a . 

Ecjiii xy < 0, to Oflra H3 coMHOJKHTejieft, CKaxceM, x > 0, a flpyroii 
y < 0. IIosTOMy npn yMHOxceHi-in Ha y, noTOM Ha x HanpaBjiemie h3M6hh- 
eTCH Tax, hto x(ya ) fj, a kslk h ( xy)a . 

TaraiM o6pa30M, bo Bcex cjiynanx x(ya) j| ( xy)a . □ 

/],OKa>KeM nepBBiii pacnpe,n,ejiHTejibHbni 3aKOH (5): 

(x + y)a = xa + ya. 

floKasaTejiiiCTBO. Ecjii-i o^ho h3 niiceji x, y paBHO Hyjno hjih a = 
0, to (JjopMyjia oneBHflHa. IIosTOMy ^.onycTHM, hto i / 0, j / 0, « / 
0. Ecjii-i x, y o,a,Horo 3HaKa, to BeKTopbi xa, ya, {x + y) a o/p-maKOBO 
HanpaBjieHbi h /puma BeKTopa xa + ya paBHa cyMMe /ynm BeKTopoB xa 
h ya, Kax h /puma BeKTopa (x + y)a. 3to jierKO bbihiicjiiitb. Tax khk x, 
y o/i,Horo 3HaKa, to \x + y\ = \x\ + \y\. IIoaTOMy 

\{x + y)a\ = \ x + y\\a\ = (|ar| + \y\)\a\ = |x||a| + |y||a|. 

C flpyroft CTopoHbi, Tax xax x, y o/pioro 3HaKa, to bcktopbi xa, ya o/pi- 
HaKOBO HanpaBjieHbi, h noTOMy /pii-mbi hx CKjiaflbiBaiOTCH, Tax hto 

| xa + ya\ = \xa\ + \ya\ = |x||a| + |y||a|. 

IlTax, BeKTopbi (x + y)a h xa + ya coHanpaBjieHHbi. h /pniHbi hx paBHbi. 
nosTOMy ohh caMii paBHbi, hto ii TpeSoBajiocb //OKa3aTb. 

^HonycTHM Tenepb, hto x, y pa3Hbix 3HaKOB. Ecjih npn stom x + y = 0, 
TO 

{x + y)a = 0 h xa + ya = xa — xa = 0. 

Ecjii-i »ce x + y ^ 0, to jii-i6o (— x), jii-i6o (— y) toto xte 3Haxa, hto x + y. 
^onycTi-iM, 3 to (— y). Tor^a no flOKa3aHHOMy 

(x + y)a — ya = (x + y — y)a = xa, 

OTKyu,a (x + y)a = xa + ya. □ 

^OKaaceM BTopoii pacnpe/i,ejmTejibHbifi 3aKOH (6): 

x(a + b) = xa + xb. 

,ZI,OKa3aTejibCTBO. Ecjii-i x = 0 iijii-i xoth 6m o/piH i-i3 BeKTopoB a, b 
HyjieBoii, to paBeHCTBO OHeBH/pio. IloaTOMy ponycTiiM, hto x ^ 0, a/0, 



b / 0. IlycTb, KpoMe Toro, a !/( b. Tor^a CRjia^biBaeM a h b no npaBHjiy 
napajijiejiorpaMMa: OTKjia^biBaeM ot to'ikh O BeKTopbi OA = a, OB = b 
h nojiynaeM OD = a + b (puc. 53). Ecjih x > 0, to BeKTopti xa , xb 
npe^CTaBjiaioTCH OTpe3KaMH OA' , OB' (r^e OA' = x -OA , O.B' = x-OB), 
h nojiynaeTCH napajuiejiorpaMM OA' D' B ' , no,n,o6Hbiii nepBOHanajibHOMy 
(puc. 53). IIoaTOMy OD' = a; • OD, t. e. 

OA' + OB' = x ■ OD. 


C jieflOBaTejiBHO , 


xOA + xOB = x(OA + OB); 


TaKHM o6pa30M, xa + xb = x(a + b ) npii x > 0. 


B' D' 




Puc. 54 


Ecjih x < 0, to HyjKHO tojibko 3aMeHiiTb bcktopbi Ha npoTiiBonojio>K- 
Hbie h npiiMemiTb roMOTeTino c K03<fx|>Hii,rieHT0M |jc| (puc. 54). □ 

§ 4. CicajiHpHoe npoH3Be/j,eHHe 

Yroji Me*/iy BeKTopaMH. Vz/imm mok.hv jijwmh HeHyjieBbiMH bck- 
TopaMii a, b Ha3biBaeTCH yroji, o6pa30BaHHbiii npeflCTaBjunomiiMii hx Ha- 
npaBjieHHbiMii OTpe3KaMii OA = a, OB = b, OTjiojKeHHbiMii ot o^hoh 

TOHKII. 

JleMMa. 9mom yzoA ne 3aeucum orn mouicu O (6e3 stoto CBOHCTBa 
ero Hejn>3H 6 hijio 6bi caiiTaTb yrjiOM MeiK^y BeKTopaMii). 

^efiCTBHTejibHO, nycTt (HeKOjijiiiHeapHbie) bcktopbi a, b OTjio»ceHbi ot 
T oneK O, O', tslk hto (pnc. 55) 


OA = O' A! = a, OB = O' B' = b. 


Torfla 


B. 


AB = A!B' = b~ a. 


b 


O 




IIosTOMy TpeyrojibHHKii OAB h 
O'A'B' paBHbi «no TpeM CTopoHaM». 

CTajio 6biTb, hx cooTBeTCTBGHHbie yr- 
jibi paBHbi, Tax hto ZO = ZO' , hto n 
TpeGoBajiocb floxa3aTb. □ 

Yroji Meatfly BexTopaMii a, b 060- 
3HaHaeTca Z(a , b). 

Op'ioi’oiiajibiiocTb. Xti'-a CBo6oflHbix HeHyjieBbix BexTopa Ha3biBaiOT- 
ca opmogcmaJibHUMu, ecjni yroji Meac^y hhmh paBeH 90°, t. e. ecjrn npefl- 
CTaBjiaromHe hx HanpaBjieHHbie OTpe3xn, OTjioateHHbie 113 OflHoii tohxh, 
nepneHfliixyjiapHbi. HyjieBofi BexTop CHHTaeTca opToroHajibHbiM jno6oMy. 
06o3HaaeHHe — to ate, hto fljia nepneHflHxyjiapHOCTii: a Z b 11 t. fl. 

Citajiapnoc npon3Be,a,eHHe. Cna./uipHUM npou3eedenueM flByx 
HeHyjieBbix BexTopoB Ha3biBaeTca nporoBeflemie hx ajihh Ha xocimyc yrjia 
Meatfly hhmh. /Iflia BexTopoB a, b oho o6o3HaaaeTCH ab (hjih a ■ b), Tax 
hto no onpeflejieHiiio 


ab = \a\ ■ \b\ ■ cos Z(a, b). (1) 

Ecjih ate xoth 6bi oflHH H3 BexTopoB a , b HyjieBoii, to ab = 0. 

Otmcthm flBa BaatHbix nacTHbix cjiynaa. 

1. Ecjih a = b, to Z(a , b) = 0 h |a| = |6|. IIoaTOMy a - a = |a| 2 . IIpo- 
H3BefleiiHe a ■ a o6o3HanaeTCH a 2 11 Ha3biBaeTca cKcuvipnuM KeadpamoM 
hjih npocTO KeadpamoM BexTopa. 

2. ^jih HeHyjieBbix BexTopoB a, b hx cxajiapHoe npoH3B6fleHHe paBHO 
Hyjiio Torfla h tojibxo Torfla, xorfla cosZ(a, b ) = 0, t. e. BexTopbi a h b 
opToroHajibHbi: a Z b. Hnax, ab = 0 paBHOCiuibHO TOMy, hto a 1 b. 

Ajire6panMecKne CBoiicTBa citajiapiioro yMHoatema (b hhx a , 
b , c — jiio6bie BexTopbi h x — jno6oe hiicjio). 

(I) KoMMyTaTHBHOCTb: ab = ba. 

(II) AccofliiaTHBHOCTb no OTHOHiemno x HHCJiOBOMy MHOatHTejno: 
(xa)b = x(ab). 

(Ill) ,3fliCTpH6yTHBH0CTb OTHOCiiTejibHO cjioateHiia: a(b + c) = ab+bc. 
/(oxasaTejibCTBO. I. 5 Icho h 3 onpeflejieHiia no tfiopMyjie (1). 

II. Ecjih x = 0 npn a = 0 hjih b = 0, to paBeHCTBO BepHo: o6e ero 
hhcth — HyjIH. 


riycTb x / 0. s / 0, 6/0. Tor; i, a, 


(xa)b = |xa||6| cosZ(xa, b) = |x||a||6| cosZ(xa, b). (2) 

Ecjih a: > 0, to |cc| = x h xa tt a ) TaK ^to Z(xa, b) = Z(a, 6). EtosTOMy 


(xa)b = x\a\\b\ cos Z(a, b)=x{ab). 


B 



Ecjih x < 0, to |x| = —x. Ho xa Tl 
Tax hto (puc. 56) Z(xa, 6)=7r — Z(a, b) 
h cos Z(xa, b) = — cos Z(a, b). nosTOMy 
H3 (2) 

(xa)6 = — x|a||6|(— cosZ(a, b)) = 

= x|a||6| cosZ(a, 6); 


TaKHM o 6 pa 30 M, cjiopMyjia (II) BepHa bo 
Bcex cjiyraflx. 

III. fljisi ^,OKa3aTejn>CTBa ypiCTpiiOyTUBHOCTH ^OKanceM CHanajia Baxc- 
Hbie (fiopMyjibi: 


(a + b) 2 = a 2 + b 2 + 2ab, 

(a — b) 2 = a 2 + b 2 — 2 ab. (3) 



^eiicTBHTejibHO, ecjin Oflira 113 BeKTopoB Hyjie- 
boh, to cjiopMyjibi oneBimHO Bepiibi. 

nycTB BeKTopBi a, 6 He paBHbi nyjno. Otjiojkiib 
HX OT OflHOH TOHKII, nojiymiM (puc. 57) 

OA = a , OB = b , AB = b — a. 

no H3BecTHOH (JiopMyjie KOCimycoB 


AB 2 = OA 2 + OB 2 - 20 A ■ OB • cos O 


HJIH B BeKTOpaX 

( a — ft) 2 = \a\ 2 + | £» | 2 — 2|a| ■ |6| ■ cosZ(a, b), 
h, no onpe^ejieHHio CKajiHpHoro npoH3B6fleHHH, 

(a — b) 2 = a 2 + b 2 — 2 ab. 


Tax KaK a • (—6) = — ab (no CBoncTBy II CKajinpHoro npoiOBeflemia) , to 
(a + b ) 2 = a 2 + b 2 + 2 ab. 

Otmcthm em,e, hto h 3 ^OKasaHHbix (J)opMyji (3) Henocpe^CTBeHHO cjie^yeT, 

HTO 

(a + b ) 2 + (a — b ) 2 = 2(a 2 + b 2 ). (4) 

Tenepn o6paTHMCH HenocpeflCTBeHHO k ,zi,OKa3aTejiBCTBy fliiCTpn6yTHB- 

HOCTH. 

IlycTB ,a,aHbi Tpn BCKTopa a, b , c. IIojiojkhm 

a + b = p, a + c = q (5) 

h npiiMemiM cjaopMyjiy (4) k BeKTopaM p, q: 

(p + q ) 2 + {p- q ) 2 = 2 {p 2 + q 2 ). 

143 (5) HaxoflHM (nojiB3yacB cjiopMyjiaMH (3)) 

(p + q ) 2 = (2 a + (b + c)) 2 = 4a 2 + (b + c ) 2 + 4 a{b + c). 

KpoMe toto, (p — q ) 2 = (6 — c) 2 , n Tan nan (b + c ) 2 + (6 — c) 2 = 2(b 2 + c 2 ), 

TO 

(p + q ) 2 + (P - q ) 2 = 4 a(b + c) + 4a 2 + 2 (b 2 + c 2 ). 

BMecTe c tcm, 113 (5), 

2(p 2 + q 2 ) = 2(a + ft) 2 + 2(a + c) 2 = 4a 2 + 2 b 2 + 2 c 2 + 4a6 + 4ac. 

CpaBHiiBaa 3 to c npeflbmymeft cjiopMyjiOH, b ciuiy paBeHCTBa (4) no- 
jiynaeM 

a(b + c) = ab + ac , 

hto n Tpe6oBajiocb ,n,OKa3aTB. □ 

3 aMenaHHe. Pa 6 oTa ciijibi F na nyTn s BBipaacaeTca cjjopMyjioit 
W = \F\- | s | - cos Z(F, s), 

t. e. W = F ■ s. IlycTB Ha Tejio ^.eficTByiOT ^Be ciijibi F i, F 2. Toiyja pa6oTa 
hx paBHO^eficTByiomeii F = F 1 + F 2 6 yn,eT 

(.Fi + F2)s = Fi • s + F2 • s. 



To ecTb pa6oTa cyMMbi ciiji paBHa cyMMe hx pa6oT: pa6oTbi CKjia,n,biBaiOTCJi 
BMecTe c CHjraMH. 

^HiiaionajiL. iiapajuiejiemine/pi. IlycTb 0 A = a, OB = 6, OC = 

c — BGKTopt>i, imyiipie no pe6paM napajijiejiemine^a, n OD = d — Bercrop 
flnaroHajin. Toiyja d = a + b + c. IIooTOMy ecjin a , b, c — ;yrHHbi pe6ep h 
a , ( 3 , 7 — yrjibi Meac^y OB h OC n t. to 


d 2 = d 2 = (a + b + c) 2 = 

= a 2 -4- b~ A- c 2 -f - 2ab -f - 2 be A- 2ca 

■ ' ■ ■ 2ab cos 7 + 26c cos a + 2ca cos (3. 


IipocKu,M>i BeKTopa Ha oc.b. Ocbm Ha3t>iB aiOT npnMyro, Ha KOTopoii 
yKa3aHO HanpaBjiemie. IlycTb a — ,n,aHHbiH BeKTop n e — ocb. IIpeflCTaBHM 

BeKTop a OTpe3KOM AB = a h enpo- 
eKrapyeM Ha ocb e. nycTb A B' — 
npoeKHHH tohck A, B. IlpoeKyueu ee%- 
mopa na oct> Ha3t>iB aiOT .zyiimy OTpe3- 
Ka A'B', ecjin HanpaBjiemie BeKTopa 
A' B' coBna,n,aeT c HanpaBjieHHCM och, 
h fljiimy A' B' c MimycoM, ecjin HanpaB- 
jieHiie BeKTopa A' B' npoTHBonojio>KHO 
HanpaBjieHiiio och (puc. 58). 
HanpaBjiemie ocii mojkho yica3aTb eflimirmbiM BeKTopoM e. Tor^a npo- 
eKpiiH Ha ocb paBHa 

ae= | a | cosZ(a, e). 



Puc. 58 


(^OKanaiTe 3 to.) TyT 3aKjnoneH, MejK,a,y npomiM. tot bbibo^, hto npo- 
eKH,HH Ha ocb He 3aBiiciiT ot Bbi6opa tohkii A , ot kotopoh OTKjia^biBaeTCH 
BeKTop a. 

CKajIIipiIOC IipOH3IHV;CHHC B KOOp^HHaTaX. 

TeopeMa 1. Ecjiu ocnoenue eenmopu eduHUHHue u 63auMno opmoeo- 
najibHue, mo cnajinpHoe npou3eedenue jik>6ux deyx eenmopoe paeno cyM- 
Me npou3eedeHuu ux odnouMenHux Koopdunam. 

Ha njiocKOCTii 

ab = a\bi + a 2 & 2 - ( 6 ) 

B nacTHOCTii, ecjin a = b, to nojiynaeM a 2 = a 2 + a 2 . 

B npocTpaHCTBe 


ab = aibi + a 2 &2 + a 3 b 3 , 


( 7 ) 


a 2 = a 2 + a\ + a 3. (8) 

floKasaTejitCTBO. IlycTb ocHOBHtie bcktopbi Ha njiocKOCTi-i e 1 , e2 
eflllHIIHHbie H B3aiIMH0 OpTOTOHajIbHbie, T. e. 

e l = e 2 = 1» e i e 2 = 0 . (9) 

BeKTopai a, 6 b toh ace njiocKOCTii npe^CTaBjunoTCH nepe3 e \ , e 2 : 
a = aiei+a 2 e 2 , 6 = 6iei+6 2 e 2 . 

BbinojiHHeM yMHOJKeHiie, nojib3yHCB CBOiiCTBaMii CKajiapHoro npoii3Befle- 
hhh: 


ab = (oiei + a 2 e 2 )(foiei + b 2 e 2 ) = 

= CL\b\e\ + a\b 2 eie 2 + a 2 b\e 2 e\ + a 2 b 2 e 2 . 

OTcro^a BBH/ty (9) nojiynaeM Bbipaacemie (6). 

PaccMOTpiiM b npocTpaHCTBe Tpii ochobhbix BeKTopa e 3 , e 2 , 63. Ecjii-i 
OH i-i efliiHHHHbie B 3 aiiMHO opToroHajibHbie, to 

e i = e 2 = e 3 = 1) eie 3 = e 2 e 3 = e 3 ei = 0. (10) 

BeKTopbi a, b b npocTpaHCTBe npe^CTaBjunoTCH nepe 3 stii BCKTopbi: 

a = aiei + a 2 e 2 + a 3 e 3 , 6 = b\e\ + b 2 e 2 + b 3 e 3 . 

BbinncaB npoH3Be^eHiie ab 11 BOcnojib30BaBimicb (10). nojiyniiM no,n,o6HO 
npe,n,bmyiii,eMy Bbipaxcemie (7). □ 

Ecjii-i e — e/piHHHHbm BeKTop, to ero npoeKipni Ha och hjih, hto to ace, 
CKajiapHbie npoiOBefleHHH eie, e 2 e, e 3 e cyTb He hto imoe, KaK Koci-raycbi 
yrjiOB «i, a 2 , a 3 , KOTopbie oh o6pa3yeT c ochmii (nocKOjibKy |e| = 1 h 

|ei| = |e 2 | = |e 3 | = l): 


eie=cosZ(ei, e) = cosai, 
e 2 e=cosZ(e 2 , e) = cosa 2 , 
e 3 e=cosZ(e 3 , e) = cosa 3 . 


9to Tax Ha3biBaeMbie «HanpaBjijnoiu,iie KOCimycbi» BCKTopa e. Tax KaK 
e 2 = 1, to 

cos 2 «i + cos 2 a 2 + cos 2 a 3 = 1. 



5. Koop/pmaTti b npocTpaHCTBe 


IIpHMoyrojiBHBie Koop/jimaTbi. 3a6biB noKa o BeKTopax, ominieM, 
Kax BBOflaTca b npocTpaHCTBe npaMoyrojibHbie xoop,zi,HHaTbi. 

Bo3bMeM xaxyK>-HH6yn,b njiocxocTb a h BBe,zi,eM Ha Heft npaMoyrojib- 
Hbie KOopfliiHaTbi x, y. JIio6oft Toaxe M b npocTpaHCTBe OTHeceM Tpn 

KOopflHHaTbi: flBe xoopflHHaTbi x, y — 
3to KOopflHHaTbi ee npoexpim M a Ha 
njiocKOCTb a, a TpeTbio xoopflimaTy z 
onpe^ejiaeM Tax: \z\ paBHO paccToa- 
HHK) TOHKH M OT njIOCKOCTII a, npn- 

aeM z > 0 c o^hoh KaKoii-Hii6yzi,b cto- 
poHbi ot Hee, z < 0 c .npyroft cto- 
poHbi h z = 0 Ha caMoft a (pnc. 59). 
Tax Kax paccTOHHue ot totkii flo njioc- 
kocth paBHO fljiHHe nepneHflHxyjiapa, 
onymeHHoro 113 totkii na njiocKOCTb, 
to |*| = MM a . 

Tax KasKfloii Toaxe npocTpaHCTBa 0flH03HaaHO othochtch Tpn xoopflii- 
HaTbi x, y, z: xoop/piHaTa x caiiTaeTca nepBoft, y — BTopoii, z — TpeTbefi. 

06paTHo: ecjiu 3adanu jiio6ue mpu uucjm e onpedejieHHOM nopadite Xq , 
yo, zq, mo Haudemca mourn M c KoopdunamaMu x = Xq, y = y o> ~ = zq. 

^eiiCTBHTejibHO, 6epeM Ha njiocKOCTii a Toaxy M a c xoop/pmaTaMH 
x = Xo, y = yo- Ecjih zq = 0, to sto ii ecTb Toaxa M. Ifaaae irpoBO/iMM 
H3 M a nepneHfliiKyjiap k naocxocTH a Ha ^ynmy \zo\ b Ty CTopoHy, r^e 
z > 0, ecjiu zq > 0, h b o6paTHyio CTopoHy, ecjiu Zq < 0. KoHeii, M stoto 
nepneHflHKyjiapa h 6yn,eT HMeTb xoopflHHaTbi Xq, yo, zq- □ 

B H3Jio»ceHHOM onpeflejieHini npaMoyrojibHbix xoop/pmaT xoopfliniaTa 
z 3aHHMaGT oco6oe nojioacemie. OflHaxo HeTpy^HO onpeflejiHTb xoop/pma- 
tbi Tax, hto6bi Bee Tpn iirpajiii OfliraaxoByio pojib. 

Bbi6epeM b npocTpaHCTBe xaxyK)-Hii6y,n,b Toaxy O h npoBe^eM aepe3 
Hee Tpn B3aiiMH0 nepneH/pixyjiapHbie npaMbie. BBe^eM Ha hiix xoop/pma- 
tbi c o6ih;hm HaaajiOM b Toaxe O (pnc. 60) ii Ha30BeM stii xoopflimaTbi x, y, 
z. IlpoBefleHHbie npaMbie Ha3biBaiOTca ocjimu Koopdimam: «ocb x», «ocb 
y», «ocb z». «IIjiocxocTbio xy» Ha3biBaeTca njiocxocTb, npoxo^aipaa aepe3 
och x ii y. AHajioniHHO onpe^ejiaiOTca naocxocTH xz ii yz. (B npe^bi- 
flymeM onpe^ejieHHH xoop,a,HHaT njiocxocTbio xy 6buia ncxo^Haa njioc- 
xocTb a.) 

Onpe^ejniM xoopflimaTbi jno6oft Toaxii M cjieflyiomiiM o6pa30M. Be- 
peM ee npoexipm M x , M y . M z Ha och h xoop/pmaTbi iix Ha ocax npimn- 
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Phc. 60 Phc. 61 


MaeM 3a KOop/pmaTbi x, y, z tohkh M (puc. 61). (Y6e/i,HTecb, hto sto Te 
»ce caMbie KOop/pmaTbi, Kamie 6buiii onpe^ejieHbi CHanajia.) 

IIphhhto H3o6pa>KaTb KOop^HHaTHbie och Tax, KaK Ha puc. 61. Oct 2 
CHiiTaeTCH BepTiiKajibHOii, HanpaBjieHHOH BBepx; och x, y CHiiTaiOTCH ro- 
pii30HTajiBHBiMH: ocb x — HanpaBjieHHOH Bnepe/i, (Ha 3piiTejui), ocb y — 
BnpaBO. Tanas CHCTeMa KOop^HHaT Ha3biBaeTCH npaeou. Ecjih npeflCTa- 
bhtb ce6e bhht, BBHHHHBaiomHHCH b nojiojKHTejiBHOM HanpaBjieHHH no OCH 
z, to rojiOBKa BHHTa ^ojBKHa Bpam,aTbCH ot nojiojKHTejibHoii nojiyocn x 
k nojio>KHTejiBHoli nojiyocii y. Ecjih H3MeHiiTi> HanpaBjieHiie och x (hjih 
jno6oii .npyroii) Ha npoTHBonojiojKHoe, to nojiymiTCH «jieBas» CHCTeMa 
KOopfliraaT. Eh cooTBeTCTByeT He o6bihhbih, a jieBbiii biiht. 

HaxojKfleHiie KOop/pmaT tohkii ii, o6paTHO, HaxojKpemie tohkii c paH- 
HbiMii KOopfliiHaTaMii npoipe Bcero npepcTaBjiHTb Tax. OnycnaeM H3 M 
nepneHflHKyjiap MM a Ha njiocKOCTb xy 7 H3 tohkii M a onycnaeM nepneH- 
^IIKyjIHp M a M x Ha OCb X. ,Z(jIHHbI OTpe3KOB, B3HTbie C flOJCKHblMIl 3HaKa- 
mh, h flaflyT KOopflimaTbi totkii M : MM a paeT z, M a M x paeT y, M x O 
paeT x. 

ToHKy c flaHHbiMii KOopfliiHaTaMii Xq, yo> zo HaxoflHM nocTpoemieM b 
o6paTHOM nopa/pce: CHanajia CTpoiiM TOHKy M x , 3aTeM no nepneH/piKyjin- 
py k och x — TOHKy M a h, HaKOHeu;, no nepneH/piKyjiHpy k njiocKOCTH xy 
HaxoAHM M(x 0 , y 0) -o)- 

Koop/j,nnaTbi h BeKTopti. Pa^Hyc-BeKTop to'ikm. CiiCTeMy ko- 
oppimaT mojkho 3a/i,aTb, yKa3aB ee Hanajio O h efliiHiiHHbie BeKTopbi no 
OCHM. 3 tO OflHHaKOBO B03MOJKHO Ha njIOCKOCTII ii b npocTpaHCTBe ; pa3- 
jniHHe jiiiHib b tom, hto Ha njiocKOCTH 3apaiOTCH flBa BeKTopa, a b npo- 
CTpaHCTBe — Tpii . Ecjiii ctpoiitch npHMoyrojibHan CHCTeMa KOop/pmaT, to 
B eKTopm SepyTCH B3aHMHO opToroHajibHbiMii. PaccMOTpiiM BBepeHiie ko- 


op^HHaT b npocTpaHCTBe (Ha njiocKOCTii Bee 6y^eT aHajioniHHO h tojibko 
H ecKOjiBKO npoiii,e). 

Bbi6epeM b npocTpaHCTBe TOHKy O h Tpii B3aiiMHO opToroHajiBHBix 
e/iiiHiiHHbix BeKTopa i. j , k: 


i 2 = j 2 = k 2 = 1, ij = jk = ki = 0. (1) 


KajK/ja h TOHKa M OKa3BiBaeTca kohh,om BeKTopa OM . Oh Ha3BiBaeTCH 
paduyc-eeKmopoM tohkii M. C ^pyroii ctopohbi, bchkiih BeKTop r, ecjin 
ero otjiojkiitb ot tohkii O, 3a,n,aeT HeKOTopyro TOHKy M — KOHeu, pa^nyc- 
BeKTopa OM = r. BeKTop r onpe^ejiaeTCH cboiimii KOopflimaTaMii x, y, z 
OTHOCHTejIBHO OCHOBHBIX BCKTOpOB i, j , k. BMecTe C HUM onpe,n,ejiHeTCH H 
TOHKa M : 

OM = r = ix + jy + kz. (2) 


KoopflimaTbi pa/piyc-BeKTopa OM h npiimiMaiOTCH 3a KOop/piHaTbi 
tohkii M. 



Y 6 e/i,HMCH, hto 3 TO Te ace KOop^HHaTM, Ka- 
Kiie 6 bijiii onpe^ejieHbi b npe^bi^ymeM nyHK- 
Te. Otjiojkiim BeKTopni i , j . k ot Hanajia O, 
nojiyniiM «TpexBeKTopniiK» Oijk 113 BeKTopoB 
0 A = i , OB = j , OC = k . I IpoiieHfiM npuMbie 
OA , OB, OC — sto 6 ynyT ocu KOop/pmaT x, y, 
z\ HanpaBjieHiie na hiix yKa 3 biBaeTCH BeKTopaMii 
i, j, k (puc. 62). 

H 3 paBeHCTBa (2), yMHOJKan Ha i, j, k, Ha- 

XOflHM 


x = ir, y = jr, z = kr, 


(3) 


t. e. x, y, z — 3to npoeKipni papnyc-BeKTopa r Ha ocu KOop/piHaT. Ecjih 
M x , M y , M z — npoeKii,HH tohkii M Ha och, to npo- 

eKpiiii Ha och BeKTopa r = OAI — sto pjihhbi OTpe3KOB OM x , OM y , OM z 
c cooTBeTCTByioipiiM 3HaK0M. Ecjiii, HanpHMep, M x Ha nojiojKHTejibHOH 
nojiyocH, to HanpaBjieHiie OM x coBnapaeT c HanpaBjiemieM ocii x h npo- 
eKpiiH Ha ocb x, no onpepejieHino, nojiOHaiTejiBHa; b npoTHBHOM cjiynae 
OHa OTpupaTejiBHa. IIosTOMy KOop/pmaTbi iipoeKunii tohkii M Ha ochx — 
3to Te see caMbie x, y, z, hto h axopnT ch no cjsopMyjiaM (3). 

06m,He npHMOJiHHefiHbie (acjicjimiiibic) KOop^HHaTti. Mojkho 
b3htb jno6bie Tpii HeKOMnjiaHapHBix BeKTopa e ±, e - 2 , BMecTe c toh- 
koh O ohh o6pa3yiOT TpexBeKTopmiK Oeie 2 e 3 (pnc. 63). Papnyc-BeKTop 


npe^CTaBjiaeTCH b Bi-me 


OM = r = x\e\ + x 2 e 2 + x 3 e 3 . 


Hiicjia X\, X2 , x 3 3 a,ii,aK)T pa/piyc-BeKTop 11 TeM caMbiM — ero KOHeu,, TOHKy 
M , t. e. ohh cjiyjKaT ee KOopflimaTaMH othochtcjibho TpexBeKTopHHKa 
Oe ie 2 e 3 . 

TaKiiM o6pa30M b npocTpaHCTBe bbo^htch KOop/pmaTBi OTHOCHTejiBHO 
jiro6oro TpexBeKTopHHKa; aHajioniHHO Ha njiocKOCTii bbo^htch KOopAima- 
Tbl OTHOCHTejiBHO JHOSOTO flByXB6KTOpHHKa. 

FeoMeTpHnecKH sth KOop^HHaTBi onpeflejiHiOTCH Tax. BeKTopbi e 3 , e 2 , 
e 3 OTKjia^BiBaiOTCH ot Hanajia O; nojiynaeM OA = e 3 , OB = e 2 , OC = 
e 3 . IIpoBOflHM npaMBie OA, OB, OC — sto 6y/iy r r och X\, x 2 , x 3 ; Ha mix 3a- 
^aeM HanpaBjieHiiH no BeKTopaM e\, e 2 , e 3 h tcm 
caMbiM onpeflejiaeM nojiojKHTejiBHBie h OTpiipa- 
TejiBHBie nojiyocii (puc. 63). Ha ochx bbo^hm ko- 
op^HHaTBi: ecjni M — TOHKa Ha och X\ , to ee Koop- 
^HHaTa X\ onpe^ejiaeTCH H3 4>opMyjiBi 

OM = X\e\. 

To ecTB ecjni OM || e i> T0 x i = |OM|/|ei|; ecjni 
jxe OM || ei, to X\ = — \OM\/\e\\. HpyniMH cjiOBaMH, ecjin tohkh M 
jkjkht Ha nojiojKHTejiBHOfi nojiyocii x 3 , to X\ > 0; ecjin nee Ha OTpupa- 
TejiBHOH nojiyocii, to X\ < 0. A |cci| -sto, mojkho CKa3aTB, ;prHHa OTpe3Ka 
OM , H3MepeHHaa: b MacniTa6e | e 1 1 . Tax nee onpe^ejiHiOTCH KOop,zi,HHaTBi Ha 
ochx x 2 , x 3 (t. e. aHajiorHHHO onpe^ejicHino KOop^HHaT npn c^hhhhhbix 
B eKTopax Ha ochx). 

Koop^HHaTBi tohkh M b npocTpaHCTBe Haxo^HM, npoeKTiipyH ee Ha 
och napajijiejiBHO KOopflimaTHBiM hjiockocthm. Hmchho, npoeKHiiH Ha ocb 
M i — sto TaxaH tohkh Ha och x \, hto npHMan MM\ napajuiejiBHa nnocKO- 
CTH X 2 X 3 . 3tO paBHOCHJIBHO TOMy, HTO Ml — 3TO TOHKH, B KOTOpOH njioc- 
koctb , npoxo/i;Hiii,aH nepe3 M napajijiejiBHO njiocKOCTii x 2 x 3 , nepecexa- 
eT ocb x\. AHajioniHHO Haxo,a,HTCH npoeKipni M 2 , M 3 tohkh M Ha och 



x 2 , x 3 . 

0Tpe3Kii OM\, OM 2 , OM 3 Ha ochx cjiyncaT pe6paMH napajijiejienn- 
ne,n,a c ^naroHajiBio OM (puc. 64, 6). (Oco6bie cjiynan, Kor^a TOHKa M 

JIOKHT Ha OflHOii H3 KOOpflHHaTHBIX njIOCKOCTefi IIJIII Ha KaKOH-JHl6o OCH, 
jierKO paccMaTpHBaiOTCH flonojiHHTejiBHO.) 




Phc. 64 


AHajioni’iHO, Ha njiocKOCTii KOopflimaTbi X\, X 2 onpe^ejiaiOTCH ^jih 
TO’ tKH M H3 pa3Jio>KeHiiH ee pa^nyc-BeKTopa: 

OM = r = eiXi + e 3 X 2 - 

Ocii KOopflHHaT npoBOflHTCH nepe3 O Bflojib BeKTopoB ei, e 2 H KOOp/pma- 
tbi Ha hhx onpe^ejiHiOTCii KaK h BBime. KoopflimaTbi tohkii M onpe^e- 
jihiotch no ee npoeKipiHM Mi, M 2 Bflojib npuMbix, napajijiejiHHbix ochm. 
BeKTop OM cjiyiKHT fliiaroHajibio napajuiejiorpaMMa co CTopoHaMH OM , 
OM 2 (puc. 64 , a). 

HiiTaTejno ctoht paccMOTpeTB 3 tii nocTpoemiH Ha njiocKOCTii h b npo- 
CTpaHCTBe : KaK onpe^ejunoT KOopfliraaTbi tohkii ii KaK no flaHHbiM Koop- 
^IIHaTaM HaXO^HT TOHKy. 

BBefleHHbie 3^ecb KOopflimaTbi Ha njiocKOCTii h b npocTpaHCTBe Ha3bi- 
BaiOT acficfiuHHUMu (b cjiynae njiocKOCTii ohii ynoMimajiHCb b tji. I, § 4 ). Hx 
Ha3biBaiOT KocoysojimuMu (b OTjniniie ot npuMoyrojibHbix) , KOiyja BeKTO- 
pbi e\, &2, e 3 e^HHHHHbie, t. e. Kor^a Ha ochx o6biHHbiii MacniTa6, ho ohii 
H e b3hhmho nepneHflHKyjinpHbi. 

BeKTop b CHCTeMe KOop^HHaT. Ilpn ,a,aHHbix ochobhmx BeKTopax 
BCHKiiii BeKTop 3a,n,aeTCH cbohmh KOop/pmaTaMH. IlycTb BeKTop a OTjioiKeH 
ot tohkh A, TaK hto nojiynaeM HanpaBjieHHbiii 0Tpe30K AB = a. Tohkii 
A, B 3a/i;aiOTCH pafliiyc-BeKTopaMii OA, OB: 


OA — eiai + 6202 + 6303, 

OB = eibi + e 2 6 2 + e 3 b 3 , 


rfle ai, . . . , 63, — KOopfliiHaTbi tohcx A, B. Tax KaK AB = OB — OA , to 
AB = e\(b\ - ai) + e 2 {b 2 - a 2 ) + e 3 (b 3 - a 3 ). 

To ecTb Mbi nojiynaeM pe3yjibTaT: 

Koopdimamu eenmopa, npedcmaeJieHHozo nanpaeAeunuM ompe3KOM, 
paBHu pa3Hocm}iM KoopSunam ezo KOHv,a u nauajia. □ 


§ 6. EEpaBbie h jieBbie Tpofim seKTopoB. 

BeKTopHoe npoH3Be/j,eHHe. CMemaHHoe npoH3Be,a,eHHe 

YnopjidoueHHou mpouKou hjih npocTO mpouKou BeKTopoB Ha 3 biBaeT- 
ca coBOKynHOCTb Tpex BeKTopoB, b KOTopoft yxa 3 aH iix nopa,n,ox: xaxoii 
aBjiaeTca nepBbiM, KaKoii — btopbim, xaxoii — TpeTbiiM. 

Ilpii 3 anacH TpofiKii BeKTopoB OHii Bceiyja pacnojiararoTca b nopa^xe 
HX HOMepOB. 

Tpofixa HeKOMnjiaHapHbix BexTopoB Ha3biBaeTca npaeou ( neeou ), ecjin 
3 th BexTopbi, OTjio>KeHHbie ot oflHoro Hanajia, pacnojiaraiOTca Tax ace, 
xax paccTaBjienHbie (npiiMepHO nofl npaMbiMH yrjiaMii) najibnpi npaBoii 
(jieBolt) pyxn: 6ojibinoii najien, — no nepBO- 
My BexTopy, yxa3aTejibHbiii — no BTopoMy, 
cpe^Hiift — no TpeTbeMy (pnc. 65 ). 

Tpoiixy BexTopoB, OTjioaceHHbix ot o^- 
hoh Tonxn — o6m,ero iix Hanajia, — 6y^eM 
Ha3biBaTb mpexeeumopHUKOM. Ecjih BexTO- 
pbi xoMnjiaHapHbi, TpexBexTopHiix Ha30BeM 
njlOCKUM. CoOTBeTCTBeHHO TOJIbXO HTO /I,aH- 
HOMy onpeflejieHino pa3jnmaiOTca npaBbie n 
jieBbie TpexBexTopHnxii. Tax xax BexTopbi 
Bceiyja mojxho OTjioaciiTb ot o,h,hoh Tonxn, 
to roBopiiM jih mm 3^ecb o Tponxax hjih 

TpexBexTopHiixax — 6 e 3 pa 3 jniHHO. Tohho Tax ace CHCTeMa npaMOJiHHefl- 
Hbix xoopfliiHaT Ha 3 biBaeTca npaeou (,/ieecw), ecjin ocHOBHbie ee BexTopbi 
o 6 pa 3 yx>T npaByro (jieByio) Tpoiixy. 

yxa 3 aHHoe npaBiuio pa 3 JinneHiia npaBbix h jieBbix Tpoex paBHOCiuibHO 
xajx/i;oMy H 3 cjieflyromiix neTbipex. 

1 . TpexBexTopHiix npaBbiii, ecjin TpeTHit BexTop HanpaBjieH ot njiocxo- 
cth flByx nepBbix b Ty CTOpoHy (b to nojiynpocTpaHCTBo) , xyzi,a ^BiiaceTca 
npaBbiii bhht, xoiyja ero rojiOBxa BpaipaeTca ot nepBoro BexTopa xo bto- 
poMy (pnc. 66, a) Ecjih to ace 6yneT ,n,jia jieBoro buhth, to TpexBexTopHiix 
jieBbiit. 



2. TpexBeKTopHHK npaBbift, ecjin npii B3rjisme Ha Hero H3HyTpn no- 
CTpoeHHoro Ha hcm napajijiejiennnefla (113 nepBoro KBa^paHTa nocTpoeH- 
hoh Ha HeM chctcmbi KOopflimaT) BeKTopbi bh^hbi Tax, hto nepexofl ot 
nepBoro ko BTopoMy h ^ajibnie — k TpeTbeMy — npoiicxo^HT nponiB naco- 
boh CTpejiKH (piic. 66, 6 ). Ecjih nee 3 to nepexofl no nacoBoft CTpejiKe, to 
TpexBeKTopHHK jieBbiii. 
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3. TpexBeKTopHHK npaBbift, ecjni npii B3rjiHfle Ha njiocKOCTb nepBbix 
^Byx BeKTopoB co ctopohm TpeTbero noBopoT ot nepBoro ko BTopoMy 
BH^eH KaK Hflymnft npoTHB nacoBoft CTpejiKH. Ecjih — no nacoBoft CTpejiKe, 
TO TpexBeKTopHHK jieBbift. 

4. TpexBeKTopHHK npaBbift, ecjni nocjie Toro, KaK Bbi BCTajin Ha njioc- 


koctb AByx nepBbix BeKTopoB co CTopoHbi TpeTbero h npoTHHyjni npaByio 
pyxy no nepBOMy BeKTopy, BTopolt bcktop 0Ka3ajica HanpaBjieHHbiM Bne- 
pe,n, (puc. 66, e). y jieBoro TpexBeKTopmiKa — to »ce ,h,jih jieBoft pyKH. 

(npimyMafire ein,e npaBiuia ,h,jih npaBoro (jieBoro) TpexBeKTopmiKa.) 

Pa3jiiinemie npaBbix n jieBbix Tpoex BeKTopoB HMeeT Baxmoe 3Hanemie 
b <J)H3nKe — b 3aKOHax 3jieKTpoMaraeTH3Ma. HanpiiMep, HanpaBjieime Ha- 
npuscemiH MarmiTHoro nojia BOKpyr npoBO^HiiKa c tokom onpeflejiaeTCH 
«no npaBiuiy npaBOft py kh » . 

Ho b reoMeTpini caMoft no ce6e hct hii npaBoro, hh jieBoro, — hii najin- 
n,eB, hh bhhtob, hh nacoBbix CTpejiOK. noaTOMy flaHHbie HarjiHflHbie onpe- 
AejieHiiH npaBbix n jieBbix Tpoex He othochtch k caMoft reoMeTpini. B Heft 
^.ojijkho 6biTb npHHHTO onpe^e jiemic , ocHOBaHHoe TOJibKO Ha ee co6ctbch- 
Hbix noHHTHHx; Kax ero mojkho ,n,aTb, mbi ceftnac CKaxceM. 

O i ipe;j,e jichhc. Bbi6epeM KaKoft-Hii6yflb npHMoyrojibHbift TpexBex- 
TopniiK h Ha30BeM ero ochobhum. IIpaeuMu 6ya,eM Ha3biBaTb TpexBeKTop- 
HHKH, KOTOpbie MOJKHO nOJiyHHTb H3 OCHOBHOrO HenpepbIBHbIM flBIIXeHII- 
eM h H3MeHeHHeM BeKTopoB 6e3 Toro, HTo6bi TpexBeKTopHiiK CTaHOBiijica 
njiocKHM. B npoTiiBHOM cjiynae TpexBeKTopHiiK Ha30BeM jieBbiM. 

npn 3 tom mojkho flOKa3aTb, hto jieBbie TpexBeKTopHriKii TaKxce nepe- 
bo^hmbi APy r B Apyra, HenpepbiBHO h 6e3 o6pam;eHiiH b njiocKiie. Ecjih Ape 
TpoftKH BeKTopoB jiii6o o6e npaBbie, jih6o o6e jieBbie, to roBopHT, hto ohii 
odnou opuenmai^uu. Ecjih ace o^Ha npaBan, flpyraa jieBaa, to roBopHT, hto 
ohh pa3Hou opueHmav,uu. 

Ecjih ochobhoS TpexBeKTopHiiK npeflCTaBHTb najinpaMH npaBOft pyKH, 
to mbi nojiymiM Harjia^Hoe pa3JiHHHe npaBbix h jieBbix TpexBeKTopmiKOB. 
Ho b caMoft reoMeTpHii nommie npaBoe h jieBoe nncjio ycjiOBHbi, peajibHO 
b Heft TOJibKO to, hto ecTb ppa, Biifla TpexBeKTopHiiKOB — ^BC iix pa3Hbie 
opneHTarpiH. 

BeKTopHoe npoH3Be/i,eHiie. 

Onpe^ejieHHe. BeKmopnuM npou3eedeHueM BeKTopa a na He kojijiii- 
HeapHbift eMy BeKTop b Ha3biBaiOT BeKTop, o6o3HanaeMbift a x 6, KOTopbift 
onpe^ejiHCTCH cjre/iyforrpiMH TpeMH 
ycjiOBHaMii: 

1) ^.jiiraa BeKTopa ax b paBHa npo- 
H3Beflenino ^ i. him bcktopob a h b Ha 
CHHyc yrjia MexcAy hiimii: 

\a x fo| = | a | • | & | • sinZ(a, b). 

2) BeKTop axb opToroHajieH o6oiim 
BeKTopaM a, b ; 



3) BeKTop a x 6 HanpaBjieH TaK, hto BexTopbi a , b , a x b o6pa3yiOT 
npaByio Tpoftxy (piic. 67). 

Ecjiii BeKTopti a h b xojuiiiHeapHbi, to nojiojxiiM a x b = 0. 

Moflyjib BeKTopHoro npoi-raBeflemia a x b paBeH njiomafli-i napajuie- 
jiorpaMMa, CTopoHaMii KOToporo cjiyjxaT BeKTopbi a, b, OTjiojxeHHbie ot 
O flHOii to'ikh. 3to cjie^yeT H3 toto, hto njioipaflb S TaKoro napajijiejio- 
rpaMMa KaK pa3 paBHa |o||6| sinZ(a, b). 

Ecjiii BeKTopbi a, b HexojijnmeapHbi, to, OTjiojxeHHbie ot o^hoii to'ikii, 
ohh onpeflejiHiOT co^epucamyio hx njiocKOCTb, h bcktop axb , opToroHajib- 
Hbiii 3thm BeKTopaM, nepneHfliiKyjiHpeH stoii njiocKOCTn. 

BBipiy 3THX flByx 3aMe'raHnii mojkho BexTopHoe npoii3BefleHiie reoMeT- 
pnaecKH onpe^ejuiTb Tax. 

Benmopnoe npou3eedenue axb HenoMiuneapHux eeKmopoe a, b no 
Mody.aw paeno n.noipadu nocmpoennozo na hux napaAAe.aozpa.MMa, nep- 
neHduKyjinpno ezo n.nocKOcmu, u o6pa3yem c a, b npaeyw mpouKy. 

M 3 onpe^ejieHiia BexTopHoro npoiraBeflemiH cjie^yeT: 

BeKmopnoe npou3eedeHue paeno nyAK> mozda u mo.at>Ko mozda, nozda 
coMHootcumejiu KOAAuneapnu. 

AjireGpaii'iccKiie CBoficTBa iieKiopiioro npoi43isc/i,ciiii>i (b hhx 

a, b , c — jno6bie BexTopbi h A — jno6oe hiicjio). 

1. AHTiixoMMyTaTiiBHOCTb: ax b = —b x a. 

2. AccoipiaTiiBHOCTb no OTHomemiio x HiicjieHHOMy MHonaiTejiio: 

A (a x b) = (A a) x b. 

3. ^HCTpiiSyTnBHOCTb OTHOCiiTejibHO cjioJxeHiiH: 

ax(b + c) = axb + axc. 

nepBbie flBa CBOiiCTBa jierxo ycTaHaBJiimaiOTCH 113 onpeflejiemiH. ne- 
pecTaHOBxa bcxtopob a, b ii3MeHHeT HanpaBjiemie BpamemiH ot nepBoro 
COMHOIXIITejIH XO BTOpOMy. O BTOpOM CBOIICTBe MOIXHO 3aMeTIITb, HTO OHO 
oneBnflHO npii A > 0, a npii A < 0 BexTop A a HanpaBjieH npoTHBonojiojxHO 
a n Bpam,eHiie ot A a x b npoTiiBonojiojKHO Bpamemno ot ax b. 

Tpya,HOCTb npe^CTaBjiHeT floxa3aTejibCTBO TpeTbero CBOiiCTBa — fliic- 
Tpii6yTiiBH0CTH. ^jih ero ^,oxa3aTejibCTBa 3aMeTiiM cjieflyiomee: ecjiii bcx- 
Top a efliiHiinHbiii h b eMy opToroHajieH, to BexTop axb no jiy hiitch, 
ecjin noBepHyTb b b njiocxocTii, nepneH/pixyjiHpHoii a, Ha npHMoii yroji b 
TaxoM HanpaBjieHiiii, hto6m oh o6pa30BbiBaji c a h b npaByio Tpoiixy (Ha- 
tjih^ho: npii B3rjiHfle Ha njiocxocTb co CTopoHbi a noBopoT flOjexeH 6bitb 
Bii^eH xax npoiicxoflHmiiH npoTHB nacoBOii CTpejixn). 



JleMMa 1. riycrrvb a, b — dea HeKOAAUHeapnux eeitmopa, eeicmop b i 
nojiyuen npoenmupoeanueM eenmopa b na ruiocKOcmb a, nepnenduKyjuip- 
Hyw a. ymeepmcdaemcfi, umo a x b = a x b\. IIpu amoM eeKmopnoe 
npou,36edenue a x b\ nanpaeAeno e njiocKocmu a no Jiyny, nepnendu- 
KyjinpHOMy b\, man umo mpouKa b\, ax b±, a npaeasi (nazAJidHo: npu 
noeopome eunma om b\ k a x b\ oh deuofcemcji no a). 

^OKa3aTejibCTBO. njioma,n,H napajuiejiorpaMMOB, HaTHHyTBix Ha 
BeKTopBi a, b h a, b i, paBHbi, Tax KaK bi — BbicoTa napajijiejiorpaMMa 
(puc. 68). HanpaBjiemie xe BeKTopa a x b\, 
oneBii^HO, to nee, hto y a x b. Oho nepneH- 
^.HKyjiHpHO njiocKOCTii BeKTopoB a, b ; Bpa- 
memie »ce ot a k b h ot a k b\ H^eT b o^hom 
H anpaB jieHHii . □ 

JleMMa 2. BenmopHoe npou3eedeHue 
a x b mochcho nojiynumb CAedymuyuM o6pa- 
30m: 

a) npoeKmupyeM b na nAOCKocmu a, nep- 
neHduKyjwpnyw a: nycmu bi — ama npoen- 
yua; 

6) yMHooKaeM noJiyueHnym npoeKyuw — 
eeK mop &i — na \a\; 

b ) no.n,yueHHuu eenmop | a| • b\ noeopanu- 
eaeM na 90° e njiocKocmu a e nanpaeAenuu, npu KomopoM eunm udem 
edoAb a. 

IIoAyneHHuu eenmop u 6ydem eeKmopnuM npou3eedenueM a x b. 

^encTBHTejiBHO, no jieMMe 1, a x b = a x b i h HanpaBjiemie 
BeKTopa a x b\ onpe^ejiaeTCH KaK CKa3aHO 3fleci>, b jieMMe 2. Ero pjm- 
Ha | a x £»i | paBHa |a||bi|, nocKOjiBKy bi _L a. □ 

Tenept ^OKanceM flHCTppi6yTHB- 
hoctb: 

ax(b + c) = axb + axc. 

Byn,eM nojiynaTB CTOjnnne 3^ecb npo- 
H3Be^eHMM. KaK yKa3aH0 b jieMMe 2. 

Ilpn stom: 

a) npoeKpiia cyMMbi b + c paBHa 
cyMMe npoeKrpm: 




(b + c) i = bi + a; 


Puc. 69 


6) yMHOJKemie Ha | a | flaeT 

\a\(b + c) i = |a|6i + |a|ci; (1) 

b) npii noBopoTe BsariMHoe pacnojiojxemie BexTopoB coxpaHaeTca, Tax 
hto cyMMa nepexoflHT b cyMMy (^naroHajib napajijiejiorpaMMa noBopanH- 
BaeTca BMecTG co CTopoHaMii, (cm. piic. 69). 

CjieflOBaTejiBHO, H3 (1) nojiynaeM 

ax (b + c) = a x b + a x c. □ 

BL>ipa>KCHiie eeKTopHoro npoi43Bcyj,ciii4>i b KOop/pHaTax. 

IlycTb, Kax npiiHHTO, i, j , k o6o3HanaiOT ochobhbic BexTopbi npaBOii cii- 
CTeMBi KOopfliiHaT, Tax hto ohii 1) efliiHHHHBie. 2) B3HHMH0 nepneH/pixy- 
jiapHbie, 3) o6pa3yiOT npaByro Tpoiixy. Toryja H3 onpeflejiemiH BexTopHoro 
npoii3BefleHHH HenocpeflCTBeHHO cjieflyeT, hto 

i x j = k, j x k = i, k x i = j , 

j x i = —k, k x j = —i, i x k = —j, 

i x i = 0, j x j = 0, k x k = 0. 

IIojIb3yHCb 3TIIMI-I paBeHCTBaMH H npaBIIJiaMIl ,ZI,eHCTBHH C BeXTOpHbIM npo- 
h 3 b e/ i,e h m e m , HaiynyM Bbipajxemie yyra npoii3Beyi,eHiiH jho6bix AByx BexTO- 
poB: 

a x b = ( ia\ + ja 2 + ka 3 ) x (ib 3 + jb 2 + kb 3 ). 

CorjiacHO npaBiijiaM fleficTBiia nepeMHCoxaeM sth cyMMbi nonjieHHO, ho 
noMHiiM o nopjmxe coMHOJKHTejiefi (hx Hejib3s nepecTaBjiHTb). Tax xax 
i x i = j x j = k x k = 0, to nojiynaeM 

a x b = (i x j)a\b 2 + ( j x i)a 2 b\ + (ix k)a\b 3 + 

+ (k x i)a 3 bi + (j x k)a 2 b 3 + (k x j)a 3 b 2 . 

PacnojiaraeM hjichhi no nopa^xy BexTopoB i, j, k h TOiyi,a nojiynaeM 

a x b = i{a 2 b 3 — a 3 b 2 ) + j{a 3 b\ - a 3 b 3 ) + k(a 3 b 2 — a 2 b\). 

CMemaHHoe ( cxaj iapHO-Be xiopi loc ) iipoh3bc/i,chmc. CMewan- 
hum , hjih cKdJisipno-eeKmopHUM, npou3eedenueM Tpofixn BexTopoB a, b, 
c Ha3biBaeTCH cxajiapHoe npoiraBeflemie nepBoro BexTopa Ha BexTopHoe 
npoii3BefleHiie BToporo Ha TpeTiifi: 


( abc ) = a(b x c). 



(IIopa^OK coMHCBKHTejieii BaaceH, TaK k&k cxb = — (&xc);ho BMecTe c 
TeM a(b x c) = (b x c)a.) 

TeopeMa 1. C.ueiuaHHoe npouseedenue ( abc ) = 0 mozda u moji^Ko 
mozda, uozda eenmopu a, b, c KOMruianapHu. Ecjiu wee ohu ne komtuicl- 
napnu, mo (abc) paeno no Modyjiw o6seMy napajuiejienuneda c pebpaMu 
a, b , c ( omJiootceuHUMu U3 odnou mounu)', (abc) > 0, ecjiu mpouna a, b, 
c npaeaa, (abc) < 0, ecAU ona jieeasi. 

floKasaTejiBCTBO. ^OKaaceM CHanajia BTopyio nacTb TeopeMbi KaK 
6ojiee co,nep>KaTejibHyio. 

IlycTb a, b 1 c — npaBaa TpoflKa BeKTopoB; Mbi hx OTKjia^biBaeM ot 
o^hoh to'ikh. no onpeflejieHiiio 


(abc) = a(b x c) = |a||b x ejeostyj, 


(2) 


r^e p — yroji Meac^y BeKTopaMH an b x c. nocTpoiiM Ha BeKTopax a, b, c 
napajijiejienime,ii,. OflHa H3 ero rpaHelt — napajuiejiorpaMM co CTopoHaMii 
b. c. npimeM ee 3a ocHOBamie. no cboh- 
CTBy BeKTopHoro npoiiSBe^eHiia ee n.no- 
ipaflb paBHa (piic. 70) 


,ZIj3yroe pe6po a o6pa3yeT c nepneHflHKy- 
jiapoM k njiocKOCTii ocHOBaHna, HanpaB- 
jieHHbiM KaK b x c, yroji ip. H Tax KaK 
Tpofea a, b, c npaBaa, to bcktop a Ha- 
npaBjieH b Ty me CTopoHy, hto b x c. no- 
3TOMy yroji p ocTpbiii, cos p > 0 h 



( 3 ) 



Phc. 70 


|a| cos</? = h 


( 4 ) 


— 3to BbicoTa napajuiejienuneda. 


06beM napajijiejienimefla BbiHiicjiaeTca no 4>opMyjie 


V = Sh, 


h H3 4>opMyji (3), (4) nojiynaeM 


V=\bx c||a| cos ip. 


CpaBHiiBaa c (2), nojiynaeM 

(abc) = V, 

hto h Tpe6oBajiocb ,zi,0Ka3aTb ,h,jih npaBoft TpoiiKii. 


Ecjiii Tpoftfca BeKTopoB a, b, c jieBaa, to BeKTopti a 11 b x c HanpaB- 
jieHbi b pa3HBie ctopohbi ot njiocKOCTii BeKTopoB b, c. IIoaTOMy yroji ip 
Tynoii, cos ip < 0, n bmccto (4) 6yu,eT |a| cos ip = —h. IIosTOMy nojiynaeT- 
ch, hto ( abc ) = — V. 

HTaK, BTopaa nacTb TeopeMbi ^,OKa3aHa. ^OKaaceM nepByio ee nacTb. 

^onycTHM, hto {abc) = 0, ho BeKTopbi a, b , c HeKOMnjiaHapHbi. Toiyja 
no flOKa3aHHOMy 6bijio 6bi (abc) = ±V, iyi,e V — o6t>cm nocTpoeHHoro Ha 
hhx napajijiejieiiHiie^a, t. e. 6mjio 6bi (abc) ^ 0. SHa'iiir, ecjrn (abc) = 0, 
TO BCKTOpbl KOMnjiaHapHbi. 

IlycTb Tenepb BeKTopbi a, b, c KOMnjiaHapHbi. Ecjh-i b , c KOjijnmeapHbi, 
to b x c = 0 ii (abc) = 0; ecjin a = 0, to onsrrb (abc) = 0. Ecjih ace 
a ^ Oh b, c HeKOJijnmeapHbi, Tax hto 6 x c / 0, ho Bee Tpn BeKTopa 
KOMnjiaHapHbi, to, 3HamiT, a_l_bxcHa(bxc) = 0, hto h Tpe6oBajiocb 
^OKa3aTb. 

TaKHM o6pa30M, TeopeMa ,n,OKa3aHa nojiHOCTbio. □ 

B onpeflejieHiiii npoii3BefleHiisi (abc) BCKTopbi iirpaiOT pa3Hyio pojib, 
ho y napajijiejienimefla, Ha hiix nocTpoeHHoro, ohii — pe6pa h, CTajio 6biTb, 
paBHonpaBHbi. IIosTOMy H3 flOKa3aHHOii TeopeMbi BbiTexaeT 

Cjie/j,CTBHe 1. 

(abc) = (bca) = (cab). (5) 

^OKa3aTejibCTBO. B ^0Ka3aTejibCTBe TeopeMbi 1 npriMemiTejibHO 
k npoii3BefleHHio (bca) napajijiejieniine^, 6yfleT tot xce, h TOJibKO 3a oc- 
HOBaHiie 6y^eT npiiHara flpyra a rpaHb, nocTpoeHHaa Ha BCKTopax c, a. 
IIoaTOMy (bca) = ±V, h hmchho (bca) = V, Tax Kan Tpoiixa b, c, a 
npaBaa, ecjin a, b, c npaBas. To ace 6yn,eT ^jih tpohkh c, b, a. □ 

Tax KaK c x b = (b x c), to 

(acb) = a(c x b) = —a(b x c) = —(abc) 

h TpoHKa a, c, b jieBan, ecjni a, b, c npaBan. Oiciofla h h3 paBeHCTB (5) 
BbiTeKaeT 

Cjie^CTBHe 2. IIpu nepecmaHoene jiw6ux deyx eeKmopoe-coMnoMcu- 
mejieu npou36edenue (abc) Mensem 3 ho,k. □ 

Bbipaxceiiiie cMemaHHoro 1 1 poii3BC/j,eHH>i b KOop/i,niiaTax. 
IlycTb b HeKOTopoii npaBOii npuMoyrojibHofi cucTeMe KOop/pmaTbi Ben- 
TopoB a, b, c 6ynyT (ap, a 2 , 03 ) h t. Tor^a, nojib3yacb BbipaxcemieM 
b KOopfliiHaTax fljia CKajiapHoro npoii3Be,n,eHiiH h bcktophoto npoii3Befle- 
hhh, no cjsopMyjie (2) nojiymiM 

(abc) = a(b x c) = 



= ai(b 2 c?, - b 3 c 2 ) + a 2 {b 3 Ci - & 1 C 3 ) + a 3 (bic 2 - b 2 c i). ( 6 ) 

CToamaa cnpaBa BejinHima ecTB He hto iraoe, KaK onpe^ejiHTejiB: 



Oi 

a 2 

a 3 

(abc) = 

bi 

b 2 

t >3 


Cl 

C 2 

C 3 


^eitcTBiiTejiBHO, pa3Jiaraa stot onpeflejiHTejiB no ajieMCHTaM nepBoii 
CTpoKii , mbi nojiymiM tfjopMyjiy (6). 

TaKHM o6pa30M, cMeiuarmoe npouseedenue eeKmopoe paeno onpedeAU- 
meATo U3 ux KoopduHam (oTHOCiiTejibHO ochobhoh npaBoii npaMoyrojiBHOii 
CHCTeMBI KOOpflHHaT) . □ 

06 opneHTaipH. Ecjiii TpoiiKa a , 6, c npaBaa, to ( abc ) > 0, ecjni 
jieBaa, to (abc) < 0, h BCjie,zi,CTBHe (6) sto paBHOCiijiBHO TOMy, hto TaKiie 
ace 3HaKii iiMeeT onpe^ejiiiTejib h 3 KoopzpmaT BeKTopa. 

3to mojkho npeBpaTHTb b onpe^ejieHiie, KOTopoe 6ya,eT BBirjiafleTB Tax: 

IlycTb b npocTpaHCTBe BBi6paHa cucTeMa npaMoyrojiBHBix KOop/piHaT, 
KOTopaa npiiHHTa 3a ocHOBHyio. Tor^a TpoiiKa HeKOMiuiaHapHbix BeKTopoB 
Ha3biBaeTca npaeou, ecjni onpe^ejiiiTejib H3 iix KOopflimaT othochtcjibho 
ochobhoh ciiCTeMbi nojioaaiTejieH; b npoTHBHOM cjiynae TpoiiKa Ha3BiBaeT- 
ca Aeeou. (no,H,pa3yMeBaeTca, hto b onpeflejniTejie nopaflOK ctpok coot- 
BeTCTByeT nopa,n,Ky bcktopob b TpoiiKe, h nopa^OK ctoji6h,ob - nopa,n,Ky 
KOopfliiHaT b ochobhoh cucTeMe.) OcHOBHaa cucTeMa KOopfliiHaT — TpoiiKa 
ee ochobhbix bcktopob — npaBaa, TaK KaK onpe^ejniTejiB H3 hx KOop/uiHaT 
OTHOCHTejiBHO hhx caMiix paBeH e;piHnne: 


1 0 
0 1 
0 0 


= 1. 


,Z(aHHoe cjjopMajiBHoe onpeflejiemie «npaBoro» h «jieBoro» ,n,aeT acHoe 
ajire6paiiHecKoe ocHOBaHiie fljia nx pa3JiHHeHiia. IlpH stom ohcbh^ho, hto 
H enpepBiBHBiM H3MeHeHiieM bcktopob hcjib3h npaByio TpoiiKy nepeBecTii b 
jieByio, He flejiaa «no nyTii» bcktopbi KOMnjiaHapHBiMii, TaK KaK HejiB3a ot 
nojiojKiiTejiBHBix 3HaneHHH onpe^ejiHTejia nepeiiTH k OTpnpaTejiBHBiM, He 
npoxo,ipi nepe3 HyjiB, ecjni sjieMeHTBi onpeflejniTejia hsmchhiotch Henpe- 

pBIBHO. 

HecKOjiBKO cjioJKHee ,ii,OKa3aTB, hto BcaKyio npaByio (KaK h jieByio) 
TpoiiKy mojkho HenpepBiBHO nepeBecTii b jno6yio Apyryio npaByio (coot- 
BeTCTBeHHO — b jieByio) , He ^ejiaa bcktopbi KOMnjiaHapHBiMii. 



r ji a b a IV 

CO>EPA, nPflMAfl, nJIOCKOCTb 

§ 1. PaccTOHHHe Meaypy TO'iKaMM. CcJjepa. IIjiockoctb 

TeopeMa 1. B npjiMoyzojit>Hux Koopdunamax x, y, z paccmojmue 
.M,ecncdy mouKaMU A(xa, yA , za ) n B(xb, Vb, zb) eupaotcaemcH kclk 
K opem> Keadpamnuu U3 cyMMu k eadpamoe pa3Hocmeu ux Koopdunam: 

\AB\ = \J (x B - xa) 2 + ( Vb - Va) 2 + ( z B - za) 2 - ( 1 ) 

/JoKasaTejitcTBO. KBappaT BeKTopa AB paBeH cyMMe KBappaTOB 

ero KOoppimaT (b npaMoyrojiBHoft CHCTeMe KOoppiraaT, Korpa ocHOBHBie 
BeKTopti epiiHiiHHBie h B3aiiMHO nepneHflHKyjiHpHbie) . BMecTe c TeM ko- 
oppiiHaTBi BeKTopa AB paBHbi pa3H0CTHM KOoppimaT ero KOHpa h Hanajia: 
Xb — xa h t. p. Ife 3 thx pByx cjiaKTOB HenocpeflCTBeHHO cjiepyeT tfiopMyjia 
( 1 ). □ 

YpaBHerae ccjiepbi. C(]>epa ecTb reoMeTpiinecKoe MecTO (mhojkc- 
ctbo) Tonex, yuajieHHBix Ha 3apaHHoe paccTOHHiie ot opHofi tohkii - peH- 
Tpa ccfiepbi; hx paccTOHHiie ot Hero — sto papuyc ctfiepbi. TaxiiM o6pa30M, 
ecjiii O — peHTp, a R — papuyc ccjiepbi, to OHa hbjih6tch mhoskcctbom Bcex 
TaKi-ix ToneK M, hto OM 2 = R 2 . 

B npHMoyrojiBHBix KOoppimaTax paccTOHHiie BbipaxcaeTCH tfiopMyjiOH 
(1). IlosTOMy ecjiii Xq . yo, Zo — KOoppimaTbi pempa O h x, y, z — Kooppn- 
HaTBi npoii3BOjiBHOii (nepeMeHHOii) tohkii M ccfiepbi, to 

(x-x 0 ) 2 + (y-yo) 2 + (z-zo) 2 = R 2 . (2) 

3to ypaBHeHiie ccjaepbi: eMy ypoBjieTBopaiOT KOoppimaTbi Bcex ee ToneK h 
HHK 3KHX ppyriix. 

Ecjiii B03B6CTH ypaBHeHiie (2) b KBappaT h pacKpbiTb cko6kii, to oho 
npHMeT Blip 

x 2 + y 2 + z 2 + ax + by + cz + d = 0. (3) 

AHajioriiHHO Bonpocy, paccMOTpeHHOMy b cbh3ii c ypaBHemieM OKpyjK- 
hocth, mojkho nocTaBHTb Bonpoc: npii KaKiix ycjiOBiiax Ha K03cjx|i h pite ht m 
a, . . . , d ypaBHeHiie (3) npepcTaBjiaeT ccjiepy h hto oho BOoSipe mojkct 
npepcTaBjiHTb? Otbct: KpoMe ctjiepbi oho mojkct npepcTaBjiHTB TOHKy h 
nycToe MHOxcecTBO. (BbiacHiiTe, Korpa iiMeeT MecTO KajKpBiii H3 sthx cjiy- 
naeB.) 



Ypaiincmic njiocKOCTH. 

TeopeMa 2. Bcsmaa ruiocKOcmb npedcmaejisiemcji e npnMoyeojibHux 
Koopdunamax jiuneunuM ypaenenueM euda 

ax + by + cz + d = 0. (4) 

floKaaaTejibCTBO. IlycTb a — ^aHHaa njiocKOCTb n A, B — TaKiie 
tohkh, hto 0Tpe30K AB nepneHfliiKyjiHpeH njiocKOCTH a h ^ejiHrca eio 
nonojiaM. IIjiocKOCTb a HBjiaeTca reoMeTpiinecKiiM mgctom (mhojkbctbom) 
Tonex M, fljia KOToptix AM = BM 12 ). Ecjih b paBeHCTBe AM 2 = BM 2 
BbiniicaTb KBa^paTbi paccTOHHHii b KOopfliraaTax, to KBaflpaTbi Koop/pi- 
HaT yHHHToacaTCH, h mbi nojiyHHM paBeHCTBO BH^a (4). 9tot BbiBOfl co- 
BepineuHO aHajioniaeH cooTBeTCTByioin,eMy BbiBO^y ypaBHemia npaMoft Ha 
njIOCKOCTII. □ 


§ 2. IIpHMaH Ha njIOCKOCTH 

IlpHMoyrojibHbie KOop/pmaTbi Ha njiocKOCTH mojkho 3a^aBaTb HanajiOM 
KOopflHHaT O h e/iHHHHHbiMH BeKTopaMPi no ochm: i no OCII X, j - no OCII 
y (puc. 71). Ohii B3aiiMHO opToroHajibHbi b cnjiy B3aiiMHOii nepneH^HKy- 
jiapHOCTii ocefi. Tax hto 

i 2 = j 2 = 1, ij = 0. (1) 

3th BGKTOpbl CJiyJKaT OCHOBHblMIl BeKTOpaMH. 




BeKTop r = OM , npoBefleHHbifi 113 Hanajia b TOHity M, — «paflnyc- 
bgktop» tohkh M — npe,n,CTaBjiHeTCH b Biifle: 

r = xi + yj . (2) 

12 3to cbohctbo njiocKOCTH jierKO ^OKasbiBaeTCH H3 cooTBeTCTByiomero CBOHCTBa npn- 
moh. Ecjih M — Rattan- jih6o TOHKa, to npoBO,a,HM nepe3 Hee h tohkh A , B njiocKOCTB h 
b Hen npHMeHneM TeopeMy o npnMOH. 


3fleci> x, y — xoop/pmaTBi to'ikh M. IIo ncxo,n,HOMy o6BiHHOMy onpefle- 
jiemiio 3 to KOopfliiHaTbi npoexipift M x , M y tohkh M Ha och (piic. 71). 
CorjiacHO c stiim ohii hbjijhotch npoexpiiHMii pafliiyc-BexTopa r Ha och. 
CKajiapHO yMHOJKaa (2) Ha i h Ha j . HaftmeM (6jiaro,n,apH (1)) 

OM x = ir = x, OM y = jr = y. (3) 


IIpaMaa, OHeBHflHO, MOJKfiT 6bitb 3a^aHa xaxoft-jni6o tohxoii A, nepe3 
KOTopyro OHa npoxo,zpiT, h HeHyjieBbiM bcktopom N , eft nepneHflHxyjiHp- 
HblM — « BCKTOpOM HOpMajIII» IIJHI «HOpMajIBIO N K npHMOft» (piIC. 72) 13 . 

TeopeMa 1. IIpsiMasi na njiocKOcmu npedcmaeJifiemcA auhcUhum 
ypaenenueM 

ax + by + c = 0, 

npuueM a, b — > omo Koopdunamu eeumopa Hop.uajiu N, — c = N ■ OA 
CKaAnpnoe npou3eedenue eeKmopa HopMa.au na paduyc-eeumop mouKU A 
na npAMOu. 

/],OKa3aTejHjCTBO. IlycTb M (x, y) — xaxaH-jni6o TOHKa npaMoft, 
3a;iaHHoft tohkoi“i A h HopMajiBio N . Tor^a (ecjrn M OTjnrma ot A) AM _L 
N , Tax hto AM ■ N = 0. Ecjiii »ce M coBna,n,aeT c A, to AM = 0, 
nosTOMy Taxxte AM ■ N = 0. C .npyroft ctopohbi, ,h,jih bchkoii totkii 
M, He jiejxaipeft Ha ,n,aHHOft npaMoft, BexTop AM He opToroHajieH N. 
TaxHM o6pa30M, Tonxa M jiejxiiT Ha npaMoft TOiyja h tojibxo Tor^a, xor^,a 
AM ■ N = 0. 3to paBeHCTBO npe^CTaBjiaeT noaTOMy ypaBHemie npaMoft, 
ctoht jiHirib pa3BepHyTB ero b xoopflimaTax. 

IlycTB x, y — xoop/pmaTBi tohxi-i M h a, b — xoopflimaTBi HopMajni IV, 
Tax hto OM = ix + jynN = ia + jb. Tor^a 

AM = OM — OA = ( ix + jy ) — OA, 


h noTOMy H3 paBeHCTBa AM ■ N = 0 cjie^yeT, hto 

AM ■ N = (ix + jy)(ia + jb) — OA ■ N = ax + by — OA ■ N = 0, 


hto h Tpe6oBajiocB ^oxasaTb. □ 

TaxHM o6pa30M mbi He tojibxo nepefloxa3ajiH eipe pa3 npexonoio Teope- 
My 1.2.1 o npeflCTaBjieHini npHMOft jniHeftHBiM ypaBHemieM, ho ii bbihchiijhi 
reoMeTpiiHecxiift cmbicji ero xoscjxjj h pile hto b . 

HeTpyn,HO floxa3aTB a o6paTHyio TeopeMy. 


1 ’’ 1 1 oj).M.ajihU> Ha3biBaeTca npaMaa, nepneHXHKyjrapHaH npaMOH (hjih iuiockocth) . 



TeopeMa 2. Bcmoe Jiuneunoe ypaenenue npedcmaejinem npuMyw, 
npuueM KOdcpcpuyuenmu npu x, y — 3mo Koopdimamu neKomopou nopMa- 
jiu k npHMOu, a ceododnuu unen paeen 63nmoMy c o6pamnuM 3 hclkom 
CK ajuipHo.uy npou3eedeHuw amou hopmcljiu na paduyc-eenmop k(ikou-jiu6o 
mourn npHMOu. 

floKa3 TejibCTBO. riycTb ^aHO ypaBHemie 

ax + by + c = 0. 

BepeM BeKTop N c xoopflimaTaMii a, bn Taxyio Tonxy A, hto N OA = — c. 
(Taxyio Tonxy jierxo HaiiTii xoth 6bi Ha npHMOii, imyipeii nepe3 O no 
BeKTopy N. YKancpiTe KaK.) Hepe3 Tonxy 
A npoBOflHM npHMyio l, nepneH/pixyjiHpHyio 
BeKTopy N. Torfla no npeflbiflym,en Teope- 
Me ypaBHemie 3 toh npnMon n 6yn,eT ,n,aHHbiM 
(pnc. 73). □ 

BcnoMHHM em;e TeopeMy: ^Ba ypaBHe- 
hkh 3a/i,aiOT o^Hy n Ty nee npuMyio TOiyja 
n tojibko TOiyja, Kor^,a nx xo3<tx|>iiii,iieHTbi 
nponoppuoHajiBHbi (.nonojmemie k TeopeMe 
1.2.1). HiiTaTejiB caM ee ^oxaixeT, 3aMeTHB 
b nepByio onepe^b, hto BeKTopbi N i, N 2 nepneHfliixyjiHpHbi oflHon npn- 
moh, Tor^a n TOJibKO Tor^a, xoiyi,a ohii napajuiejibHbi n, CTajio 6biTb, no- 
jiynaiOTCH o/uih 113 flpyroro yMHOJxemieM Ha hhcjio (cp. ,zi,OKa3aTejibCTBO 
TeopeMbi 3, § 3). □ 

BajKHbin nacTHbifi cjiynan ypaBHemia npnMOii — Tax Ha3biBaeMoe ypae- 
Henue e HopMaJibnou cfiop.ue. 3to Taxoe ypaBHemie, b kotopom BexTop 
HopMajm x npuMOii e/piHiiHHbni, Tax hto a 2 + b 2 = 1 . 

TeopeMa 3. Ben Kan npnMan Moatcem 6umt> npedemaenena ypaenenu- 
eM e HopMajibHOu cfiopMe: 

ax + by = p; a 2 + b 2 = 1, p^ 0. (4) 

B neM p — paccmonnue npnMou om nauana O (m.e. ecjiu p > 0 
dmma onyipennoeo na nee U3 O nepnenduKyjinpa) u a, b, — Koopdunamu 
nopMajiu, HanpaejieHHOu om npnMou e emopony om nauana ( ujiu e mo6yw 
emopony, ecjiu npnMan npoxodum uepe3 nauano). 

/)oxa3aTejibCTBO. IlycTb n - cypiHiiHHbiii BexTop HopMajm x npa- 
moh h a, b — ero xoopflimaTbi, Tax hto a 2 + b 2 = 1. 

no TeopeMe 1 npuMan npe^CTaBjiaeTCH ypaBHemieM ax + by = —c. 



Ecjiii »ce OHa npoxo^HT nepe3 Hanajio, to c = 0, h ypaBHemie npaMofi 
6yfleT 

ax + by = 0 

b corjiacm-i c yTBepjK^eHiieM TeopeMbi. 

IlycTb npaMaa He npoxofliiT nepe3 Hanajio, h nycTb OP — onymeHHBift 
H3 Hero nepneHfliiKyjiHp — HanpaBjieHHBiii 0Tpe30K. Tor^a ecjin HopMajiB 
HanpaBjieHa no HeMy, to OP = pn 1 r,ne p = \OP\ — ^jniHa nepneHflHKyjia- 
pa — paccTOHHiie ot O ,n,o npHMoii. IIosTOMy OP ■ n = p > Oh HopMajiB 
n HanpaBjieHa b CTopoHy ot Hanajia, ecjin ee OTKjia^biBaTb ot tohkii Ha 
npHMoii (pHC. 74, a). BMecTe c tcm corjiacHO TeopeMe 1 

— c = OP ■ n = p. 

TaKHM o6pa30M, ypaBHeHne npHMoii iiMeeT bh,h ax + by = p, npuneM a, b , 
c HMeiOT HMeHHO tot CMbicji, khkoh yKa3aH b TeopeMe. □ 




Cjie^yioiH,aH TeopeMa ycTaHaBjniBaeT 3aMenaTejibHoe cbohctbo ypaB- 
HemiH b HopMajibHofi (JiopMe. 

TeopeMa 4. Ecjiu npaMaji 3adana ypaencnueM e hopmomhou cfiopMe, 
mo djifi ecxiKou mourn M(x,y) eeAuuuna 

ax + by — p = ±d 

npedcmae.aaem co6ou paccmosmue om mourn do npsiMou co 3 hokom ruiioc, 
ecAu M AecHcum om npMMou c mou cmoponu, k yda nanpaeAena nopMaAu, 
u co 3HaKOM Munyc, ecAu M Aeatcum c npomueonoAOCHcnou cmoponu ( u , 
3nauum, c mou cmoponu, zde Aeotcum nauaAO O, ecAu npaMaji uepe3 nezo 
He npoxodum ) (puc. 74, 6). 


^],OKa3aTejibCTBO. IlycTb npaMaa q 3a/i,aHa ypaBHemieM Biifla 
(4) — b HopMajiBHoii (J)opMe. 

3 aMeTHM, hto fljia Tonex npaMoii CKa 3 aHHoe b TeopeMe BepHO, TaK KaK 
d = 0. Bo3bmcm KaKyio-jin 6 o Tonicy M (x, y), He aeacamyio Ha flaHHOii 
npaMoii q, h nycTB MQ — onymeHHbm 113 Hee nepneHfliiKyjiap Ha ^.aHHyio 
npaMyro q. Mbi HMeeM 

QM = OM -OQ, (5) 

h ecjiH n(a, b ) e/;nHH'iHaa HopMajib, to 


nQM = i\QAl\ = ztrf. 


(6) 


IIpnaeM nOM = +d, ecjni M jieaaiT c toi"i ctopohm, xyzja HanpaBjieHa 
n, h nQAI = —d b npoTHBonojioacHOM cjiyaae. 

BMecTe c TeM, no npeflCTaBjiemiio CKajiapHoro npoH3Be,n,eHiiH b Koop- 
flHHaTax, 

nOM = ax + by, (7) 

a nOQ = p — paccToamie ot O po npaMoii c cooTBCTCTByiomiiM 3HaKOM. 
TaKHM o6pa30M, H3 nojiyaeHHbix paBeHCTB (5), (6), (7) 

±d = nQM = nOAI — nOQ = ax + by — p, 

hto h Tpe6oBajiocb ,n,0Ka3aTb. □ 

Koop/pmaTbi efliiHHHHoro BeKTopa — 3to KOCiiHycbi yrjiOB, KOTopbie oh 
o6pa3yeT c nojioaa-iTejibHbiMii HanpaBjieHHHMH ocefi. IIoaTOMy ecjin a — 
yroji HopMajin c nojioJKiiTejibHofi nojiyocbio x, to 

a = cos a , b = sin a. 

IIosTOMy ypaBHem-ie b HopMajibHOii 4>opMe mojkho HamicaTb b Bii^e: 

x cos a + y sin a — p. 

Ecjh-i npaMaa 3aflaHa KaKiiM-Hii6yzi,b ypaBHemieM 

ax + by + c = 0, 

to nepexofl k HopMajibHOii tfjopMe coctoiit, BO-nepBbix, b nepexo^e k eflii- 
HHHHOii HopMajin, t. e. k 3aMeHe a, b 11 c cootbctctbchho Ha 


±V a 2 + b 2 ±\/a 2 + b 2 ±\/a 2 + b 2 



Bo-BTOpbIX, 3HRK y KOpHH HyjKHO Bbl6paTb TaK, HT 06 bI CBo6oflHBIII HJieH 
nojiyaiijica OTpnpaTejiBHBiM (ecjrn TOjibKO c / 0), t. e. y kophh 6epeTca 
3HaK, npOTIIBOnOJIO>KHBIH 3HaKy c. 

Ecjii-i npaMaa 3a^aHa o6ih,hm jnmefiHBiM ypaBHemieM ax + by + c = 0, 
to paccTOHHiie d mokho Haftra no tfiopMyjie 

^ _ \ax + by + c| 

\J a 2 + b 2 

(^OKaJKIITe 3T0.) 


§ 3. Hjiockoctl. h npHMaa 

06iu,ee ypaBHeHHe iijiockocth. BbiBefleM ypaBHemie njiocKOCTii; 
3 tot BbiBOfl npoBO,a,iiTCH coBepmeHHO Tax »ce, k'ak bbibo/i, ypaBHemia npa- 
Mon Ha njiocKOCTii (§2). 

IlycTB ^aHa HeKOTopaa njiocKOCTb a n BBi6paHO Haaajio OTcneTa O , H3 

KOToporo npoBO/i,aTca pafliiyc-BCKTopBi. Bo3bmcm Ha njiocKOCTH a KaKyio- 

HiiSy/ip TOHKy Mo, h nycTb n - KaKaa-Hn6ynB HopMajiB njiocKOCTii a, t. e. 

nepneHfliiKyjiapHBiii eft HeHyjieBoft BeKTop. 

IIpoH3BOjibHaa TOHKa M jiokiit Ha njiocKOCTii a h Tor^a h tojibko to- 
> 

rfla, Korfla BeKTop MqM nepneHflHKyjiapeH HopMajni n i-uni M coBnaflaeT 
c Mo- 3to paBHOCiijiBHO TOMy, hto paBHO Hyjno CKajiapHoe npoiraBeflemie 
BeKTopoB n h MqM: 

n ■ MqM = 0. 

r 

Ecjii-i r, ro — pafliiyc-BCKTopBi ToaeK M, Mo, to MqM = r — Tq. IIo- 
3T0My HanncaHHoe paBeHCTBO paBHOCiuiBHO TaKHM: 

n{r - r 0 ) =0; nr = q (q = nr 0 ). (1) 

IlTaK, TOHKa M JiejKI'IT Ha flaHHOII njIOCKOCTI-1 B TOM H TOJIBKO B TOM CJiy- 
aae, Kor^a ee pa^i-iyc-BeKTop yflOBjieTBopaeT ypaBHemno (1), b kotopom 
n - HopMajiB h r o — pa^nyc-BeKTop KaKoft-jin6o tohkii camion njiocKO- 
cth. 3to 3Ha r iHT, hto (1) ecTB ypaBHeHiie njiocKOCTH b BeKTopHoft cjsopMe 
(cm. pnc. 75, a). 

H3 ^OKa3aHHoro bbibo^htch 

TeopeMa 1. B npjiMoyzojimux Koopduuamax ecsiuasi nAocKocmt 3a- 
daemcsi ypaenenueM nepeou cmenenu. 

/],OKa3aTeiiBCTBO. IIo ,n;0Ka3aHH0My njiocKOCTB 3a,n,aeTca ypaBHe- 
HiieM (1). BBipa3HM b HeM CKajiapHoe npoii3Be,neHiie aepe3 KOop/pmaTBi. 




Phc. 75 


KoopflimaTbi flaHHoro BeKTopa HopMajm n o6o3HaHiiM a, b, c. Koopflima- 
tbi paflHyc-BeKTopa r tohkii M Ha njiocKOCTb — sto ee KOopflimaTbi x, y, 
z. CorjiacHO BbipaiKemno CKajiapHoro npoH3BeflemiH b KOop/pmaTax 

nr = ax + by + cz. 

IIoaTOMy H3 BToporo ypaBHeHiia (1), nojiaraa q = —d, nojiynaeM 

ax + by + cz + d = 0 . ( 2 ) 

3to h ecTb ypaBHeHiie ^aHHOft njiocKOCTii, nocKOjibKy oho — tojibko nepe- 
nucaHHoe b KOopflimaTax ee BeKTopHoe ypaBHeHiie (1). TeopeMa flOKa3aHa. 
□ 

nepemiHieM eipc b KOopflimaTax nepBoe m3 ypaBHeHint (1). Ecjih Xq, 
yo , zo — KOopfliiHaTbi pa/piyc-BeicTopa r o, to KOop/pmaTbi BCKTopa r — r o 
cyTb x — Xo, y — yo, Z — Zq. IIosTOMy nepBoe ypaBHeHiie (1) b KOopfliraaTax 
BbirjumiiT Tax: 


a(x - x 0 ) + b(y - y 0 ) + c(z - z 0 ) = 0. (3) 

3to ypaBHeHiie njiocKOCTii, npoxoflumefi nepe3 Tonxy (xo, yo, Zq) ii me- 
lomeii HopMajib c KOopflimaTaMii a, b, c. 

TeopeMa 2 (oSpaTHaa TeopeMe 1). BcsiKoe ypaenenue nepeou cmenenu 
e npsiMoyeoAbHUX Koopdunamax e npocmpancmee 3adaem ruiocKocmb. 
/],OKa3aTejibCTBO. IlycTb ,n,aHO ypaBHeHiie nepBOii creireHii 


ax + by + cz + d = 0 . 


(4) 


IIo/],6epeM KaKiie-HriGyflb xo, yo> ~o> yAOBjieTBopaiomne 3T0My ypaBHemno. 
TaK HTO 

axo + byo + czq + d = 0. 

BbiHHTaa H3 (4), nojiymiM 

a(x - xo) + b(y - y 0 ) + c(z - z 0 ) = 0. (5) 

CpaBHiiB 3to ypaBHeHiie c ypaBHemieM (3), bh;i,hm, hto oho npe^CTaBjiaeT 
njiocKOCTb, npoxo/pimyio nepe3 Tonicy Mo(xq, yo> ~o) h nepneH#HKyjiap- 
Hyio BeKTopy n = { a , 6, c}. A ypaBHeHiie (5) no ero BbiBO/iy paBHOCiuibHO 
(4) 14 . Cjie^OBaTejiBHO, h ypaBHeHiie (4) 3a,n,aeT njiocKOCTb. TeopeMa flOKa- 
3aHa. □ 

TeopeMa 3. flea ypaenenusi nepeou cmenenu 3adawm odny u my c nee 
ruiocKocm'b e moM u moJit>KO e moM aayuae, nozda odno no.ayuaemcH U3 
dpyzozo yMHOMcenueM ua hucjichhuu MHootcumeM. 
/I,OKa3aTejibCTBO. IlycTb ,n,aHbi flBa ypaBHemiH 

ax + by + cz + d = 0, a\x + b\y + c\z + d\ = 0. (6) 

Ecjiii oflHO nojiynaeTCH H3 flpyroro yMHOJKemieM Ha HeKOTopoe hhcjio, to 
ypaBHeHiisi, oneBiiflHO, paBHoeiijibHbi h, CTajio 6biTb, 3a,n,aiOT o^Hy h Ty ace 
njiocKOCTb. 

Hy>KHO ^,OKa3aTb o6paTHoe: ecjiii ypaBHemiH (6) 3aflaiOT o,n,Hy ii Ty ace 
njiocKOCTb, to OflHO nojiynaeTCH H3 /i,pyroro yMHomeHiieM Ha hiicjio. 

^HonycTHM, ypaBHemiH 3a,n;aiOT njiocKOCTb a. Tor^a a , b, c h oi, b\, C\ 
hbjihiotch KOopflHHaTaMii BeKTopoB, nepneHfliiKyjHipHbix a h, CTajio 6biTb, 
KOjijiiiHeapHbix. IIosTOMy ohh nponoppiiOHajibHbi: 


ai = A a, bi = A b, c\ = Ac. 


( 7 ) 


IIoflCTaBjiJiH (7) bo BTopoe ypaBHeHiie (6), nojiynaeM 
A (ax + by + cz) + d\ = 0, 


OTKyn,a 


d\ — —A (ax + by + cz). 


1 1 ypaiiiieiiHM iia.ai.nia.ioroi paenocuAbHUMU , ecjiH bchkhh Ha6op nepeMemibix, y&o- 
BjieTBopaiomHH nepBOMy, yu.OBjieTBopaeT h BTopoMy, h o6paTHO, t. e. b KOop^HHaTax 
paBHOCHjibHbie ypaBHGHHH 3 to TaKHG, KOToptie 3a,u,aK)T o^Hy h Ty me (J)Hrypy — o^ho 
h to me MHO^KecTBO ToneK. 9 to othochtch k jno6biM ypaBHeHHHM, He TOjibKO nepBOH 


CTeneHH. 



H TaK Kax H3 nepBoro ypaBHemia (6) d = — ( ax + by + cz), to 


d\ = A d. 

BivrecTe c (7) sto h 3HaHiiT, hto BTopoe ypaBHemie nojiynaeTCH 1-13 nepBoro 
yMHOJKemieM Ha hiicjio, hto ii TpeSoBajiocb flOKa3aTb. □ 

FoBopsiT, hto K03(J)4)iiH,iieHTBi ypaBHemrii nponopyuonaAbHu, h nmnyT: 

a\ b 1 ci d\ 
abed 

3Ta 3aniiCB h 03HanaeT, hto cymecTByeT Tanoe hiicjio A, hto ai = 
A a, . . . , d\ = A d. OHa ycjiOBHa, tbk kslk hc iiCKjiiOHaeT Hyjia b 3HaMe- 
HaTejie. Ho ecjni, HanpiiMep, c = 0, to h Ci = 0. 

YpaBHeHne njiocKOCTH b HopMajibHofi cJjopMe. Bcktophbim ypae- 
HenueM n.tiocKOcmu e nopMaAbnou cfiopMe Ha3biBaeTCH Tanoe ee ypaBHeHiie 
(1), b kotopom n efliiHHHHbiH BCKTop HopMajin ii p ^ 0, t. e. ypaBHemie 
Bii^a 

nr = p ; \n\ = 1, p ^ 0. (8) 

HepaBeHCTBO p ^ 0 Bceiyja mojkho oSecneniiTb, mchuh, ecjni Hy jkho , 3HaKH 
b o6eiix nacTHx paBeHCTBa. 

B TaxoM cjiynae p — amo paccmosmue ruiocKocmu om nana-aa, a nop- 
MaJit n Hanpae.aena om n.nocKOcmu e emopony, npomueonoAootcHyw mou, 
zde Aeotcum nanaAO (ecjin »ce oho jicskiit Ha caMOii njiocKOCTH, to HanpaB- 
jieHiie n 6e3pa3jiiiHHo). 

^eitcTBHTejiBHO, nr — p > 0 Tor^a h tojii>ko TOiyja, KOiyja n, r He 
HyjieBbie h o6pa3yiOT ocTpbiii yroji (pnc. 75, a). 

BeKTop n e/piHiiHHBifi, nosTOMy nr — 3to npoeKpiia BCKTopa r Ha jiyn, 
ipiymini H3 Hanajia b HanpaBjieHiiii n, t. e. 3to ^.juraa nepneHfliiKyjiHpa, 
onymeHHoro H3 Hanajia Ha flaHHyio njiocKOCTB. A sto h ecTb paccTOHHiie 
ot Hanajia ^o njiocKOCTH. □ 

PaCCTOHHHe OT TO'IKM ,0,0 njIOCKOCTH. Jl.'l'A ypaBHeHIIH B HOpMajIb- 
Hoii tfiopMe BbinojiHueTCH cjieflyiomee KpaciiBoe cooTHomeHiie. 

TeopeMa 3. J^aa bcakou mourn A I ecAu ee paduye-eeumop r nodema- 
sum e nopMaAbHoe ypaenenue nAOCKocmu a, mo noAynuM 


nr — p= ±q , 


zde q — paccmoAHue om mov,KU M do nAOCKocmu a. 3hok tiawc UMeem 
Mecmo, ecAu moHKa M u nauaAO O Aeotcam c pa3Hux emopon om tiaocko- 
emu; ecAu otce — c odnou emoponu, mo UMeem Mecmo Munyc ( na caMoil 
nAOCKocmu, pa3yMeemcA, q = 0). 



^eitcTBi-iTejibHO, nycTB M — TOHKa, He jiejKamaa Ha /i,aHHOH njiocKOCTH 

a, a Mo — TOHKa Ha a (piic. 75, 6). PaccMOTpi-iM CKajiapHoe npoiOBeflemie 
> 

MgM ■ n, rpe n -eflHHHHHaa HopMajit k a, HanpaBjieHHaa, KaK b Hop- 

MajiBHOM ypaBHeHim. Toiyja ecjin TOHKa M jicjkht ot njiocKOCTH a co 

> 

CTopoHbi. npoTHBonojioJKHOH toh, r,n,e jiejKHT Hanajio, to MgM • n > 0. 

> 

Ecjih »ce — c toh jkc CTopoHbi, r^e Hanajio, to MgM ■ n < 0. 

no a6cojiiOTHOH BejHiHiiHe 3 to CKajiapHoe npoii3Be,n,eHHe ecTB He hto 
HH oe, Kax fljiiiHa npoeKipni OTpe3Ka MgM Ha npaMyro b^ojib n, t. e. fljiHHa 
nepneHfliiKyjiapa, onymeHHoro H3 tohkii M Ha njiocKOCTb a. A sto to »ce, 
hto paccTOHHi-ie q ot M po a: 

\M 0 M-n\ = q. (9) 

Tenept 3aMeTHM, hto 

M 0 M = r- r 0 , 

rpe r , rg — pafliiyc-BeKTopBi tohck M, Mg. nosTOMy 


MgM ■ n = nr — nrg. 

A TaK KaK TOHKa Mg jiejKHT Ha njiocKOCTH a, to no ypaBHeHino (1) 


nrg = p. 


TaKHM o6pa30M, 

> 

MgM ■ n = nr — p. 

CpaBHiiBaa c (9) h BcnoMiiHaa o 3HaKe npoii3Be,n,eHHH MgM ■ n, nojiy- 
naeM, hto 

nr — p = ±q, 

rpe q — paccTOHHiie ot tohkii M c pafli-iyc-BCKTopoM r ,n,o njiocKOCTH a ii 
3HaKII « — » IIJHI « + » SepyTCH B 3aBIICHMOCTH OT Toro, JieJKIIT JIH TOHKa M 
ot njiocKOCTH a co CTopoHbi Hanajia iijhi c npoTiiBonojiojKHOii CTopoHbi. 
Hto h Tpe6oBajioci> flOKa3aTB. □ 

Hto6bi nojiyniiTB HopMCiJibHoe ypaenenue nsiocKOcmu He b bck- 
Topax, a e npsiM,oyzoM>H'bLX Koopdunamax, nocTaTOMiio Bbipa3iiTB b 
KOopfliiHaTax npoii3BefleHiie nr. Tor^a mbi nojiyniiM 

ax + by + cz = p, 

H TaK KaK BCKTOp n eflHHHHHMH, TO 

a 2 + b 2 + c 2 = 1 . 


(10) 



Koop/pmaTbi efliiHiiHHoro BeKTopa — sto hc hto imoe KaK ero «HanpaBjiH- 
Knpne KOCimycBi». Ecjih flaHO ypaBHemie njiocKOCTH b o6in,eM Bn^e 

Ax + By + Cz + D = 0, (11) 

to fljia toto, hto6bi nojiymiTB 113 Hero HopMajiBHoe ypaBHeHiie, Hynt- 
ho o6ecneHHTB paBeHCTBO (10) h p ^ 0. A- 1151 OToro ,n,ejiHM Ha 

±V A 2 + B 2 + C 2 h 6epeM 3HaK, npoTiiBonojiojKHBni 3HaKy D (hto6bi npn 
nepeHOce CBoOoflHoro HjieHa b npaByio nacTB TaM 6 hijio p > 0). 

Ecjiii »ce He 3a6oTiiTBCH o 3HaKe, to mojkho ccjaopMyjiHpoBaTB TaKOii 
pe3yjiHTaT: paccTOHHiie tohkii M (x, y, z) po njiocKOCTH c ypaBHemieM 
(11) ecTB 

Ax + By + Cz + D 
q ~ y/A 2 + B 2 + C 2 ' 

3aMeHa Koop^miar b npocTpaHCTBe. I Iojiynemiyio (JiopMyjiy mo>k- 
ho npiiMeHHTB k cjiynaio, Kor^a paccMaTpiraaeTCH OflHa H3 KOop/pmaTHBix 
njiocKOCTeii HeKOTopoii npHMoyrojiBHoft cucTeMbi KOop/praaT, otjihhhoii ot 
iicxoflHOii. PaccTOHHiie pp 3TOH njiocKOCTH paBHO (no Mo^yjiio) cootbct- 
CTByiomeH KOopfliiHaTe b stoii cncTeMe. TamiM o6pa30M, mbi nojiynaeM 
Ba^KHoe cjie^CTBue — to, hto nepexo^ ot o^hoii npHMoyrojiBHOii ciiCTe- 
mbi KOop^iiHHT b npocTpaHCTBe k flpyroii ocymecTBjiaeTCH no jihhchhbim 
(JiopMyjiaM. CHjih njiocKOCTH aHajioriiHHBiii cjaaKT 6biji flOKa3aH b rjiaBe I.) 
BocnojiB30BaTBCH stum HaM npn^eTCH npn Kjiaccn(JjnKanHn noBepxHOCTeii 
BToporo nopaflKa b rji. V. 

YpaBHeHHe njiocKOCTH b OTpe3Kax Ha ochx. Tax iiasBiisaeTCJi 
ypaBHemie Bima 



Bo-nepBBix, sto — ypaBHeHiie njiocKOCTH, Tan KaK oho nepBoii CTenemi. Bo- 
BTopBix, a, b, c — 3to KOopfliiHaTBi Tex ToneK Ha ochx, r^e hx nepeceKaeT 
paxmasi njiocKOCTB. HanpiiMep, npn y = z = 0, t. e. Ha och x, nojiynaeM 
x = a, t. e. a — sto .zynma OTpe3Ka och x ot Hanajia flo tohkii nepecenemiH, 

B3HTHH C flOJBKHBIM 3HaK0M. 

06m,ee ypaBHeHiie npiiBO/piTCH k TaKOMy Bimy, ecjm Bee K03i)x}jHpHeH- 
tbi He paBHBi Hyjno: ^ejiiiM Ha cbo6o,hhbiii hjich ii mchhcm 3HaK. 

3a^aHH. 

1. P accMOTpHTe njiocKOCTH, b ypaBHeminx kotopbix paBHBi Hyjno no 
o^HOMy, no flBa KOScJxjDimiieHTa h cbo6o,h,hbih hjich TaKxte MonceT paB- 
HHTBCH HyjIIO. 



2. Ilpn KaKOM ycjiOBiiii njiocKOCTb MOJKeT 6bitb 3a^aHa ypaBHemieM 
BH^a 2 = k\x + k 2 y + H KaxoB reoMeTpiinecxnii cmbicji k\ , k 2 , 17 HeMy 
paBeH TaHreHC yrjia HaxjiOHa iijiockocth k njiocxocTii 2 = 0? 

3. IIjiocKOCTb, npoxo^amaa nepe3 Tpn tohkii Mo, Mi, M 2 , nepneH- 

^HKyjiapHa MqM x Mo M 2 . Tonxa M .nexciiT b stoii njiocxocTii Tor^a n 

> > >• 

tojibko Tor,n,a, xoiyja BexTopni M 0 M 1 , M 0 M 2 , MqAI KOMnjiaHapHBi. Bnipa- 
3iiTe 3 to ycjiOBiie nepe3 CMenianHoe npon3BefleHiie n nojiymiTe ypaBHerae 
njiocKOCTH b BeKTopHoft cjjopMe, a Tax>xe b xoopflimaTax (c onpe^ejiiiTe- 
jieM). 

3a/;aiinc njiocKOCTH / pi.y x b c kt o p 1 1 m ko m . 3a;uyi,nM HeKOTopyio 
njiocKOCTb a jiio 6 oh ee tohxoii A £ a 11 napoft jiejxanpix b a. Hexojijnme- 

apHbix BeKTopoB m 11 n (piic. 76). Bex- 
TopBi man Ha3BiB aiOTca nanpaejuiw- 
muMu eeKmopaMu njiocKOCTH a. Ohh 
o6pa3yK>T 6a3nc b njiocxocTii a. JI10- 
6olt BeKTop AX, rfle X — npori3BOjiBHaa 
Tonxa njiocKOCTH a, mojkho pa3Jio»cHTb 
no BeKTopaM m 11 n (Tax xax AA'||a): 



AX = tm + sn. 


(12) 


IIocKOJiBKy OX = OA + AX, to, no/p 
CTaBjina b 3 to paBeHCTBO BBipaacemie 
(12) n nojiaraa, xax h paHBine, OA = ro 
h OX = r, OKOHnaTejiBHO nojiynaeM 


r = r 0 + tm + sn. 


(13) 


3 to ypaBHemie 3 a^aeT njiocxocTb a b npocTpaHCTBe: nojiojxemie jno- 
6011 tohxii X £ a onpe^ejiaeTca 3 a/i,aHiieM ynopafloneHHOii napti flefl- 
CTBiiTejiBHBix niiceji ( t , s), npiraeM xaix,ii,OH Taxon nape cooTBeTCTByeT 
HexoTopaa Tonxa njiocxocTii a. Tonxa A OTBenaeT napa (0, 0). 

3 to — napaMempuHecKoe 3aflamie njiocxocTii. 


§ 4. IIpaMaa b npocTpaHCTBe 

IlapaMeTpHHecKHe h KaiionwiecKnc ypaBHeHHa upaMoii. Bca- 
xiiii BexTop, He paBHBin Hyjno, HanpaBjieHHbiii b^ojib npaMoil, Ha3BiBaeTca 
HanpaeAnwipuM eenmopoM. 

IIpaMaa l, oneBiiflHO, 3 aflaeTca J1106011 jieacameii Ha Hen tohxoh Mq 
11 HanpaBjiaiomiiM BexTopoM v. OTxjia^BiBaeM ot tohxh Mq BexTop 


v h npoBOfliiM npaMyio MqM\ 


Mo Mi = 

(puc. 77). 

ToHKa M jiejKHT Ha npHMOii l Tor^a h 
tojibko TOiyja, Korfla BeKTop MqM KOjunrae- 
apeH v, t. e. Kor^a cyipecTByeT TaKoe hiicjio 

t, HTO 

MqM = vt. (1) 

Ecjih OMq = ro, OM = r -pa^nyc- 
BeKTopti ToneK Mo h Mi, to MqM = r — ro, 
h noTOMy (1) 03HanaeT 

r = vt + ro- 

IIpn Ka>KflOM t 3to flaeT pa^nyc-BeKTop neKOTopoft totkh M Ha npHMOii 
l: c H3MeHemieM t «ot — oo ,h,o +oo» TOHKa «npo6eraeT» npsMyio. 

YpaBHeHiie ( 2 ) onpe^ejiaeT, TaKHM o6pa30M, npHMyio, 3aflaBaa Ka>K- 
,n,yio ee TOHKy 3HaHCHiieM nepeMeHHOft t. 9ia nepeMeHHaa b TaKoii ee po- 
jih Ha3biBaeTCH napaMempoM , h ypaBHemie ( 2 ) Ha3biBaeTCH (BeKTopubm) 
ypaBHemieM npaMOii b napaMempunecKOu (fiopMe. 

Ero mo5kho nepemicaTb b Biifle Tpex ypaBHeHutt ajih Ka:»c,zi,OH H3 Koop- 
^HHaT to'ikh Ha npHMOii: ecjni a, b, c — KOopflimaTbi BeKTopa v , to 

x = at + x o, y = bt + yo, z = ct + ZQ. (3) 

3to paBHOCHjibHO TOMy, hto pa3HOCTH x — xq, y — z/o 5 z ~ z o nponoppuo- 
HajiBHBi KOopfliiHaTaM a, b, c: 

x - x 0 _ y~y 0 _ z - z 0 
a b c 

3th paBeHCTBa noHHMaiOTCH Tax: TaM, r^e 3HaMeHaTejib — Hyjib, hhcjih- 
Tejib Toxe paBeH Hyjno. PaBeHCTBa (4) c sthm ycjiOBiieM paBHOCHjibHbi 
paBeHCTBaM (3). A paBeHCTBa (3) 3a^,aiOT npaMyio. CTajio 6biTb, h paBeH- 
CTBa (4) onpeflejiaiOT npHMyio. ^pyniMH cjiOBaMn: paBeHCTBa (4) npe,n,- 
CTaBjiHHDT ypaBHem-ra npHMOii, npoxo^HH^eii nepe3 TOHKy ( Xq , yo zo ) B/i,ojib 
BeKTopa (a, 6, c). (3 th ypaBHemia Ha3biBaiOT KanoHunecKUMU.) 

IIpaMaH, npoxoflamaa "icpea ;;bc tohkh. Ecjhi M\ — eme o;i,na 
TOHKa npHMOii, to BeKTop MqM\ H^eT b^ojib npHMOii, h noaTOMy b ypaB- 
HeHHH ( 2 ) MOJKHO B3HTb 



(2) 


V = M 0 Mx = n- r 0 , 


( 5 ) 


jyje r\ — pafliiyc-BeKTop tohkii M\. 

IIo,ii,CTaBjiaa 3to b (2), nojiyaiiM 

r = (ri - r 0 )t + r 0 = (l-t)r 0 +tri. (6) 

— napaMeTpuaecKoe ypaBHemie apaMoa, npoxo^amefl nepe3 flBe flaraLie 
tohkh c pa^nyc-BeKTopaMH r\, r o- 

Koop^imaTbi BCKTopa M 0 A /-1 — sto pa3HOCTii KOop^aHaT Tonea M\, 
Mq. IIosTOMy H3 (5) 


a = x i-xo, b = yi - y 0 , c = zi~z 0 . 
IIoflCTaBaaa stb 3HaaeHiia b (4), nojiynaeM 


x - x 0 _ y-y o _ z- zp 

xi - x 0 y i - yo zi ~ z 0 ' 


( 7 ) 


3 to, CTajio 6 bitb, ypaBHeHiia npaMolt, npoxo^ameit nepe3 tohkii 
M 0 (x 0 , yo, z 0 ), Mi(xi, yi, z{). 

Upaiviaa KaK ncpccciciiMC /i,Lsyx njiocKOCTefi. IIpaMaa npe/yTan- 
jiaeT co6oio nepeceaeHiie flByx njiocKOCTea, nosTOMy OHa 3a,n,aeTca cncTe- 

mob flByx ypaBHeHiiii, 3aflaiomiix 3 th 
njiocKOCTi-i (pac. 78). IIjiocKOCTa ae- 
pecexaiOTca ao apaMoa, ecaa ax Hop- 
Majia HeKOjijiaHeapabi. B BeKTopHoa 
(JsopMe ax ypaBHeHaa 6ynyT 


n(r — r 0 ) = 0, n\{r — r i) = 0. 

HanpaBjiaiomaa BeKTOp apaMoa, 
no KOTopoa oaa nepeceaaiOTca, op- 
ToroHajieH ax HopMajiaM. B aanecTBe 
aero mojkho B3aTB BeKTopHoe npoa3Befleaae nxni (oao OTjianHO ot Hyjia, 
aocKOjiBKy n, n\ HeKOjijnmeapHbi) . IIosTOMy ecjia ro — pa^ayc-BeKTop 
KaKoa-Ha6ya,b o6rn,ea totkh njiocKOCTefi a, a\, to npaMyro ax nepecene- 
aaa mojkho 3aflaTb napaMeTpanecaaM ypaBHeHaeM 



r = (n x ni)t + rg. 


Sa^a'iii. 

1. OTCio^a nojiyanTe ypaBHemie b xoopflimaTax Biifla (4), r,ii,e b 3Ha- 
MeHaTejiax 6ya,yT xoop/pmaTbi BeKTopHoro npoii3Be,zi,eHHH. 

2. Haft™ ycjiOBiiH napajuiejibHOCTii h nepneHfliixyjiHpHOCTH njiocxo- 
CTeii h npHMbix, xoiyja ohii 3a/i,aHbi b BexTopHoft tfiopMe hjih b Koopflima- 
Tax ypaBHeHiiHMii Bima 

ax + by + cz + d = 0, 
x - x 0 _ y~y 0 _ z- z 0 
k l m 

Bcero 6 cjiynaeB: no pp& (napajijiejiBHOCTb n nepneH/pixyjiHpHOCTb) 
,Hjih flByx njiocxocTeft, fljiH flByx npHMbix, fljiH npHMOft n njiocxocTii. 


§5.0 3a/i,aHHH noeepxHOCTefi h jihhhh ypaBHeHHHMH 

06uj,He ja^a'in auajinrii'iccKon reoMeTpm b npocTpaHCTBe. 

Ohii Te »ce, hto Ha njiocKOCTii: npeflCTaBjiHTb cjmrypbi ypaBHeHHHMH h 
CHCT eMaMii ypaBHeHHii b xoop/pmaTax h h 3 nccjie,n,OBaHiiH ypaBHemift Bbi- 
bo^iitb 3aKjHOHeHiiH o reoMeTpriHecxnx CBoiicTBax tfniryp; bbihchhtb, xa- 
Kiie (J)Hrypbi npeflCTaBjiHiOT ypaBHeHHH Toro hjih iiHoro Biifla. (ITomhmo 
ypaBHeHHH , cjuirypbi MoryT 3a^aBaTbCH Taxixe HepaBeHCTBaMii.) Hccjie- 
^yeMbie cjmrypbi — npeixfle Bcero Te, KOTopbie 3a^aiOTCH npocTeiimiiMii 
ypaBHeHHHMH; npn stom npiiHHTO roBopiiTb He BOo6m;e o tfnirypax, a o 
noeepxHocmxix (a b cjiynae ciictcm flByx ypaBHeHHii — o Jiunufix hjih Kpu - 
eux ). no Hiicjiy xoop/pmaT paccMaTpiiBaiOTCH ypaBHemiH c TpeMH nepe- 
MeHHbiMH x, y, z (t. e. x, y, z — npoii3BOjibHbie BemecTBeHHbie Hiicjia). npn 
3tom ypaenenueM c TpeMH nepeMeHHbiMii Ha3biBaiOT cooTHOHiemie Biifla 
F(x, y, z ) = 0, iyje F(x, y, z) — Kaxan-HirSynb cjiyHxpiiH nepeMeHHbix x, 

V, z- 

nycTb b npocTpaHCTBe flaHa xaxaH-Hii6y,n,b noBepxHOCTb h BMecTe c 
TeM Bbi6paHa HexoTopaH cucTeMa xoopflimaT. Kax h b cjiynae npoii3BOJib- 
hoh <J)Hrypbi, ypaenenueM dannou noeepxnocmu (b Bbi6paHHOi"i cucTeMe 
xoopflimaT) Ha3BiBaeTCH Taxoe ypaBHemie c TpeMH nepeMeHHbiMii, xoto- 
poMy yflOBjieTBopHiOT xoop^imaTbi xajxfloii tohxii, jie»caiH,eft Ha flaHHoii 
noBepxHOCTii, h He ya,OBjieTBopHiOT xoopflimaTbi Hiixaxoii tohxii, He jie- 
jxameii Ha Heft. 

Ecjiii ypaBHeHiie flaHO h mbi OTBenaeM Ha Bonpoc, «hto Taxoe onpe^e- 
jineMafl hm noBepxHOCTb», to ya,o6HO nojib30BaTbCH cjieflyiomeft cjiopMy- 
jiiipoBxoii: 

«noBepxHOCTb, onpeflejiHeMan ,n,aHHbiM ypaBHemieM (b HexoTopoii ch- 



CTeMe KOop/i,iiHaT) , ecTb reoMeTpunecKoe MecTO Tonex, xoopflimaTbi koto- 
ptix yflOBjieTBopaiOT STOiviy ypaBHeHiiio» 15 . 

CoBpeMeHHOfi TepMHHOJiorHH 6ojiee cooTBeTCTByeT Bbipajxemie He 
«reoMeTpiiHecKoe MecTO», a MHocncecmeo Tonex, hto, BnponeM, oflHO ii 
to ace. (YnoTpe6jiHeTCH h cjiobo «4>iirypa».) ITpii stom iiMeeTCH b Bii^y 
MHOJKecTBO Bcex Tonex, xoopflimaTbi KOToptix ynoBjieTBopaiOT ypaBHe- 
HHK). 

IlpiiMepbi k 3 THM o 6 ihhm onpe^ejieHHHM flaiOTCH ypaBHeHiiHMii c<|>epbi 

H njIOCKOCTII. 

B npocTpaHCTBeHHOH aHajiHTHHecxoii reoMeTpi-n-i jihhhh, hjih, hto to 
ixe, KpiiBaa, paccMaTpiraaeTCH xax nepeceneHiie flByx noBepxHOCTeii h co- 
OTBeTCTBeHHO onpeflejiaeTCH cucTeMOii flByx ypaBHeHHH. 

Ecjiii F(x , y, z) = 0 11 $( 2 ;, y , z) = 0 cyTb ypaBHeHHH flByx noBepx- 
HOCTeft, nepecexaiomuxcH no jihhhh L, to jihhhh L ecTb reoMeTpimecKoe 
MecTO o6miix Tonex stiix noBepxHOCTeii, t. e. Tonex, xoopfliraaTbi KOTopbix 
yn,OBjieTBopHK)T oflHOBpeMeHHO h ypaBHemiio F(x, y , z) = 0, h ypaBHe- 
hiiio $( x , y, z) = 0. FoBopHT: flBa 3 th ypaBHemiH coeMecrrmo onpedeAtuom 
.tlUHUM L. 

IIpiiMep npe^CTaBjiaeT 3a;i;aHne npHMOii ,n,ByMH jirmeimbiMii ypaBHe- 
hhhmh — cooTBeTCTBeHHO TOMy, hto npHMaH HBjiaeTCH nepeceneHiieM ,n,Byx 
njiocKOCTeii. 

Ecjiii ,n,aHbi ypaBHemiH Tpex noBepxHOCTeii, to oGnpie tohkii sthx 
noBepxHOCTeii — Te, xoopflimaTbi KOTopbix yflOBjieTBopHiOT oflHOBpeMeH- 
ho BceM TpeM ypaBHemiHM (h to »ce ,h,jih jno6oro nucjia noBepxHO- 
CTeii) . 

Ajirc6paii'iccKnc ypaBHeHHH h a j i r c 6 p a m h e c k h c noBepxHOCTH. 

Ochobhhm npe^MeTOM H3yneHHH b npocTpaHCTBeHHOH aHajiHTHHecxoii 
reoMeTpmi cjiyjxaT noBepxHOCTH, onpeflejiaeMbie b npHMoyrojibHbix xo- 
op/pmaTax ajire6paiiHecKiiMii ypaBHeHHHMH. IIpii stom a.nze6pauuecKUM 
Ha3biBaeTCH ypaBHemie F(x, y, z) = 0, b kotopom jieBaa nacTb npepcTaB- 
jineT C06010 MHoroHjieH OTHOCiiTejibHO x, y, z c HiicjieHHbiMii xostfxjm- 
HiieHTaMH, KOTopbie, xax o 6 bihho b ajire6pe, o6o3HanaiOT b oSipeM BH^e 
6yKBaMii. CTeneHb MHoronjieHa F — Haii6ojibHiaH 113 CTeneHefi cocTaBjiHio- 
ih,hx ero oflHOHjieHOB - na3biBaeTCH cmenemw ypaenenuH. IIoBepxHOCTb, 
KOTopaa b HeKOTopoii ciiCTeMe npaMoyrojibHbix xooppiiHaT onpepejiHeT- 
ch ajireSpaiiHecKiiM ypaBHemieM CTeneHii n, Ha3biBaeTCH a.aze6pauv,ecKou 
noeepxHocm'bm nopndKa n (hjiii npocTO noBepxHOCTbio nopHpxa n). Tax, 


1 "'^a.nHi.ie 3ji;ecb onpej],ejieHH5i b3htbi h3 kiihi h: E(£>um,og H. B. KpaTKnii Kypc aHa- 
jiHTHHecKoft reoMeTpiiH. M.: rocrexH3;piT. 1954. C. 110—111. 



njiocKOCTb ecTb noBepxHOCTb nopapxa opiiH (nepBoro nopapxa) , a ccjiepa — 
noBepxHOCTb nopapxa ppa (BToporo nopapxa). 

HeTpynpo ,poxa3aTb, hto ecjni noBepxHOCTb npepcTaBjiaeTca b opHoii 
cncTeMe npaMoyrojibHbix xooppiraaT ypaBHeHiieM CTeneHii n, to OHa npep- 
CTaBjiaeTca ypaBHeHiieM toii »ce CTeneHii h b jho6oh ppyrofi cncTeMe npa- 
MoyrojiBHbix KOop/pmaT. CjiepoBaTejiBHO, nopapox noBepxHOCTii He 3aBii- 
cht ot ciiCTeMBi xooppimaT, a xapaKTepi-i3yeT caMy noBepxHOCTb. 

Boo6rn;e cbohctbo, BbipajxeHHoe b npaMoyrojibHbix xooppimaTax, hb- 
jiaeTca reoMeTpiiHecxiiM — npiiHapjiejxiiT caMOii tjrarype — ecjin oho opH- 
HaKOBO HMeeT mccto b jho6oi"i cncTeMe npaMoyrojibHbix xoop/pmaT. (IlHaae 
oho OTHOCHTca k cjairype b CBa3ii c paHHOii CHCTeMoit xooppriHaT.) 

CjiepyeT 3aMeTiiTb, hto o6m,aa Teopua ajire6pai-iHecKiix noBepxHOCTeii 
BbixopHT 3a npepejiBi aHajinTii T iecKOii reoMeTpim h bxopht b npepMeT oco- 
6oii o6jiacTii MaTeMaTiiKii — Tax Ha3biBaeMOii a,Aze6pauv,ecKou zeoMempuu. 

KpHTHxa. Bee cxa3aHHoe noBTopaeT npiiMeHiiTejibHO x reoMeTpim b 
npocTpaHCTBe to, o hcm roBopiuiocb b OTHOHieHiiii reoMeTpim Ha njioc- 
xocth. H cooTBeTCTBeHHO TOMy, hto TaM 6 bijio cxa3aHO, cxa3aHHoe 3pecb 
Hapo HOHHMaTb C I13BeCTHOH pOJieft XpiITIIXH II C yCJIOBHOCTBIO. 3 to otho- 
chtch b nepByio onepepb x ochobhmm hohhtiihm ypaBHeHiia h noBepxHO- 

CTH. 

1. B ypaBHeHHii F(x, y , z) = 0 jieBaa nacTb ecTB (JiyHxpiiH Tpex ne- 
peMeHHbix x, y, z h, xax «Bbipa}xeHiie», MOixeT He copepacaTb nacTH sthx 
nepeMeHHbix, nopo6HO, HanpiiMep, ypaBHemno x = 0. (BnponeM, eejm Ha- 
nucaTB b Biipe x + y + z — y~z = 0, to CToaipee cjieBa Bbipaacemie 6ypeT 
copepacaTB pz, — CMOTpa xax noHHMaTb cjiobo «cop,epjxiiT».) 

IIoaTOMy 3anncb ypaBHeHiia caMa no ce6e ero He onpepejiaeT: pojijxho 
6biti> yxa3aH0, x xaxiiM nepeMeHHBiM oho othociitch (xax pjia cjjyHxpiiii 
TpeSyeTca yxa3aTi> o6jiacTb sapaHiia) : Tax, HanpiiMep, ypaBHemie mojxho 
paccMaTpiiBaTB pji a flByx nepeMeHHbix (Ha njiocxocTii) , hjih pjia Tpex (b 
npocTpaHCTBe) , hjih pjia opHOii nepeMeHHOii. 

ITocTOHHHaa — TOixe cjsyHxipiH: cjjyHxpiia, paBHaa o/piOMy h TOMy >xe 
micjiy bo Been oSjiacTii 3apaHiia, b npocTpaHCTBe — pjia Bcex x, y, z. Ilo- 
3T0My (JiopMajibHO paBeHCTBa 1 = 0, 0 = 0 Toixe aBjiaiOTca ypaBHeHiiaMii. 
IlepBoe Hiixorpa He BbinojiHaeTca h, CTajio 6biTb, 3apaeT nycToe MHOixe- 
ctbo, BTopoe BbinojiHaeTca npii jho6bix x, y, z h, cjiepoBaTejibHO, onpepe- 
jiaeT Bee npocTpaHCTBO. 

Mojxho iicxjiiOHiiTb 3TH « ypaBHeHiia HyjieBOii CTeneHH», bxjiiohhb b 
onpepejiemie ypaBHeHiia, hto ero jieBaa nacTb F(x , y, z) ecTb cjDyHxpiia, 
OTjiiiHHaa ot nocToaHHOii. 

Korpa ypaBHeHiie paccMaTpiiBaeTca xax 3apaioiii;ee xpiiByio (hjih no- 



BepxHOCTb), HeoSxoflHMO yKa3biBaTb He tojihko oSjiacTB onpepeaemia, ho 
i-i to, k KaKHM KOop/pmaTaM oho othociitch. HanpiiMep, a cnpomy: HTO 
3a,paeT ypaBHemie y = 1? Bbi, BepoaTHO, OTBeTiiTe: «npaMyio» (hjiii «njioc- 
koctb » ) , a h CKaacy: «OKpyaaiocTb b nojiapHBix KOop/pmaTax, a o6o3HaHiui 
pappyc nrpeKOM». 

2. BcsKyro cjairypy, 3ap,aBaeMyio cncTeMoii ppyx ypaBHeHHH, mojkho 
3apaTB ophhm ypaBHemieM. ,ZI,eHCTBHTejibHO, ecjin tfnirypa 3apaeTca ch- 
CTeMoit 

{F(x, y, z) = 0, G(x, y, z) = 0}, 
to OHa xce, oneBH^HO, 3a^aeTca o^hhm ypaBHeHneM 

F 2 (x, y, z) + G 2 (x , y, z) = 0. 

CaMbiii npocToft npiiMep. Ocb z 3a,paeTca KaK nepeceneHiie ppyx ko- 
oppiiHaTHBix njiocKOCTefl x = 0, y — 0, h OHa ace 3apaeTca ypaBHeHiieM 
x 2 + y 2 = 0. B 3tom CMBicjie OHa aBjiaeTca, corjiacHO paHHOMy Bbime 
o6ipeMy onpepeaemiio, ajire6pariHecKOii noBepxHOCTBio BToporo nopa/pca. 

Boo6ipe nepecenefflie jno6oro Hiicjia cjairyp, 3apaHHBix ypaBHeHiiaMii 
F[ = 0, . . . , F n = 0, mojkho 3apaTB opmiM ypaBHeHiieM 

F 2 + . . . + F 2 = 0. 

ToHKa (0, 0, 0) npepcTaBjiaeTca nepeceneHiieM Tpex njiocKOCTen x = 0, 
y = 0, 2 = 0 h BMecTe c TeM — opmiM ypaBHeHiieM 

2 i 2 i 2 

x + y + z = 0 , 


Tax hto OHa Toace noBepxHOCTb BToporo nopappca. 

Boo6ipe TepMiiH «noBepxHOCTb» (xaK h «KpiiBaa») iiMeeT b aHajiiiTii- 
HecKoft reoMeTpHH cmbicji, otjiiihhbiii ot toto, KaK ero nomiMaiOT b ppyrnx 
nacTax reoMeTpim b corjiacim c HarjiapHBiM npepcTaBjiemieM. 

3. OGBepimeHiie tfniryp, npepcTaBjiaeMbix y p a b H e h h a m m F\ = 
0, . . . , F n — 0, npepcTaBjiaeTca opmiM ypaBHeHiieM hx npoii3Bep,eHiieM 
Fx ■ . . . • F n = 0. 

YpaBHeHiie MoaceT npepcTaBjiaTb nycToe mho acecTBO , KaK b npocTeit- 
meM cjiynae x 2 + 1 = 0. Ecjiii ypaBHemie G = 0 npepcTaBjiaeT nycToe 

MHOJKeCTBO, TO 

FG = 0 


npepcTaBjiaeT to ace, hto F = 0 . 



4. Ecjih nojib30BaTbCH MO^yjieM (xax |x| n t. n.), to HepaBeHCTBa mojxho 
3anncbiBaTb b bii^c ypaBHemia. Bcaxoe HecTporoe HepaBeHCTBO mojxho 
npiiBecTii k BH^y F(x , y , z) ^ 0, a sto paBHOCiuiBHO ypaBHCHiiio: 

F- |F| =0. 

(A KaKHM ypaBHeHiieM (c MOflyjieM) mojkho 3a,n,aTb CTporoe HepaBeHCTBO?) 

U,iijimi/ipbi, npoeKipra. B aHajiHi H'iecKOH reoMeTpini yuAundpoM 
Ha3BiBaiOT cjDiirypy, o6pa30BaHHyio i lapajrjiej i b h bim h npaMbiMii, t. e. aBjia- 
mmyrocH o6T>efliiHeHiieM stiix npaMbix; cooTBeTCTBeHtio 3tii npaMbie hb3m- 
BaiOTca o6pa3yKnu I UMu yuAundpa . Oiirypa, nepe3 xaix^yio Toaxy KOTopoli 
npoxo,a,HT o6pa3yioin,aa ^aHHoro h,hjihh- 
,npa Tax, aTO Kaac^aa o6pa3yK>m;aa h,ii- 
jiHHflpa ee nepecexaeT n npHTOM b 0,2 ,- 
hoh Toaxe, Ha3biBaeTca HanpaeAAwvyeu 
yuAundpa. 06bihho sto HexoTopaa xpa- 
Baa, h piiaiiH^p Harjia,n,HO npe^CTaBjiaeT 
co6oio 6ecxoHeaHyio noBepxHOCTb. IlpH- 
Mep — xpyroBOii piijiiiHflp, HanpaBjiaio- 
meit xoToporo cayjxiiT oxpyjxHOCTb, 
a o6pa3yK>inne nepneHflnxyjiapHbi ee 
njiocxocTii (puc. 79). IIjiocxoctb — Toace niijniH^p. HanpaBjiaiomeii ero 
cjiyjxiiT npaMaa. Oco6aa pojib ipuiiiimpoB b aHajniTiiaecxoii reoMeTpim 
coctoht b tom, hto sto noBepxHOCTii, xoTopxie 3a^aiOTca ypaBHemiaMn, 
He coflepjxamiiMii oflHoii h3 xoopflimaT. 3to mojxho Bbipa3iiTb yTBep?x/i,e- 
HiieM: 

TeopeMa. ypaenenue F(x, y) = 0 e npsiMoyzojibHux Koopdunamax 
x, y, z 3adaem yuAundp c o6pa3ymiyuMu, napaji.ae.abHUMu ocu z. 

/)oxa3aTejiijCTBO. ^eiiCTBiiTejiBHO, npii TaxoM ypaBHeHim, xoiyja 
^aHbi xq, yo, y;[OBjieTBopa Kapiie eMy, 3HaaeHHe xoop,a,HHaTbi z ocTaeTca hh- 
aeM He CBa3aHHbiM: OHa mojxct npimiiMaTb jno6oe 3Haaemie. 3to ii 3HaaiiT, 
hto npaMaa x = xo, y = yo, napajijiejibHaa ocu z. co^epjxiiTca b cjsnrype c 
,a,aHHBiM ypaBHeHiieM, n Tax xax sto BepHO fljia jho 6 bix (xo, yo))i yflOBjie- 
TBopaiomux ypaBHeHino, to bch cjsiirypa noxpbiTa texiimh npaMbiMii. To 
ecTb OHa npe^CTaBjiaeT co6oii piijiiiHflp c o6pa3yK>miiMH, napajuiejitHBiMii 
ocu z. □ 

C flpyroft CTopoHbi, ecjni iiMeeTca raurHH^p, to Bbi6epeM npaMoyrojib- 
Hbie xoopfliiHaTbi Tax, HToGbi ocb z 6bijia napajuiejiBHa ero o6pa3yioiii,HM. 
06pa3yioin,He nepecexaiOT Tor^,a njiocxocTb xy , h tohxii nepeceaemia 06- 
pa3yiOT cjsurypy — HanpaBjiaiomyio pii.jiiiHflpa. ripe^CTaBjiaa ee ypaBHe- 
HiieM F(x, y) = 0, nojiyaiiM TeM caMbiM ypaBHeHiie pii.jiiiHflpa. 



Ecjiii noBepxHOCTb, 3aflaHHyio ypaBHeHiieM Fix, y, z ) = 0, mm nepe- 
ceneM njiocKOCTbio z = c = const, to nojiyaiiM KpiiByio L, 3a,n,aBaeMyio 
cncTeMoft flByx ypaBHemni: {F(x, y , c) = 0, z — c = 0}. B nepBOM ypaB- 
HeHHH tojibko flBe nepeMCHHBix, n oho 3a,n,aeT noaTOMy b npocTpaHCTBe 
piijiiiHflp c o6pa3yK>mHMH, napajijiejibHMMii ocii z, a Ha njiocKOCTii xy — 
KpiiByio c TeM ace ypaBHeHiieM F(x, y, c) = 0. 0Ta Kpimaa aBjiaeTca 
npoeKH,Heit KpiiBOii L. 

TaKHMH coo6paaceHiiaMii hoctohhho nojiH3yiOTCH, HanpiiMep, irayaaa 
(JiopMy noBepxHOCTii no ee ceaemiaM, Kor^a b ceaeHiiax nojiyaaiOTCH yace 
II3BeCTHMe KpiiBBie. 

U,HjiHH;yihi npe^CTaBjiHiOT co 6 oft aacTHbift cjiyaaii noBepxHOCTen, 06 - 
pa3yeMtix (iiHor^a roBopaT nopoac^aeMbix) npsMMMH; stii npuMBie Ha3bi- 
BaiOT npHMOJiHHeHHMMii o6pa3yioinHMii ii jin, Kopone, o6pa3yioin,HMH no- 
BepxHOCTii, a caMi-i noBepxHOCTii Ha3MBaiOT jnmeiraaTbiMH. IIpHMepoM mo- 
aceT cjiyjKiiTB KOHyc, Kax ero noHiiMaiOT b anajiiiTii'iecKoii reoMeTpun, — 
noBepxHOCTB, o6pa3yeMaa npaMMMH, npoxo^pnniiMii aepe3 o,n,Hy TOHKy. 


F jiaBa V 

IIOBEPXHOCTH BTOPOrO nOPH^KA 

§ 1. Pa3Htie tiiiibi noBepxHOCTefi BToporo nopa^Ka 

Onpe^ejieHHe. IIoflo6HO kphboh BToporo nopa^Ka, noeepxHocrm>w 
emopoeo nopsidKa — coKpaipeHHO IIBIT — Ha3biBaeTca MHoacecTBO ToaeK, 
npHMoyrojiBHBie KOopflimaTbi KOTopnix yflOBjieTBopaiOT ypaBHemiio bto- 
poii CTeneHii: 

anx 2 + a 22 y 2 + CL33Z 2 + 2ai2 xy + 2a 23 yz+ 

+ 2a\3XZ + 2 a\X + 2 a 2 y + 2a,3Z + ao = 0 . ( 1 ) 

IIpeflnojiaraeTCH, hto xoth 6bi o/pra 113 ko3c]x}j h pile hto b npn njieHax 
BTopoii CTeneHii He paBeH Hyjno (imaae ypaBHemie 6 bijio 6bi nepBoit CTe- 
neHii) . 

3to cbohctbo coxpaHaeTca npii npeo6pa30BaHiiii k jho6mm flpyniM 
npaMoyrojibHMM KOop/pmaTaM. 3 to flOKa3biBaeTca 6yKBajibHO Tax ace, 
Kax b cjiynae KBII (t. e. b cjiyaae ypaBHeHiia c flByMa nepeMeHHMMii) . 

IIpii npeo6pa30BaHiiii KOopflimaT KOopflimaTbi x, y, z BbipaacaiOTca ae- 
pe3 «HOBbie» KOopfliiHaTbi x' , y' , z' jiimeimo. IIosTOMy CTeneHb ypaBHeHiia 
He MoaceT noBbimaTbca. Ho 11 noHiraiiTbca OHa He MoaceT, Tax Kax imaae 



npii ofipaTHOM npeo6pa30BaHiin He nojiynajiocb 6bi ypaBHemie BTopoii CTe- 
neHH, 

3a^,aHa, kslk h b cjiynae KBII, coctoiit b tom, hto6bi bbihchiitb, KaKiie 
ecTb Tiinbi IIBn, KaKoro reoMeTpunecKoro Bii^a. Ho npeac^e neM nepe- 
hhcjihtb iix, ycTaHOBiiM oflHO hx o6m,ee cboiictbo. 

JleMMa. IlepeceHeHue nBn c nAocKocrntw npedcmaejisiem co6ou 
KBn , KpoMe mozo oco6ozo c./i/yv,a.H, Kozda oho 0Ka3ueaemcji eceu tiaoc- 
Kocmtiw. (Ho^i,o6ho TOMy, Kax KBn mojkbt npe^CTaBjiaTb co6oh npaMyio 
iijih flBe npHMbie, nBn MoaceT 6biTb njiocKOCTbio hjih napoft njiocKOCTeii, 
3a,n,aBaeMbix, HanpiiMep, ypaBHemieM z 2 = a 2 (Tax hto z = ±a h 2 = 0, 
ecjin a = 0).) 

/],OKa3aTejibCTBO. nycTb flaHbi nanaa-TO nBn h HeKOTopaa njioc- 
KOCTb a. Mohcho npeo6pa30BaTb KOopfliraaTbi Tax, hto6bi OHa CTajia njioc- 
KOCTbK) 2 = 0. YpaBHeHiie flaHHOii nBn 6yn,eT iiMeTb tot ace bh^, (1). 
YpaBHeHiie cenemia stoii nBn njiocKOCTbio a nojiyaaeTca H3 Hero, ecjin 
b HeM nojiojKHTb 2 = 0, Tax hto nojiyaiiTca ypaBHeHiie 6e3 2. flyin stoto 
ypaBHeHiia cctb pa3Hbie bo3mohchocth. 

a) Oho coflepaaiT HjieHbi BTopoii CTeneHii h, CTajio 6biTb, npe^CTaBjiaeT 

KBn. 

0^,HaKO HjieHbi BTopoii CTeneHii MoryT HCHe3HyTb (ecjin Bee ohh coflep- 
acajin z). Tor^a MoaceT 6biTb eipe Tpii cjiynaa: 

6) nojiyaaeTca jiiiHeiiHoe ypaBHeHiie: oho npe^CTaBjiaeT npaMyio, a 
npaMaa Toace ecTb KBn . 

b) JIiiHefiHbix HjieHOB Toace He Sy^eT (ecjin ohii co^epacajin tojibko 2 ), 
h ocTaHCTca tojibko cboSo^hbih hjich: ypaBHeHiie 6yn,eT ao = 0; 11 ecjin 
cio ^ 0, oho npeflCTaBjiaeT nycToe MHoacecTBO, KOTopoe Toace ecTb KBn. 

r) HaKOHen,, MoaceT cjiyniiTbca, hto Bee HjieHbi HCHe3HyT h ypaBHemie 
CBe^eTca k 0 = 0. Oho Bcer,a,a BbinojiHaeTca, eMy ya,OBjieTBopaiOT jnoSbie 
x, y, Tax hto oho npeflCTaBjiaeT bcio njiocKOCTb. □ 

Otot pa36op pa3Hbix cjiynaeB noyniiTejiCH, oh noKa3biBaeT, KaK 3 a fle- 
TajiaMH MoryT o6HapyaaiBaTbca B03MoatHbie cymecTBeHHbie ocoOemiocTH 
paccMaTpnBaeMoro Bonpoca. 

OKa3biBaeTca, ecrm> 15 pa3HUX munoe nBn. 

nepeniicjiHM hx, yxa3aB ypaBHeHiia, kotopbimii ohii 3a,a,aiOTca b no^i,- 
xo^amiix KOop/pmaTax. Otii ypaBHeHiia Ha3biBaiOTca KanoHUHecKUMU. 

1. 3a, Auncoud (puc. 80) 



(2) 



B nacTHOCTii, npri a = b = c nojiynaeM cc|>epy 


2 , 2,2 2 

x +y + z = a . 

H 3 ypaBHeHiia: (2) oneBimHO, hto 

M < a, \y\ < 6, \z\ < c. (3) 

3to 3HaHiiT, hto sjijiiincoHfl co^epjKHTCH b npaMoyrojiBHOM napajijiejienn- 
ne^e, 3a^aBaeMOM HepaBeHCTBaMii (3) (piic. 81). 




CeneHiie ajurancon^a naocKOCTbio z = 0 npe^CTaBjiaeT sjijihiic 


r 

b 2 


= 1. 


To nee BepHO ^jih cenemm iuiockocthmii x = 0, y = 0. riepecene- 
Hi-ieM sjijiimcoHfla c iuiockoctbio, ecjrn oh BOo6m,e HMeeT c Heio 06- 
npie to'ikh, 6 yn,eT jiii 6 o sjijihiic, jih 6 o oflHa Tonica. B caMOM ^ejie, 

sjijiuncoHfl orpaHiinen. IIoaTOMy no ^o- 
Ka3anHoii jieMMe sto nepecenemie mo- 
jkbt 6 bitb tojibko orpaHHneHHOii KB II, 
t. e. jih 6 o ajijiimcoM, jih 6 o o^hoh toh- 
koh. B nocjieflHeM cjiynae njiocKOCTB — 
KacaTejibHaa k ajuiimcoimy (piic. 82). 

^ajiee H,nyT ^Ba Tuna IIBII, Ha3Bi- 
BaeMBix zunep6ojioudaMu. 

2. OdHonojiocmHMU ?,unep6o.ao- 
ud (piic. 83) 

x 2 y 2 z 2 



Phc. 82 


(4) 


3. fl^eynojiocmwbiu zunep6ojioud (pnc. 84) 


b 2 




( 5 ) 


(nncjia a,b, c b ypaBHemiax (2), (4), (5) Ha3biBaiOT nojiyocsiMu sjunmconpa 
h ninep6ojion r i],OB). 




ITjiockoctb z = 0 nepecexaeT nepBbin rHnep6ojion,n, no sjuimicy x 2 / a 2 - 
y 2 /b 2 = l. 


3to cenemie Ha3biBaeTcn zopjioeuM ; ot Hero rimep6ojioi'm pacinripn- 
eTca b o6e ctopohbi. 

y flBynojiocTHoro rimep6ojioima imane: HincaKan njiocKOCTB z = Zo 
npii |^o | < c ero BOBce He nepeceicaeT. ^elicTBHTejiBHO, npn z = Zo ypaB- 
HeHHe (5) paeT 


b 2 


= 4-l<0. 


A 3to ypaBHeHiie onpepejineT nycToe mhojkbctbo. 

CjieflOBaTejiBHO, pBynojiocTHbin rimep 6 ojiOHfl coctoht 113 flByx «nojio- 
CTeii», pa 3 ^ejieHHbix pejibiM cjioeM Mencpy pByMH napajuiejibHbiMii njioc- 
kocthmh z = ±c. 

IIjiocKOCTb y = 0 nepeceicaeT rnnep6ojiopzp>i no nmep6ojiaM 
(pnc. 85, a, 6) 


x 


2 


a 


2 




= - 1 . 


AHajioniHHO, njiocKOCTb x = 0 nepeceicaeT nmep6ojionpbi no rnnep6o- 
jiaM. BnponeM, Bcnican njiocKOCTb, npoxopnipan nepe3 ocb z, nepeceicaeT 
rnnep6ojionpbi no rnnep6ojiaM. ^efiCTBiiTejibHO, no poica3aHHOH jieMMe 


cenemiH npepcTaBjimoT co6oio KBII. B flaHHOM cjiynae HenocpepcTBeHHO 
BIipHO, HTO 3TII KpiIBBie COCTOHT H3 pByX 6eCXOHeHHBIX BeTBefi (He npn- 

mbix). A H3 Bcex KBII Tax ycTpoenti tojibko rimep6ojibi. 

4. Kouyc (puc. 86) 


+ 


b 2 






Phc. 85 


Phc. 86 


3ia noBepxHOCTB coctoht h 3 npnMBix, nepecexaiomuxcH b option toh- 
xe — eepmune KOHyca (npn Bbi6paHHbix xooppimaTax, xorpa ypaBHemie 
riMeeT HanncaHHBin Blip, Bepimma — b Hanajie xooppimaT). 

^eiicTBHTejibHO, ecjni xq, yo, zq ypoBjieTBopHiOT pamiOMy ypaBHemno, 
to eMy yn,OBjieTBopjiiOT Taxjxe x = xo t, y = yot , z = zpt npn jho6om t. 3th 
paBeHCTBa c napaMeTpoM t npepcTaBjiniOT npnMyio (ecjni He Bee xo, yo, Zq 
paBHBi Hyjno), npoxopHipyio nepe3 Hanajio ri Tonxy (xq, yo, zo). 3HamiT, 
BMecTe c jho6oii CBoefi tohxoh (xq, yo, zq) KOHyc copepnoiT h bcio Taxyio 
npnMyio. Oh coctoht 113 Taxiix npaMbix — o6pa3yioiu,ux. 

IIoBepxHOCTH Bcex neTBipex yxa3aHHBix TiinoB iiMeiOT no Tpn njioc- 
xocth ciiMMeTpiiH — 3 to xooppnHaTHBie njiocxocTH (Tax xax b ypaBHemie 
bxopht tojibxo x 2 , y 2 , z 2 , h nosTOMy npn nepeMeHe 3Haxa jnoGoii h3 xo- 
oppimaT ypaBHemie He H3MemieTCH — HanpiiMep, npn nepeMeHe 3Haxa z, 
Tax HTO nOBepXHOCTb CIIMMeTpiIHHa OTHOCHTejIBHO njIOCXOCTII 2 = 0). 

Bee 3Tii noBepxHOCTii iiMeiOT pemp ciiMMeTpmi: hx ypaBHcmin He 113 - 
MeHHiOTCH npn nepeMeHe 3Haxa Bcex Tpex xooppimaT, Tax hto noBepxHO- 
CTII CHMMeTpiIHHBI OTHOCHTejIBHO Hanajia XOOppiIHaT. 

PaccMOTpiiM eipe HexoTopnie cenemin Bcex neTBipex noBepxHOCTeii. 

Ecjiii b ypaBHemm jho6oh h 3 mix b3htb z = const, to nojiynnM ypaB- 


Hemie Biifla 


2 2 

x y 

— + — = p = const. 
a z b z 

Ecjiii p > 0, to 3to ypaBHemie npe^CTaBjiaeT ajuiimc Ha njiocKOCTii xy. 
3to 03HanaeT, hto Kaacflaa H3 paccMaTpiiBaeMBix noBepxHOCTefi nepeceKa- 
eTCH njiocKOCTBio z = const no sjuinncy, ecjin njiocKOCTb ee ^eiicTBiiTejiBHO 
«nepeceKaeT». Ilpn p < 0 nepecenemie nycTo; npii p = 0 oho npe^CTaBjiaeT 
co6on OflHy TOHKy (c x = y = 0), b stom cjiynae njiocKOCTB — KacaTejiBHaa. 

Bee 3Tii sjijiimcbi no^oSHbi, Tax xax ix nojiyocn paBHBi a^Jp, b^/p, h, 
3HaHI'IT, IIX OTHOHieHIie He 3aBIICIIT ot p. 

Ecjiii a = b, to 3th sjuiimcbi npeflCTaBjiniOT co6oio OKpyjKHOCTii n, CTa- 
jio 6bitb, paccMaTpiiBaeMBie noBepxHOCTii — Bcex neTBipex TimoB — npe^- 
CTaBjiaiOT co6on noeepxHocmu epaipenuji. 3juiimcoim nojiynaeTCH Bpa- 
meHiieM sjunmea Boxpyr ocii, nmep6ojioi-mBi — BpameHiieM rimep6oji, ko- 
Hyc — BpameHiieM npHMOii. 

CeneHiiH KOHyca hjiockocthmii, He npoxoflHmiiMii nepe3 BepniHHy, 
npe^CTaBjiHiOT, corjiacHO jieMMe, KBII. Ecjiii njiocKOCTb nepecexaeT o^Hy 
nojiOBHHy KOHyca, a npiiTOM Bee ero o6pa3yK>m,ne, to ceneHiie orpaHimeHO 
h oho — sjijiimc; ecjiii njiocKOCTb napajuiejiBHa o^hoii H3 o6pa3yK>iH,iix, to 
ceneHiie coctoiit ii3 o^hoii SecKOHenHoit jiiihiih h, CTajio 6 bitb, hbjihct- 
ch napa6ojioii. Ecjiii »ce njiocKOCTb nepecexaeT o6e nojiOBHHBi KOHyca, to 
ceneHiie — ninep6ojia (puc. 23). 

ylajiee iijiyT noeepxHOCTH, Kaiioini'iccKMC ypaBHemm KOToptix 
He co^ep>KaT z 2 . 3to npeayje Bcero 1 1 aj> a6 o j i o h/i, hi : hx Tima. 

5. 9juiunmuv,ecKuu napafio.aoud (pnc. 87) 


6. runepSojiuuecKuu napa6o.fi.rmd (pnc. 88) 

2 2 

X V 

— = 2 z. 

a 2 b 2 

CeneHiiH stiix noBepxHOCTefi njiocKOCTBio y = 0 (nan h x = 0) npep,CTaB- 
jijiiot co6on napa6ojiBi 

x 2 = 2 a 2 z ( y 2 = 2 b 2 z h y 2 = -2 b 2 z). 

CeneHiiH xce njiocKOCTHMii z = p = const > 0 npeflCTaBjiaiOT co6oh y 
sjuiiinTiiHecKoro napa6ojioima sjunmcBi 

x 2 y 2 

— + TJ = ^P- 

a z b z 




Phc. 87 



B nacTHOCTH, sto oxpyjxHOCTii, ecjiH a = 6; Torpa 3 to — napaSojiopp 
BpameHHH. 

y rHnep6ojiiiHecKoro napa6ojiOH^a ceneHHH hjiocxocthmh z = p = 
const ^ 0 npepcTaBjnnoT ro6ofi ninep6ojibi 

^ _ 9 
a 2 6 2 P ' 

Cenemie njiocxocTbio z = 0 npepcTaBjiaeT co6ofi napy npaMbix. 

IIapa6ojiOH^i,bi iimciot no pBe njiocxocTii CHMMeTpnii: x = 0 h y = 0, 
ho He z = 0; h ohh He HMeiOT pempa CHMMeTprm. 

I^HJiHHppti. ^ajiee cjiepyiOT noBepxHOCTH, npepcTaBjunonpie co6oio 
pHJIHHppbl, HanpaBJIJHOHJ,HMH KOTOpbIX CJiyJXaT KpiIBbie BToporo noppzpca. 
Taxon pHjiHHpp nojiynaeTCH, ecjni nepe3 Bee tohkh paHHoii KBII npoBe- 
cth npHMbie, nepnepzpixyjiHpHbie njiocxocTii, copepjxaipeli 3Ty KBII. Tax 
xax TimoB KBII Bcero 8, to ii ipunrappoB, Ha hiix nocTpoeHHbix, 8 tihiob. 
Oco6bih cjiynafi npepcTaBjraeT KBII, HBjunorpaHCH nycTbiM mhoxcctbom: 
nepe3 Hee ne npoxopiiT Hiixaxaa npaMaa. 3TOMy cooTBeTCTByeT IIBII, hb- 
jnnoipaHCH nycTbiM mhojxcctbom, Be3 stoto oco6oro cjiynaa HMeeTCH 7 
BIipOB KBII H COOTBeTCTB6HHO 7 BHflOB IlIIJinil.lfHl'ieCKIIX IIBII. Bot TpH 
BHpa H,HJIHHppOB Ha XOHIIHeCXHX cenemiax. 

7. d.riMunrnuuecK'tiu v^i.aundp (puc. 89) 


= 1 . 


r r 

a 2 b 2 

i. runepSoziuHecKuu v^u.aundp (pnc. 90) 

2 2 

2_ _ T_ = t 

a 2 b 2 ~ 




Phc. 89 


Phc. 90 


9. IIapa6ojiuuecKuu uji.auHdp (puc. 91) 

y 2 = 2px. 

3a hums n;iy r r IIBn, cocTOHiu,ne H3 ruiocKOCTeii (sto to>kc hhjihii- 
^pbi, nocKOjibKy njiocKOCTb «coctoiit» h 3 napajuiejitHbix npHMbix). 




10. Ilapa nepeceKam'muxc.H ruiocKOcmeil (puc. 92) 

y 2 - k 2 x 2 =0, 0. 

11. Ilapa napajuiejibH'bix ruiocKocmeu (puc. 93) 

y 2 -k 2 = 0. 

12. IIjiocKocm'b (pnc. 94) 


y 2 = o. 


Phc. 93 


Phc. 94 


13. Ilpsuwasi - «n,ii.niiHflp», nocTpoeHHbiii Ha o^hoh Tomce (pnc. 95) 

x 2 +y 2 = 0. 

OcTaiOTCH eme ^Ba oco6bix cjiynaa:, 

14. Odua mouKa (pnc. 96) 




Phc. 95 


Phc. 96 


15. Ilycmoe MHOwcecmeo (pnc. 97); ero npeflCTaBjraiOT Tpn Tima 
KaHOHimecKiix ypaBHemiii 

2 , 2,2 i 2,2 

x + y + z = — 1, x +y = 


— 1, x 2 = — 1. 




C o 1 1 p>i >kg h h l.i e rmiepGoji oh/jm . AcMMiiTOTM'iecKMM KOHyc. Pac- 
CMOTpiiM oflHonojiocTHbiii h flBynojiocTHbiii ninep6ojiOH,a,bi, npe^CTaBjieH- 
Hbie ypaBHeHHHMH 


+ 





= -l, 


c o^HHaKOBBiMH nojiyocHMH a , b 1 c (pnc. 98). 

CeneHiia iix njiocKOCTBio y = 0 npeflCTaBjiaiOT co6oh conpucHceHHue 
rnnep6ojibi 


2 2 2 2 
X X Z 



AHajioniHHoe BepHO ceHemni iuiockoctbio x = 0 h BOo6m;e ,zyiH 
ceaeHHH iuiockocthmh, npoxoflamiiMii nepe3 ocb z, xax b stom mojkho 
y6efliiTBCH. CooTBeTCTBeHHO h caMii mnepSojioiiflbi Ha3BiB biotch conpa- 
CHCeHHUMU. 

PaccMOTpiiM BMecTe c hhmh KOHyc K, npeflCTaBjiaeMbift ypaBHCHHCM 


x 2 y 2 z 1 

o To" *7 9. 


IIoKa>KeM, hto npu ydajienuu mouKU no zunepSoJioudy (Tax hto a6co- 
jiKiTHaH BejiHHima ee KOop,a,HHaTBi 2 HeorpamiHeHHO B03pacTaeT) mourn 
oma HeozpanuueHHo npu6jiuoK.aemcn k Konycy K. 

IIycTbM(x, y , z ) — TOHKa Ha nmep6ojiOHfle, a N(x, y, z ') — TOixa Ha 
KOHyce K c TeMH ace x, y (t. e. c toh >xe npoexpHeit Ha njiocKOCTB z = 0). 
IlycTB, fljia npocTOTbi, z, z' > 0. PaccToamie MN = \z — z'\. 


BbiniiTaa H 3 jieBbix nacrea ypaBHemiH rnuep 6 ojion;i,OB jieByro nacTb 
ypaBHeHiia KOHyca, HaiipeM pjia nepBoro mnepGojioiifla 

( z l\2 y 2 

“2 = 1) \z'-z\(z' + z)=c\ 

C z & 

H pjia BTOpOrO TOHHO TaK JKe \z' — z\(z' + z) = c 2 . 

TaKHM o6pa30M, ,n,.jia tohck Ha o6ohx ninep6ojioiiflax paccToamie hx 
ot cooTBeTCTByromeii tohkh KOHyca 6 ypeT 

c 2 

MN = \z — z\ = — . 

1 1 z' + z 

IIoaTOMy npii [z! + z) — > oo nojiynaeTca \z' — z | — > 0, t. e. tohkh M h 
N HGorpaHiiHeHHO c 6 jiiDKaiOTCH. □ 

3to cbohctbo BbipaacaiOT, roBopa, hto KOHyc K aBjiaeTca acuAinmo- 
muuecKUM KonycoM o6oiix rmiepfiojioibioB. 

CeaeHiia stiix rnnep6ojioiiflOB njiocKOCTaMii, npoxopamiiMH nepe3 ocb 
z — ocb rimep6ojiOHflOB, — npepcTaBjiaiOT co6oio mnep6ojibi, a o6pa3yio- 
npie KOHyca K aBjiaiOTca hx acHMnTOTaMH. 

Ey/ieivi H3MeHaTb nojiyocn riinep6ojiOH,n,OB b o^ho ii to ace hiicjio pa3, 
3aMeHaa a Ha pa h t. p. Tax hto ypaBHemia nojiyHaiomiixca rnnep6ojioii- 
P,ob mojkho 3anncaTb Tax: 



Ilpn p — > 0 3th ypaBHeHiia «nepexopaT» b ypaBHemie KOHyca K . 3to 3Ha- 
hht, hto npn nponoppuoHajibHOM HeorpaHiiHeHHOM yMeHbineHHH nojiyoceft 
o6a rHnep6ojioii,na CTaniBaiOTca k KOHycy. Mojkho CKa3aTb, hto npn H3- 
MeHeHHH napaMeTpa p , Korpa oh npoxopiiT nepe3 Hyjib, opim mnep6ojiOHfl 
«npeBpam;aeTCH» b ppyroft, npoxopa nepe3 hx o6ih;hh acHMnTOTHnecKHH 
KOHyc. 

IIponoppHOHajibHoe H3MeHeHiie nojiyoceft ecTb hchto iiHoe, KaK tomo- 
TeTHa c peHTpoM b pempe rnnep6ojioimoB Hanajie KOoppimaT. BecKO- 
HeHHoe roMOTeTHHHoe cacaTiie rnnep6ojioimoB CTaraiBaeT hx k aciiMnTO- 
TiinecKOMy KOHycy. 



§ 2. lipMUC/J,CHHe KBa^paTHMHOH (JjOpMBI 

K KaHOHHHeCKOMy BHfly 

HaM HaflO ,n,oxa3aTb, hto Bee IIBn HCHepnbiBaiOTCH naTHa^paTbio hx 
T imaMH, paccMOTpeHHbiMii b § 1. ^jih stoto HaM noHafloGiiTCH o;i,hh Bant- 
Hbiii pe3yjiBTaT H3 ajire6pbi. 

Onpe^ejieHne. Keadparnuunou cfiopMou (^Byx, Tpex h t. ,a,. nepeMeH- 
Hbix) Ha3BiBaiOT oflHopoflHbifi MHoronjieH BTopoii CTeneHii. Hanpimep: 

2a; 2 + 3a :y + 4 y 2 + z 2 

— KBa^paTiiHHaa cjaopMa ot Tpex nepeMeHHbix 16 . OopMa HMeeT «xaHOHii- 
'I6CKHH BIIfl» HJIH HBJIHeTCH «CyMMOII KBaflpaTOB», eCJIH B Heft HeT HJieHOB 
c npoii3BefleHH5iMH nepeMeHHbix, a tojibko hjichm c iix xBaflpaTaMii (npn 
HIIX B03M0JXHM H OTpiIU,aTejIBHBie K03(jKj)Hn,IieHTBl) . 

YA 06 HO npeflCTaBjiHTb nepeMeHHBie xax npaMoyrojibHbie xoop/piHaTbi 
b npocTpaHCTBe, h, cooTBeTCTBeHHO, (JjopMa npe^CTaBjiaeTca xax 3a,n;aH- 
Haa Ha npocTpaHCTBe (xBa,zipaTiiHHaa) tfjyHxipia tohkii f(X). Koop,n,HHa- 
tbi mojkho npeo6pa30BBiBaTB (hc cflBiiraa Hanajia), h tfiopMa 6yn,eT H3Me- 
HHTBCH no CBOeMy BH^y. 

TeopeMa 1 . Bcmym Keadpamuunyw ifiopMy mpex nepeMennux mook- 
ho npeepamumb e «cyMMy k eadpamoe» nymeM nodxodHiyezo npeo6pa- 
3oeaHUH nepeMennux, coomeemcmeywmezo nepexody orn odnux npsiMO- 
yeo.abnux Koopdunam k dpyzuM. 

floKasaTejiBCTBO. PaccMOTpiiM xBa^paTiinHyio tfiopMy F Tpex ne- 
peMeHHbix x, y, z. IIpeflCTaBHM nepeMeHHbie xax npaMoyrojibHbie xoop/pi- 
HaTbi b npocTpaHCTBe, Tax hto tfiopMa F 6ya,eT 3a^aHHoft Ha npocTpaHCTBe 
cjjyHxipieft tohxh f(X). PaccMOTpHM ee Ha e/piminHoft ccjjepe S, t. e. Ha 
cijaepe pa^iiyca e^HHHpa, c ypaBHemieM 

x 2 + y 2 + z 2 = 1. (1) 

C ajireSpaimecxoft tohxii 3peHiia 3 to 3Ha r inT, hto mbi CBH3biBaeM nepe- 
MeHHbie x, y, z ycjiOBneM (1). 

Hnax, f(X) 6yn,eT o6o3HanaTb ,n;aHHyio xBa^paTiiHHyio cjjopMy xax 
cjayHxpino Ha ccjaepe S. OTa tfjyHKnua HenpepbiBHaa h nosTOMy aocth- 
raeT Ha ccjjepe S CBoero Haii6ojibmero SHaneHMa; o6o3HaHiiM ero a. Oho 
^. ocTHraeTCH b HexoTopoii Tonxe A. 

16 Boo6ru,e, tpop.M.oii. naribiBaiOT (vihojkvihi.ih Mnoro'ijien ot HecKojibKnx nepeMeHHbix, 
CTeneHH n, ecjiH cocTaBjraiomHe ero oaHO'uiewi.i HMeioT bh,i ax ^ 1 . . . x km c fci + . . . + 
km = n. 



IloBGpHeM ocii KOopfliiHaT TaK, hto6bi ocb x npoinjia nepe3 TOHKy A. 
^OKajKeM, hto Tor^a b sthx hobbix KOop^iraaTax, KOTopbie mbi o6o3HaHiiM 
Tax»ce x , y, z , cJjopMa F npe^CTaBjiaeTCH b Bii,n,e 

/ = ax 2 +G{y, z), (2) 

rfle G(y, z) — KBaflpaTiiHHaa tfiopMa tojibko flByx nepeMeHHBix, t. e. b 
(J jopMyjie (2) BjieHBi c npoii3Be,neHiiHMii xy, xz OTcyTCTByiOT, a KOsejsejDH- 
piieHT npn x 2 — 3to, Kax 6 bijio o6o3HaneHO, Han6ojiBmee 3HaHemie cjaopMBi 
Ha C(J>epe S, t. e. npi-i ycjiOBim (1). 

^onycTHM, (JsopMa b hobbix KOop/pmaTax iiMeeT o6iii,hh bi^ 


anx 2 + 2a\ 2 xy + . . . 

no BBi6opy KOoppimaT Haii6ojiBHiee 3Ha'ieHne (npii ycjiOBim (1)) po- 
CTnraeTCH Ha ocii x, t. e. npii x = 1, y = z = 0. A sto 3Ha'ieHiie 6ypeT an. 
3HaHiiT, an = a, KaK h 3amicaH0 b (JiopMyjie (2). 

^onycTHM, BonpeKii TOMy, hto HyjKHO flOKa3aTB, hto an ^ 0 (ecjin 
ai 2 = 0, to paccMOTpiiM 013 ). nojiojKHM 2 = 0. OopMa npimeT bh^ (Tax 
Kax an = a) 


f = ax 2 + 2a 12 xy + a 22 y 2 . (3) 

Mbi paccMaTpiiBaeM ee npii ycjiOBiiii (1), t. e. (TaK KaK 2 = 0) npii 

x 2 + y 2 = 1, x = \f\-y 1 . 
noaTOMy H3 (3) nojiynaeM 

f = a{ 1 - y 2 ) + 2a 12 y\/l - y 2 + a 22 y 2 . (4) 

Bo3bmcm y toto see 3HaKa, hto 012 ; Torpa 


ai 2 y > 0. 

3aMeTHM eipe, hto npii \y\ < 1 \Jl — y 1 > 1 — \y\. noaTOMy 3aMeHHH b 
(4) Ha MeHbmyK) BejiHHHHy h oG'be^HHHH Bee HjieHbi c y 2 , mookho 

HanncaTb: 


/ > a + 2an y + cy 2 . 



Ecjih y ^ocTaTOHHO Majio, to BejinnnHa \cy 2 \ 6ya,eT Majia b cpaBHeroiH c 
ai 22 /, a nosTOMy OKaxceTca 

2a 12 y + cy 2 > 0, 


h b pe3yjibTaTe 

f > a. 

Ho 3 to npoTHBope^iiT TOMy, hto a — sto HaiiGojibinee 3HaHemie (Jiymapm 
/ npii ycjiOBiiii (2). CjieflOBaTejibHO, He mojkct 6bitb a\ 2 ^ 0, t. e. a\ 2 = 0. 
CoBepineHHO Tax xce ^ojckho 6bitb ii ai 3 = 0. 

TaKHM o6pa30M, cjsopMa iiMeeT bh^ (2). 

Tenepb flOCTaTOHHO npiiBecTii cjaopMy G(y, z ) k cyMMe KBa,a,paTOB no- 
bopotom ocelt y, z, h mbi npHBCfleM iicxoflHyio tfiopMy F k cyMMe KBa^pa- 
tob. TeopeMa ^OKa3aHa. □ 

§ 3. KjiaccHcJjHKapHH IIBII 

Bbime b § 1 6bijiii nepeHiicjieHbi 15 TiinoB nBn. ,U,OKajKeM Tenepb, hto 
npyn-ix nBn He 6biBaeT. 

TeopeMa 1. Kaxtcdasi nBn npuHadjieotcum k odnoMy U3 15 munoe, 
nepeuucjienHux e § 1 . 

floKa3aTenbCTBO npoBOfliiTCH coBepmeHHO noflo6HO TOMy, KaK b 
§ 7 rji. II 6buio flOKa3aHO, hto ccth tojibko 8 TiinoB KBn. 

nycTb ^aHO KaKoe-jin6o ypaBHemie BToporo nopa^Ka c TpeMH nepeMeH- 
HbiMii, KOTopbie noHiiMaeM KaK npHMoyrojibHbie KOopflimaTbi b npocTpaH- 
CTBe. nocTapaeMca npeo6pa30BaTb KOopflimaTbi TaK, hto6bi ypaBHeHiie 
npiiHH.no KaHOHHHecKiiii Biifl — ofliiH H3 Tex, HTO yKa3aH B § 1. 

npe>K/3,e Bcero, cornacHO flOKa3aHHOii b § 2 TeopeMe, mojkho BbiGpaTb 
KOopfliiHaTbi Tax, hto6m KBaflpaTiiHHaH (JiopMa, KOTopyio o6pa3yiOT Hjie- 
hbi BTopoii CTeneHii, npiiBenacb k cyMMe KBa/ipaTOB. nosTOMy ypaBHeHiie 
b 3thx KoopfliiHaTax x, y, z 6yn,eT HMeTb Bi-m 

anx 2 + a 22 y 2 + 033 z 2 + 2 aiX + 2 a 2 y + 2 a 3 z + ao = 0 . ( 1 ) 

tannine 6yn,eM no^6HpaTb nepeHOC Hanajia KOopfliraaT. ^OKaaceM, hto 
ecjiii an ^ 0, to mojkho nepeHecTii Hanajio, c^enaB npeo6pa30BaHiie 

x = x'+p, ( 2 ) 

Tan hto hjich c x HCHe3HeT (ecjrn ero hot, to ii nepeHOC paBeH Hynio: p = 0). 
AHajioniHHoe, kohchho, BepHO ^jih y h 2 ;. 



IIo^CTaBjiHH b ypaBHeHiie (1) BBipaaceHiie (2), nojiyaHM, o6o3Haaaa 
HjieHbi 6e3 x MHoroToaneM: 

an(x' + p) 2 + 2a\(x' + p) + . . . = 

= a\\x' 2 + 2a\\x' p + a 3 \p 2 + 2a\x' + 2a\p + . . . 

EcjIII On 7^ 0, TO MOJKHO B3HTB 


a\ 

an 

Tor^a anp + ai = 0 , TaK hto hjichbi c x' iicaesaiOT h ocTaeTca tojibko 
«n(: c') 2 - 

Tenepa mbi pa3JinaaeM Tpii bo 3 mojkhbix cjiyaaa: 

I. B (1) ecTB Bee Tpi-i KBaflpaTa. 

II. B (1) tojibko flBa KBa^paTa. 

III. B (1) TOJIBKO 0 ^, 1 -IH KBa/I,paT. 

Cjiynaii I. B stom cjiyaae, corjiacHO flOKa3aHHOMy, mojkho, nepeHO- 
ca Haaajio, iickjhohiitb Bee nepBBie CTeneHii nepeMeHHBix. YpaBHeHiie (1) 
npiiBe^eTca k BH^y (ajih npocTOTBi o6o3HaaaeM HOBBie nepeMeHHBie x' KaK 
CTapBie h hobbih CBoGoflHBiii HjieH o6o3HaHaeM TaK »ce Oq) 


anx 2 + a 22 y 2 + cl 33 z 2 + ao — 0. 


(3) 


(I. 1) IlycTb ao ^ 0. Toiyja, pas^ejiHB Ha — ao, mohcho nepenncaTb 
ypaBHeHne b BH^e 

aux 2 + a 22 y 2 + a 33 z 2 = 1. (4) 

(I, 1 A) IlycTB Bee KoacJxjiimHeHTBi nojiojKHTejiBHBi. Toiyja (4) mojkho 
nepemicaTB (nojiaraa an = a ~ 2 h t. fl.) b BH^e 


x 


2 


a 


2 


+ 


b 2 



YpaBHeHiie npe^CTaBjiaeT 3juiiincon,n,. 

(I, IB) IlycTB oflra KoacjuJamneHT b (4) OTpiiH,aTejieH: CKaaceM, 033 < 0. 
Tor^a, nojiaraa an = a~ 2 , a 22 = 6 ~ 2 , 033 = — c , nojiyaiiM 


+ 


b 2 



YpaBHeHiie npe^CTaBjiaeT oflHonojiocTHBiii ninep6ojioim. 



(I, IB) IlycTb flBa K 03 (J) 4 )iin,iieHTa b ( 4 ) OTpimaTejibHbi: CKaxceM, an < 
0 , H22 < 0 , 033 > 0 . Torfla, nojiaraa 


an = —a 


a 22 = — b 


033 = c 


nojiyniiM 

x 2 y 2 z 2 x 2 y 2 2 2 

’ T ' 6 ' ^ + = 


(5) 


3 to — ypaBHemie flBynojiocTHoro riinep6ojioii,na. (IIohhtho, hto 3 HaKii 
K03(]x}:) h r me hto b MoryT pacnpe^ejuiTbCH imane, ho Tor^a nepeiiMeHyeM 
KOopfliiHaTbi Tax, hto6bi nojiynajiHCB HyjKHbie ypaBHemiH ( 5 ).) 

(I, IT) IlycTB Bee Tpn KOOcJxJwnneHTa b ( 4 ) OTpimaTejibHbi. Tor^a 
ypaBHeHiie ( 4 ) He mojkct bbihojihhtbch hii npri KaKiix x, y, z. Oho, CTajio 
6 bitb, npe^CTaBjiaeT nycToe mho jkcctbo . 

(I, 2) Tenepb paccMOTpiiM cjiynait, xor^a b ( 3 ) ao = 0 , Tax hto ypaB- 
HeHiie npno6peTaeT bh/i; 


a n x 2 + a 2 2 y 2 + a 33 z 2 = 0. 


(6) 


(I, 2 A) Ecjih 3flecb Bee K 03 (|x}i) h piie ht m o^Horo 3HaKa, to ypaBHeHiie 
BbinojiHHeTca TOJibKO npii x = y = z = 0, t. e. oho npeflCTaBjiaeT TOHKy. 

(I, 2 B) IlycTb nepBbie ^Ba K 03 (]xl)nnHeH ra — oflHoro 3 HaKa, a TpeTiin — 
,opyroro. Mojkho cniiTaTb, hto flBa K 03 f]x}jnnHeH r ra nojiojKHTejibHbie, a 
0,3,1'iH — OTpiipaTejibHbiii (imane MeHHeM b jieBoit nacTii 3HaK). Tor^a no- 
jiojkiim an = a -2 , a 22 = 6 , a 33 = — c -2 h nojiyniiM 



Oto — ypaBHeHiie KOHyca. 

Cjiynaii II. Tenepb paccMOTpiiM BTopofi cjry'iaii, — xor^a b ( 1 ) o^hh 
K 03 f|x}:)nnHeH'r npii KBa^paTax paBeH Hyjno. Mojkho cniiTaTb, hto 033 = 
0 , ho an 7^ 0 , 022 7^ 0 . Tor^a hjichm nepBOii CTenemi c x h y mojkho 

HCKJHOHIITb, HO 2 MOJKeT OCTaTbCH. 

(II, 1) IlycTb ypaBHeHiie iiMeeT Biifl 

ana; 2 + a 22 y 2 + 2a32 + a 0 = 0, a 3 7^ 0. 


Tor^a nojiaraeM 


Qp 
2a 3 ’ 


z = z 


2 a 3 z + ap = 2 a 3 z' 



h ^ejiiiM Ha —03. YpaBHeHne npiiMeT Bim (o6o3HanaeM z' nepe3 z) 


anx 2 + a 22 y 2 = 2 z . 

(II. 1A) Ecjih oh, 022 > 0, to nojiaraeM an = a -2 , 022 = fo -2 h 
nojiynaeM 


y 


= 2z. 


3to — ypaBHeHiie sjijiimTiiHecKoro napa6ojioii,n,a. 

Ecjiii an, U 22 < 0, to 3aMeHHH z Ha —z (nepeBopamiBaH ocb z), nojiy- 
hhm an, H 22 > 0, t. e. tot »ce pe3yjiBTaT. 

(II, IB) Ecjiii »ce an, 022 pa3HBix 3HaKOB, to mojkho cnniarh 5n > 0, 
022 < 0 h nepemicaTb ypaBHemie b Bime 

9 2 

*L_y_ = o~ 

a 2 b 2 

3to — ypaBHeHiie nmep6ojiiiHecKoro napa6ojionfla. 

(II, 2) Tenept paccMOTpiiM cjiynaii, KOiyja ypaBHeHiie (3) iiMeeT Biifl 

aux 2 + a 22 y 2 + a 0 = 0. 


TyT mojkho ^eitcTBOBaTB coBepmeHHO Tax xce, KaK b cjiynae, Kor^a ypaB- 
HeHiie iiMejio Bim ( 3 ). 

(II, 2A) Ecjiii a 0 ^ 0 , to, flejia Ha —a 0, nojiynaeM 

ana; 2 + a 22 y 2 = 1. 


(a) Ecjiii an, a 22 > 0 , to ypaBHemie npiiBO^HTCH k Bi-my 


x 

a 


2 

2 



9 to — ajijiiinTiiHecKiiii nnjinH/ip. 

( 6 ) Ecjiii an > 0 , a 22 < 0 , to ypaBHeHiie npiiBO^iiTCH k Bii^y 



9 to- rHiiep 6 ojrH'iecKHiT pnjiHHflp. (Ecjih ace an < 0 , a 22 > 0 , to nepe- 
HMeHOBBiBaeM KOopflimaTbi.) 

(b) on < 0 , 022 < 0 , Torfla ypaBHeHiie He ynoBjieTBopneTCH hii npii 
KaKiix x , y h npe^CTaBjiHeT nycToe MHontecTBO. 



(II, 2B) Ecjih cio = 0, to ypaBHemie HMeeT biia 
anx 2 + a 22 y 2 = 0. 

(а) Ecjih an, a 22 pa 3 Hbix 3 HaKOB, to ypaBHeHne mookho HanncaTb b 
BH^ e 

2 2 

_ r = n 

a 2 b 2 

3 to - napa nepeceKaiomuxcH njiocKOCTeft: ay = ztbx. 

( б ) Ecjiii an, a 22 OflHoro 3 HaKa, to ypaBHemie BBinojiHaeTCH tojibko 
npii x = y = 0 . 3 to — npuMaa: ocb 2 . 

Cjiynaii III. PaccMOTpiiM TpeTini cjiynaii, Kor^a b ypaBHemm (1) 
tojibko o/i,iih KBa^paT, HanpiiMep y 2 \ Tor^a mojkho iickjhohiitb njieH c y b 
nepBOii CTenemi h nojiymiTB ypaBHemie 

a 22 y 2 + 2aix + 2 a 3 z + a 0 = 0. (7) 


(III, 1) IlycTB 03/0 (hjih ai y^ 0). Toryi,a mojkho hckjiiohhtb ao, 
KaK BBime b (II, 1). Ecjiii ai / 0 e 03 / 0, to noBepHeM ocii x , z, t. e. 
npoii3BefleM npeo6pa30Bamie BHAa (BBimimeM tojibko x ) 

x = x cos a — z sin a, 


rfle 


TaK HTO 


cos a = 


a 1 


V a l + a 3 ’ 


sm a = 


-a 3 


V a i + a i ’ 


aix + a%z = a\ + a 2 x. 


Ilocjie 3THX flByx npeo6pa30Bamni h AenemiH Ha a 22 ypaBHeHiie npiiMeT 
bha 

y 2 — 2 px = 0 , y 2 = 2 px. 


3to — napaGojiimecKHii ahjihhaP- 

(III, 2) IlycTB b ypaBHemm (7) hbt hjichob nepBOii CTenemi. Tor^a 
oho HMeeT bha 

any 2 + a 0 = 0. 

(Ill, 2A) Ecjih ao y^ 0, an y^ 0 11 ao, a n pa3m>ix 3HaKOB, to 


y 2 = -— >0. 
a 0 


3to - napa napajuiejiBHBix njiocKOCTeii: y = ± \J— an/ao. 

(Ill, 2B) IlycTB ao y^ 0, an y^ 0, ho ao, an oahoto 3HaKa. Toiaa 
ypaBHemie He HMeeT pememrii h npeACTaBjiaeT nycToe MHoncecTBO. 



(Ill, 2B) IlycTb ao = 0. YpaBHeHiie 6yfleT y 2 = 0. Oho npe^CTaBjiaeT 
o^,Hy njiocKOCTb — njiocKOCTb xz. 


§ 4. IIpHMOJiHHeHHBie o6pa3yK>LU,He ITBII 


IIpHMOJiHHeftHbie o 6 pa 3 yK>m,iie ecTb y KOHycoB h pujiiiH^poB, ho ohii 
ecTb em,e y ITBII a b Y x APyrux thhob. 

ripHMOJiHHeHHbie o6pa3yiOLu,ne rmiopfiojiH'iecKOio napa6ojio- 
H A a - 

TeopeMa 1 . Y zunep6oJiuuecKOZo napa6oJiouda ecrm> dea ceMeucmea 
npjiMOJiuHeuHux o6pa3ywvu,ux: nepe3 naMcdym ezo mouny npoxodum no 
oGpasywu^eil U3 odnozo u U3 dpyzozo ceMeucmea. 

Z(oKa 3 aTejHjCTBO. PaccMOTpHM rnnep 6 ojniHecKiiH napa 6 ojiOH,n, c 
ypaBHemieM 



(1) 


PaccMOTpiiM TaKsce npHMyio L, 3a^,aBaeMyio ciiCTeMoii ypaBHemiii 




rfle p — npoH3BOjibHoe Hanepe^, 3a/i,aHHoe hiicjio. 

IIo^,CTaBjiHH bo BTopoe ypaBHemie BbipajKemie fljia p H3 nepBoro, no- 
jiynaeM ypaBHeHiie napa6ojioiifla (1). 3HaHiiT, jno6bie x, y , ya,OBjieTBopa- 



iOHj,He ypaBHeHHHM (2), ynpBueTBopa- 
K)t h (1), t. e. KaHynaH Tonica jik)6oh 
npHMoii L npiiHa^jiejKHT napa6ojion- 
,n,y. ^pyniMH cjiOBaMii, Bee npaMbie L 
b HeM co^epjKaTca (puc. 99). 


y 6 e^HMCH, hto nepe3 Ka>Kflyio 
TOHKy napa 6 ojionfla npoxo/piT npa- 
Maa L. Bo 3 bMeM TOHKy napa 6 ojiOH^a 
M(Xo, 2/0; Z 0 ) H nOJIOJKHM B ( 2 ) 


Phc. 99 


3(0 _ Vo 
a b 


Tor,n,a npn x = Xq, y = yo, z = zq o6a ypaBHemra (2) yn,OBjieTBopHK>TCH, 
noTOMy hto TOHKa M Ha napa6ojiOH^e h, 3HanHT, 2zo = x^/a 2 — y^lb 2 . 
CTajio 6biTb, nepe3 TOHKy M npoxo^HT npaMaa L. 


Cjie^OBaTejibHO, napa6ojiOH,z]; noKpbiT np^MbiMH L. Ohh — ero o6pa3y- 
loiipie. 

PaccMOTpHM Tenepb np^Mbie, 3a,n;aBaeMbie cncTeMaMH ypaBHemm Bima 


x 

h 

a 




(3) 


flyisi hex coBepmeHHO aHajioriiHHO nojiynaeTca tot ace BbiBop],: ohii noicpbi- 
BaiOT napa6ojiorm — aBjiaiOTca ero oSpaav ron gii m h . □ 

Otmbthm, hto KajK^aa o6pa3yioinaa oflHoro ceMeltcTBa nepecexaeT 
KajK/iyio o6pa3yioii]yio pipyroro ceMeficTBa. 

B 3tom y6ejK,naeMCH, pernaa cobmcctho ypaBHemia (2) h (3) npii jho- 
6bix flaHHbix p h q ; KOopppmaTbi tohkh nepeceaemia: 

a b 1 

x = ^{q + P), y = -{q-p), z = -pq. 

npHMOJiHHefmtie o6pa3yK>Lu,He oflHonojiocTHoro mnep6o- 

TeopeMa 2. y odnonoAoemnozo zunepSojiouda ecmt> dea ceMeucmea 
npjiMOJiuHeuHux o6pa3ymvu,ux: uepe3 Kaatcdym ezo monuy npoxodum no 
o6pa3yK>iu,eu U3 odnozo u U3 dpyzozo ceMeucmea. 

floKasaTejitCTBO. PaccMOTpiiM oflHonojiocTHbiii rnnep6ojioim, 3a- 
niicaB ero ypaBHemie b Bime x 2 /a 2 — z 2 /c 2 = 1 — y 2 jb 2 , t. e. 


1 + 


x z \( x z 

a c J \a c) b 

PaccMOTpiiM TaKuce cucTeMy ypaBHemiii 


'ij-j HH • HK>- 


(i) 


(2) 


rfle p, q — npoii3BOjibHbie micjia, He paBHbie opjHOBpeMemio Hyjiio. IIpn 
^aHHBix p , q 3th ypaBHemia onpe^ejiaiOT HexoTopyio npaMyio L. 

ITepeMHOHcaa jieBbie aacTii h npaBbie aacTii ypaBHemrii (2) h coKparu,aa 
pq (ecjin pq ^ 0), nojiyaaeM H3 (2) ypaBHemie (1). 3to 3HamiT, hto KajK^aa 
TOHKa npaMoii L, a TeM caMbiM n Bca npaMaa, coflepaciiTca b ninep6ojionfle 
(piic. 100). 

3tot bbibo^, CflejiaH npii pq ^ 0. Ho ecjin pq = 0, to no ycjiOBino 
jiii6o p = 0, a <j / 0, J11160 Hao6opoT. ^onycTHM, g = 0, a p / 0. Torpi,a 
ypaBHeHiia (2) ,n,aiOT cucTeMy: 


”=o, 

C 


i + | = o 

b 


a 




h ypaBHemie (1) BbinojiHeHO. AHajioriia- 
Hoe nojiyaiiM npii p = 0, q / 0. Cjie,n,o- 
BaTejiBHO, h npii p hjih q , paBHbix Hyjno, 
npaMaa L coflepaaiTca b rrmep6ojiOHfle. 

IIoKajKeM, hto aepe3 xaxyiyio toh- 
Ky riinep6ojioiifla npoxo/prr npaMaa Tu- 
na L. Bo3bmcm Ha ninep6ojiOHfle Tonxy 
M ( x 0 , y 0l zq). Hyjxno HaiiTii Taxiie p n 
q , hto6bi BBinojiHHjniCB paBeHCTBa 



Ecjih b nepBOM paBeHCTBe xoth 6bi o^,hh h 3 MHOJxiiTejieii npn pnq OTjniaeH 
ot Hyjia, to nojiaraeM 



xo _ _ £o 
a c ’ 


( 4 ) 


n nepBoe paBeHCTBO (3) BbinojiHaeTca. BTopoe tojkc BbinojiHaeTca, Tax xax 
npii no^CTaHOBKe b Hero p h q H3 (4) nojiynaeM ypaBHemie (1), KOTopoe 
BBinojiHaeTca, nocKOJibKy Toaxa M(x o, yo , zq) jieaaiT Ha rimep6ojioime. 

Ecjih nepBoe paBeHCTBO CBO/piTca k 0 = 0, to 6epeM BTopoe paBeHCTBO 
h nojiaraeM 



£o 

7 

c 



3flecb q / 0, Tax xax yo = b (nocKOJibKy b nepBOM paBeHCTBe (4) HMeeM 
1 — yo/b = 0 ). Ecjiii sth 3HaneHHa p h q no,zi,CTaBHTb b nepBoe paBeHCTBO 
(3), to nojiyaHM ypaBHemie (1), KOTopoe BbinojiHaeTca, Tax xax Toaxa 
M[x o, yo; Zq) jieacHT Ha rimep6ojioime. 

HTax, aepe3 xaaynyio Toaxy riinep6ojioiifla npoxo/piT npaMaa L. Oh 
noxpbiT 3THMH npaMbiMH; ohii - ero o6pa3yK>miie. CoBepmeHHO Taxon jxe 
bbibo/i, nojiyaaeTca ,zi,jih npaMbix, 3a/i,aHHbix cucTeMaMii Bii^a 
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JIio6bie flBe o6pa3yKnu;He oflHonojiocTHoro rHnep6ojioima H3 pa3Hbix 
ceMeiicTB nepecexaiOTCH, KpoMe Toro cjiynaH, xoima ohii napajijiejibHbi. 
3to, ecTecTBeHHO, ,n,o Ka 3biBaeTCH TeM, hto ypaBHemiH (2) h (5) c ^aHHbi- 
mh p n q pemaiOTCH cobmcctho. Tor^a nojiynaeTCH, hto ohii pa3peniHMbi 
Bceiyi,a, KpoMe Toro cjiynaa, xoiyja pq = — 1 . A b stom cjiynae npHMbie na- 
pajijiejibiibi, KaK mojkho ySe^iiTbCH (BBimy Hepa3peiHiiMOCTii ypaBHemiii 
ohii He nepecexaiOTCH, ho ohii motjhi 6bi CKpemiiBaTbca) . 

06pa3yiOLU,He rmiep 6o jioH/ja BpaipeHUH. PaccMOTpHM omioiro- 
jiocTHbiii riinep6ojiOHfl BpamemiH. Oh ciiMMeTpiineH OTHOCHTejibHO njioc- 
kocth CBoero ropjiOBoro ceneHiiH h OTHOCHTejibHO bchxoii njiocxocTii, npo- 
xo^ameii nepe3 ocb BpampHiiH (npn xaHOHimecxoM ypaBHemiii 3Ta ocb — 
ocb z; njiocKOCTb ropjiOBoro ceneHiiH -njiocxocTb z = 0). 

IlycTb O — peHTp rimepGojioima, A — Tonxa Ha ropjiOBOii oxpyixHOCTH 
h 0Tpe30K OA — 3to pa^iiyc ropjiOBOii oxpyxoiocTii, oh nepneH,zi,HKyjiHpeH 
ocii. 06pa3yioiime rnnep6ojioima, npoxo^amne nepe3 Tonxy A , nepneH/pi- 
KyjiapHbi OA h o6pa3yiOT c HanpaBjiemieM ocii paBHbie yrjibi. 3to hcho h3 
ciiMMeTpiiii. Ilpn OTpaxcemiH b njiocKOCTii, npoxo^ameii nepe3 ocb h toh- 
Ky A, ohii flOjBKHbi nepexoflHTb o^Ha b Apyryio Tax >xe, xax npii OTpaxce- 
hhh b njiocKOCTii ropjiOBoro cenemiH. IIpoxoflHiii,aH nepe3 hiix njiocKOCTb 
nepneHfliiKyjiHpHa OA ; OHa nepecexaeT rcinep6ojio- 
11,3, no 3THM flByM o6pa3yiOHi;HM. 

Tax xax rimep6ojiOHfl npii BpameHHH Boxpyr 
ocii nepexoflHT caM b ce6n, to ero o6pa3yiOHi,He 
nepexo^HT b o6pa3yiOHi,iie. 0/i,Ha H3 paccMOTpeH- 
hbix o6pa3yKnu,Hx npn BpameHHH ^aeT o6pa3yio- 
ipne oflHoro ceMeficTBa, flpyran — flpyroro ceMeit- 
CTBa (puc. 101). 

PyccxHii HH>xeHep B.P. IIIyxoB (1853-1939) 
npefljiojxnji b 1896 r. xoHCTpyxpiiii 113 MeTajijni- 
necxiix 6ajiox, pacnojiaraeMbix Tax, xax pacnojio- 
jxeHbi o6pa3yiOHi,He rnnep6ojiOHfla BpamemiH. Ta- 
xne xoHCTpyxpiiii oxa3ajnicb jierxHMii h npoHHbi- 
mh; ohii npiiMeHmoTCH fljin ycTpoficTBa BO^OHanopHbix 6aineH h bbicoxhx 
pa^HOManT. 

Mojxho H3roTOBjiHTb 3y6naTbie xojieca b cjsopMe rnnep6ojioiiflOB Bpa- 
meHHH c 3y6u,aMH, imymiiMii no o6pa3yiomiiM 113 o^Horo ceMeficTBa. 
riepe^ana nponcxoflHT c o^Horo Taxoro xojieca Ha ^pyroe c ochmii, 
pacnojioJxeHHbiMii no,n yrjiOM. Baxmo, hto 3y6n;bi npHMbie h MoryT 
6biTb cpaBHiiTejibHO ;yiHHHbiMn, a ycHjme paenpe^ejiHeTCH Ha bcio hx 
AJiiiHy. 



IIOBepXHOCTB C npaMOJIHHeHHbIMH o6pa3yK>LU,HMH. IIOBepXHO- 
CTeii c oflHHM ceMeficTBOM npaMOjiimeiraBix o6pa3yK)Lu,iix — Heo6o3piiMoe 
KOjiiinecTBO, ho flByMH ceMeftcTBaMH, 0Ka3BiBaeTCH, o6jia,n,aiOT tojibko o^- 
HonojiocTHbie rmiep6ojioiyi;bi h ninep6ojiiiHecKHe napa6ojioimi>i (He chii- 
Taa, KOHenHO, njiocKOCTii — y Hee He tojibko flBa, a GecKOHenHO mhoto ce- 
MeiicTB npHMOJiHHeiiHBix o6pa3yioin;iix) . 

TeopeMa 3 . IloeepxHocm'b c deyMsi ceMeucmeaMu npAMOAuneunux 
o6pa3ymui,ux — smo, ne cnumasi nAocnocmu, au6o oduonoAoemHuu zunep- 
SoAoud, au6o zunep6oAuv,ecKuu napa6oAoud. 

3Ta TeopeMa HBjuieTCH, mojkho CKa3aTB, cjieflCTBiieM ^pyrofi He MeHee 
3aMeHaTejiBHOH TeopeMBi. 

TeopeMa 4 . IIpAMue, nepeceKawiyue mpu nonapno cKpevu^ueawu^u- 
ecA npAMue, o6pa3ywm oduonoAoemHuu zunepdoAoud uau zunep6oAuue- 
ckuu napadoAoud. Tlpu amoM e CAyuae zunepCoAouda nyotcno k yKa3(mnuM 
npAMUM npucoeduHurm> eiqe mpu «oco6ux» npsiMux, uaz ncdaA U3 Komo- 
pux nepeceKaem moAUKO dee U3 dannux u napaAAeAbna mpemueu dannou 
npAMOU. 

IlapaOoAoud noAyuaemcA, ecAu mpu dannue npAMue napaAAeAbnu od- 
hou nAOCKOcmu; ecAu maKOu riAOCKOcmu Hem — noAyuaemcA zunepSoAoud. 

Tpu dannue npAMue 6ydym npunadAeatcamt) odnoMy ceMeucmey npA- 
MOAUueuHux o6pa3yK>w,ux noAyuawiqeucA noeepxnocmu, a me npsiMue, 
Komopue ux nepecenawm {eKAWHan mpu «oco6ux») o6pa3ywm dpyzoe ux 
ceMeucmeo. 

3 a^aHH 

1 . IIpoBe^HTe bo Bcex ^eTajiax bbibo,h,bi, KpaTKO yKa3aHHBie b TeKCTe: 

a) o BTopoM ceMeiicTBe o6pa3yK>uj,Hx napa6ojioii,n,a; 

6) o BTopoM ceMeiicTBe o6pa3yK>uj,Hx ninep6ojioii,zi,a; 

b) o nepeceHemni o6pa3yioin;iix napa6ojioima; 

r ) o nepeceHeHini o6pa3yioin;iix ninep6ojiOH , n,a (hbho BBimimiiTe cjiop - 
MyjiBi /i,jih KOop/pmaT TOHKii nepeceHemiH nepe3 napaMeTpBi p, q ; p q' 
o6pa3yioinHx o / i,Horo h / i,pyroro ceMeftcTB h bbihchiitc, npn KaKiix napa - 
MeTpax o6pa3yKnn,He napajuiejiBHBi ). 

2 . BbiBe^HTe ypaBHemie ramep 6 ojioima, nojiynaiomerocH npn Bpaipe- 
hhh npHMOii c BOKpyr flpyrofi npaMOii a; npHMBie CKpemiiBaiOTCH, ocHOBa- 
Hiie O hx o 6 iu,ero nepneHfliiKyjiHpa Ha npuMOii a HenoflBiDKHO. 

3 . ^OKaaciiTe: ecjni Tpu npHMBie nonapHO CKpemiiBaiOTCH, to nepe3 
Ka>Kflyio TOHKy jho 6 oii h 3 hiix npoxo^HT npuMaa (ii npiiTOM tojibko o^- 
Ha), KOTopaa nepeceKaeT flBe flpyme, hjih nepeceKaeT o,n,Hy h napajuiejiBHa 
flpyroii. A hto 6y^eT, ecjin ,n,Be H 3 Tpex npaMBix He CKpemiiBaiOTCH, a TaK- 
»ce b flpynix cjiynaax B3aiiMHoro pacnojiojKemiH Tpex npuMBix? (Karate 



BOo6in,e bosmojkhbi cjiynaii nsauMHoro pacnojioJKemiH Tpex npaMbix?) 

4 . ^OKajKiiTe: ecjni Ha noBepxHOCTH c flByMH ceMeficTBaMH npHMOjni- 
HefiHbix o6pa3yiomHx ecTB npaMaa, iim He npiiHafljiejKamaa:, to noBepx- 

HOCTB - njIOCKOCTb. 

5 . IIoKajKHTe, hto y napa6ojioima o6pa3yiOHj,He oflHoro ceMeftcTBa na- 
pajijiejiBHbi oflHoft njiocKOCTH, o6pa3yioin,iie ^pyroro — napajijiejiBHbi ,npy- 
rofi njiocKOCTH. 

6. IIoKajKHTe, hto o6pa3yK>iH,ne oflHonojiocTHoro rnnep6ojioiifla na- 
pajijiejiBHbi o6pa3yioin;iiM ero aciiMnTOTHHecKoro KOHyca. 



HacTt. 2 

3J1EMEHTAPHA5I TE0METPH5I 


Bo BTopoit nacTH mbi HanimaeM noflpo6Hoe aKCiiOMaTiinecKoe nocTpo- 
eHiie ajieMeHTapHOii reoMeTpmi. Oho hbjihctch KaK 6 bi tcm CTepameM, 
BOKpyr KOToporo ctpohtch Been Kypc. Oto nocTpoemie npoflOjoKaeTca h 
b TpeTteft, h b rnecTOH (nocjie^Heii) nacTH. 

AKCiiOMaTiiKa eBKjnmoBoii reoMeTpiiii, KOTopyio mbi npe^jiaraeM b 
3toh nacTH, 3aBeflOMO H36BiTOHHa: OHa BRjiionaeT b ce6a aKCiiOMBi H3Mepe- 
hi-ih BejniHHH - fljiiiH OTpe3KOB, Mep yrjiOB, njiomafleii npocTBix njiocKiix 
cjjuryp, oSteMOB npocTBix Teji. IIosTOMy 3,n,ecB He pa3BiiBaeTca no,npo6HO 
Teopiia H3MepeHiiH reoMeTpiinecKiix bcjihhhh, a ee H3Jio»ceHHe OTKjia,n,Bi- 
BaeTCH flo rnecTOH nacTii. TaM xce 6yneT ,n,aHa flpyraa, 6ojiee SKOHOMHaa 
aKciioMaTHKa eBKjnmoBoii reoMeTpiiii. 

3,n,ecB »ce, b nepBBix flByx rjiaBax, ncxofla H3 npe^jioJKeHHOii aKCii- 
OMaTHKii, BBiBe^eHBi ocHOBHBie TeopeMBi sjieMeHTapHofi reoMeTpiiii (hjih 
yKa3aH nyTB, Ha kotopom ohh MoryT 6 bitb jierKO nojiyneHBi). 

TpeTBH rjiaBa nocBaipeHa 6ojiee cneipiajiBHBiM BonpocaM sjieMeHTap- 
hoh reoMeTpmi. 

Cjie^yeT otmcthtb, hto b 3toi"i aacTii noflpo6HO o6cyjK,zi,aiOTca pa3jniH- 
HBie B03M0>KHBie noflxoflBi k onpeflejieHHHM ochobhbix hohhthh hikojibhoh 
reoMeTpiiii - OTpe3Ka, npaMoft, yrjia, MHoroyrojiBHHKa, MHororpaHHHKa, 
reoMeTpunecKoro Tejia h t. 


F jiaBa I 

AKCHOMbI TEOMETPHH 

§ 1 . 06 in,ee noHarae 06 ocHOBaHHax reoMeTpHH 

OcHOBaHHH reoMeTpmi o6pa3yiOTca tbmh ee noHaTiiaMii h nojioJKeHH- 
SIMK, HCXOflH H3 KOTOpBIX MOJKHO ee pa3BIIBaTB nyT6M HIICTO JIOniHeCKIIX 
paccyjKfleHHH. 



nojioacemie, npimiiMaeMoe 6e3 ,n,oxa3aTejiBCTBa b xanecTBe hcxo^hoto, 
OTnpaBHoro ,h,jih ,n,aHHOii Teopmi, b HacTHOCTii ,n,jia reoMeTpim, Ha3tiBaeTca 
ancuoMou. Axciiombi roBopaT 06 ochobhbix hohhtiihx Teopmi. 

CoBOKynHOCTB axciiOM, jieacanpix b ocHOBamiax Teopmi, Ha3BiBaiOT an- 
cuoMamuKOu stoh Teopmi; roBopaT Taxace: «cncTeMa axcriOM». 

K axciiOMaTHKe MoacHO othociitb h ocHOBHBie noHaTiia, n TOiyja cjio- 
Ba ocHOBamia reoMeTpim h axcriOMaTiixa reoMeTpim 03HanaiOT o,h,ho n to 
ace. K ocHOBamiaM MoacHO em,e othociitb floxa3aTejiBCTBa iicxo,h,hbix Teo- 
peM h o6ocHOBaHiie Baamenmax noHaTiia, Taxnx xax, cxaaceM, noHaTne 
njiom,aflii. 

/foKa3ameAbcmeoM Ha3biBaeTca, BOo 6 m,e, y 6 eflHTejiBHoe paccyac^emie. 
nojioacemie (yTBepaynemie) Teopmi, KOTopoe floxa3BiBaeTca hjih no^,- 
jieaciiT flOKa3aTejn>CTBy, Ha3BiBaeTca meopeMou. 06bihho, TeM 6 ojiee b 
hixojibhom n3JioaceHnn reoMeTpim , b ,noxa3aTejiBCTBax ncnojiB3yiOT Ha- 
rjia^Hbie coo 6 paacemia. Ho npii CTporo jionmecKOM ii3jioaceHiin sto Hyac- 
ho hcxjiiohhtb, h flOKa3aTejibCTBO ^ojiacHO omipaTBca tojibxo Ha yace ycTa- 
HOBjieHHbie nojioacemia. A Tax xax ohh, b cboio onepeflB, Toace flOjiacHBi 
Ha aeM-TO ocHOBbiBaTbca, to npiixoflHM x TOMy, hto b ochobc flOjiacHBi 
jieacaTb HexoToptie nojioacemia, nprimiMaeMBie 6e3 ,n,oxa3aTejiBCTBa, t. e. 
axciiOMbi. 

AHajioniHHoe BBinojraaeTca ,n,jia noHHTHit h iix onpeflejiemni. 06bihho 
onpe^ejieHiie coctoiit b tom, hto onpe^ejiaeMoe noHHTiie pa3T>HCHaeTca 
nepe3 flpyrne, MoacHO cxa3aTb, x hum CBOfliiTca. Ho HejiB3a cbo,h,iitb o,h,hh 
noHHTHH x .npyrnM flo SeexoHeHHOCTii. nosTOMy flOjiacHBi 6bitb ncxofl- 
Hbie noHaTiia, xoTopbie npnmiMaiOTca 6e3 npeflBapiiTejiBHBix onpe^ejie- 
hhh. Bee, hto ot mix Tpe6yeTca, Bbicxa3BiBaeTca b axciiOMax (nosTOMy 
roBopaT, hto axcHOMbi cayacaT «cKpumuMU» onpedeAenusiMu ochobhbix 
nOHHTIin) . 

noHaTiia MoryT 6 biTb ,n,Byx TimoB : o/pi omicbiBaiOT o 6 T>exTbi, Taxne 
xax «TOHxa», «npaMaa», «xpyr» h t. n., flpynie omicbiBaiOT OTHOmemia 
o 6 T>exTOB APy r K flPyry; Taxne xax «npaMbie nepeeexaiOTCH», «Tonxa jie- 
aciiT BHyTpn xpyra» h t. n. 

O CHOBHBie noHaTiia npii H3Jioacemni reoMeTpim mohcho BBi 6 npaTB no- 
pa3HOMy, HanpiiMep, mbi npiiMeM 3a ochobhoc noHHTiie «0Tpe30x», TOiyja 
xax name npnmiMaiOT «npaMyio». B xanecTBe axciiOM Toace MoacHO 6 paTB 
pa3HBie nojioacemia reoMeTpim; Taxne B03M0acHOCTii mbi paccMOTpiiM cne- 
pnajiBHO b nacTH 6 . 

AxciiOMaTiixa H3JiaraeTca Tax, hto CHanajia nepemicjiaiOTCH ocHOBHBie 
noHaTiia, a noTOM cjjopMyjinpyiOTca axcnoMBi. HanpiiMep, npiiMeM cjie^y- 
K>iH,ne ocHOBHBie noHaTiia. 



06 T>eKTBi: mouKu, npsiMue. 

OTHomeHiie: TOHKa npuHad.aeotcum npHMoii, 

C(|)opMyjiiipyeM aKCHOMy: naotcdue dee mouKu npuHadjiecucam Heno- 
mopou npfiMou (hjih, KaK name roBopHT, nepe3 KajKflbie pBe to'ikh npo- 
xopHT npHMaa). 

FeOMeTpiIH B03HIIKJia 113 IipaKTHKH, B HaCTHOCTH 113 H3MepeHIIH 3eMJIH; 
caMO cjiobo «reoMeTpiiH» 03HanaeT «3eMjieMepne». EpeHecKiiii yneHBiii Eb- 
peM PofloccKiifi (4 b. flo h. a.) imcajr: «reoMeTpna 6bijia OTKpbiTa erunTSHa- 
mh h B03HiiKjia H3 H3MepeHiiH 3eMjin. 3to ii3Mepemie 6bijio hm Heo6xoflHMO 
BCJieflCTBiie pa3jiiiBOB Hiijia, nocTOHHHO CMBiBaBiniix rpamipBi (ynacTKOB 
3eMjin) . HeT minero yzpiBiiTejiBHoro b tom, hto 3Ta HayKa, KaK h ppyrne, 
B03HiiKjia H3 noTpe6HOCTefi nejiOBeKa. BcaKoe B03HiiKaiomee 3HaHne H3 
HecoBepineHHoro coctohhiih nepexopiiT b coBepmeHHoe. 3apo»c/i,ajiCB ny- 
TeM HyBCTBeHHoro BOcnpiiHTiia, oho nocTeneHHO CTaHOBiiTCH npepMeTOM 
Hamero paccMOTpeHiia h, HaKOHep, pejiaeTCH pocTOHHiieM pa3yMa». 

Tax reoMeTpiinecKiie 3HaHiia, sapopiiBHiHecu H3 nyBCTBeHHoro Bocnpii- 
hthh b npaxTiiKe, CTajni pocTHJKeHiieM pa3yMa b jioniHecKOii ciiCTeMe «Ha- 
naji» EBKjiiipa (ok. 300 r. po h. s.). O/piaKO c coBpeMeHHOii tohki-i 3pemiH 
3Ta ciiCTeMa pajieKO He coBepnieHHa. IIpHHHToe TenepB noHHMaHiie ocho- 
Bam-iii reoMeTpiiii cjiojkiijiocb jiiihib k KOHpy XIX CTOJieTna. 

CorjiacHO npoiicxoacpeHino reoMeTpiiii, ee ocHOBamiH jiencaT cfmKTH- 
necKii b npaKTiiite: pjia njiaHiiMeTpiin, mojkho CKa3aTB, — b H3MepeHiiHx 
3eMjin. CooTBeTCTBeHHO, Han6ojiee ecTecTBOHHBie jioniHecKiie ocHOBamiH 
reoMeTpiiii, copepjKaipHecH b ee aKCiiOMaTHKe, pojekhbi bo3mojkho 6jiicKe 
BBipaacaTB Ty ace npaKTHKy, jiiihib npepcTaBjiaa ee b iifleajiH3iip0BaHH0M 
BHpe. Tax mbi ii nopoiipeM k ocHOBamiHM njiaHHMeTpiiii. K ocHOBaHiiHM 
CTepeoMeTpim mbi o6paTiiMCH, omipaHCB Ha njiaHiiMeTpiiio. 

3 aMC'iaiin>i. 1. Cjiobo «aKCHOMa» npoiicxopHT ot rpe'iecKoro h 03Ha- 
naeT «pocTOiiHoe npH3HaHiiH»; npencpe n noHiiMajin «aKCHOMy» KaK no- 
jioaceHiie, pocTofiHoe npii3HaHHH BBiipy ero oneBiipHOCTH, He Tpe6yKnn,ee 
p,OKa3aTejiBCTBa, 6e3ycjiOBHoe. B 3tom CMBicjie h TenepB roBopHT, Hanpii- 
Mep, o MopajiBHBix axcHOMax. 

Akciiombi reoMeTpiiii TO»ce TOJiKOBajui KaK «He TpeOyroipiie poKa3a- 
TejiBCTBa no OHeBiip;HOCTH». HanpiiMep, b iisbccthom yneSHiiKe reoMeT- 
pmi KucejieBa Tax h 6bijio HaniicaHo: «Akciiombi. Tax Ha3BiBaiOT hcthhbi, 
KOTopBie BCjiepcTBiie CBoefi oneBiipHOCTii npimiiMaiOTCJi 6e3 p,OKa3aTejiB- 
CTBa» 1 . Ho noHi-iMamie 3to ii3MeHruiocB; b «CjiOBape pyccxoro H3BiKa» 
paeTCH onpepejieHiie: « AKCiiOMa - nojiojKemie, npimiiMaeMoe 6e3 p,0Ka3a- 


1 Kucejiee A. 77. SjieMeHTapHaa reoMeTpna. M., 1914. C. 1. 



TejibCTBa b KanecTBe iicxoAHoro, OTnpaBHoro ajih flaHHOfi Teopim. Heocno- 
piiMaa HCTiiHa, coBepincHHO oaeBiiflHoe yTBepjK^,eHiie». 

TaKHM o6pa30M, npeaoiee 3HaacHiie cjiOBa «aKCHOMa» TOjiKyeTca Te- 
nepb KaK BTopirmoe. B Hayxe ace «aKCiiOMa» noHiiMaeTca Bcer^a b CMbicae 
nepBoro onpe^ejieHiia; ero mm ii BOcnpoii3Bejiii b Hanajie Hainero H3Jio>Ke- 

HKH. 

CooTBeTCTBeHHO, ot aKCiiOM b npriHpiine He TpeSyeTCH mmero, KpoMe 
Toro, hto6m ohh ^aBajin ocHOBaHiie Teopim. Ho b reoMeTpim, nocKOJib- 
Ky OHa Hepa 3 ptiBHO CBH 3 aHa c Harjia^HbiM co^epacaHneM, npeHe 6 peraTB 
OHeBHflHOCTbio aKCHOM He cjie^yeT. 

2. TepMHHOM «reoMeTpiiH» o6o3HaHaiOT Tenepb MHorne Teopim, nopoii 
AObojibho ^ajieKHe ot nepBOHanajibHOii sjieMeHTapHoii reoMeTpim. Ho mbi, 
roBopa o reoMeTpim, 6yAeM HMeTb b BHAy oSbiaHbie — eBKjiimoBbi — njia- 
HHMeTpmo h CTepeoMCTpino, noKa He nepefi^eM, yKa3aB Ha 3to hbho, k 
ApyrHM TeopHHM, BKjnonaeMMM b reoMeTpnio (cm. aacTi-i 3 ii 6). 

§ 2. OcHOBHbie nOHHTHH aKCHOMaTHKH njiaHHMeTpHH 

CorjiacHO o6m;eMy njiaHy, yKa3aHH0My b § 1, H3Jioacemie aKCHOMaTHKH 
HaaiiHaeTca c nepeHHCjieHiia ochobhmx noHaTint — o6t>6ktob h OTHorne- 
hhh. Mm npHHHMaeM 3a 

OcHOBHbie oSbeKTbi: 1) moHKU , 2) ompe3KU. 

OcHOBHbie OTHomeHiia: 1) Tomca cJiyoKum kohh,om OTpe3Ka, 
2) TOHKa jieotcum Ha OTpe3Ke, 3) Asa OTpe3Ka paenu flpyr flpyry, hjih, KaK 
mm 6yn,eM TaKace roBopiiTb, oahh 0Tpe30K paeen ApyroMy. 

Tohkii o6o3HaaaiOTCH, KaK o6mhho: A, B, M h t. n., 0Tpe3Kii — a, b h 
t. n. Ecjih TOHKa C jieaaiT Ha OTpe3Ke a, to KpaTKO miineM: C na a (cm. 
puc. I) 2 . 

Tohkii, jieacamne Ha OTpe3Ke, a Taicace 

ero KOHITbl CHHTaiOTCH TOHKaMH 3TOrO OT- I 1 1 

a 

pe3Ka, t. e. npiimiMaeM onpeAejiemie: toh- 

Ka A npuHadjieoKum OTpe3Ky a, ecjni OHa Puc. 1. Tohkh A, B — kohi^i 
J ieaCHT na HeM HJIH CJiyiKHT ero KOHpOM. OTpe3Ka a, C — Jieaarr Ha a 
3to o6o3HaaaeM Tan: A € a (He CMeimiBaTb c «A Ha a»!). 

Tenepb, nojib3yacb ochobhmmii hohhthhmh, onpeAejniM HeKOTopbie 


“ TJmopMT iaK>Ke: «TOHKa jieacHT BHyTpn OTpe3Ka»; ho Bcerfla roBopHT: «Ha npjiMOH » , 
«Ha CTopoHe TpeyrojitHHKa» h t. n. BbipaHtemie «Ha OTpe3Ke» Kopone, neM «BHyrpH 
OTpe3Ka», h 6ojiee cooTBeTCTByeT Harjin^HOMy npe^CTaBJiemno, KOiyja 0Tpe30K paccMaT- 
pHBaeTCH caM no ce6e, a He KaK nacrb npaMOH. 


Apyrne noHaraa, OTHOCumiiecH k OTpe3KaM (He npHflep>KHBaHCt npiimi- 
toh b niKOjie (|)opMbi onpe^ejieHHH c rjiarojiOM «Ha3BiBaeTCH»). 

1. OTpe30K a codepotcumcx, b OTpe3Ke b (b 3anncii a C 6), ecjni Bee ero 
TO’tKH HBJIHIOTCH TaKJKB TOHKaMII OTpe3Ka b (piic. 2, a). 



b 



c 


A ? 




Phc. 2. a — a coflepaaiTCH b fe; 6 — a n b o6pa3yioT c; 
e — a h 6 cocTaBJiaiOT c; 2 — a u b HajieraiOT Apyr Ha ,zj;pyra 


2. 0Tpe3KH a, b o6pa3ymm ompe30K c (b 3aniicii c = a U b), ecjni ohh 
coflepjKaTca b c h y c HeT tohbk, ne npiiHafljiejKamux hm (piic. 2, 6). ,Z(o- 
cjiobho Tax nee onpe^ejiaeTCH, hto HecKOJibKO OTpe3KOB o6pa3yiOT o^hh 
0Tpe30K. 

3. OTpe30K c cocmae/ien ii3 OTpe3KOB a, 6, ecjin c = a U b h OTpe3Kii a, b 
He HMeiOT o6ih,hx Tonex, KpoMe o^Horo o6m;ero xoHija (piic. 2, e). Boo6in;e, 
0Tpe30K c cocTaBjieH H3 Hecxojibxnx AaHHbix OTpe3KOB, ecjin ohii o6pa3yiOT 
ero h nonapHO He iimciot o6ih,hx Tonex, KpoMe kohd;ob. 

4. OTpe30K a om.aocHce h edo.n t> OTpe3Ka b ot ero xoHii,a A, ecjin y stiix 
0Tpe3K0B ecTb o6ih,hii xoHen; A h oaiih h3 hiix co^epiKHTCH b APyroM. Mbi 
roBopHM TaK»ce, hto Ta xne OTpe3KH HCLJiezawm flpyr Ha Apyra (pnc. 2, z). 

5. ,H,Ba OTpe3Ka nepeceKawmca , ecjin y 
hiix ecTb eAiiHCTBeHHan o6m;aH Tomca, jie- 
jKamaa Ha hhx o6oiix (puc. 3). 

IIoAHepKHeM, hto npn axciiOMaTiiHe- 
CKOM H3JI0JKeHIIII OCHOBHbie nOHHTIIH 3a- 
paHee He onpeAejimoTCn; Bee, hto ot hiix 
TpeSyeTCH, aojijkho 6biTb BbiCKa3aHO b ax- 
ciiOMax. Ho cmbicji ochobhbix noHHTiiii h coAepixaHiie axcnoM OTpaixaiOT 
to, OTKyn,a ohii B03HHKJIH. HamH OCHOBHbie o6T>eKTbi mojkho onpeAejiiiTb 
H3 hx ncxoAHOro HarjiHAHOro CMbicjia. 

Tonxa — 3to MbicjieHHbiH o6pa3 npeAejibHO tohho yKa3aHHoro MecTa, 



TaK hto b HeM yace He pa3jniHaiOTCH pa3Hbie MecTa. IIo EBxjn-my «Tonxa — 
3to to, hto He HMeeT HacTeii». 

OTpe30K — 3 to MbicjieHHbHi o6pa3 Tyro HaTHHyTOii hiith. 

O/piaxo Taxue onpe,n,ejieHHH hocht «npe,n,MaTeMaTHHecxHH» xapaKTep, 
h hx He cjie^yeT CMenniBaTB c MaTeMaTiiHecxiiMii onpe^ejieHHHMH, no- 
cxojiBxy b hhx ynacTByiOT He MaTeMaTHnecxne noHHTiia, Taxue xax «Me- 
CTO» HJIH «HIITb». 

Akchomh njiaHHMeipHH mbi flejiiiM Ha /pie rpynnBi: 

а) Jluneunue. aKcuoMu. B hiix He npucyTCTByeT npeflCTaBjiemie o njioc- 
KOCTH, Tax HTO OHII MOTJIH 6bl OTHOCIITBCH X TOHXaM H OTpC3KaM, jiejxaiipiM 
Ha oflHofi npHMOH. IIosTOMy mbi h Ha3BiBaeM hx auhcUhumu. 

б) n.aocKocmHue qkcuomu. Ohh xacaiOTca (Jairyp, He yxjiaflBiBaromiix- 
ca Ha npHMoii. 

FoBOpH 3^eCB O npHMOH H njIOCXOCTH, MBI HOHHMaeM IIX B HarjIHflHOM 
CMBicjie; noHHTiie o hiix b Harny axciiOMaTiixy He BxjnonaeTca, Tax hto 
cxa3aHHoe npe^CTaBjiaeT co6oh tojibxo noacHemie k pa3flejiemno axciiOM 
Ha « jiiiHeHHBie » h «njiocxocTHBie». 

FtocxojiBxy axcHOMBi ^ojijkhbi flaBaTB iiCHepnBiBaiomee ocHOBamie ^jia 
BBiBO,H,a TeopeM 6e3 Bcaxux ccbijiox Ha HarjiaflHBie npeflCTaBjiemia, to b 
hiix yxa3BiBaiOTCH, b nacTHOCTii, h Taxue CBOiiCTBa ochobhbix oStexTOB, 
KOTopBie npn HarjiHflHOM noHHMaHHH npe,n,CTaBjiHiOTca HacTOJiBKO oneBi-m- 
hbimh, hto hx He CTOiiT ynoMHHaTB, xax, HanpiiMep, nepBaa H3 jiiiHefiHBix 
axcHOM, c xoTopoii HanimaeTca cjie^yiomiiH naparpatf). 

JlHHeHHtie axcHOMbi mbi flejiHM, b cbok) 0'iepe;u>, Ha noflrpynnBi: 

а) «Akciiombi cbh3h» — cbh3ii Tonex n OTpe3xoB. 3tii axcuoMBi xaca- 
iotch tojibxo OTHOHiemiH Tonex h otpc3xob: Tonxa cjiyjxiiT xohh;om 0Tpe3- 
xa h TOHxa jiejxiiT Ha OTpe3xe. 

б) Axchombi paBeHCTBa h H3MepeHna OTpe3xoB. 

3aMenaHHH. 1. Mbi H3JiaraeM ocHOBamia njiaHiiMeTpini — reoMeTpim 
Ha njiocxocTii. CaMO noHaTiie njiocxocTH b hiix He ynoMimaeTca; b hhx 
njiocxocTB — 3 to, Tax cxa3aTB, Ta cpe^a, to npocTpaHCTBO, r,ne BBinojiHe- 
hbi BBicxa3BiBaeMBie flajiee axcuoMBi h cooTBeTCTBeHHO «pa3BirpBiBaeTca», 
HMeeT MecTO ocHOBaHHaa Ha hiix reoMeTpua. 

2. B o6BmeHHOfi peHH roBopaT He «0Tpe30x», a «npaMaa» — «npoBefleM 
npaMyio», «n7pi no npaMOH» h t. n. Ho npn stom hiixto He HMeeT b Bi-my 
«6ecxoHeHHyio npaMyio bo Been ee 6ecxoHeHHOCTH», — b OTjuiniie ot toto, 
xax 3to npiiHHTO TenepB b reoMeTpim. noHHTiie «xoHeHHOii npaMOH» — 
OTpe3xa — nepBHHHO h SepeTca H3 npaxTiixn, a noHHTiie «6ecxoHeHHOfi 
npHMoii» B03HiixaeT H3 npedcmaejieHUfi o bo3mo>xhocth npo^,oji>xaTB ot- 
pe30x 3a o6a xoHpa 6e3 orpaHiiHemia. B coBpeMeHHOM H3Ji03xeHiiH Hanaji 



reoMeTpiiii Bee nepeBopaaiiBaeTca: 6ecKOHeaHaa npaMaa npiraiiMaeTca 3a 
HenTO nepBHHHoe, a 0Tpe30K onpeflejiaiOT KaK aacTb npaMoit. 

0,n,HaKO b reoMeTpiiii npaMbie b hx aKTyajibHoft 6ecKOHeaHOCTH noani 
He BCTpeaaiOTCH, a BCio^y tfairypupyiOT OTpe3Kii. ^axce napajijiejiBHbie 
npaMbie, noaBjiaacb b onpeflejieHrm h b aKCHOMe o napajuiejibHBix, ^ajit- 
me He HyjKHBi: Bceiyja iimciot ,n,ejio He c heme, a c napajuiejitHbiMii OTpe3- 
KaMii. ^ajiee. OTpe30K iraoSpaacaeTca, HanpiiMep, aepTOii Ha 6yMare, ho 
no^o6Hoe H3o6pajKeHiie (MO^ejit) SecKOHeaHOii npaMofi yace HeB03MO»c- 
ho: 6ecKOHeaHaa — 3HaaiiT, yxoflam,aa 3a BcaKiie npe^ejibi BcejieHHofi. B 
yae6HHKax h npenoflaBamiii reoMeTpiiii roBopaT o npaMofi, npoBefleHHOft 
Ha aepTeace, ho Ha HeM npoBO^aT KOHeaHyio npaMyio — 0Tpe30K — c toii 
tohhoctbk), c KaKOii no3BOjiHiOT cpe^CTBa HepaeHiia. IIosTOMy, CTporo ro- 
Bopa, b npeno/i,aBaHHH .nonycKaeTca nyTaHiipa h HeKOTopbiii o6MaH. 

HaKOHen,, mojkho 3aMeTHTb, hto b «Haaajiax» EBKjnma npaMaa no- 
HHMaeTca Kax KOHeaHaa. Em;e iloSaaeBCKim iiMea b Bimy KOHeaHyio npa- 
Myio, Korfla rnicaji: «BejHiaiiHa npaMofi jihhhh onpe,a,ejiaeTca cpaBHemieM 
ee c flpyroft» 3 . B yne6HHKe KiicejieBa pa3JiHaaiOTca «KOHeaHaa» h «6ec- 
KOHeaHaa» npaMbie 4 . IlapajijiejibHbie — sto KOHeaHbie npaMbie, KOTopbie 
He nepeceicaiOTCH, Kax hx hii npoflOjiacaTb. 

§ 3. JlHHeHHBie aKCHOMbl CBH3H H HX ILOpiSblC CJie^J,CTBHH 

Kax yxte CKa3aHO, stii aKCHOMbl KacaiOTca TOjibKO OTHomemiH ToaeK 
H OTpe3KOB. 

11 (aKCHOMa cymecTBOBaHiia) . Cyvyecmeyem xomji 6u odun ompe30K ; 
y kclc ncdozo ompe3Ka ecrm> dea u mo.auKO dea Konya; KpoMe mozo, na kqzhc- 
Oom ompe3Ke Jieotcum xomji 6u odna mourn. 

1 2 (aKCHOMa npoBeflemia OTpe3Ka) . Kaotcdue dee mouKU cjiyotcam koh- 
ya.uu ompe3Ka, u npumoM mo.auKO odnozo. JJpyzuMU CAoeaMu: Kaotcdue 
dee mouKu Mootcno coedunumu ompe3KOM, u npumoM eduHcmeewHUM. 

OTpe30K c KOHpaMH A, B o6o3HaaaeM o6biaHO AB (hjih BA). 

13 (aKCHOMa flejieHiia 0 Tpe 3 Ka) . Bcakclsi mourn, Jiewcaiyafi na ompe3Ke, 
dejium ezo na dea ompe3Ka, m. e. ec.au C na AB , mo AB cocmae.aen U3 
AC u BC. 

14 (aKCHOMa coefli-memiH OTpe 3 KOB). /fea ompe3Ka, UMewiyue dee 06- 
lyue mouKU, o6pa3ywm odun ompe30K; ezo KonyaMU cjiyotcam dea U3 ux 
nonyoe. 


3 Cm.: 06 ocHOBaHHHx reoMeTpuH. M.; JI., 1956 . C. 32 . 

4 Kucejiee A. 77 . OjieMeHTapHaa reoMeTpna. M.: IIpocBemeHiie, 1980 . C. 4 . 



To eCTt JII 160 XOHpbl 3TOTO OTpe3Ka — 3TO XOHpbl OpHOTO H3 paHHbIX 
OTpe3KOB (puc. 4, a), jiii 6 o o;i;hh h 3 ero kohe,ob — sto xoHep opHoro H3 
pByx paHHbix OTpe3KOB, a ppyroii- xoHep ppyroro OTpe3Ka (puc. 4,5). 
Kohchho, MO^KGT 6 bitb, hto opHa napa xohpob iijih paxe o 6 e coBnapaiOT 
(piic.4, e). 

3Ta axciiOMa Bbipa>xaeT tot npocToii 
cjjaxT, hto ecjiH npoBecTii nepe3 pBe paH- 
Hbie TOHXH HeCKOJIbKO pa3HbIX OTpe3KOB , 
to ohh BMecTe o6pa3yiOT opim 0Tpe30K. 

IlepBBie TeopeMbi o cbjoh TOHex 
h OTpe3KOB. 3th TeopeMbi ycTaHaBjni- 
BaiOT coBepineHHO HCHbie HarjinpHO cboii- 
CTBa 0Tpe3K0B, ho TeM noyHHTejibHee hx 
CK pynyjie3Hoe poxa3aTejibCTBO, ocHOBaH- 
Hoe TOJibKO Ha aKCHOMax. 

TeopeMa 1. Toukcl, neotcaman na 
ompe3Ke, He Mowcem 6urm> ezo kohv,om. 

(CTajio 6 biTb, h KOHep He MoxceT jieixaTb 
Ha 0Tpe3Ke.) 

/],OKa 3 aTejHjCTBO. Ecjhi Tonxa C 
Ha AB, to no aKCiiOMe I3 OHa pejiHT OTpe- 
30 k AB Ha AC h BC. 3to, b nacTHOCTii, 03HanaeT, hto Tonxa C OTjiiiHHa 
ot A h ot B . Ho ecjin 6 bi C 6 bijia kohpom OTpe 3 Ka AB, to OHa coBna- 
pajia 6 bi jih 6 o c A , jiii6o c B (Tax xax y OTpe3xa TOJibKO pBa KOHpa). 
npoTHBopemie. □ 

TeopeMa 2. Ecjiu C £ AB u D £ AB, mo CD C AB. Ecjiu npu 
omoM M na CD, mo u M na AB. 

/],OKa3aTejH.CTBO. nycTb C h D £ AB 11 M Ha CD. Ecjih tohxii 
C h D coBnapaiOT c A ii B, to no axcnoMe 1 2 0 Tpe 30 K CD coBnapaeT c 
AB, Tax hto M Ha AB. 

flonycTHM, hto tojibxo opHa 113 Tonex C, D coBnapaeT c A iijih B: 
cxaixeM, D coBnapaeT c A, a C OTjnnma ot B. Torpa, BO-nepBbix, 0Tpe30x 
CD — tot >xe, hto AC , Tax hto M Ha AC. Bo-btopbix, Tax xax Tonxa C 
npimapjiejxiiT AB, ho OTjiHHHa ot A 11 B, to C Ha AB. CjiepoBaTejibHO 
(no axciiOMe pejicmiH I3), Tonxa C pejniT AB Ha AC n BC, h Tax xax 
M Ha AC, to 1 ) M £ AB ; 2) M OTjniHHa ot A h C (no TeopeMe 1); 
3) M OTjiiiHHa ot B, Tax xax y OTpe3xoB AC, BC o6ipaa tojihxo Tonxa 
C (no axciiOMe pejieHiia:). CjiepoBaTejibHO, M Ha AB, hto ii Tpe6oBajiocb 
poxa3aTb. 

nycTb Tenepb o 6 e tohxii C , D otjiiihhbi ot xohpob OTpe 3 xa AB h, 


A 

a 






C h D 

B 

A 

C a B 

D 


b 


A 

a 

B 


Phc. 4. 

a — AB 11 CD o6pa3yioT AB; 
6 — AB h CD o6pa3yioT AD; 
e — AB h CB o6pa3yioT AB 


3HaHHT, jiexcaT Ha AB. ToHKa C pejiiiT AB (no aKCiiOMe pejieHiia:), h D 
jie»aiT J11160 Ha AC, jih6o Ha BC. IlycTB, HanpiiMep, D Ha AC. Torpa ecjin 
M Ha CD, to, no npepbipyipeMy BbiBopy, M Ha AC, a noTOMy TaKnce Ha 
AB (onaTb no npepbipyipeMy BbiBopy), hto ii Tpe6oBajiocb poKa3aTb. □ 

H 3 TeopeMBi 2 cjiepyeT 

TeopeMa 3. Ompe30K onpedeAAemcA ceouMU moHKaMu: ecAu y om- 
pe3Koe a u b odnu u me otce mownu, m. e. a C b u b C a, mo 3mo odun u 
mom otce ompe30K. 

(y OTpe3Ka pBa popa ToneK: Te, KOTopbie jiexcaT Ha HeM, h kohh,bi. 
IIosTOMy Hapo poKa3aTb, hto y OTpe3KOB a h b kohh,bi o^he h Te nee. 
Bepb jioniHecKii mbicjihmo, hto KOHep opHoro OTpe3Ka OKa3biBaeTCH BHyT- 
pii ppyroro; h Hapo BbiBecTH H3 aKCHOM, hto sto hcbosmojkho, Korpa a C b 
h b C a.) 

Z(oKa3aTejibCTBO. IlycTb a C b 1-1 b C a. To, hto a C b, 03HanaeT, 
b nacTHOCTH , hto KOHpbi 0Tpe3Ka a copepncaTCH b b, h noTOMy, b cnjiy 
TeopeMbi 2, tohkh, jiejKanpie Ha a, jiencaT TaK»ce Ha b. Ho Tax Kan b C a, 
to, tohho Tan are, tohkh, jiejKaipue Ha b, jiencaT Ha a. TaKHM o6pa30M, 
tohkh, jiejKaipue Ha OTpe3Kax a h b, opm-i h Te nee. 3HaHiiT (b cnjiy Teope- 
Mbi 1 ), HX KOHpbi OpHI'I H Te JKC; TaK HTO, nO aKCIIOMC I2, a H b — 3TO opiiH 
0Tpe30K. □ 

TeopeMa 4. Ecau ompe3Ku c o6ui,um kohv,om UMewm euifi odny o6iu,yio 
moHKy, mo ohu uaAeeawm dpyz na dpyza. 

Z(oKa3aTejibCTBO. nycTb 0Tpe3Kii AB, AC HMeiOT o6ipyio TOHKy 
noMHMO A. Torpa, no axciiOMe I4, ohi-i o6pa3yiOT opnH 0Tpe30K, kohhpmii 
KOToporo cjiyncaT pBe 113 ToneK A, B, C, t. e. stot 0Tpe30K jih6o AB, 
jih6o AC, jih6o BC . Ho b nocjiepHeM cjiynae bbixophjio 6bi, hto A Ha BC, 
h, no aKCiiOMe pejiemiH OTpe3Ka, AB h AC He iiMejni 6bi o6ipnx ToneK, 
KpoMe A. nosTOMy OTpe3Kii AB, AC o6pa3yiOT BMecTe jih6o AB, jih6o 
AC. B nepBOM cjiynae AB D AC, bo btopom — AC D AB, t. e. OTpe3Kii 
HajieraiOT opim Ha ppyroit, hto h TpeSoBajiocb poKa3aTb. □ 

§ 4. Akchomh paeeHCTBa h H3MepeHna OTpe3KOB 

3pecb mm cjDopMyjinpyeM Te aKCHOMbi, b KOTopbix ynacTByeT OTHOine- 
Hiie paBeHCTBa OTpe3KOB h bbophtch pjnma OTpe3Ka. fljniHy OTpe3Ka H3Me- 
psnoT, cpaBHHBaa 0Tpe30K c TeM OTpe3KOM, KOTopbiii npiiHHT 3 a MacniTa6, 
h HaxopaT HHCJieHHoe 3HaHeHiie pjniHbi b paHHOM MacniTa6e, t. e. npn paH- 
hoh epiraiipe H3MepemiH. TeopeTiinecKH H3MepeHiie npepnojiaraeTca a6co- 
jhotho tohhbim, Tax hto KajKpoMy 0Tpe3Ky cooTBeTCTByeT onpepejieHHaa 
pjniHa, BbipajKaeMaa BeipecTBeHHbiM (peftcTBHTejibHbiM) hiicjiom. 3to mbi 



npiiHHMaeM 3^ecb KaK aKCHOMy. A Te axe ho mm. KOToptie oSecnemiBaiOT 
a6cojiioTH0 TOHHoe H3Mepemie OTpe3KOB, h caM H^eajiBHBiii npopecc H3Me- 
peHiia 6yn,yT paccMOTpeHBi no3»ce b nacTii 6 «OcHOBamiH reoMeTpriH». 

C(|)opMyjiiipyeM bkchombi: 

111 (aKCHOMa OTKjia^BiBaHiiH OTpe3Ka). Bdo.a t> ak>6ozo ompe3Ka om aw- 
6ozo u3 ezo Konyoe mookho omA03tcumt> ompe30K, paenuu jiwOoMy dan- 
noMy, u npumoM moAbKO odun. 

11 2 (aKCHOMa ,h,jii-ihbi) . Ecau nenomopoMy ompe3Ky e omneceno hucao 
edunuya, mo uaoicdoMy ompe3Ky mochcho conocmaeumb noAootcumeAbnoe 
hucao — ezo HucAeunyw dAuny e Macmma6e e — mate, umo6u 6 uau eu- 
noAHenu ycAoeu.n: 

а) paenue ompe3KU UMewm odny u my otce dAuny; 

б) ecAU C na AB, mo Sauho ompe3Ka AB poena cyMMe Sauh om- 
pe3Koe AC, BC . (3flecb, KaK h flajibine, mbi roBopiiM «fljnraa» bmccto 
« hiic jieHHan fljiiiHa b flaHHOM MacniTa6e».) 

11 3 (aKCHOMa cymecTBOBaHHH OTpe3Ka flaHHOfi fljnmbi) . IIpu aw6om 
dannoM MaciumaSe e npu e cakom noAoatcumeAbHOM uucAe l cyiyecmeyem 
ompe30K c dAunou, paenou l. 

O 6 03 1 1 a 'i e h 14 e . B stoh rjiaBe (11 tojibko b Hen!) paBeHCTBO 0Tpe3K0B 
6yn,eM o6o3HaHaTb 3HaK0M =. /fynmy 0Tpe3Ka (b KaKOM-jni6o MacniTa6e) 
6yn,eM o6o3HanaTb KaK MO^yjib: \AB\ h t. n. 

B 3tom o6o3HaHeHHii ycjiOBiie 2 aKCHOMbi II 2 3aniiHieTCH TaK: 

Ecau C na AB, mo \AB\ = \ AC\ + \BC\. 

HanoMHiiM, hto fljuiHa 0Tpe3Ka Ha3biBaeTCH TaKHte paccmomueM Meat- 
fly ero KOHpaMH. PaccToamie ot tohkii , 11,0 Hee caMoft nojiaraeTCH paBHbiM 
Hyjiio, t. e. \AA\ = 0. 

3aMeaaHHe. CaMa no ce6e [„; 1 it 1 1 a, ecTb eeAununa h He 3aBiiciiT ot 
MacniTa6a; OHa nojiynaeT niicjieHHoe 3HaneHiie npu ii3MepeHHH TeM hjih 
hhbim MacniTa6oM. HanpiiMep, 3 cm h 30 mm — sto oflHa n Ta see fljnma, 
a Hi-icjieHHBie 3HaneHii5i pa3Hbie. 06 stom He Haflo 3a6biBaTb, Korfla mm 
roBopHM o «fljniHe», noflpa3yMeBaa, oflHaKO, ee nucjieHHoe 3HaHeHiie npu 
KaKOM-jiii6o MacniTa6e. (O hohhthh BejniHiiHbi cm. nacTB 6.) 

AKCHOMy II 2 mojkho nepecKa3aTB, BBefla CHana.ua onpeflejieHiie. 

HucAeunou d./uiHou e Macmma6e e iia/ibHiacTCM ((iviikhiim OTpe3- 
Ka, nojioiKiiTejibHaH, paBHaa eflHHHH,e fljia 0Tpe3Ka e h o6jiaflaioiH;aa cboh- 
CTBaMi-i a), 6 ) H3 aKCHOMbi II 2 , t. e. 

а) OHa HMeeT o,zi,ho ii to ace 3HaHemie fljia paBHbix OTpe3KOB; 

б) ee 3HaHeHiie fljia jno6oro OTpe3Ka paBHO cyMMe ee 3Ha r ieHH ii fljia 
0Tpe3K0B, 113 KOTOpbIX OH COCTaBJieH. 



AxciiOMa II2 yTBepjK,naeT: IIpH flaHHOM 0Tpe3xe e cyipecTByeT (JiyHx- 
d,hh c yKa3aHHbiMi-i CBOficTBaMii. To ecTb xajxflbift 0Tpe30x iiMeeT HHCJieH- 
Hyro I zyiHHy b flaHHOM MacniTa6e e. 

3Ta aKCiiOMa o cymecTBOBamiii hhcjichhoh fljniHbi flonojiHHeTCH Teo- 
peMoii o ee efliiHCTBeHHOCTii. 

TeopeMa 1. Ilpu dannoM Macuima6e e ynasaHHasi cfiyuKyuA edun- 
cmeenna, m. e. Kaatcduu ompe30K UMeem eduHcmeemyrn enojme onpede- 
jieHHyw HucjieHHym d.aimy. 

KpoMe Toro, BbinojiHaeTca cjieflyromaa TeopeMa o 3aMeHe MacniTaSa, 
i-i3 KOTopofi BbiTeKaeT TeopeMa 1. 

TeopeMa 2. Ilpu nepeMene Macwma6a HUCAennasi dAuna u3MensiemcA 
na noAOAKumeAHHUv, MHoatcumeAh, umchho, ecAU e, e! — dea Macmma6a 
u 1(a), l' (a) — 3 auhu ak>6ozo ompe3Ka a e 9mux MacuimaSax, mo 

1(a) = c - 1(a), c = const > 0. (1) 

Ecjih B3HTb a = e, to Tax xax 1(e) = 1, nojiynaeM, hto c = l'(e), h ecjni 
b3htb a = e' , to nojiyaaeM c = 1 /l(e'). TaxnM o6pa30M, H3 (1) 

l'(a) = l'(e)l(a) = -ff£. 

To ecTb npii nepexo^e k «HOBOMy» MacniTaSy e! ot «CTaporo» e /mima 
^ejiHTCH Ha fljiiiHy 0Tpe3xa e' b «CTapbix» efliiHiipax e. 

TeopeMa 1 HBjiaeTca nacTHbiM cjiynaeM TeopeMbi 2, cooTBeTCTByiomiiM 
TOMy, hto MacniTa6 e «MeHaeTca» Ha tot jxe e. Tor^a xax 1(e) = 1, Tax 
h V(e) = 1. IlosTOMy, nojiaraa b (1) a = e, nojiyHHM c = 1 h l'(a) = 1(a), 
t. e. fljiHHa jno6oro 0Tpe3xa Ta >xe caMaa, xax h yTBepjxflaeT TeopeMa 1. 
TeopeMa 1 ,n,oxa3aHa. □ 

Bee 3TO MOJXHO nOHHTb Tax, HTO flJIIIHa MOJXeT I-I3MepHTbCH He TOJIbXO 
pa3HbiMii MacniTaSaMH, ho h pa3HbiMH cnoco6aMii. Tor^a, xax yTBepjxflaeT 
TeopeMa 2, ecjni BbinojiHCHbi ycjiOBiia a), 6), /puma 3aBiiciiT TOjibxo ot 
MacniTa6a. 

TeopeMy 2 Mbi floxaaceM /i/umine — b xoHpe SToro naparpatfia, a miTa- 
Tejib, xoTopoMy ee floxa 3 aTejibCTBO npe,n,CTaBHTca Tpy/pibiM, MOJxeT npii- 
hhtb ee jii-160 xax axciiOMy II4 o 3 aMeHe MacniTa6a, jih6o xax TeopeMy, 
^oxa 3 aTejibCTBO xoTopoft noxa OTxjia/ipiBaeTCH. 

A Tenepb ^oxajxeM HexoTopbie TeopeMbi o /prime OTpe3xoB. 

no axcuoMe II2 y paBHbix OTpe3xoB /pnrabi paBHbi; BepHO Taxjxe 06- 
paTHoe: 



TeopeMa 3. Ecau 3auhu deyx ompe3Koe (e kclkom-auOo dannoM Mac- 
wma6e) paenu, mo u caMU omu ompe3KU paenu. 

floKasaTejitCTBO. IlycTt y OTpe3KOB AB , CD /yiHHbi paBHbi: 
\AB\ = |C.D|. Otjiojkhm BflOJit AB 0Tpe30K AM, paBHBiii CD; no aKCHOMe 
Hi 3 to bo3mo}kho. IIo aKcnoMe II 2 , \AM\ = \CD\, Tax hto \AB\ = |AM|. 

Ecjiii AM coBna^aiOT c AB, to 3to 3HaHiiT, hto 0Tpe30K CD paBeH 
AB, Kax yTBep»cflaeT 3Ta TeopeMa. 

^onycTHM, hto AM He coBna^aeT c AB. Ho Tax kbk AM HajieraeT Ha 
AB, to J11160 AM coflepjKHTCH b AB, Tax hto M Ha AB, jih6o, HanpoTi-iB, 
AB C AM h B Ha AM. B nepBOM cjiynae, no aKCHOMe II 2 , \AB\ = 
\AM\ + \MB\. Tor^aTaKKaK \MB\ > 0 (no aKCHOMe II 2 ), to \AB\ > |AM|, 
BonpeKii TOMy, hto AM = . CTajio 6bitb, M He MonceT jie»caTb Ha 

AB. 

Ecjiii »ce B Ha AM, to \AM\ = \AB\ + \BM\, Tax hto \AM\ > \AB\, 
BonpeKii TOMy, hto \AM\ = |AB|. CTajio 6 bitb, B He MonceT jieacaTb Ha 

AM. 

OcTaeTCH jiiiHib Ta bo3mojkhoctb, hto 0Tpe3Kii AM h AB coBna,n,aiOT, 
h Tan nan AM = CD, to AB = CD, hto ii Tpe6oBajioci> ,n,OKa3aTb. □ 

H 3 TeopeMbi 3 BMecTe c axe no mo ii II2 cjie^yeT 

TeopeMa 3a. Paeencmeo ompe3Koe paenocuAuno paeencmey ux nuc- 
jienHux 3 auh (e ak>6om dannoM MacwmaSe). □ 

PaBeHCTBO HHCejI pecJlJieKCHBHO, CiiMMeTpiiHHO H TpaH3HTHBHO. n 0 3T0- 
My H3 TeopeMbi 3a BbiTexaeT 

Cjie^CTBHe. Omnomenue paeencmea ompe3Koe peffiAencueno, cum- 
MempuHHO u mpaH3umu6Ho b . 

BnponeM, paBeHCTBO OTpe3KOB ciiMMeTpiiHHO no noHHTino, Be,n,b oho 
B bipanceHO Tax: flBa OTpe3Ka paBHbi dpyz dpyzy. BBH,ny stoto TpaH3iiTiiB- 
HOCTb 03HanaeT, hto flBa OTpe3Ka, paBHbie o^HOMy h TOMy nee OTpe3Ky, 
paBHbi flpyr Apyry. PetJuieKCiiBHOCTb 03HanaeT, hto bchkiih 0Tpe30K pa- 
BeH caMOMy ce6e. 

TeopeMa 4. Meotcdy moHKaMU M ak>6ozo dannozo ompe3Ka AB u 
hucaclmu x € [0, |AB|], 3aK.nwv,eHHUMU Meofcdy nyAeM u d./iunou \AB\ 
ompe3Ka AB, uMeemcA e3auMHo odnosnaunoe coomeemcmeue, npu ko- 
mopo.u KaotcdoMy x omeenaem mauan moHKa M, nmo \AM\ = x. npu 
3moM ecAu 0 < x\ < X 2 , mo 3 aa coomeemcmeymu^ux mouen Mi, M 2 
6ydem AM\ c AM 2 u \M\M 2 \ = X 2 — x\. 


'TTycTb R — HeKOTopoe OTHomeHHe KaKHx-jm6o ofn.eKTOB a, b, c h t. /[. , Tax hto iih- 
meM aRb h t. n. PecJ)jieKCHBHOCTb 03HanaeT, hto aRa rjih . bchkoto a, chmm6tphhhoctb — 
hto ecjiH aRb , to bRa ; TpaH3HTHBHOCTt> — hto ecjin aRb h bRc , to aRc. 



^],OKa 3 aTejibCTBO. Ka»c,zi,OMy 0 Tpe 3 Ky AM OTBenaeT onpeflejieH- 
Haa /puma \AM\ (no aKCiiOMe II2 ) - Ecjiii M Ha AB, to, no ancnoMe II2, 
\AB\ = \AM\ + \MB\, Tan hto \AM\ < \AB\. 

BMecTe c tom no aKCiiOMe II3 fljia Kanc^oro x > 0 cymecTByeT 0 Tpe 30 K 
,a,jniHbi x. no ancnoMe Hi paBHbin eMy 0 Tpe 30 K AM mojkho otjiojkiitb 
b^ojib AB, n | AM | = x no aKCiiOMe Il2.TaKOi"i 0 Tpe 30 K AM tojibko o/ijih. 
Ecjiii x < \AB \ , to AM C AB h Tonna M jienaiT Ha AB. (Ecjiii 6bi 
6 bijio AB C AM hjih AB = AM, to h 3 aKCiiOMbi II2 nojiynajiocb 6 m, hto 
| sC | AM |, BoiipcKii TOMy, hto | AM | = x < An|.) 

HTaK, KajK,noH Tonne M Ha AB cooTBeTCTBycT fljniHa x = |AM| < 

| An I, n o6paTHO, ecjin 0 < x < | An | , to Ha AB ecTb efliiHCTBeHHaa TOHKa 
M Tana a, hto |AM| = x. TaniiM o6pa30M, Mencfly TOHKaMii M h HiicjiaMii 
x H3 npoMencyTKa ( 0 , |AM|) HMeeTca B3aiiMH0 o,n;H03HaHHoe cooTBeTCTBiie. 

n P H 3tom ecjin M\ Ha AM2, to, no aKCHOMe II2, , |AM 2 | = |AMi| + 
|MiM 2 |. Tor^a |AMi| < IAM2I h IM1M2I = |AM 2 | — |AMi| = X2 — x\. 

noKanceM, hto h o6paTHo: ecjin x\ < X2 h tohkii Mi, M2 TaKOBbi, hto 
|AMi| = X\, IAM2I = X2, to Mi Ha AM2, h, no ^,OKa3aHHOMy, IM1M2I = 
|AM 2 | - |AMi| = x 2 — x\. 

^encTBHTejibHO, ^onycTiiM BonpeKii yTBepjKfleHino, hto Mi He Ha 
AM2. Toiyi,a, nocKOjibKy M2 flejniT AB Ha AM2 n BM2, Mi Ha BM2, 
h, no TOJibKO hto flOKa3aHHOMy, |nM 2 | > |nMi|. Ho tslk kslk 

\bm 2 \ + |m 2 a| = |An| = |nMi| + |MiA|, 

to, bmxo^ht, X2 = |AM 2 | < |AMi| = x\, BonpeKii TOMy, hto X2 > x\. 
CjieflOBaTejibHO, Mi Ha AM 2 , hto ii TpeSoBajiocb floxasaTb. □ 

,ZI,OKa 3 aHHaH TeopeMa 03 HanaeT, hto nopa^on pacnojioJKemia tohck Ha 
OTpe 3 Ke — Taxon ace, xax nopa,n,OK miceji ot Hyjia .no fljniHbi OTpe 3 Ka (b 
K aKOM yroflHO flaHHOM MacniTa6e) . 

A,o Ka iaTC ji b ct no reopeivibi 2 o 3aMeHe MacniTa6a. CorjiacHO Teo- 
peMe 3a paBeHCTBO OTpe3KOB paBHOCiuibHO paBeHCTBy hx fljnm. KpoMe 
toto, no aKCiiOMe II3 npn flaHHOM MacniTaSe cyipecTByiOT OTpe3Kii jho6oh 
,H,aHHOH flJIIIHbl, T. e. flJIIIHbl npiIHIIMaiOT BCe B03MOJKHbie nOJIOJKIITejIbHbie 
3 HaHeHiiH. 

TaKHM o 6 pa 30 M, npn flaHHOM MacniTaSe xajxflOMy Kjiaccy paBHbix ot- 
pe 3 KOB cooTBeTCTByeT nojioaaiTejibHoe hiicjio, h oSparao — xajxflOMy no- 
jioncHTejibHOMy Hiicjiy OTBenaeT Kjiacc OTpe 3 KOB Taxon fljnmbi. Kopone, 
Meatfly nojioJKHTejibHbiMii nncjiaMn n KjiaccaMii paBHbix OTpe 3 KOB iiMeeT- 
ca B 3 aiiMHO 0 flH 03 HaHH 0 e cooTBeTCTBiie . Kaatflbin Kjiacc paBHbix OTpe 3 KOB 
MOnteT 6biTb npeflCTaBjieH nojioaaiTejibHMM hiicjiom. nosTOMy ecjin l (a) — 



^jiima b MaciiiTa6e e, a l 1 {a) — b MacniTa6e e' , to l 1 (a) 3aBiiciiT tojibko ot 
1(a), TaK hto mojkho HanncaTb: 


l' (a) = f(l(a)), (2) 

h f(l(a)) ecTb npocTO <J>yHKn,Ha nojiojKiiTejibHoro nncjia x = 1(a). 

Ecjiii 0Tpe30K c CKjiaflbiBaeTca H3 a n b, to no ycjiOBnio 6) a/mnTHBHO- 
cth aKcnoMbi II 2 

1(c) = 1(a) + 1(b) n l'(c) = l' (a) + l'(b). 

To ecTb, nojib3yacb (2), nojiynaeM f(l(a) + 1(b)) = f(l(a)) + f(l(b)). Hjih, 
nojiaraa 1(a) = x, 1(b) = y, HMeeM 

f(x + y) = f(x) + f(y). 

Ht&k, fljiHHa OTpe3KOB b hobom MacniTaSe npeflCTaBjiaeTca nan tfjyHK- 
pi'IH f(x) C yCJIOBHMMH: 

a) OHa onpefleneHa ,n,jia bcox x > 0, 

6) OHa nojioJKHTejibHa: f(x) > 0, 

b) a^miiTiiBHa, t. e. f(x + y) = f(x) + f(y). 

OKa3biBaeTca — h sto mbi cennac flOKaaceM — hto (JjyHKpiia c TaKiiMii 
ycjiOBiiaMii HMeeT npocToli Biifl: f(x) = cx, r^e c = const > 0. A Tan nan 
npn x = 1(a) f(x) = f(l(a)) = l' (a), to bbixoaht, hto 

l' (a) = cl(a), 

hto n yTBepjKflaeT TeopeMa 2 o 3aMeHe MacniTaSa. 

TaKHM o6pa30M, .zyia flOKa3aTejibCTBa stoii TeopeMbi HaM ,n,0CTaT0HH0 
^OKa3aTb cjieflyiomyio TeopeMy. 

TeopeMa 5. Ecjiu cfiynKyufi f(x), onpedejieHHafi Sjisi ecex x > 0, no- 
AOOK.umeA’bHa u addumuena, m. e. 

f(x + y) = f(x)+f(y), (1) 

mo f(x) = cx, zde c = const > 0. 

^OKa3aTejibCTBO. IlycTb f(x) — cjaymcpi-ia c yKa3aHHbiMn cboh- 
CTBaMH. H 3 (1) cjieflyeT, hto f(2x) = f(x) + f(x) = 2 f(x). OTCiofla 
/(3a;) = f(2x) + f(x) = 2 f(x) + f(x) = Sf(x), n npoflojiacaa (no hh- 
;(yKHHn), nojiynnM npii jiio6om HaTypajibHOM n 


f (nx) = nf(x). 


(2) 



Ilojiaraa 3flecx x 


—y ( to , n — HaTypajibHbie) , nojiyniiM 


f{my ) = f 


m 

n—y 

n 



t. e. 


/( — V ) = ~f(my). 
\n n 


A TaK KaK H3 (2) f(my) = mf(y ), to 


fl^v ) = -m- 

n I n 


TaKHM o6pa30M, nojiaraa y = 1, nojiyaiiM, hto npri jiio 6 om panyiOHajiB- 
hom r = m/n 

f{r) = rf(l) = cr, c = f{ 1 ). ( 3 ) 

IlycTb x\ > X2, Tax hto x\ = X2 + y, y > 0 . Tor^a 

f(x i ) = f{x 2 + y ) = f{x 2 ) + f(y) > f(x i ). 

IIooTOMy ecjm x — jiio6oe Bem,ecTBeHHoe hhcjio h 7*1 , 7*2 — TaKne pau;no- 
HajibHbie HHCjia, mto 

ri < x < r 2 , 


TO 

f(r 1) < f{x) < f(r 2 ). 


IIosTOMy H3 (3) 


cr i < f{x) < cr 2 . 


Bepa nocjie^OBaTejibHOCTb anceji r\, r 2 (r\ < x < r 2 ), cxoflanpixca k x, 
nojiyaiiM OTCio^a (b npe^eae), hto f(x) = cx, hto h Tpe6oBajiocb ,n,oxa- 
3aTb. □ 


§ 5 . Ii[)MMaa. IIoHHTHe ([imypbi 

IIpaMaa. JIio6oii 0Tpe30x AB mojxho HeorpamiaeHHO npo^ojiacaTb 
3a xaacflBifi H3 ero xohpob, OTxjia,n,biBaa B^ojib Hero OTpe3xn AM , BN 
Bee 6ojn>meii h SojiBinefi ;yrnHw (hto bo3mojxho b ciijiy axciiOM II3, Hi). 



Tax mm nojiynaeM npaMyio, npeflCTaBjiaa ee ce6e xax HeorpamiHeHHO npo- 
^ojiacaeMbifl b o6e CTopoHbi 0Tpe30K rum xax pe3yjibTaT Taxoro npo^oji- 
jxemia - xax bck) SecxoHenHyio npaMyio. BBipa3iiM sto npe^CTaBjieHiie b 
BH^e onpe^ejieHiia:: 

IIpfiMou Ha3biBaeTca o6be,n,HHeHiie Bcex OTpe3xoB, coflepacanpix xaxue- 
jiii 6 o ^Be /i,aHHBie to'ikh. 

Ecjiii 3to tohxii A, B , to cooTBeTCTByroipaa npaMaa o6o3HaaaeTca 

(AB). 

HanoMHiiM, hto o6T>e,ii,i'iHeHi'ieM HexoTopbix tfraryp Ha3biBaeTca cjsnry- 
pa, co^epjxamaa Bee tohxii sthx tfraryp n Hiixaxrie ^pyrne. BivrecTO cjiOBa 
«(J)nrypa» mojxho roBopiiTb «MHOJxecTBO Tonex». Tax hto o6be,niiHeHne 
cjsiiryp onpe^ejiaeTca Tax ace, xax oSbefliiHemie jno6bix MHoacecTB. 

TeopeMa 1 . Bepe3 Kaxtcdue dee mouKu npoxodum npsiMasi, u npumoM 
moJit>KO odna. 

floxasaTejibCTBO. To, hto nepe3 xaac,zi,bie flBe tohxii npoxo,n,iiT 
npaMaa. coflepaarrca b onpe,a,ejieHini npaMofi (nocxojibxy no axcnoMe I2 
ecTb 0Tpe30x, coeflimaiomiiH stii tohxii). OcTaeTca,n,oxa3aTb, hto npaMaa, 
coflepacaipaa flBe flaHHbie tohxii, Tojibxo oflHa. ,H,jih stoto ^ocTaTOHHO 
y6eflHTbca, hto ecjin totxii C, D npriHa^jiejxaT npaMon (AB), to OHa 
aBjiaeTca Taxace npaMon (CD) (nosTOMy ecjin y flByx npaMbix ecTb flBe 
o6m,ne tohxii M, N, to ohh aBjiaiOTca npaMbiMii (MN), t. e. sto o^Ha 
npaMaa). 

HTax, nycTb C, D — ABe tohxii npaMofi (AB). 3to 3Ham-iT, hto ecTb 
0Tpe3xn, coflepacanpie tohxii A, B, C n A, B, D. IIo axcnoMe I4 ohh 
o6pa3yx>T Oflra 0Tpe30x a; oh co,zi,epaciiT xax tohxii A, B, Tax n C, D. 

IlycTb Tenepb b xaxoii-jni6o 113 0Tpe3X0B, o6pa3yK)m,iix npaMyio 
(AB), t. e. coflepjxaniiin tohxii A, B. IIo toh ace axcnoMe I4 oh o6pa3yeT 
c 0Tpe3X0M a o,zi;hh 0Tpe30x c, xoTopbiit TeM caMbiM coflepaciiT tohxii C, D 
h, CTajio 6biTb, coflepjxiiTca b npaMofi (CD). IlTax, xaacyi,bni H3 otpc3xob, 
o6pa3yiomnx npaMyio (AB), coflepaciiTca b npaMofi (CD). CneflOBaTejib- 
ho, (AB) C (CD). 

Ho, 6epa 0Tpe30x b H3 Tex, hto o6pa3yiOT npaMyio (CD), mbi tohho 
T ax ace y6eflHMca, hto (CD) C (AB). CneflOBaTejibHO, (AB) n (CD) — 
3to o^Ha n Ta ace npaMaa, hto ii TpeSoBajiocb floxa3aTb. □ 

Jlyi (nojiynpaMaa) . Jlyn Mbi npe/i,CTaBjiaeM ce6e xax 0Tpe30x, 
HeorpaHiiHeHHO npoflOjiacaeMbin 3a o/pm 113 ero xohpob njin xax pe3yjibTaT 
Taxoro npopojiaceHiia — 6ecxoHeHHbin jiyn. 3 to npiiBO/piT x onpeflejiemiio. 

JlyuoM Ha3biBaeTca o6bep,iiHeHiie Bcex 0Tpe3X0B c o 6 ih;hm xohh,om, npo- 
xopanpix nepe3 o6in,yio Tonxy. 06in,nn xoHen, stiix 0Tpe3X0B Ha3biBaeTca 
HanaAOM jiyna. O Tonxe jiyna, He aBjiaiomeiica ero xohii,om, roBopaT, hto 



OHa .aeotcum Ha jiyne. Jlyn c HanajiOM O , npoxo^ainini nepe3 TOHKy A, 

o6o3HaHaeTca OA. 

Ec.au mourn B jieotcum na .ayue OA, mo .ayu OB coenadaem c AyuoM 
OA. 

Bcukclsi mourn npsiMOu de.aum ee na dea Jiyua: cjiyotcum o6iu,um uaua- 
.aoM deyx Jiyueu, ne uMemvyux KpoMe nee dpyzux o6vu,ux moueK u o6pa3y- 
wiyux eMecme ecw npsiMyw. 

Bbibo,h, STiix flByx yTBep^K/jeHHH mm ocTaBjiaeM HiiTaTejno b KanecTBe 
3aflaHii. (B nepBOM cjiynae mojkho BOcnojiB30BaTbCH TeM, hto OTpe3Kii OA, 
OB HajieraiOT flpyr Ha flpyra; bo btopom mojkho omipaTbca Ha aKCiiOMy 
o /[ejieHMM 0Tpe3Ka.) 

HecKOJitKO /tpyriie oiipc/j,cjiciiiia npuMOH h Jiyia. Mamibie bbi- 
rne onpe^ejieHHH npaMoii h jiyna mojkho nepecKa3aTb, nojib3yacb noHHTii- 
eM reoMeTpiinecKoro MecTa hjih, hto to ace, MHoacecTBa tohck. 

npjiMafi ecmu zeo.uempuuecKoe Mecmo ( MHocucecmeo ) mouen, npunad- 
Aeotcaiyux ompe3KdM, codepotcaw/UM Ka.Kue-.au6o dee dannue mou,KU. 

FeoMeTpiiHecKiiM mcctom tohck c ,n,aHHbiM ycjiOBiieM (noflHiiHeHHbix 
KaKOMy-jni6o ycjiOBino) Ha3MBaeTca tfnirypa, co^epacamaa Bee tohkii c 
3thm ycjiOBiieM h He coflepacani,aa HHKaKHx flpynix. 

IIpaMaa {AB) Kax tfnirypa, cjiyacamaa o6 r befliiHeHiieM Bcex OTpe3KOB, 
coflepjKamiix tohkii A, B, TeM caMbiM coflepaaiT Bee tohkii, Kaac,n,aa H3 
KOTopbix npiiHafljiejKHT BMecTe c A, B o,zi,HOMy OTpe3Ky, h He co,n,epaaiT 
HiiKaKiix flpynix tohck. CTajio 6biTb, OHa aBjiaeTca reoMeTpiiHecKiiM Me- 
ctom 3thx ToneK. 06a onpedenenusi npjiMOu paenocuAunu. 

CoBepnieHHO TaKace mojkho ,n,aTb onpeflejiemie jiyna. 

Jlyu — omo MHootcecmeo ( zeoMempuuecKoe Mecmo) mouen, npunad- 
jieotcaw,ux ompe3Ka.u, UMewiu,UM o6iyuu Konev, u codepotcau^uM dannyw 
mouny. 

Kax yaie CKa3aHO, «reoMeTpiiHecKoe mccto ToneK» h «MHoacecTBO to- 
neK» 03HanaeT o^ho ii to ace, Tax ace KaK h cjiobo «<f>nrypa». B HacToa- 
in,ee BpeMH npimaTO roBopiiTb «MHoacecTBO ToneK», a tcpmiih «reoMeTpn- 
necKoe MecTO» BCTpenaeTca TOjibKO b HiKOjibHbix yHe6HiiKax. Mm 6yn,eM 
ynoTpe6jiaTb TepMiiH «<fnirypa» xoTa 6bi noTOMy, hto oh Kopone, h 6yn,eM 
roBopiiTb o MHoacecTBe tohck, Kor^a hbho iiMeeTca b BH,n,y KaKoe-jin6o 
ycjiOBiie, HajiaraeMoe Ha tohkii. (Bchomhiim onpe,n,ejieHiia OKpyacHOCTH, 
ajuninca, ninep6ojibi h t. ,2,.) 

3aMenaHHe. IIpeac/i,e, flo noaBjiemia Teopiiii MHoacecTB , okojio 100 
jieT Ha3afl, TepMiiH « MHoacecTBO ToneK» He ynoTpeSjiajica. Oiirypa mbic- 
jiiuiacb KaK HeHTO pejioe, He cocToamee H3 tohck, ho KaK «MecTO ToneK» — 
«MecTO», Ha kotopom hjih b kotopom jieacaT tohkii. Tenepb roBopaT, hto 



«4)iirypa coctoiit 113 tohck». Ho coctoht jiii 0Tpe30K hjih OKpyjKHOCTb 
H3 tohck no^oSHO TOMy, KaK Kyna necxa coctoiit h 3 necnriHOK? TaKoe 
npe^CTaBjieHiie cnopHO — oho ii hc HyjKHO ^jih reoMeTpmi. Hyaaio tojib- 
ko, hto cjmrypa onpeflejiaeTCH cboiimii TO'iKaMH, KaK 06 stom yuce ro- 
Bopujiocb b CBH3H c 3a;iaHneM tfniryp ypaBHemiaMii. OcTajiBHoe — ,n,ejio 
CKjiOHHOCTefi, KOMy HHTyHTHBHO SjiiiJKe o^HO hjih flpyroe npeflCTaBjieHiie 
o cjmrypax. 

HeKOTopoe BpeMa Ha3a,n, b yneSHUKax reoMeTpini 6 bijio BBe^eHO noHa- 
Tiie MHoacecTBa — cjmrypa onpe^ejiajiacB KaK mhojkcctbo tohck h flaace 
roBopHjiocb, hto Tenept 0TKa3ajnicb ot CTaporo npeflCTaBjiemiH cjmrypbi 
KaK MecTa tohck, ho ,h,jih SToro hc 6bijio tohhbix jioi’H'iecKHx ocHOBaHHH, 
a TOJibKO iiHTyiiTHBHoe npe^CTaBjieHHe. 

AKcnoMaiHKa c})in ypbi. FeoMeTpHH, mojkho CKa3aTb, — sto iiayKa o 
cjmrypax. nosTOMy fljia ee ocHOBamiii HyxiHO onpeflejniTb, hto Ha3BiBaeT- 
ca b reoMeTpini tfnirypofi. npocTeiiiHiie cjmrypbi — tohkii h OTpe3Kii — Mbi 
BBejiH b aKCHOMaTiiKe KaK ocHOBHbie oStjCkth. Ho Bbinie mbi onpeflejinjiii 
npHMbie, jiynn h Morjui onpe^ejuiTb OKpyjKHOCTii, sjuiiincbi h flp. 0,n,HaKO 
b 3 th onpeflejieHHH bxo^ht noHHTiie cjmrypbi hjih MHoacecTBa tohck. Ecjii-i 
onpe^ejiHTb, KaK sto ^ejiajiocb, tfnirypy KaK BOo6iu;e mhojkcctbo tohck, to 
cjie^yeT cnpociiTb: hto TaKoe mhojkcctbo? 06biHHbiii otbct tbkob: mhojkc- 
ctbo — 3to BOo6me coBOKynHOCTb , KOTopaa coctoiit h3 tohck. OflHaKO Mbi 
y»ce 3aMeTHjin, hto npeflnojioJKeHiie, CKa jkcm , 06 OTpe3Ke KaK cocTOHipeM 
H3 tohck cnopHO h He HyjKHO fljia reoMeTpini. B noHSTiiii (J)Hi ypbi BajKHO 
jiiiHib to, hto tfmrypa onpeflejiaeTCH cboiimii TO'iKaMH. 

HTaK, ,h,jih toto hto6bi hmctb nojiHbie aKCHOMeTpiiHecKiie ocHOBamui 
reoMeTpHH , HyjKHO BKjnoHiiTb b hiix aKCHOMbi, onpeflejunomiie noHHTiie 
(Jim ypbr. (HiiTaTejib, KOTopoMy H3JiaraeMaa ^.ajiee aKCiiOMaTiiKa cjmrypbi 
noKaaceTCH Tpyzpioii ,h,jih noHHMaHHa, mojkct ee nponycTiiTb, ocTaBaacb 
c o6bihhbim HHTyHTHBHBiM npe^CTaBjiCHiieM o cjmrypax. K aKCHOMaTiiKe 
cjmrypbi mbi ein,e BepHeMCH b nocjie^Heii nacTii Kypca BMecTe c 6ojiee rjiy- 
6okhm H3Jio»ceHHeM ocHOBaHHH reoMeTpini) . 

B aKCHOMaTiiKe cjmrypbi npimiiMaiOTCH ocHOBHbie o6’beKTti: 
moHKU, h g bueypu — h ocHOBHoe OTHomeHiie: tohkb npuHadjieotcum 
cjmrype, iijih, hto to ace: cjmrypa codepotcum TOHKy. 

npiiHafljie>KHOCTb tohkh A cjmrype F o6o3HaHaeTCH, KaK o6biHHO, A G 
F. Tohkh 3flecB, KOHenHO, Te ace, hto b npiiHHTbix Bbinie aKCHOMax. 

OopMyjiiipyeM aKCHOMbi (jiiirypbi; hx Bcero Tpn. 

1. OcHOBHaa aKCHOMa cjmrypbi. Ouzypa ori/pedeMernc.H npunadjie- 
McaipuMU eu mov,Ka,MU, t. e. ecjin cjmrypbi F, F' TaKOBbi, hto Kansas 
TOHKa, npiiHafljiejKamaji F, npiiHafljiejKiiT TaKJKe F r , 11 o6paTHo: Kansan 



TOHKa, npiiHa,njie>Kaiii,aa F' npiiHafljieaciiT Taxace F, to F h F' — sto o,a,Ha 
h Ta ace cjanrypa. 

3Ta aKCiiOMa He tojibko cooTBeTCTByeT npeflCTaBjieHino o 4>nrypax, ho 
BbipaacaeT to, KaK mbi cyzpiM o coBnafleHim hjiii paajwHHM cjn-iryp, onpe^e- 
jieHHBix pa3HBiMii cnocoSaMii. Mbi npoBepaeM, HBjiaeTCH jih jiioGaa tohkh 
o^hoii (J)iirypBi Taxace tohkoii flpyroft, h o6paTHO. HanpiiMep, ^onycTHM, 
cjairypa F 3a,n,aHa reoMeTpiiHecKiiM ycjiOBiieM, h mbi Hanijni ee ypaBHemie 
b KOop^iiHaTax x , y. Mbi roBopiiM, hto ypaBHemie 3aflaeT (Jnirypy F, ec- 
jih KOopfliiHaTBi Kaacfloii ee tohkii ya,OBjieTBopjnoT ypaBHeHino h, oSpaTHO, 
Kaac/i,a s napa x, y, ynoBjieTBopsnomaji ypaBHeHino, cjiyaciiT KOopflimaTaMii 
HeKOTopoii tohkii 4>nrypBi F . CoBepmeHHO Tax ace npoBepaeTCH coBna^e- 
HHe tfairyp, 3a/i,aHHBix pa3HBiMii reoMeTpiiHecKiiMii ycjiOBiiHMii (tohho Tax 
ace OTo6paaceHiie oflHoii cjaiirypBi Ha Apyryio onpeflejiaeTCH no tohkhm) . 

2. AxcHOMa tohkh. Tohko, ecmt (fiuzypa. Ona npunad.neoicum ca- 
M,a ce6e u HUKanue dpyzue uiohku eu we npunad.neoicam. (3to cootbct- 
CTByeT onpeflejieHino b «Hanajiax» EBKjnma: «ToHKa — to, hto hc HMeeT 
HacTefl».) 

3. AiccHOMa 3aflaHHH cjiMi ypBi. /[am ecsinozo ycjioeun, HCuiazaeMO- 
zo na moHKU, cyiyecmeyem ifomypa, Komopasi codepotcum ece mov,KU, ydo- 
eAemeopjuoinue omoMy yc.aoeuw, u ne codepotcum HUKaKux dpyzux. IIpi-i 
3tom ycjiOBiie, o kotopom imeT penn, ^ojiacHO 6bitb BBipaaceHO b noHa- 
thhx, cjDHrypupyiomHx b npiiHHTOii aKCHOMaTHKe (iiHane oho He HMeeT 
CMBicjia b reoMeTpiiii, nocKOJiBKy OHa nojiHOCTBio ctpoiitch Ha npiiHHTBix 
aKCHOMax) . 

KpoMe toto, pa3yMeeTca, ycjiOBiie, HajiaraeMoe Ha tohkii, .hojixcho 
6bitb BnojiHe onpe^ejieHHBiM, t. e. ,h,jih Kaacfloii tohicii aojihcho 6bitb o^ho- 
3HaHHO onpe^ejieHO (b npiranyme npoBepaeMo) , BBinojiHaeTca sto ycjiOBiie 
^jih Hee hjiii HeT. 

ITpii Hamefl aKCHOMaTHKe to ycjiOBiie, HanpiiMep, hto TOHKa npiiHafl- 
jieaciiT flaHHOMy 0Tpe3Ky AB, HBjiaeTCH onpeflejieHHBiM — npoBepaeMBiM. 
Taxace npoBepaeMO, HanpiiMep, h to ycjiOBiie, hto TOHKa M HaxoflHTCH Ha 
,a,aHHOM paccTOHHiiii ot flaHHOii tohicii A, t. e. 0Tpe30K AAI HMeeT flaHHyio 
^jiiiHy. ycjiOBiie MoaceT, kohchho, BBipaacaTBCH He npHMO nepe3 noHSTiui, 
Bxo^Hmue b aKCHOMBi, a nepe3 TaKiie, KOTopBie k hum cbo^htch, - Hanpi-i- 
Mep, KaK paccTOHHiie ot tohkii flo ,n,aHHOii npHMOii h t. n. 

MoryT 6bitb Taxace ycjiOBiiH, KOTopBie He bbihojihjhotch hi-i ,h,jih KaKoit 
tohkii (HanpiiMep, hto iipn flaHHBix TOHKax A , B \AB\ > \AM\ + \BM |). 
Tor^a cjsurypa, onpeflejiaeMaa TaxiiM ycjiOBiieM, He co^epaciiT Tonex: 
OHa — nycToe MHoacecTBO. 3to He HCKjiiOHaeTCH, h, eooTBeTCTBeHHO , ny- 
CToe MHoacecTBO Toace cniiTaeTCH (Jairypoii — (Jairypoii 6e3 Tonex. 



IIpaMaa ( AB ) onpeflejieHa Bbime TeM, hto eft npima.n.jieacaT Bee Te 

H TOJIBKO Te TOHXII M, XaHC/I,aH H3 KOTOpbIX IipiIHaflJieJKIIT BMeCTe c A 
h B oflHOMy OTpe3Ky. TaKoe ycjiOBiie .nonycxaeTca axcuoMoft 3, h, cjie- 
^.OBaTejibHO, npaMaa ecTb cjsnrypa. CoBepmeHHO TaK ace h jiyn aBjiaeTca 
(j)nrypoH. 

O Tonxax, npiraafljieacamHx (Jnirype, irnea b BH,n,y hx Bee, mm 6yn,eM 
roBopiiTb, hto OHii o6pa3ywm 3Ty cjsiirypy, h hto OHa aBjiaeTca MHoace- 
CTBOM 3THX TOHeX. 

Tax xax no Hameft axciiOMaTiixe ycjiOBiie, hto Tonxa nprma^jiejxiiT 
^aHHOMy OTpe3xy AB, «npoBepaeMO», to corjiacHO axcnoMe 3 3a/i,aHii a 
cjairypbi tohxii 0Tpe3xa AB o6pa3yiOT cjsiirypy. BMecTe c TeM, corjiac- 
ho floxa3aHHon Bbiine TeopeMe, 0Tpe30x onpe^ejiaeTca npiiHa^yieacainiiMH 
eMy TonxaMii Tax ace, xax cjsnrypa. IIosTOMy mm MoaceM npimaTb, hto ot- 
pe30x AB ne.tifiemcsi (Jmrypon, o6pa30BaHHon ero TOHxaMii. To ecTb mbi 
npHHHMaeM xax onpeflejiemie: 

Ompe30K nejwiemcfi (fiuzypou, o6pa3oeamou ezo mouKaMU. OTHome- 
Hne: Toaxa npiiHa,n,,jieacHT 0Tpe3xy h Tonxa npiiHafljieacHT cjsiirype b stom 
cjiynae nomiMaeTca xax o,hho ii to ace. 

Axchomm cjjnrypbi no3BOjiaiOT npimaTb tfiopMajiBHoe onpefleaemie: 

Ouzypa — 3to to, hto nofl stiim Ha3BamieM yflOBjieTBopaeT axcnoMe 
cjjnrypbi. 

ToBopa «MHoacecTBO Tonex» hjih «reoMeTpnnecxoe mccto Tonex», mm 
iiMeeM b Bnfly to ace caMoe: « MHoacecTBO Tonex c TaxiiM-TO ycjiOBiieM» — 
3to to ace, hto «4rarypa, o6pa30BaHHaa TOHxaMii c stiim ycjiOBiieM». «06- 
pa30BaHHaa» He 03HanaeT 3,zi,ecb Hiinero, xpoMe toto, hto corjiacHO ax- 
cnoMe 1 (Jnirypa onpe^ejiaeTca cboiimii TOHxaMii. CBa3MBaTb c stiim Ta- 
xoe npeflCTaBjieHiie, hto cjsurypa coctoht h3 Tonex, xax BeipecTBO H3 mo- 
jiexyji, CoBepmeHHO Heo6a3aTejiBHO. (B axcnoMaTnxe reoMeTpim, ,n,aHHOii 
riuib6epTOM, npaMaa MbicjniTca xax caMOCToaTejiBHMii oSbexT, xoTopoMy 
npimafljieacaT tohxii, ho xoTopbift hub xaxoM CMbicjie H3 hex He coctoht.) 

§ 6. IIjiocKOCTHBie axciiOMbi h hx nepetie cjie^CTBHa 

IlycTb a — xaxoH-Hii6yzi,b 0Tpe30x h a — coflepacamaa ero npaMaa. 

Mm roBopiiM, hto tohxh C, D jieacaT c odnou cmopcmu ot npaMoft a 
h OTpe3xa a, ecaii 0Tpe30x CD He iiMeeT c a o6innx Tonex. 

Tohxii A , B jieacaT c pa3Hux cmopon ot npaMoft a h 0Tpe3xa a, ecjin 
0Tpe30x AB nepecexaeT npaMyio a (piic. 5). 

IIIi (axcuoMa ^ejieHiia njiocxocTii). fijisi Kaotcdozo ompe3Kd u codep- 
OKaxyeu ezo npjiMou ecmt> ne a eotcaiyue na neu mouKU, u ece ohu dejisimcsi 



na dea k jiacca: mov,KU nacncdozo KJiacca jieoKam c odnou cmoponu om npn- 
mou, mouKu U3 pa3Hux KJiaccoe — c pa3nux cmopcm. 

To ecTb ecjin tohkh A, B jiexcaT c pa3HBix ctopoh ot npaMoft a, to 
KajK/jan He jie»caHi,aH Ha Heft tohkh jieaaiT c o^Hoft ctopohbi ot npsiMOii 
jih6o c tohkoii A , jih6o c tohkoii B. 


c / 

A 

a 

B 


Phc.5 


riojiynjiocKOCTB. Tohkii o, more 
Kjiacca (h 3 yKa3aHHbix b axciiOMe IIIi) 
BMecTe c TOHKaMii caMoft npuMoft 06- 
pa3yK)T, Kax npiiHHTO roBopiiTB, no- 
JiynjiocKOcmb. r HpyriiMH cjiOBaMii: cjni- 
rypa, o6pa3yeMaa TOHKaMH npaMoft 
h TOHKaMH oflHoro Kjiacca, HasBrna- 
eTCH nojiynjiocKOCTbio, ozpaHuueHHou 
^aHHoft npaMoft. ITpiiHHB 9to onpe- 
^.ejieHiie, aKCHOMy ^enemra njiocKOCTii 
MOJKHO BBipa3IITB TaK: 

IIIi. Bchkoh npjiMaji de.aum ruiocKOcmt na dee noJiyruiocKocmu. 06e 
ohu codepotcam 3my npsiMyw. 

3aMeaaHHe. nojiynjiocKOCTB, H3 KOTopoft HCKjiiOHeHa orpaHiiHiiBaio- 
rpas npHMaa, Ha3BiBaeTCH omitpumou ; a Kor^a xotht noflnepKHyTB, hto b 
nojiynjiocKOCTB BKjnoneHa orpamiHiiBaiomaH npuMaa, to nojiynjiocKOCTB 
Ha3biBaiOT 3aMKHymou. 

yroji. Yzaom mbi Ha3BiBaeM npocTO napy (HecoBna,a,aioiH,iix) OTpe3KOB 
c o6ih,hm kohijom; stii OTpe3Kii — cmoponu yrjia, nx o6miift KOHeu, — ero 
eepiuuna. 

O^HaKO 3HaneHHe iiMeiOT tojibko Te CBoftcTBa yrjia, KOTopaie He H3Me- 
hhiotch, ecjin 3aMeHiiTB ero ctopohbi Ha jiioGbie OTpe3Kii, Ha hpix Hajie- 
raiomiie, c o6ih;iim kohdpm b toii ace Bepimme. O Tamix napax OTpe3KOB 
mbi roBopiiM, hto ohh npedcmasAAmm hjih o6pa3ywm odun u mom otce 
yzoji h TaKiKe cjiyacaT ero cmoponaMu. To ecTB moikho CKa3aTB, hto yroji 
paccMaTpiiBaeTca c tohhoctbio ^o «yn,jiHHeHiiH hjih yKopoHemiH» ctopoh. 

B 3tom CMBicjie mbi noHiiMaeM BBipaacemie «,naH- 
hbiii yroji». Oh 3a^aeTCH flByMH CTopoHaMii, h 
ecjin iix 3aMeHiiTB /ipyi’HMH, HajieraiomiiMii Ha 
/i;aHHBie, to 3to 6y^eT Bee tot ace «/i,aHHBiii 
yroji» h HOBBie ctopohbi 6y^yT Bee Tax ace ero 
CTOpOHaMH. 

Hiiace 6yn,eT ,zi,OKa3aHa 

TeopeMa 1 . 63auMHozo pacnoAootcenuR 
deyx ompe3Koe c o6w,um KonyoM ecmn mpu u 



mojibKO mpu eo3Moc»cHOcmu: 

(a) Kaotcduu U3 ompe3Koe jieoK-um v,e.auKOM c odnou cmoponu orn dpy- 
zozo, m. e. ece ezo mouKu, KpoMe odnozo Konya, Jieotcam c odnou cmoponu 
(pnc. 6 ). 

( 6 ) 0mpe3KU cocmaejuuom odun ompe30K (pnc. 7). 

(b) 0mpe3KU najiezamm dpyz na dpyza. 

i i i i 

b A a N C A B M 

Pnc. 7 Pnc. 8 

CooTBeTCTBeHHO pa3JiiiHaiOTCH Tpii BHfla yrjiOB: yroji c HajioxKeHHbi- 
mi CTopoHaMH — Hyjieeou ; b flajiBHeftnieM stot cjiyHaii HCKjiiOHaeTCH H3 
paccMOTpeHHH. Yroji co CTopoHaMH, cocTaBjiinomiiMii o/(hh 0Tpe30K, — 
pa3eepHym , biu. Yroji, o6pa30BaHHbiii OTpe3KaMii, jie>KaiHHMn KajKflbiH c 
o; i, h oii CTopoHbi ot jipyroro, - Hacrno.HW t uu . njin, KaK o6i,rino roBopHT, 
Hepa3eepHym‘biu. 

/],OKa3aTejibCTBO TeopeMbi 1. IlycTb flaHbi OTpe3Kii AB, AC. 
Ecjih 0Tpe30K AB He iiMeeT (xpoMe tohkii A) o6npix tohck hi c KamiM 
OTpe3KOM, coflepjKam,iiM AC, to oh jiejKHT no o^Hy CTopoHy ot AC (no 
caMOMy onpeflejieHino pacnojiojKemiH c o^Holi CTopoHbi). 

^(onycTHM, 0Tpe30K AB HMeeT, noMHMO A, eme o 6 rn,yio TOHKy c ot- 
pe 3 KOM a, coflepjKam,iiM AC. B TaKOM cjiynae no aKCiiOMe coefliiHemiH 
0 Tpe 3 K 0 B I 4 0 Tpe 3 Kii AB h a o 6 pa 3 yiOT oflra 0Tpe30K MN. Tax hto AB 
h AC co,n,ep>KaTCH b MN. Mojkho cnirraTb, hto TOHKa A jiejKiiT Ha MN 
(ecjni 6 bi A coBna^ajia, HanpiiMep, c M, to mojkho npo^ojinaiTb 0Tpe30K 
MN 3 a TOHKy M). 

ToHKa A flejniT 0Tpe30K MN na, AM h AN, h bo3mojkhbi ,n,Ba cjiynaa: 

1) AB, AC coflepjKaTca b o^hom h3 stiix OTpe3KOB. Tor^a oflim 113 hiix 
( 6ojiee fljniHHbiii), KaK cjie^yeT 113 TeopeMbi 4, § 4, co^epvKiiT .npyroft, t. e. 
ohm HajieraiOT flpyr Ha ,npyra. 

2) AB, AC coflepjKaTca b pa3Hbix OTpe3Kax AM, AN, HanpiiMep, 
AB C AM, AC C AN (pnc. 8). Tor^a tohkii B, A, C pacnojiojKeHbi 
Ha OTpe3Ke MN b nopHypte B03pacTaHHH ^jiiih OTpe3KOB MB, MA, MC 
(corjiacHO toh jkc TeopeMe 4, §4). IIosTOMy TOHKa A jicjkht Ha OTpe3Ke 
BC . A 3to h 3HaHiiT, b CHjiy aKCHOMbi I 3 flejieHHH OTpe3Ka, hto OTpe3Kii 
AB, AC o6pa3yiOT o^hh 0Tpe30K BC. 

TaKHM o6pa30M, TeopeMa 1 ,n,OKa3aHa. □ 

Ecjih 0Tpe30K a cjiyxaiT CTopoHoft, a ero KOHeii, A — BepmiiHoii Hepa3- 
BepHyToro yrjia, to tobophm, hto yroji orruiootceH ot OTpe3Ka a, ot ero 


KOHi^a A no Ty CTopoHy ot OTpe 3 Ka a, rpp jienoiT flpyraa CTopoHa yrjia. 

Yroji o 6 o 3 HanaeTcn jiii6o BepmnHoit, jih6o CTopoHaMn: ZO — yroji c 
BepnniHOH O, Zab — yroji co CTopoHaMn a, 6 ; Kor^a nee CTopoHbi o 6 o 3 Ha- 
naiOTca KOHpaMii, to yroji co CTopoHaMn AB, AC o 6 o 3 HanaeTca BAC njin 
CAB (hjih ZB AC, ZCAB). 

IIonepeHUHOu yrjia Ha30BeM 0Tpe30K c koiiiuimii Ha CTopoHax yrjia. 
IIonepeniiHbi A B . A\ B\ yrjiOB 0 , 0\ Ha3BiBaeM coomeemcmeeHHbUHU , 
ecjni OA = 0\A \ , OB = 0\B\ (pnc. 9). 

Yrjibi mbi Ha3biBaeM paenbiMU , ecjni y mix ecTb paBHbie cooTBeTCTBeH- 
Hbie nonepemiHbi (pnc. 10). 

s x 

+ A O, A, 

O A 
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III 2 (aKCHOMa paBHbix yrjiOB h OTKjiaflbiBaHna yrjia). Y paenux yzjioe 
ece coomeemcmeeHHue nonepeuimu paenu. Om jik>6ozo dannozo ompe3Ka 
om daHHozo ezo Konya u no dannyw emopony om nezo mochcho omjioofcumt> 
yzoji, paenuu dannoMy Hepa3eepnymoMy yzJiy, u amo moxkho edenamt 
eduHcmeennuM o6pa30M. 

IIohchhm HarjiHUHbiii iipaKTH'recKMM cmmcji stoh aKCHOMbi. IIpeflCTa- 
bhm ce6e yroji, HanepneHHbiii Ha KaKofl-Hii6yflb njiocKolt noBepxHOCTH; 
hto6h HanepTiiTb paBHbift yroji b flpyroM MecTe, mojkho npiuionaiTb k 


ctopohbm HanepnenHoro yrjia flBa CTepjK- 
hh, KaK-TO CKpemiB hx b BepmiiHc, ii ne- 
peHecTii hx b HyjKHoe mccto. to- 

ro HTo6bi npn nepeHeceHiiii OTpe3Kii He 
«pa36ojiTajiHCB» h yroji He ii3MeHHjicfl, mbi 
CK pemiM hx KaKOH-Hii6ynb nonepeHimofi: 

(puc. 11, nonepeniiHa 3,necb He 0Tpe30K, 
a peajibHbiii CTepaceHb). IlepeHecH yroji c 
nonepeHiiHOii h HanepTiiB no HeMy yroji b 
HyxHOM MecTe, mbi h npo^ejibiBaeM one- 
papiHO, O KOTOpOH B OTBJieHCHHOM BHfle CKa3aHO B aKCHOMe III 2 - 

BBe^eM em,e aKCiiOMy o Mepe yrjiOB, aHajioniHHyio aKCHOMe II 2 - A- 1151 
3Toro HaM noTpe6yeTCH cjie,a,yioiH;ee 

Onpe^ejieHHe. Byn,eM roBopiiTb, hto 0Tpe30K c npoxodum enympu 
yzjia ab , ecjin o^hh KOHeu, OTpe3Ka c HaxoflHTCH b Bepmirac yrjia h OTpe- 
30 k c hjih ero npo/i,oji>KeHHe nepecexaeT KaKy ra- h Hf>y;i;b nonepennHy yrjia 
ab. (Toyna jiyn, H^yipirit H3 Bepniimbi yrjia B^ojib OTpe3Ka c, nepeceica- 
eT BCHKyro nonepennHy yrjia, Kan sto 6yn,eT ,noKa3aHO.) Ecjih ace yroji 
pa3BepHyTbift, to bchkiih 0Tpe30K, ncxo/pirnnil 113 ero Bepniiiribi h He Ha- 
jieraioinHH hii na o^Hy 113 ctopoh, CHHTaeTCH npoxoflaipiiM BHyTpii 3Toro 
yrjia. 

Ills (aKCHOMa Mepbi yrjia). Ecjiu nemmopoMy yzny £ omneceno uuc- 
jio edunuya, mo KaotcdoMy yzny mochcho conocmaeumu noAomcumejibnoe 
hucjio — HucjieHHyH) .M.epy omozo yzjia e jwacuimaGe e, — umo6u eu- 
nojmiuiucb ycjioeufi: 

(а) Paenue yzjiu uMewm odny u my otce Mepy. 

(б) Ecjiu ompe30K c npoxodum enympu yz/ia ab, mo Mepa yzAa, ab 
paena cyMMe Mep yzjioe ac u be. 

^ajiee mojkho 6bijio 6bi npiiHHTb aKCiiOMy cymecTBOBamiH yrjia c AaH- 
hoh Mepoft, MeHbmeH Mepbi pa3BepHyToro yrjia (aHajioniHHO aKCHOMe II3 
cymecTBOBaHiin OTpe3Ka flaHHOii fljuiHbi) . Ho b stoh aKCHOMe HeT Haflo6- 
hocth, Tan Kan BO-nepBbix, cymecTBOBaHiie yrjia c /i,aHHOH Mepoii mojkbt 
6bitb ^,OKa3aHO, a bo-btopbix, oho b sjieMeHTapHoii reoMeTpini He ncnojib- 
3yeTca (b Hell iimciot ^ejio c TpiiroHOMeTpiiHecKiiMH cJjyHKpiiHMH, a ohh 
onpe^ejiaiOTCH nepe3 fljiiiHbi OTpe3KOB). 

HaKOHen;, mojkho 6bijio 6bi npiiHHTb ,h,jih yrjiOB aKCiiOMy 0 3aMeHe Mac- 
HiTa6a: npn H3MeHeHHH MacmTaSa Bee HiicjieHHbic Mepbi yrjiOB yMHOscaiOT- 
ca Ha oflHO h to nee hhcjio. Ho 3to mojkho ^OKa3aTb coBepnieHHO Tax nee, 
Kan ^OKa3biBaeTCH aHajioniHHoe yTBepjKfleHiie ^jih OTpe3KOB (§4, Teope- 
Ma 2). Pa3Him,a .numb b tom, hto Mepa yrjiOB orpamineHa: OHa He mojkbt 



Phc. 11 


npeBOCxofliiTb Mepy pa3BepHyToro yrjia. O^HaKO sto He H3MemieT ^,OKa3a- 
TejiBCTBa. OTCKyja nee cjie^yeT h eflHHCTBeHHOCTb HiicjieHHOH Mepti yrjia. 

H 3 onpe^ejiCHHH paBeHCTBa yrjiOB BbiTeKaeT Baxmoe ^jra iix H3Mepe- 
hkh cjie^CTBiie: 

TeopeMa 2. Bee pa3eepnymue yzjiu paenu. 

/loKasaTejitCTBO. Ctopohbi pa3BepHyToro yrjia O o6pa3yiOT o,h,hh 
0Tpe30K. noaTOMy ecjiH Ha hhx b3htbi tohkii A, B, to nonepemma AB 
coflepjKHTCH b 3tom OTpe3Ke h, cjie^OBaTejiBHO, co^epjKHT BepmiiHy yrjia 
O, h, no axciiOMe II 2 cjiojKemra ,zi,jihh OTpe3KOB, \AB\ = \AO\ + |BO|. 
IIosTOMy ecjiH Ha CTopoHax flpyroro pa3BepHyToro yrjia O' b3htbi Taxne 
tohkh A! , B' , hto O' A' = OA, O' B' = OB, to A'B' = AB (cm. TeopeMy 
3a, §4). 3to 3HamiT, hto cooTBeTCTBeHHbie nonepeHimbi paBHbi, tak hto 
yrjibi paBHbi, hto h Tpe6oBajiocB ,n,OKa3aTb. □ 

B reoMeTpiiii npiiHHTO ii3MepHTb yrjibi ^ByMH MacmTaSaMH: rpa^ycaMii 
h pafliiaHaMii. IIo onpeflejieHino, rpa^yc 1° — sto TaKolt yroji, hto pa3Bep- 
HyTbiii yroji paBeH 180°, a pa^iiaH — sto TaKOii yroji, hto pa3BepHyTbift 
yroji paBeH ir pa^naHOB. 

OyH^aMeHTajiBHoe pa3jiiiHiie Menc^y Mepoft yrjiOB h ,zi,jihhoh OTpe3KOB 
coctoht b tom, hto ecTB reoMeTpiiHecKH BBmejieHHbie yrjibi, k'ak pa3Bep- 
HyTbiii yroji iijiii npaMOii yroji, ho HiiKaKiix reoMeTpiiHecKH BbiflejieHHbix 
0Tpe3K0B HeT. 

Kan CTopoHa Hepa3BepHyToro yrjia pacnojiojKeHa no o^Hy CTopoHy ot 
. npyron ero CTopoHbi, tak no Ty nee CTopoHy pacnojiaraeTCH 11 BCHKaa no- 

nepeHima yrjia. 3 to Henocpe^CTBeHHO 
cjie^yeT, b cnjiy TeopeMbi 1, H3 toto, 
hto KOHpbi nonepeHiiHbi pacnojio>KeHbi 
Ha CTopoHax yrjia. Ha tom nee ocHOBa- 
HHii 3aKjiK)HaeM, hto bchkiih 0Tpe30K c 
kohu,om b BepmiiHe yrjia, nepeceKaiomiiii 
nonepeHimy, jiexaiT c toh nee ctopohbi 
( pnc. 12). 

TeopeMa 3. Ec.au ompe30K, npoee- 
dennuu U3 eepuiunu yz.aa, nepeceKaem 
K,aKyw-Jiu6o ezo nonepenuny, mo oh ujiu 
neKomopoe ezo npodojiotcenue (ne 3a eepuiuny) nepeceKaem ji7o6yio dpy- 
zyw nonepenuny. 

/JoKa3aTejiijCTBO. nycTb HMeeTCH yroji ab c BepmnHon O, h nycTb 
OTpe30K OC nepecexaeT nonepeHimy AB(A Ha a, B Ha b ; cm. pnc. 12). 3to 

3HaHIIT, HTO TOHKII A, B JiejKaT C pa3HbIX CTOpOH OT OTpe3Ka OC, H, CTajIO 
6biTb, Kax cjie^yeT 113 TeopeMbi 1, ctopohm yrjia ab jiencaT c pa3Hbix ctopoh 



ot OC. IIosTOMy ecjiH A\ Ha a, B\ Ha b , to 0Tpe30K A\B\ nepeceKaeT 
OTpe30K c, coflepjKamiiii OC. BMecTe c TeM OTpe3KH b h OC jie»caT c oflHoii 
CTopoHbi ot a. IIosTOMy 0Tpe30K A\B\ nepeceKaeT c b TOHKe, jiejKameft 
c Toil ace CTopoHbi ot a, t. e. b TOHKe, npimafljiejKaiiieH OTpe3Ky OC hjiii 
ero npo/iojiHceHHio 3a TOHKy C, hto h Tpe6oBajiocb ,n,OKa3aTb. □ 

TpeyzojibHUKOM fiyueivi Ha3biBaTB o6'bo;nnieiiHe Tpex OTpe3KOB, co- 
e;i,HH>ifoinHx nonapHO Tpn totkii, hc jiejKamne Ha o^hom 0Tpe3Ke. 3th 
tohkii — eepmunu TpeyrojibHiiKa, OTpe3Kii — ero cmoponu. TpeyrojibHiiK 
o6o3HaHaeTCH cbohmh BepmiiHaMii: ABC (hjii-i AABC) h t. n. 

TeopeMa 4. Ec.nu np.HMa.n ne npoxodum hu uepe3 odny U3 eepmun 
mpeyzojibHUKa u nepeceKaem ezo cmopony, mo ona nepeceKaem eiu,e odny 
u moAt>KO odny ezo cmopony. 

/loKasaTejiBCTBO. IlycTB npuMaa a nepeceKaeT CTopoHy AB Tpe- 
yrojiBHHKa ABC ii He npoxo^HT nepe3 Bepmimy C . Tor^a tohkh A , B 
jie>KaT no pa3Hbie CTopoHbi ot npuMOii a, ii no aKCHOMe ^ejiCHiia njiocKO- 
cth TOHKa C jiejKHT no o^Hy CTopoHy ot Hee jiii6o c tohkoii A, jih6o c 


B. 


B nepBOM cjiynae, Kor^,a C w A jiencaT c o^hoh CTopoHbi ot npaMofi a, 
to C, B — c pa3Hbix ctopoh; TeM caMbiM npuMaa a nepeceKaeT 0Tpe30K BC 
h He nepeceKaeT AC. Bo btopom cjiynae, HanpoTiiB, npnMan a nepeceKaeT 
AC h He nepeceKaeT BC. TeopeMa ^0Ka3aHa. □ 

TeopeMa 5. Ecau dea pa3nux yzAa ab, ac omAoxcenu no odny cmo- 
pony om ompe3Ka a, mo au6o ompe30K b npoxodum enympu yZAa ac , au6o 
c — enympu yzAa ab. 

floKasaTejibCTBO. IlycTb yrjibi ab, ac c Bepnnmon O OTjioiKeHbi no 
o^,Hy CTopoHy ot OTpe3Ka a. Bo3bMeM Ha CTopoHax a, b tohkii A, B n em,e 
TOHKy D Ha npoflOjrsceHiiii OTpe3Ka a 3a Bepimmy O. IIpoBe^H OTpe3Kii 
AB, BD, AD, nojiyHHM TpeyrojibHiiK ABD (pi-ic. 13). 


L 
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IlpaMaH c, coflepjKamaa 0Tpe30K c, nepecexaeT CTopoHy AD Tpeyrojib- 
HiiKa ABD b tohkc O n He npoxofliiT nepe3 Bepnnmy B , CTajio 6bitb, no 
TeopeMe 4, OHa nepecenaeT ein,e oppy CTopoHy. 

/^onycTHM, OHa nepecexaeT CTopoHy AB b HeKOTopon tohkc C 
(pnc. 14). CTopoHa AB — sto nonepemma yrjia ab. IIosTOMy 0 Tpe 30 K OC 
npoxo^HT BHyTpn stoto yrjia. OTpe 30 K c Ha npHMoii c HMeeT tot ace kohch; 
O h pacnojio>KeH c toii ace ctopohbi ot a. IIosTOMy oh HajieraeT Ha OC h, 
CTajio 6bitb, npoxo^HT BHyTpn yrjia ab. 

^onycTHM Tenept, hto npaMaa c nepeceKaeT CTopoHy DB b HeKOTopoii 
Tonne C (pnc. 15). npoBe,ipi 0Tpe30K AC' , nojiyHHM TpeyrojiBHiiK AC' D . 

IIpaMaH b, coflepHcaniaa 0Tpe30K b , ne- 
pecexaeT CTopoHy AD TpeyrojibHiiKa 
AC' D h He npoxo^HT nepe3 BepniHHy. 
OHa nosTOMy nepecexaeT OflHy H3 cto- 
poH AC' hjhi DC' . Ho CTopoHy DC' 
OHa He mojkbt nepeceKaTb, Tax Kax ne- 
pecexaeT ee npoflojiacemie b tohkb B . 
noaTOMy b nepecexaeT AC' , h sto 3Ha- 

HHT, HTO 0Tpe30K b HpOXOflHT BHyT- 

pn yrjia ac (kslk sto 3aKjiiOHaeM no- 
Ao 6 ho npeflbmymeMy BbiBO^y 06 OTpe3- 
xe c). 

TaraiM o6pa30M, bbixo^ht, hto jih6o c npoxofliiT BHyTpn yrjia ab, jih6o 
b — BHyTpn yrjia ac, hto h Tpe6oBajiocb flOKa3aTb. □ 

no aKCHOMe III3 Mepbi paBHbix yrjiOB paBHbi. Bmcctb c stiim Bbinoji- 
HaeTCH h o6paTHoe yTBepayjeHiie. 

TeopeMa 6. Ecjiu Mepu ye/ioe paenu, mo u comu yzjiu paenu. 

3to aHajiorHHHO TOMy, hto no TeopeMe 3, § 4, OTpe3KH paBHbi, ecjni hx 
,H,JIHHbI paBHbi. 

Tax ace, no,n,o6HO cjie^CTBHio TeopeMbi 3a, § 4, 06 0Tpe3Kax BbinojiHH- 
eTCH aHajioriiHHaa: TeopeMa 06 yrjiax. 

TeopeMa 7. Paeencmeo yznoe petfuieKcueno, cuMMempuuno u mpan- 
3umueno. 

^OKa3aTejibCTBa TeopeM 6 h 7 coBepmeHHO aHajioniHHbi flOKaaaTejib- 
CTBaM cooTBeTCTByioiH,Hx yTBep>K/i,eHHH H3 § 4 06 OTpe3Kax. Hyaoio jiimib 
nepecKa3aTb Te ,n,OKa3aTejibCTBa npiiMemiTejibHO k yrjiaM. HmaTejib npo- 
^ejiaeT sto b KanecTBe ynpaacHemiH. (B ,n,OKa3aTejibCTBe TeopeMbi 6 Hyamo 
BOcnojib30BaTbca TeopeMoii 5 .) □ 

CMeacHbie yrjibi. IIpHMbie yrjibi. /laa yrjia Ha3biB aiOTCH cMeotc- 
humu, ecjni y Hiix oflHa CTopoHa o6m;aH, a flBe flpyrne o6pa3yiOT oflira 


OTpe30K (npo^ojiJKaiOT flpyr ^pyra, pnc. 16). 

3th CTopoHbi o6pa3yiOT, CTajio 6biTb, pa3- 
BepHyTbifi yroji. IIosTOMy, b cnjiy aKCHOMbi 
III3 Mepbi yrjia, cyMMa Mep CMenaibix yrjiOB 
paBHa Mepe pa3BepHyToro yrjia (xoTopaa, no 
TeopeMe 2, o,n,Ha h Ta nee ,hjih Bcex pa3BepHy- 
tbix yrjiOB h paBHa 180°). 

OTCiOfla b ciuiy TeopeMbi 6 cjie^yeT, hto yrjibi, CMejxHbie paBHbiM 
yrjiaM, paBHbi. B nacTHOCTii, eepmuKdA’bHue yrjibi, onpe^ejiaeMbie xax 
CMejKHbie c oflHHM h TeM >xe yrjiOM, paBHbi. 

Yroji, paBHbift CBoeMy CMeixHOMy, Ha3biBaeTCH npfiMUM. H 3 npeflbmy- 
rpero hcho, hto yroji, paBHbift npaMOMy, caM npaMoft. 

TeopeMa 8. Bee npuMue yzjiu paenu. Mepa npsiMOZo yzjia cocmae- 
jinem nojioeuny Mepu pa3eepnymozo yzjia. 

/],OKajKeM 3TO co bccmh ccbuixaMH. IIpaMoft yroji paBeH CBoeMy cmcjk- 
HOMy. IIoaTOMy, b cnjiy axcnoMbi III3 , hx Mepbi paBHbi h, Tax xax cyMMa 
sthx Mep paBHa Mepe pa3BepHyToro yrjia, to Mepa npHMoro yrjia paBHa 
nojiOBHHe Mepbi pa3BepHyToro yrjia. Cjie^OBaTejibHO, Mepbi y Bcex npa- 
Mbix yrjiOB paBHbi. B cnjiy TeopeMbi 6, Bee npHMbie yrjibi paBHbi. Hto ii 
Tpe6oBajiocb ,noxa3aTb. □ 

3aMeaaHHe. B «HaHajiax» EBxjn-ma paBeHCTBO npsMbix yrjiOB npn- 
hhto 6e3 ^,oxa3aTejibCTBa, xax axciiOMa. Hmchho IV nocTyjiaT EBxjn-ma 
rjiaciiT: «Bce npaMbie yrjibi paBHbi». 

B § 1 cjie^yiomeft rjiaBbi Mbi .noxajxeM cymecTBOBaHiie npHMbix 
yrjiOB. 



§ 7. AxcHOMa napajuiejibHbix 

K njiocxocTHbiM axcHOMaM npiiHafljiejKHT b xanecTBe nocjieflHeft axen- 
OMbi njiaHHMeTpiiii axciiOMa napajuiejibHbix. Mbi ccjjopMyjnipyeM ee He ,h,jih 
npHMbix, xax 3 to o6biHHO npiiHHTO, a ,h,jih OTpe3xoB, nocxojibxy OTpe3XH 
cjiyjxaT y Hac ocHOBHbiMii oSbexTaMii. 

IV ! (axciiOMa napajuiejibHbix OTpe3xoB). Ecjiu ompe3Ku AC , BD pae- 
hu, Aeoicam no odny emopony om ompe3Ka AB u o6pa3ymm c hum npuMue 
yzjiu, mo ompe30K CD paBeH AB (pnc. 17). 

3aMeHaHne k axcMOMe IVi. OTpe3xn, o6.:ia;i,aioiune CBOftcTBaMH 
0Tpe3X0B AC, BD, w r y p 11 py fo 1 h m m h b axciiOMe, mbi Ha3biBaeM napaji- 
jiejvbHUMU. JIio6bie paBHbie flpyr APyry OTpe3xn AM, BN, HajieraiomHe 
Ha OTpe3xn AC, BD, o6jia,n,aiOT tcmh >xe CBOftcTBaMH, h, no axcuoMe, 
NB = AB. TaxiiM o6pa30M, napajuiejibHbie OTpe3XH mojkho npoAOJuxaTb 
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cko jib yro^HO ^ajieKO, h 0Tpe3Kii PQ Meacfly hx ToanaMH P, Q, rjik koto- 
pbix AP = BQ, Bee paBHbi flpyr APyry (piic. 18). Kan roBopaT, OTpe3KH 
AM, BN npoxoflaT — pacnojioaceHbi — na nocmosmnoM paccmomuu Apyr 

ot flpyra, KaK pejibCbi npaMOii .jiiihiiii 
>Kejie3H0ft floporn (puc. 19). «riapajijiejib- 
Hbiii» no-rpeaecKii h 03HaaaeT «n;iyrrpiH 
pa/iOM». 

JlerKO ^,OKa3aTb — h sto 6yn,eT c^ejia- 
ho b § 2 rji. II, — 'no 0Tpe30K CD b h.k- 
cnoMe o 6 pa 3 yeT c AC n BD npaMbie yr- 
jibi (h TaK ace jiio 6 oh 0Tpe30K PQ 06 - 
pa 3 yeT npaMbie yrjibi c AP, BQ). ®h- 
rypa ABCD npe^CTaBjiaeT co6oii npa- 
MoyrojiBHiiK. fUpyriiMH cjiobemh, aKCiio- 
Phc. 19 Ma IV i BbipaacaeT tot xoporno H3BecTHbin 

H3 npaKTHKH (J)aKT, HTO MOJKHO CTpOIITb 
npHMoyrojibHiiKii c jno 6 biMii CTopoHaMH. IIpHMoyrojibHiiKaMii aBjiaiOTca 
Han 6 ojiee aacTO BCTpeaaiomiieca b 6 biTy cjnirypbi: nojibi, CTeHbi, OKHa, 
CTeKjia, juiCTbi 6yMarn h t. a-, h t. n. 

06biaHO npiiHiiMaiOT ancnoMy, roBopamyio o napajuiejibHbix npaMbix. 
HanoMHiiM, hto b njiamiMeTpini Ase npaMbie Ha3biBaiOTca napa.ajiejibnu- 
mu , ecjin ohii He iiMeiOT o6m,nx ToaeK; b stom cjiyaae Taxace roBopaT, 
aTO o^,Ha npaMaa napaJi.ae.abHa Apyroli. ,Hjih napajuiejibHbix npaMbix a, b 
npiiMeHaeTca o6o3Haaemie: a\\b iijiii 6||a. 

AxcHOMa napajuiejibHbix npaMbix. JJji.h KacHcdou npjiMou a u He 
jiecHcaut,eu na neu mouKu A cyipecmeyem ne 6o.aee odnou npsuaou, napaji- 
neJibHou daHHou npfiMou a u npoxodfiw,eu uepe3 mouny A. 

To, aTO aepe3 ^aHHyio Toaxy A, He jieacaipyio Ha ^aHHOii npaMOii a, 
npoxo^iiT no Kpaimeii Mepe o^Ha npaMaa, napajijiejibHaa a, jierKO A0Ka3bi- 
BaeTca (sto npaMaa, nepneH/piKyjiHpHaa nepneHAiiKyjiapy AB k npaMOii 
a, Kan ^,OKa3aHO flajibine b § 2 rji. II) . Akchomh yTBepacflaeT, hto TaKaa 
npaMaa tojibko OAHa. 



3,n,ecb roBopHTca o npHMbix bo bccm hx 6 ecKOHCHHOM i ipoTM >Ke h h h , 
noaTOMy aKCPiOMa He iiMeeT npaMoro npaKTiinecKoro co^epjKaHPia, h ,h,jih 
H arjiHflHoro ee noHHMamiH Tpe6yeTCH npe^CTaBHTB ce6e 6ecKOHeHHbie npa- 
MBie. 

06xo,ii,hcb 6e3 npeflCTaBjiemiH o npHMbix, b3htbix bo bccm pix 6ecKOHen- 
hom npoTHJKeHiiii, HMeiOT b Bii,n,y KOHeHHbie, ho HeorpamiHeHHO npo^ojiaca- 
eMBie npHMBie (oTpe3Kii) 11 tobopht: npaMbie napajijiejiBHbi, ecjrn ohh He 
nepeceKaiOTCH, Kan hx hii npoflOjEKaTb. (Kor^a roBopHT o napajuiejibHbix 
JHIHHHX B npaKTIIKe, TO HMeiOT B BHfly, HTO OHII npOXOflHT Ha nOCTOHHHOM 
paCCTOHHIIII (o HCM CKa3aHO BbIHie), HO eflBa JII'I, HTO OHII npil 6eCKOHeHHOM 
npoflOjuKemni He nepecexyTCH. B reoMeTpini »ce nojiB3yiOTCH npH3HaKaMii 
napajijiejiBHOCTii, b kotopbix pent ii^eT, Ha caMOM ^ejie, 06 OTpe3Kax h 
yrjiax.) AxcnoMa napajuiejiBHBix npuMbix npoipe no (fjopMyjmpoBKe, ho 
^.ajiBHie ot npaKTHKii, neM aKCHOMa napajuiejibHbix OTpe3KOB. 

IIpeflCTaBjieHHe o 6ecKOHeHHOii npuMoil 6 bijio nyxc^o rpexaM; y Eb- 
Kjuifla pojib aKCHOMbi napajuiejibHbix iirpaji nuTbiii nocTyjiaT, yTBep:ac/i;a- 
ioih,hh: «Ecjiu U3 Konyoe dannozo ompe3Ka npoeedenu e odny cmopony om 
nezo dea ompe3Ka, o6pa3ymuj I ue c hum yz- 
jiu, e cyMMe Menumue pa3eepHymozo yz- 
Jia, mo caMU amu ompe3Ku uau ux npo- 
doJiotceHua nepecenammcH (nMeeTCH b bh- 
py npoflOJKKeHiie b Ty nee CTopoHy ot ^aH- 
hoto OTpe3Ka, cm. pnc. 20) 6 . 

3to yTBepjK/j,eHiie paBHOCiuibHO cjie- 
AyioipeMy: 

IIpu ecuKOM dannoM ompe3ne AB u 
dannux deyx yzjiax a , /?, e cyMMe Menu- 
mux pa3eepnymozo, cyvupcmeyem (mochc- 
ho noempoumu) mpeyzoAbnuK co emopo- 
hou AB u npuAeotcaWfUMU yz.aaMu A = a 
u B = (3. 

0Tpe3Kii, npoBe^eHHbie b o^Hy CTopoHy ot OTpe3Ka AB no# AaHHbi- 
mh yrjiaMii, corjiacHO V nocTyjiaTy nepecenyTCH, t&k hto ii nojiyniiTca 
HyjKHbifi TpeyrojibHiiK. IIoaTOMy V nocTyjiaT HMeeT npaKTHHecKiiii cmbicji 
yCJIOBHH, npil KOTOpOM MOJKHO nOCTpOIITb TpeyrojibHiiK C flByMH flaHHbIMH 
yrjiaMii. 



Phc. 20 


c RyKBa.;]i.iio 4>opMyjiHpoBKa b «Ha T iajiax» F.BKjitpya HecKOjitKO wnaa, ho b tomho- 
cth paBHOCHJibHaa. B ^pyrnx cnncKax «HaHaji» to >Ke yTBepnc^eHHe cjDHrypHpyeT KaK 
XI aKCHOMa. 


Bee Tpii aKCHOMhi: napajijiejiBHBix OTpe3KOB, napajijiejiBHBix npn- 
mbix, nHTbin nocTyjiaT — paBHoenjiBHBi. 3 to mbi .noxajxeM no3»ce, b §2, 
rji. II. 

3aMeaaHHe. Cjiojxhoctb V nocTyjiaTa h to, hto oh BOBce He Tax 
OHeBH^eH, KaK ocTajiBHBie, Bbi3Bajia nonBiTxn bbibcctii ero 113 flpyrnx 
npe^nocBuiOK reoMeTpini nonBiTXH, ^jinBrnnecH co BpeMeH EBxjiima 
CBBirne 2000 jieT, noxa He 6 bijio 0C03HaH0, hto Taxon bbibo/i, hcbo3mo- 
»ceH. FeoMeTpHH, b xoTopoft 9 tot nocTyjiaT OTpiipaeTCH, 6bijia nocTpoe- 
Ha H. II. JIofta'ieBCKHM (1792-1856) i-i H.Bohh (1802-1860) b 20-x ro/i,ax 
XIX B. 

X HiiTejiio nojie3HO imeTb b Bimy pa3HBie (JiopMBi axciiOMBi napajijiejiB- 
HBIX — XOTH 6bl flJIH B03M0JXH0CTH Bbl6opa. 

§ 8. Akchomm CTepeoMeTpim h hx nepBtie cjic/i,ctum>i 

B axcHOMaTHKe CTepeoMeTpim Hapjpiy c ochobhbimh noHHTiiaMii njia- 
HHMeTpHH BBOflHTCH HOBBie o6beKTH - UJlOCKOCmU H OTHOHieHIie — 
TOHxa npunad.tieotcum njiocxocTH hjiii, hto to jxe, njiocKOCTB npoxodum 
nepe3 TOHKy. Bboaiitch onpe^ejieHiie: OTpe30K codepotcumcfi (jieotcum) e 
njiocKOCTi-i, ecjrn Bee ero tohkii npimafljiejxaT stoh hjiockocth; Tax >xe 
onpe^ejiaeTCH, hto npaMaa co^epjxiiTCH b njiocxocTH. 

Axciiombi o6pa3yK>T Tpii rpynnbi: 1) jniHeiiHBie, 2) njiocxocTHBie, 
3 ) npocTpaHCTBeHHBie . 

JIiiHeiiHbie axciiOMbi ^ocjiobho noBTopaiOT jnmeimBie axci-iOMbi § 3 , 4 . 

IIjiocxocTHBie axci-iOMbi noBTopaiOT njiocxocTHbie axciiOMBi § 6, 7 c toii 
pa3HHH,ei"i, hto Tenept x TpeM H3 hiix flo6aBjiaeTCH yxa3amie, hto ohii 
othochtch x xajx^oii njiocxocTH. Hmchho: 

AxcnoMa /j,cjlchh>i njiocKOCTH. Ha Kaotcdou, rui.ocKocrrm no onrno- 
uienuto ko ecsiKOMy codepotcavu,eMycsi e neu ompe3Ky pa3Jiuv,awmcsi dee 
emoponu. 

AxcnoMa OTKJia^tiBaHHH yrjia. Ha Kaotcdou n.nocKOcmu no danuyto 
emopony om jieotcau^ezo e neu ompe3Ka om dannozo ezo Konu,a Mootcno 
onuiootcumu yzoA, paenuu dannoMy. 

AxcnoMa napajiJiejitHBix. Ha Kaotcdou n.aocKocmu. . . h aajiee <]>op- 
MyjinpyeTCH axciiOMa napajijiejiBHBix 0Tpe3X0B hjiii npHMBix. 

OopMyjIIipOBXII OCTajIBHBIX aXCIIOM MOJXHO H6 MeHHTb. 

IIpocTpaHCTBeHHBie axcHOMbi; hx Bcero Tpn. 

lip. 1. Hepe3 xajxflbie Tpn tohxh npoxo^HT njiocxocTb. 

lip. 2. CymecTByiOT neTbipe tohxii, He jiejxamiie b o^hoii njiocxocTH. 



rip. 3. Ecjii-i ppe njiocKOCTi-i HMeiOT o6myio TOHKy, to iix nepecenemie 
npe^CTaBjiaeT co6oii npaMyio. (npaMaa onpe,n,ejiaeTca nepe3 OTpe3Kii, KaK 
3to c^ejiaHO b § 5.) 

TaK KaK jiHHenHBie aKCiiOMbi TyT Te ace, hto b njiaHHMeTpim , to mojk- 
ho BOcnojiB30BaTbca BceMii BbiBOflaMii H3 hiix, nojiyaeHHbiMii paHbine. B 
aacTHOCTii, iiMeeT MecTO 

TeopeMa 1 . Tepes k aotcdue dee mouKU npoxodum npsiMasi, u npumoM 
moJittKO odna. □ 

Tenepb flOKaaceM caepyiomyio TeopeMy. 

TeopeMa 2. Ecau npsiMafi uMeem c nAOCKoemuio dee o6iu,ue mouKu, 
mo ona codepotcumcA e omou nAOCKoemu. 

floKasaTejiBCTBO. IlycTb p,Be tohkii A, B npaMoii a jieacaT b njioc- 
koctii a. K TOHKaM A, B mohcho npiicoefliiHiiTb KaKyio-Hii6yzi,b TOHKy C, 
He jieacamyio b a (KaK sto caepyeT 1-13 aKCiiOMbi lip. 2). Hepe3 tohkii A, 
B , C npoxoflHT njiocKOCTb (3 (aKCiiOMa lip. 1). IIo aKCHOMe lip. 3 njiocKO- 
cth a li (3 nepeceKaiOTca no npaMott. 3ia npaMaa co^epaaiT tohkii A, B. 
Ho no TeopeMe 1 nepe3 flBe tohkii npoxofliiT tojibko o^Ha npaMaa. 3 to, 
CTajio 6biTb, n ecTb p,aHHaa npaMaa a, n OHa jieaaiT b njiocKOCTii a. Hto 
h TpeSoBajiocb p,OKa3aTb. □ 

H 3 TeopeM 1, 2 OHeBiiflHO BbiTenaeT 

Cjie^CTBHe. Bo bcakou nAOCKoemu Kaotcdue dee mourn mochcho co- 
edunumb ompe3KOM, u npumoM moAt>KO odnuM. □ 

BMecTe c jumeinibiMH n njiocKOCTHbiMii aKCHOMaMH sto npiiBop,HT k 
B biBop,y: 

TeopeMa 3. Ha Kaotcdou nAOCKoemu eunoAHAemcA nAanuMempuji. □ 
ycTaHOBHM ein,e ppa CBOiicTBa njiocKOCTii KaK tfnirypbi b npocTpaHCTBe . 
TeopeMa 4. Tepea Kaotcdue mpu mouKU, ne Aeotcau^ue ua odnou npji- 
mou, npoxodum nAOCKoemu, u npumoM moAVKO odna. 

/(oKa3aTenbCTBO. nycTb A , B, C — tohkh, He jieacamiie Ha oflHoii 
npaMoii. Hepe3 hiix. no aKCHOMe np. 1, npoxop,HT njiocKOCTb. 3ia njioc- 
KOCTb a tojibko oflHa, noTOMy hto Bcanaa ppyraa njiocKOCTb (3 , nMeiomaa 
c a o6mne totkii, nepecenaeT a no npaMoii (aKCiiOMa np. 3) n, CTajio 
6biTb, He MoaceT nMeTb c a o6mnx ToneK, He jieacamiix Ha o,h,hoii npaMoii. 
TeopeMa 4 p,0Ka3aHa. □ 

Cjie^CTBHe 1. Bepe3 npAMyw u ne AeaKau^ym na neu mouKy npoxo- 
dum nAocKocmt>, u npumoM moAbKO odna. 

Cjie^CTBHe 2. Tepea dee nepecenamiyuecA np.HM.ue npoxodum uaoc- 
Kocmu, u npumoM moAUKO odna. 

06a cjiep,CTBiia bbibo/jhtch H3 TeopeMbi 4 c Hcnojib30BaHiieM TeopeMbi 

2. HiiTaTejib flOKaateT hx caMOCToaTejibHO. □ 



TeopeMa 5. Bcjikciji n.tiocKocrm> a de.aum ece ne npuHadjiecucamue eu 
mouKU na dea manux KJiacca, umo ompe30K, coedunjiKnpuu hiouku odno- 
30 KJiacca, ne nepecenaem a, a ompe30K, coeduHsuout/uu mouKU pa3nux 
K.fiaccoe, nepecenaem a. 

floKasaTejitCTBO. BepeM KaKyio-Hii6yii,b TOHKy A, He npriHa^jie- 
Htamyio a, h othochm b Kjiacc Fi, BMecTe c tohkoii A, Bee Tanne tohkii 
M, hto 0Tpe30K AM He iiMeeT c a o6miix tohck; Bee ocTajibHbie tohkii, 
He npHHafljiejKamiie a, othochm b Kjiacc F 2 . 

IlycTB M, N — flBe tohkii, OTjniHHbie ot A h He jiejKamiie b njiocKOCTii 
a. Hepe3 tohkii A, M, N npoxo^iiT njiocKOCTb (3 (aKCHOMa lip. 1). OTpe3- 
kh AM, AN, MN jiencaT b f3 (cjieflCTBne TeopeM 1, 2). Ecjiii njiocKOCTb 
(3 He iiMeeT c a o6ih,hx tohck, to, oneBiiflHO, M, N £ F\, h 0Tpe30K MN 
He iiMeeT c a o6mi-ix tohck. 

flonycTHM, njiocKOCTii an [3 hmciot o6in,yio TOHKy. Tor^a, b cnjiy aK- 
chombi lip. 3, ohii nepeeeKaiOTCH no npsiMOH. 3ia npaMaa a pa36iiBaeT 
njiocKOCTb (3 3a bbihctom caMolt npaMoft a Ha ,n,Be OTKpbiTbie nojiynjiocKO- 
cth (b cnjiy aKCHOMbi ,n,ejieHiiH njiocKOCTii). H3 onpeflejieHiia KjiaccoB Fi, 
F 2 HCHO, HTO TOHKII OflHOII 113 3TIIX nOJiynjIOCKOCTeft BXOflHT B F\, TOHKII 
flpyroft — b F 2 . no CBOiiCTBy nOJiynjIOCKOCTeft, ecjiii tohkii M , N npiiHa^- 
jieacaT o^hoii 113 hhx, to 0Tpe30K MN ne nepeceKaeT npaMyio a . Ecjiii ace 
tohkii M, N npiiHa^jiejKaT pa3HbiM nojiynjiocKOCTHM, to 0Tpe30K MN 
nepeceKaeT npaMyio a . A Tax xax tohkii nOJiynjIOCKOCTeft coflepacaTca b 
Kjiaccax Ei h F2 , to nojiynaeM CKa3aHHoe b TeopeMe: AIN He nepeceKa- 
eT a, ecjiii tohkii M, N H3 o^hoto Kjiacca, n nepeceKaeT, ecjin tohkii 113 
pa3Hbix KjiaccoB; hto h TpeSoBajiocb ^0Ka3aTb. □ 

/I,oiiojihchhc. /I,pyi’OM Bapnairr axcnoM CTepeoMeTpmi. Cninaa 
njiaHHMeTpmo ii3BecTHoft, mojkho, nepexofla k CTepeoMeTpini, npiraaTb, 
hto Ha KaacflOH njiocKOCTii BbinojiHaeTca 1 1 j 1 a h h m e r rp h a . noflo6Haa aKcn- 
OMaTiiKa yn,o6Ha npii thkom H3Ji0JKeHini reoMeTpini, KOiyja CHanajia H3Jia- 
raeTca njiaHiiMeTpiia, a noTOM — CTepeoMeTpiia (npn stom 6e3pa3JiiiHHO, 
Ha Kaxiix aKCiiOMax CTpoiiTca caMa iuiaHHMeTpna). 

Taxoe H3Ji0JKeHiie flaHO b KHiire: AjieKcandpoe A.fl., Bepnep A.JI., 
Puok.uk B. H. EeoMeTpi-iH. 9-10: YHe6Hoe noco6ne ,h,jih ihkoji 11 KjiaccoB 
c yrjiy6jieHHbiM ii3yHeHiieM MaTeMaTiiKii. M.: npocBememie, 1984. TaM 
ncnojib 3 yeTca noHHTiie BejiHHHHbi — paccToamia Meayiy TOHKaMii, ho ero 
mojkho 3 aMemiTb HiicjieHHbiM paccToamieM. Tor^a aKCHOMbi CTepeoMeT- 
piiii npeflCTaBjiaiOTca cjie^yiomiiM o 6 pa 30 M (c TeMii ace ocHOBHbiMii 06b- 
eKTaMH 11 OTHomeHHHMH): 

1. (AKCHOMa paccTOHHi-in.) KaacflbiM flByM tohkhm conocTaBjieHO pac- 
CTOHHiie— nojiojKiiTejibHoe hiicjio (iijiii BejiiiHiiHa) . 



2. (AKCi-iOMa njiocKOCTii.) CymecTByeT xoth 6bi o/pia njiocKOCTb, h Ha 
Ka>Kflofi njiocKOCTii BbinojiHaeTca njiamiMeTpiiH. IIpii stom HiicjieHHasi 
^.jiiiHa KajKfloro OTpe3Ka paBHa flaHHOMy no aKCiiOMe 1 paccTOHHiiio Mencfly 
ero KOHpaMii. 

/],ajibine cjieflyiOT Tpii npocTpaHCTBeHHbie aKCHOMM — Te nee, hto h bm- 
me: lip. 1, lip. 2, lip. 3. 


FjiaBa II 

HAHAJIA 3JTEMEHTAPHOH TEOMETPHH 

§ 1. TpeyrojitHHKH, nepneH^HKyjiHpti 

HanoMHHM, hto TpeyrojibHiiKOM mm Ha3MBaeM tfrarypy, o6pa30BaHHyio 
TpeMH OTpe3KaMii c nonapHO o6ihhmii KOHpaMii, He coflepjKamiiMiiCH b o^- 
hom OTpe3Ke 7 . Ctopohm, BepHiiiHbi, yrjibi TpeyrojibHHKa onpeflejiaiOTCH 
Kan o6mhho, Tan »ce KaK paBeHCTBO TpeyrojibHHKOB no paBeHCTBy cto- 
pOH H COOTBCTCTBeHHblX yrjIOB. Il3 Toro, HTO BepHIIIHbl He COflepjKaTCH B 
OflHOM OTpe3Ke, cjieflyeT, hto yrjibi TpeyrojibHHKa HacToanpie, a Kansas 
CTopoHa cjiyjKHT nonepeniiHOii npoTiiBonojiojKHoro yrjia (cm. TeopeMy 1, 
§6, rji. 1). 

Buno.ansiwmcfi mpu KJiaccuHecKue meopeMU o paeencmee mpeyzo.nb- 
huko6 (tojibko mm ycTaHaBjii-iBaeM hx b iihom nopa/pce): 

(I) no mpeM cmoponaM, 

(II) no deyM cmoponaM u yz.ny Meotcdy humu, 

(III) no emopone u deyM npujieotcaui,uM yzjiaM. 

)],OKa3aTejibCTBO (I). IlycTb y TpeyrojibHHKOB ABC, A\BiC\ paB- 
hm ctopohm: AB = A\B\ h t. p,. BBiipy stiix paBeHCTB OTpe3Kii BC, 
B\C\ HBJIHH3TCH cooTBeTCTBeHHbiMii nonepemiHaMii yrjiOB A, A\. IIo ycjio- 
bhk> BC = B\C\. 3HaniiT, ZA = AA\. AHajionmHO ,n,OKa3biBaeTCH, hto 
AB = AB\ h AC = AC\ (pnc. 21). □ 

floKa3aTejibCTBO (II). IlycTb y TpeyrojibHHKOB ABC, A\BiC\ 

AB = A 1 B 1 , AC = A1C1, ZA = ZAi. 

BBiipy nepBbix ppyx paBeHCTB y yrjiOB A, A\ nonepeHirabi BC, B\C\ 
cooTBeTCTBeHHbie , h no paBeHCTBy yrjiOB ohii paBHbi. IIosTOMy H3 (I) Tpe- 
yrojibHHKii paBHbi (piic. 22). □ 

7 Tpeyro.;n»ii h kom Ha3i>iBaiOT n KapKac, h nacTB iijiockocth, KaK b cjiOBax: «Tpe- 
yrojit»HHK H3 npoBOjiOKH» hjih «Bt>ipe:»ci>Te TpeyrojibHHK H3 6yMarH», h tph tohkh, He 
jiejKam;He Ha o,zj,hoh npHMOH, h Tpn coe,u,HHHiOH],He hx OTpe3Ka. 



B , 



Phc. 22 


floKasaTenbCTBO (III). IlycTB y TpeyrojitHiiKOB ABC , 

AB = A 1 B 1 , ZA=ZA U ZB = ZB\. 

Otjiojkiim b^ojib ^4iCi 0Tpe30K A 1 C 2 , paBHbift AC. Tor^a BBHfly (II) Tpe- 
yrojiBHiiK A 1 B 1 C 2 paBeH TpeyrojiBHiiKy A ABC. CTajio 6 bitb, ero yroji 
B 1 paBeH yrjiy B b TpeyrojiBiniKe ABC . IIo aKCHOMe OTKjia^BiBaHHH yr- 
jia, yroji, paBHBiii B , mojkbt 6bitb 3flecB tojibko oahh, TaK hto yroji B\ 
TyT cypiH n tot ace (b AA\B\C\ h AA 1 B 1 C 2 ). TeM caMBiM A A] B\ C 2 
coBnaflaeT c AA 1 B 1 C 1 , h, 3HaHiiT, AAiSiCi = A ABC (puc. 23). □ 
IIepneH/j,HKyjiHpbi. Mh roBopiiM, hto 0Tpe30K a nepnenduKyjisipeH 
OTpe3Ky 6, ecjin caMii stii OTpe3KH hjih hx npoflOjcKemis nepeceKaiOTca 
nofl npaMbiM yrjiOM. B 3anncn: a A b. 

TeopeMa 1. bchkozo ompe3Ka a u jiw6ou mourn A uepe3 nee 

npoxodum ompe30K, nepnenduKyjuipHuu a. 

/I,OKa3aTeiibCTBO. npuHipimiajiBHO pa3jiHHaiOTCH flBa cjiynaa: 
a) TOHKa A jiexaiT Ha KaKOM-HH6yn,B OTpe3Ke, coflepacameM a; 6) sto He 
Tax. HaM 6yn,eT y,n,o6Hee HanaTB co cjiynaa 6). 

C jiy nan 6). Bo3BMeM Ha a KaKyK>-jni6o TOHKy £?, 11 nycTB BC — oflira 
03 OTpe3KOB, Ha KOTopnie B flejiHT a. IIpoBe^eM 0Tpe30K AB\ B03BMeM 


A 




Phc. 23 


yroji ABC n otjiojkiim ot BC paBHbiii eMy yroji A\BC c .npyrofi ctopohm 
ot OTpe3Ka BC. Ha ero CTopoHe mbi mojkcm b3hti> Tonxy A\ c A\B = AB 
(pnc. 24). 




Phc. 24 


Tohxii A h A\ jiencaT c pa3Hbix ctopoh ot a, noaTOMy 0Tpe30K AA\ 
nepeceKaeT HeKOTopbiii 0Tpe30K a' , coflepjxamiiii a, b KaKoii-TO Tonxe D. 
Mo»ceT cjiyriiTbCH, hto D coBna^aeT c tohxoii B, Tax hto OTpe3Kii AB 
ii A\B o6pa3yiOT o^im 0Tpe30K AA\. Tor,n,a yrjibi, o6pa3yeMbie iimii c 
OTpe3KOM BC , CMe>KHbie, a Tax xax no nocTpoemno ohm paBHbi, to ohii 
npuMbie, Tax hto AB _L a. 

nycTb TonKa D OTjnmHa ot B, Tax hto iimciotch flBa TpeyrojibHHKa 
ABD ii A\BD. y hiix BA = BA \ , CTopoHa BD o6maa (ii Tax xax 0Tpe30K 
paBeH caMOMy ce6e, to CTopoHbi BD paBHbi). KpoMe toto, yrjibi npn Bep- 
nniHe B paBHbi jih6o no nocTpoemno, jni6o xax CMeixHbie nocTpoeHHbiM 
paBHbiM yrjiaM ABC n A\BC. nosTOMy TpeyrojibHiiKii ABD ii A\BD 
paBHbi, n, CTajio 6biTb, paBHbi nx yrjibi D. A Tax xax ohii CMexcHbie, to 
3HannT npuMbie. TaxiiM o6pa30M, AA\ _L a. 


C ji y n a ft a) . IlycTb ^jih npocTOTbi, Tonxa A jiejxiiT Ha OTpe3- 
Ke a, Tax hto HMeeM Ha a OTpe3KH AB, AB\. IIojib3yHCb tojib- 
ko hto H3Jio>KeHHbiM nocTpoemieM, nocTpoHM r,ne-Hii6ynb npsiMoft yroji 
d. Otjicbkhm paBHbift eMy yroji BAC ot OTpe3xa AB, ot ero koh- 
pa A. Oh npHMoft, nocKOjibKy paBeH npaMOMy yrjiy. Cjie^OBaTejibHO, 

AC 1 a. □ 

3to nocTpoemie xax 6 bi BOcnpoii3BO,n,HT OTxjiaflbiBamie npaMoro yraa 
c noMom,Bio yrojiBHiixa. 

^jih floxa3aTejiBCTBa e,ii,HHCTBeHHOCTH nepneH- 
fliixyjiapa HaM HyjxHa 

JleMMa (o6paTHaa TeopeMe o cyMMe CMejxHbix 
yrjiOB). Ecjiu y deyx yzjioe odna cmopona o6iu,aji, a 
dee dpyzue pacnojiootceHu no pa3nue cmoponu om 
nee, u e cyMMe yzjiu cocmaejimom 180°, mo onu 
CMeoKHue. ,H,oxa}XHTe sto caMOCToarejibHO. □ 

TeopeMa 1 . IlepnenduKyMp, npoeedemuu U3 
dannou mourn k dannoMy ompe3Ky, eduHcmeeH- 
nuu. 

,I],oxa3aTejibCTBO. /^onycTiiM npoTHBHoe, h 
nycTB OTpe3xii AB, AC nepneHflHxyjiHpHbi BC. 
IIpo^ojiJXHM 0Tpe30x AB no ,npyryio CTopoHy ot 
BC Ha 0Tpe30x BA' = AB. Tpeyrojinmix A' BC 
paBeH A ABC. IIosTOMy hx yrjiBi C paBHbi. IlpiiMeHHH npe^Bi^ymyK) jieM- 
My, npuxoflHM x npoTHBopeHiiio (pi-ic. 25). □ 

§ 2. IlapajiJiejiBHOCTB. Mc rpn<iccKnc cooTHomeHHH 
b TpeyrojiBHHKe 

B cbh3h c axcHOMoft IVi «0 napajijiejiBHBix OTpe3xax» Mbi Ha3Bajin 
napajuiejibHbiMii paBHbie OTpe3xn AC, BD, npoBeflemibie b o,n,Hy CTopoHy 

H3 xohh,ob xaxoro-jin6o flaHHoro 0Tpe3xa 
AB nepneHflHxyjiHpHO x neMy. AxcuoMa 
yTBepjxflaeT, hto b TaxoM cjiynae CD = AB 
(pnc. 17). 

JleMMa 1 . IlapajijiejibHue ompe3Ku nep- 
nenduKyjuipHu manatee ompe3ny CD. 

,Z[oxa3aTejibCTBO. IIpoBefla OTpe- 
30x AD, nojiymiM ppa. TpeyrojibHHxa ABD 
h ACD (pnc. 26). Y mix AC = BD no ycjio- 
bhio, AB = CD no axcuoMe, CTopoHa AD — o6maa. IIoaTOMy yrjibi sthx 


B D 




Phc. 25 


TpeyrojibHiiKOB paBHbi, b nacTHOCTii AB = AC . Ho yroji B no ycjiOBino 
npuMOii. Cjie,a,OBaTejibHO, n yroji C npuMOii, Tax hto AC A. CD. ^jih BD 
bmbo,h, tot nee. □ 

TaKHM o6pa30M, 3,n,ecb Bee 0Tpe3Kii nrpaiOT nonapHO opHHaxoByio 
pojib: npoTHBonojiojKHbie paBHbi n b o6ih;iix xoHpax B3aiiMHO nepneH/pi- 
KyjiapHbi; Kopone, ohii o6pa3yiOT npuMoyrojibHiix. 

CyMMa yrjiOB TpeyrojibHHKa. Bot em,e o;uia nepecjDopMyjmpoBxa V 
nocTyjiaTa. 

JleMMa 2. CyMMa yzAoe npAMoyzoAbnozo mpeyzoAbHUKa paena pa3- 
eepnymoMy yzAy. 

/JoKasaTejibCTBO. nycTb ABC — 

TpeyrojibHiiK c npaMbiM yrjiOM A. npoBefleM 
OTpe30K BD , paBHbiii AC, b Ty ace CTopoHy 
ot AB nop npuMbiM yrjiOM k AB (pnc. 27). 
nojiynaeM npHMoyrojibHiix. TpeyrojibHiixii 
ABC n DBC paBHbi no TpeM CTopoHaM. 

Tax xax ohii cocTaBjiaiOT npaMoyrojibmix, 
to cyMMa Bcex nx yrjiOB cocTaBjiaeT neTbipe 
npaMbix yrjia. A 3HamiT, y opHoro Tpeyrojib- 
Hiixa cyMMa yrjiOB paBHa flByM npHMMM. □ 

H 3 ^,oxa3aHHoro oneBiiflHO BbiTexaeT 

CjiepcTBHe. y npjiMoyzoAbnozo mpeyzoAbHUKa dea yzna oempue, u 
ux cyMMa paena npsiMOMy yzAy. □ 

JleMMa 3. Bo bcmkom mpeyzoAbHune dea yzAa oempue. Ecau e mpe- 
yzoAbHune ABC yrjibi A, B oempue, mo ocnoeanue eucomu CH Aeotcum 
Ha AB. 

floxasaTejibCTBO. Ecjih b TpeyrojibHiixe o/pm yroji npnMofi, to 
pBa ppyrne ocTpbie (npepbiflyipee cjiepcTBiie). /])onycTHM, b TpeyrojibHiixe 
ABC yroji B Tynon. npoBep,eM BbicoTy CH . Ecjih 6bi Tonxa H jie>xajia 
Ha jiyne BA, to y npaMoyrojibHoro TpeyrojibHiixa CBH yroji B 6biji 6bi 
Tynoii (pnc. 28), hto h6bo3mo>xho. 3HamiT, H jicikht c ppyroii CTopoiibi 
ot tohxh B, 11 mm HMeeM npaMoyrojibHbiii TpeyrojibHiix ACH, npnneM 
B Ha AH . Ero yrjibi A, C ocTpbie. 3HaniiT, h yrjibi A, C TpeyrojibHiixa 
ABC ocTpbie (pnc. 29). 

nycTb y TpeyrojibHiixa ABC yrjibi A, B ocTpbie. Ecjih 6bi ocHOBamie 
H BbicoTbi CH He jieixajio Ha AB, to mhi iiMejin 6m npHMoyrojibHbiii Tpe- 
yrojibHiix c TynbiM yrjiOB — hjih A ACH c yrjiOM A (pnc. 30), hjiii A HCB 
c yrjiOM B. Ho hii to, hh ppyroe h6bo3mojxho. JleMMa poxa3aHa. □ 

Byn,eM o6o3HanaTb npuMOii yroji (TOHHee, ero BejiiiHimy) 6yxBoli d. 


B D 





TeopeMa 1 . CyM.ua yzAoe aw6ozo mpeyzoAbHuna poena 2d, m. e. pa3- 
eepnymo.uy yzAy. 

/],OKa3aTejiijCTBO. IlycTb flan TpeyrojibHiix ABC. IIo jieMMe 3 
y Hero yrjia ocTpbie, nycTb sto 6yn,yT yrjibi A, B. Tor^a no toh 
»ce jieMMe 3 ocHOBamie H bbicotbi CH jiejKHT Ha AB. IIoaTOMy HMeeM 

^Ba npHMoyrojiBHbix TpeyrojibHiixa 
A ACH h A BCH (puc. 30). CyMMbi hx 
yrjiOB paBHbi 2d, Tax hto y o6ohx BMe- 
CTe — 4 d. Ho yrjibi npn H /i,aiOT 2d. no- 
3T0My cyMMa ocTajibHbix yrjiOB paBHa 

2d: 

ZA + ZB + ZCi + ZC 2 = 

= ZA + ZB + ZC = 2d, 

hto h Tpe6oBajioci> ,n,oxa3aTb. □ 

YrjiM npn napajijiejiax h ceKym,efi. Onpe^ejiHM napaAJieAbnue 
ompe3Ku a, b (xopone — napaMenu) xax Taxne, y npoflOjDKeHiiii xoTopbix 
a , b ecTb o6ih,hii nepneHfliixyjiHp (t. e. Taxon 0Tpe30x AB, hto A € a, 
B £ b, AB A a h AB A b). ^oxa3aHHas b Hanajie naparpacjia jieMMa 1 
paBHOCHjibHa cjie^yiomeMy. 

JieMMa la. Ecau edoAb napaAACAbHux ompe3Koe a, b om k onyoe ux 
o6ui,ezo nepnenduKyAApa AB omAootcumb e odny cmopony paenue ompe3- 
ku AC, BD, mo CD — manatee ux o6ui,uu nepnendunyAAp. Tlpu amoM oh 
paeen AB (cm. puc. 26). □ 

Cxa3aHHoe mojxho Bbipa3HTb em,e Tax. 

H 3 nacHcdou moHKu odnozo U3 napaAJieAbnux ompe3Koe udem no emo- 
poMy uau ezo npodoACHcenwo ux o6iu,uu nepnendunyAAp. (3,n,ecb BTopoli 
0Tpe30x npe^CTaBjiHeTCH, ecjin Hy>xHO, npoflOjDxeiiHbiM Tax, hto6m Ha HeM 
caMOM 6bui xoHeu, o6rn,ero nepneHfliixyjiHpa.) 

OTpe30x, nepecexaiomiiii flBe napajijiejiii — napajuiejibHbie 0Tpe3xn, — 
Ha3biBaeTCH cenyipeu. Yrjibi c BepimiHaMii b Tonxax nepeceHemiH A, B 


C 




A a 



Phc. 32 


oG'beflHHHiOTCH, KaK o6bihho, b napbi, TaKiie KaK BHyTpeHHiic HaKpecT jie- 
jKamne h t. Hm moscho flaTb cjsopMajiBHBie onpe^ejieHiia. BnympenHue — 
sto yrjiBi, o6pa3yeMBie OTpe3KOM AB c OTpe3KaMii, Ha KOTopnie napajuiejni 
,n,ejiHTCH TOHKaMii A h B. HaKpecm a eoKaiyue — sto Te, ctopohbi KOToptix 
jiexcaT no pa3Hbie ctopohbi ot AB , a BepmiiHBi — y o^Horo A, y ^pyroro B. 
Coomeemcmeennue — sto TaKiie pp& yrjia, ofliH H3 kotopbix BHyTpeHHiiii, 
a flpyroii BepTiiKajiBHBiii HaKpecT jieacameMy (puc. 31). 

TeopeMa 2. Bnympennue HaKpecm Aeotcaui^ue yzAU npu napaAAeAAX 
paenu. 

/loKasaTejitCTBO. IlycTb tohkii A, B jiexcaT na napajijiejiBHBix 
OTpe3Kax a, b: A Ha a, B Ha b. IlpoBefleM 0Tpe30K AB h H3 tohkii A — 
nepneHflHKyjiap AC k OTpe3Ky b. B cnjiy .tommbi 2 oh TaKxe nepneHflii- 
KyjiapeH a (piic. 32). TpeyrojiBHiiK ABC npHMoyrojiBHBifi, nosTOMy b HeM 
AA + AB = d. A Tax Ka k AB _L a, to yrjibi npu A c o6meft CTopoHoft AB 
cocTaBjunoT npHMOii yroji, t. e. AA + AAi = d. BiviecTe c npeflbmyipHM 
paBeHCTBOM sto ,n,aeT AB = AA±, hto h Tpe6oBajiocB flOKaaaTB. □ 

OTCio,zi,a BBH,ny onpe^ejieHHH cooTBeTCTBeHHBix yrjiOB Henocpe^CTBeHHO 
BBiTexaeT 

Cjie/j,CTBHe. CoomBemcmeeHHue yzAU npu napaAAeAHX paenu. □ 

Ha'iajia TpnroHOMeTpHH. TpiiroHOMeTpino mbi iihmiicm c OTHorne- 
HHH npOeKH,IIH HaKJIOHHOII K CaMOH HaKJIOHHOH, T. e. C KOCIIHyCa OCTpOTO 

yrjia. 

jlaK.fi,OHHa,.H u npoeKvpi.H onpe^ejiaiOTCH KaK o6bihho. HaKAonnan k 
OTpe3Ky a — sto 0Tpe30K, He nepneHflHKyjiHpHBiii a, c kohd,om, npHHa^- 
jie>KaHj,HM a. IIpoeKyuA ompe3Ka AB Ha npaMyro a — sto TaKofi: 0Tpe30K 
A' B' , co,nep>KaiH,HHCH b a, hto AA' la h BB' 1 a (piic. 33) (jih6o A' 
coBnaflaeT c A, jih6o B' — c B). 

OmuoiueHue ompe3Koe mbi onpeflejniM KaK OTHomemie hx . 1 . 11111 . 
H3MepeHHBix b npoH3B0JiBH0M MaciHTa6e. H 3 TeopeMBi 5, § 4 o 3aMeHe Mac- 
niTa6a cjie^yeT, hto yKa3aHHoe OTHOincHiie He 3aBiiciiT ot toto, b KaKOM 




Phc. 33 


Phc. 34 


MacniTa6e BbipaixeHbi fljnmbi 0Tpe3K0B. IIosTOMy ero mojkho 3anHCbiBaTB 
xax OTHOincHne caMiix OTpe3KOB: a/b. 

JleMMa 4. Ilycmb AB , BC — ompe3Ku, cocmaeAmoipue odun ompe- 
3 ok AC, u A! B' , B'C — ux npoeKyuu na odun u mom OKe ompe30K. Tozda 
ecAu AB = BC, mo A' B' = B'C' (puc. 33). 

/JoKasaTejitCTBO. IlycTb BbinojiHeHbi ycjiOBiia jieMMbi n AB = 
BC. OTpe3Kii AA' , BB' nepneHfliixyjnipHbi o^HOMy 0Tpe3Ky, a SHaaiiT, 
i-iMeiOT o6in,nil nepneHfliixyjiHp A' B' . IIosTOMy corjiacHO jieMMe la y hex 
(hjiii y coflepjKamux iix OTpe3KOB) ecTb o6ib;kh nepneHfliixyjiHp AB\, npn- 
neM AB\ = A' B' . Ecjih Bi = B, to Bee npocTO. Ecjih B\ ^ B, mh nojiy- 
naeM TpeyrojibHHK AB\B c npaMbiM yrjiOM B\ ii c AB\ = A' B' (pnc. 34). 

CoBepineHHO Tax jxe mojkho nocTpoiiTb TpeyrojibHiix BC±C c npuMbiM 
yrjiOM C n c BC\ = B'C' . 

y STiix TpGyro jibHiiKOB , no ycjiOBino, paBHbi ninoTeHy3bi: AB = BC. 
KpoMe toto, ux yrjibi B, C paBHbi xax cooTBeTCTBeHHbie (nocxojibxy ot- 
pe3Kii BB' n CC' napajijiejibHbi; pnc. 34). A Tax xax yrjibi B i, C\ npHMbie, 
to ii flpyrne nx yrjibi — A, B — paBHbi (xax cjie^yeT 113 toto, hto cyMMa 
Bcex yrjiOB oflHa h Ta >xe). CjieflOBaTejibHO, TpeyrojibHiixii paBHbi, Tax hto 
AB 1 = BCi. A Tax xax AB X = A'B' ii BC X = B'C', to A' B' = B'C', hto 
ii Tpe6oBajiocb ,noxa3aTb. □ 

3aMeaaHHe. yTBepjxflemie, tfo yrjibi B ii C b paccMaTpimaeMbix 
TpeyrojibHiixax ABB\, BCC\ cooTBeTCTBeHHbie, ocHOBaHO Ha tom, hto 
3tii TpeyrojibHiixii jieixaT c o^hoii CTopoHbi ot AC (He cmiTaH, xoHenHO, 
caMoro OTpe3xa AC). 3to Tax, noTOMy hto yroji B\BC\ npuMoii ii, CTajio 
6biTb, MeHbine yrjia BiBC, Tax hto 0Tpe30x BCi npoxo^iiT Meix^y BB\ 
ii BC. 

TeopeMa 3. OmuomeHue npoenyuu k hcikaohhou odno u mo otce 6 aa 
hclkaohhux u npoenyuU, o6pa3yiovj,ux paenue yeAu. 

^],oxa>xeM CHanajia aacTHbiii cjiynafi stoii TeopeMbi. 


TeopeMa 3a. Orrmouienue npoeKyuu k HaKAcmnou odno u mo otce 
djiA HdKAOHHux u npoeKyuu, oSpaaywvLijUX odun u mom otce yzoji, Kozdd 
HdKJiOHHue, Kan u npoeKyuu, Hajiezawm dpyz Hd dpyzo. 

^OKa3aTejibCTBO. IlycTb 0Tpe30K a — HaxjiOHHan k HeKOTopoMy 
OTpe3Ky a', Tonxa A — ee xoHeii, Ha a'. Bo3bMeM Ha a xaxoH-HH6yn,b ot- 
pe30K e, h nycTb e! — ero npoexipis Ha a! . Byn,eM H3MepnTb OTpe3xn AB, 
HajieraiomHe Ha a, MacniTa6oM e, a ot- 
pe3KH AM', HajieraiomHe Haa', — Mac- 
niTaSoM e' (pnc. 35). 

IlycTb 0Tpe30K AM cocTaBjieH 113 
HeKOToporo nncjia n-x pojieii OTpe3Ka 
e. Tor,n,a, xax cjie,nyeT 113 jieMMbi 4, ero 
npoexpiiH AM' cocTaBjieHa ii3 Taxoro 
jxe nncjia n-x ,n,ojieii OTpe3xa e'. IIo- 
3TOMy fljiiiHbi 0Tpe3X0B AM, AM' b 
MaciHTa6ax e, e ' HiicjieuHO paBHbi. Tax 
xax fljiHHa jiioSoro 0Tpe3xa HBjraeTCH 
npe^ejiOM ^jihh OTpe3xoB, cocTaBjieH- 
Hbix H3 pejibix flojieli MacrnTa6a, to tot 
jxe BbiBOfl BepeH pjia jno6oro OTpe3xa c Haxjiormoii a n ero npoexpiiii c' . 
06o3HanaH ^jihhbi b MacniTa6ax e h e! nepe3 l n V , sto mojxho 3anncaTb 
Tax: 

nc) = i(c). 

no npaBiijiy 3aMeHbi MacniTa6a l'(c') = l(c')/l(e'). noaTOMy 



Phc. 35 


C' 1(d) 
c 1(c) 


= l(e'). 


3to h 3HaHiiT, hto OTHomeHiie npoexpiiii c' x HaxjioiiHOii c o^ho h to jxe 
,ii,jih jho6oh HaxjioHHoft c. TeopeMa 3a floxa3aHa. □ 

,ZI,oxaixeM Tenepb TeopeMy 3 b o6in,eM cjiynae. nycTb hmciotch flBe 
HaxjiOHHbie, o6pa3yioiri;iie co cbohmh npoexpiinMii paBiibie yrjibi c Bepniii- 
HaMii A, B. Otjiohchm b^ojib hhx ot Tonex A, B paBHbie OTpe3xn a, b, 
h nycTb a', b ' — iix npoexpini (pnc. 36). OTpe3xn a, b cjiyixaT rimoTeHy- 
3aMii, a a', b ' — xaTeTaMH .npyx npuMoyrojibHbix TpeyrojibHiixoB c yrjiaMii 
A, B. Tax xax a = b ii AA = AB, to TpeyrojibHiixii paBHbi h, CTajio 6biTb, 
a' = b' . nosTOMy a' /a = b' /b. no ,zi,oxa3aHHOMy Bbmie, p ,jih jno6oii HaxjiOH- 
hoii c ii ee npoexnyni c' , Hajieraiomiix Ha a ii a' HMeeT MecTO paBeHCTBO 




Pnc. 36 


c ' / c = a' / a. CjieAOBaTejibHO, 


c 

c 


V 

T' 



3thm paBeHCTBOM n BbipaxaeTCH CKa3aHHoe b TeopeMe. □ 

TeopeMa Hnc})ai opa. XLoKaaamiaa TeopeMa 3 npeflCTaBjiaeT ocho- 
Bamie fljia BbiBO^a Bcex cooTHOHiemni Meac^y 
CTopoHaMH h yrjiaMH TpeyrojiBHiiKOB, npeac^e 
Bcero — TeopeMBi niicjaaropa (pnc. 37): ueadpam 
zunomeny3u paeen cyMMe neadpamoe k amemoe. 

IlycTB a, b — KaTeTbi, c- nmoTeHy3a, c a , 
Cb — npoe KTiTT TT KaTeTOB Ha ri!noTeHy3y. IIo jieM- 
Me 4 ocHOBaHne BbicoTbi jiejKiiT Ha mnoTeHy3e, 
h noaTOMy c a + Cb = c. Ha TeopeMbi 3 3aKjno- 
naeM, hto c a /a = a/c , Tax hto a 2 = c • c a . AHaaornnHO, b 2 = cq, . H, 
CKjiaflbiBaa, nojiynaeM a 2 + b 2 = c 2 . □ 

Ha TeopeMbi nucjiaropa o'I6bh;i;ho cjie^yeT 
TeopeMa 4. IIpoeKyufi Memiue hcikaohhou. □ 

OTCio/i,a BbiBOfliiTca: 

TeopeMa 5. CyMMa deyx cmopon mpeyzojibHUKa 6ojibiue mpembeii. 
(Tax KaK 3Ta TpeTbH CTopoHa ecTb jiii6o cyMMa, jiii6o pa3HOCTb npoeKuyiii 
^Byx flpyrax ctopoh; pnc. 38 a, 6.) □ 

TpHroHOMeTpaaecKHe cj)yHKu,iin. TeopeMbi o TpeyrojibHHKax. 
TeopeMa 3 paBHOCiuibHa TOMy, hto OTHomemie npoeKipni h hhkjiohhoh 3a- 
bhcht TOjibKO ot yrjia Me>Kfly heme, t. e. HBjiaeTCH ero cjiymcrpieH. 3 to — 
Kocunyc ocTporo yrjia A (yroji Me»cfly HaKjiOHHOH h npoeKipieii ocTpbili) , 
o6o3HaHaeTCH cos A. KociiHyc cmokhoto c hiim Tynoro yrjia onpeflejiaeT- 


c 




Phc. 38 


ca Kax to ace OTHomemic c MimycoM. Koci-myc npaMoro yrjia nojiaraiOT 
paBHbiM Hyjno. 

OTHOineHHe nepneHflincyjiapa, onym,eHHoro H3 KOHpa HaKjiOHHOH , k Ha- 
kjiohhoh — to ace, hto OTHOHiemie npoTHBOjieacam,ero KaTeTa k nmoTeHy- 
3e, — 3aBHCHT tojibko ot yrjia, Tax KaK 113 TeopeMbi IlHt^aropa cjie^yeT, 

HTO 



OTHomeHiie a/c ecTb cunyc yrjia A, o6o3HanaeTca sin A. CnHyc CMeacHoro 
c hhm yrjia onpe^ejiaeTca TeM ace OTHomeHiieM. 

^ajiee ycTaHaBjiimaiOTca ,n,Be ocHOBHbie TeopeMbi o TpeyrojibHincax: 
TeopeMa cimycoB 11 o6o6m;eHHaa TeopeMa IIiKjiaropa, KOTopyio o6biHHO 
Ha3biBaiOT TeopeMoii KOCHHyeoB. 

TeopeMa CHHycoB. Bo bcrkom mpeyzojibHUKe cmoponu omnocsimcn 
KaK cunycu npomueojiewcainux yzjioe: 

sin A sin B sin C 

a b c 

/],OKa3aTejibCTBO. BbicoTbi, onymeHHOft h 3 BepmiiHbi C, no 

caMOMy onpeflejiemno cirayca, HMeeM: h = a sin B = b sin A. OTCio^a 

sin A sin B 
a b 

AHajioriiHHO nojiyaaeM paBeHCTBO 


sin A sin C 
a c 

06o6m,eHHaH TeopeMa EEncJiaropa (TeopeMa kochhycob). Bo 

ochkom mpeyzojibnuKe 


c 2 = a 2 +b 2 — 2 ab cos C. 


^OKa3aTejibCTBO. nojib3yHCb TeopeMoft niicjiaropa h onpe^ejie- 
HneM Kocimyca, nojiynaeM (puc. 39): 

2 7 2 . 2 7.2 7,2 2 

c = h + a c , n = b — a b , 
a,b = b cos C, ab + a c = a. 

OTcro^a bijibo^htch yTBep»c/],eHiie Teope- 
mbi. (B nepBbix AByx paBeHCTBax 3HaKii 
miceji a c , ab He HMeiOT 3HaHeHiiH ! ) □ 
IIo^BefleM HTor. 

OcHOBHtie COOTHOmeHHH B Tpe- 
yrojibHHKe. 

1. CyMMa yrjiOB paBHa 180°. 

2. TeopeMa ciiHycoB (Tpofmoe paBeH- 
ctbo). 

3. OTII — ()6o6m,eim;iM TeopeMa IIii- 
cjDaropa (tph paBeHCTBa). 

4. BbipasceHiie njioiH,a,n,H (Tpii paBeHCTBa). 

C noMom,bio sthx TeopeM mojkho nojiyHHTb, b npiiHipme, Bee TeopeMbi 
o TpeyrojiBHiiKax. HanpiiMep, TeopeMbi o no r no6mi. 

1. Ecjiu y deyx mpeyzojibnuKoe yzAU paenu, mo cmoponu nponopyu- 
ouaJibHu. Henocpe^CTBeHno BbiBOfliiTCH H3 TeopeMbi cimycoB. 

2. Ecjiu cmoponu nponopyuonaAnnu, mo yzAU paenu. 

M 3 OTn cjieflyeT: ecjiu CTopoHbi nponoppiiOHajibHbi, to KoaiHycbi yr- 
jiob paBHbi, a 3HanHT, h yrjibi paBHbi. 

3. Ecau dee napu cmopon nponopyuonajibnu u yzjiu Meotcdy humu 
paenu, mo ece cmoponu nponopyuonaAbnu u yzjiu paenu. 

H 3 OTn cjie^yeT, hto npii ycjiOBiiax stoh TeopeMbi TpeTbii CTopoHbi 
TOHce nponoppiiOHajibHbi, h TOiyja paBeHCTBO yrjiOB cjie^yeT H3 2. 

HiiTaTejib fleTajibHO npoBe^eT Bee sth bbibo^bi ii Tatoxe npoBe^eT Bbi- 
BO^bi .npyrax TeopeM o TpeyrojibHHKax, nan yxa3aHO ^ajiee b sa^anax. 

3a,n,aHH. 

1. 06paTHaa TeopeMa nucjiaropa. Ecjih c 2 = a 2 + b 2 , to ZC = 90°. 

2. Ecjih ,n,Be CTopoHbi o^hoto TpeyrojibHHxa paBHbi AByM CTopoHaM 
,n,pyroro TpeyrojiBHiiKa, a yrjibi Menc^y hiimii He paBHbi, to TpeTbH CTopoHa 
TaM 6ojibine, rfle yroji Sojibine, h o6paTHo: yroji 6ojibine, r^e CTopoHa 
6ojibine. 

3. Bo bchkom TpeyrojibHiixe CTopoHa MeHbine cyMMbi h 6ojibine pa3- 
hocth AByx flpymx, HanpiiMep: a + b > c > \a — b\. 



4. B TpeyrojibHHKe npoTiiB SojibHieft ctopohm jiejKiiT SojibiHHH yroji, 
h o6paTHO. (C noMom,bio TeopeMbi cimycoB.) 

5. TeopeMa cimycoB cjie^yeT H3 OTII. Hmchho, 


. C\/2(aAiA~+lA^+~cZaAC~ lad~ 

” ,c = &5S ' 

TaK hto OTHOinemia sin C/c, sin^4/a, h sin B/b paBHbi Apyr ^pyry. 

6. Bo bchkom TpeyrojibHiiKe 

n ^ ci T b T c , . . . 

cos B — cos C = — — ( c + b — a)(c— b). 

2abc 

OTcro^a cjie^yeT, hto npoTiiB 6ojibinen CTopoHbi jienaiT 6ojibmin“i yroji, n 
o6paTHO. 

7. njioin,a,ii,b TpeyrojibHiiKa BbipaxcaeTCH (fjopMyjioi! FepoHa (b Hen 
p = (a + b + c)/2): 


S = y/p(p- a)(p-b)(p- c). 


BbiBOflnTCH H3 Toro, hto S = ^ab sinC n pe3yjibTaTa salami 5. 

8. riycTb b A ABC TOHKa D Ha AB. Tor^a ecjin AD = c i, BD = C 2 h 
CD = d , to 


d 2 



- ClC 2 . 


HaiiflHTe OTCio^a Me^naHy h OiicceKTpiicy. B cjiynae 6ncceKTpncbi C\ = 
cb/(a + b ), c 2 = ca/(a + b). HaiypiTe cyMMy KBa/ipaTOB MeflnaH. 

9. Bo bchkom TpeyrojibHiiKe c = a cos B + b cos^4 (reoMeTpHnecKii sto 

OHeBHflHO, HO MOJKHO BblBeCTI'I H H3 OTII, CJIOJKIIB a 2 H b 2 ). 

10. Bo bchkom TpeyrojibHiiKe sin C = sin A cos B + sin B cos A — cjie- 
,HyeT i-i3 9 ii TeopeMbi ciraycoB. 

11. Tot cjmKT, hto cyMMa yrjiOB TpeyrojibHiiKa paBHa 180°, mojkho 
B biBecTii H3 OTII. (3to cjie^yeT 113 yTBepjKflemiH 3a,n,aHii 10: sin A cos B + 
sin B cos A = sin(A + U), TaK hto jih6o ZC = ZA + ZB, jhi6o ZA + ZB = 
180° — ZC. IIpi-iMeHHH tot nee bbibo^i, k ZA h ZB bmccto ZC, y6e^,iiMCH, 
hto ZA + ZB + ZC = 180°.) 

Ilapajuiejibiibie npaMtie. 3aBepiHHM stot naparpac]) TpaflimiiOHHbi- 
mh TeopeMaMii o napajuiejibHbix npHMbix. (BnponeM, KaK hcho h3 BbimeH3- 
jioaceHHoro, b ajieMeHTapHOii njiaHHMeTpim mojkho oSofiTHCb napajuiejib- 
HbiMii 0Tpe3KaMii.) B 3aKjiiOHeHiie Mbi em,e pa3 oScyzpiM, 6ojiee noflpo6HO, 
3KBiiBajieHTHbie (JiopMyjiiipoBKii aKCiiOMbi napajuiejibHbix. 



TeopeMa 6. Bepe3 Kaotcdyw mouKy .aw6ou U3 deyx npsiMux, nepnen- 
duKy.afipnux odnoMy ompe3Ky, npoxodum o6ut,uu nepnenduKyjiJip 3mux 
npjiMux; ece omu nepnenduKy.ajipu paenu dpyz dpyzy. 

3to HenocpeflCTBeHHO cjie^yeT H3 jicmmbi 1 , ctoiit jnnnb BMecTO OTpe3- 
kob c o6iii,hm nepneHflUKyjiapoM npe^CTaBHTb ce6e coflepxcaiipie nx npa- 
Mbie. □ 

O npaMbix b TeopeMe 6 roBopsT, hto ohh pacnojioaceHbi na nocmosm- 
hom paccmojmuu ^pyr ot flpyra (nocKOjibKy paccToamie OTMepaeTca no 
nepneHfliiKyjiapy) . IIpaMbie, KOTopbie He HMeiOT o6hj,hx Tonex, Ha3biBa- 
K)tch napaJi.ae.ti'bHUMu. IIpaMbie, pacnojioaceHHbie Ha hoctohhhom paccTO- 
hhhh, oneBiiflHO napajijiejiBHti. BepHO Taxace o6paTHoe; 3 to BbiTexaeT 113 
cjie^yiomeH «ochobhoii TeopeMbi o napajijiejibHbix». 

TeopeMa 7. Bepe3 Kaotcdyw mouKy A, we jieotcaut,yw w a dannoM npn- 
mou a, npoxodum moJibKO odna npA.uaji, napajiaejibnasi a. 

floKasaTejibCTBO. Onycri-iM H3 A Ha a nepneHfliixyjiap AB ii npo- 
Be,n,eM nepe3 A nepneH,zi,HxyjiHpHyio eMy npaMyio b. OHa napajuiejibHa a. 

IlycTb b' — xaxaa-jni6o npoxoflamaa nepe3 A npaMaa, OTjniHHaa ot b. 
OHa nepecexaeT b, ii noTOMy o,h,iih h 3 ee jiyneii c c HanajiOM A jieaciiT c 
toh ace ctopohm ot b, hto ii npaMaa a. IlycTb a — yroji, xoTopbiii jiyn 
c o6pa3yeT c nepneHfliixyjiapoM AB. Bo3bMeM Ha c Taxyio Tonxy C, hto 
AB = AC cos a. 3to paBeHCTBO 03HanaeT, hto AB — sto npoexuyia ot- 
pe3Ka AC', CTajio 6biTb, Tonxa C jiokht Ha npaMoft a, t . e. npaMaa b' ee 
nepecexaeT, h TeopeMa 7 ,noxa3aHa. □ 

AxcHOMa napajiJiejiBHtix npaMbix. 06mhho npimiiMaiOT He Hainy 
aKCHOMy o napajijiejibHbix OTpe3Kax, a axcriOMy o napajuiejibHbix npaMbix: 

Bepe3 Kaotcdyw mouny, ne Jieotcavu,yw na dannou npsiMOu a, npoxodum 
He 6ojiee odnou npnMou, napa.aJiejibHou a. 

A to, hto ecTb xoTa 6bi o,n,Ha napajuiejibHaa, floxa3biBaeTca (6e3 Bcaxoii 
aKCHOMbi o napajuiejibHbix npaMbix hjih OTpe3Ka). IImchho: 

Bepe3 Kaotcdyw mouKy A, ne Jieotcavnyw na damou npsiMOu a, npoxo- 
dum npjiMaJi, napaAAeAbHaa a. 9mo npuMasi, nepnenduKyjisipnafi nepnen- 
duKy.titipy AB k npsiMOu a. 

BbinojmaeTca h 6ojiee o6m,ee yTBepacfleHiie, H3BecTHoe 113 xypca cpe^- 
Hefi niKOjibi (Toace ^OKa3biBaeMoe 6e3 bchkiix aKCHOM o napajuiejibHbix): 

TeopeMa 8. Ec.au npsiMue a, b, npoxodjtuyue uepe3 mouKU A, B , o6pa- 
3ywm c ompe3KOM AB c odnou cmoponu om nezo yz.au, paenue e cyMMe 
2d — deyM npsiMUM yzJiaM, mo 3mu npsiMue napaJi.ae.abHu. 

/],OKa3aTejibCTBO. IlycTb npaMbie a, b , xax CKa3aH0, o6pa3yiOT 
c OTpe3KOM AB yrjibi c o^hoii ctopohm, b cyMMe paBHbie 2d. Tor^a c 
flpyroft CTopoHbi — cyMMa yrjiOB Ta ace caMaa (Tax xax Te yrjibi CMeacHbie, 



puc. 40). ^onycTHM, Bonpexn yTBep- 
xfleHiiio, hto npaMbie a, b nepecexaiOT- 
ca b KaKoii-TO Toaxe C, Tax aTO HMeeM 
TpeyrojibHiiK ABC. 

IIoctpohm c ^.pyrofi CTopoHbi ot AB 
TpeyrojibHiiK ABC\ , paBHbifl: A ABC, 
ho pacnojiojKeHHbiii Tax, hto ero yroji 
A paBeH yrjiy B b AABC, h Tor^a ero yroji B paBeH yrjiy A b A ABC. 
Tor^a npn Toaxax An B yrjibi o6oiix TpeyrojibHiixoB flaiOT b cyMMe 2d — 
pa3BepHyTbiii yroji. IIosTOMy OTpe3Kii AC 11 AC\ o6pa3yiOT o/pm 0Tpe30K 
CC\ Tax ace, xax OTpe3xn BC h BC\ o6pa3yiOT opnH 0Tpe30x CC\ . 

Bhxo^ht, aTO Toaxn C 11 C\ coefliiHeHbi ppjyMa OTpe3xaMH. A sto 
HeB03M0>xH0 (no axciiOMe). CaeflOBaTejibHO, npaMbie a, b He nepecexaiOT- 
ca, hto h Tpe6oBajiocb ,zi,oxa3aTb. □ 

To, aTO cyMMa o^hoctopohhiix yrjiOB A, B — c o,zi,hoh CTopoHbi ot ot- 
pe3xa AB — paBHa pa3BepHyTOMy yrjiy, paBHOcrijibHO TOMy, aTO paBHbi 
yrjibi npii A h B c pa3Hbix ctopoh ot AB — HaxpecT jiejxaiipie yrjibi (no- 
cxojibxy yrjibi npii A, xax h npii B, CMeixHbie h b cyMMe paBHbi pa3Bep- 
HyTOMy) . 

IIoaTOMy H3 ,n,oxa3aHHoro cjie,n,yeT 

TeopeMa 9. Ecau naKpecm Aeotcaiyue yzjiu paenu, mo a\\b. □ 

Ecjiii npiiHHTb axciiOMy napajijiejibHbix, to mojxho ,zi,oxa3aTb Taxixe 
o6paTHoe. 

TeopeMa 10. Ecau npjiMue a, b napaAAeAtnu, mo naKpecm Aecucau^ue 
yzAU npu ompe3Ke AB c KonyaMu na npAMux a, b paenu. 

^eiiCTBHTejibHO, Tax xax npaMaa b, npoxoflarpaa aepe3 ^aHHyio Toaxy 
B h napajijiejibHaa flaHHOii npaMofi a, tojibxo o,n,Ha, to OHa n ecTb Ta, pyia 
xoTopoii HaxpecT jiejxam,Hii yroji npn Toaxe B paBeH yrjiy npn A. □ 

TeopeMa 11. Ecau npunjima ancuoMa o napaAAeAt>nux npsiMux, mo 
eunoAHAemcH aKcuoMa napaAAeAunux ompe3Koe: ecAU ompe3KU AB u BD 
paenu dpyz dpyzy, Aeotcam c odnou cmopo- 
nu om ompe3Ka AB u nepnenduKyAApnu 
eMy, mo CD = AB. 

))oxa3aTejiijCTBO. Tax xax OTpe3- 
xh AC, BD nepneHflHxyjiapHbi AB, to 
npaMbie AC, BD napajijiejibHbi (no ,n,o- 
xa3aHHOMy). IIosTOMy HaxpecT jieixamne 
yrjibi npn Toaxax An D paBHbi (pnc.41). 

CjieflOBaTejibHO, y TpeyrojibHiixoB AC D ii 
BAD paBHbi yrjibi A h D n 3axjnoaaioiu,iie hx CTopoHbi: AD o6maa h 
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AC = BD. CjieflOBaTejibHO, AB = CD, hto h Tpe6oBajiocB ,ii,oxa3aTB. □ 

TaKHM o6pa30M, mbi floxa3ajm, hto npii axciiOMe napajijiejiBHBix npa- 
mbix BBinojiHaeTca axcnoMa napajijiejiBHBix OTpe3xoB. A Tax xax BBime 
6bijio flOKa3aHO o6paTHoe, to axcnoMBi paBHOCHjiBHBi. 

nocTyjiaT EBKJiH/i,a yTBepacflaeT: 

Ec.au npHMue a, b, npoxodsi nepe3 kohii,u ompe3Ka AB, o6pa,3ymm c 
hum c odnou cmopcmu yzjiu, e cyMMe Menuiue 2d, mo smu npsiMue ne- 
peceKammcH, npuueM c mou otce cmoponu om AB. 

OcTaBiiM nocjieflHee yTOHHemie — n 6e3 Hero nocTyjiaT paBHOCiuieH ax- 
ciiOMe napajijiejiBHBix. ^eiicTBiiTejiBHO, Bee neTBipe yrjia, xaxne o6pa3yiOT 
npHMBie a, b c OTpe3KOM AB, cocTaBjiHiOT b cyMMe 4 d, Tax hto jih6o c o6e- 
hx CTopoH ot AB cyMMBi yrjiOB paBHBi 2d, jih6o c o^hoii ctopohbi cyMMa 
MeHBine 2d. B nepBOM cjiynae npHMBie napajijiejiBHBi (no TeopeMe 8), h, 
CTajio 6bitb, bo btopom cjiynae, ecjin BBinojiHeHa axcnoMa napajijiejiBHBix, 
ohh nepecexaiOTCH, t. e. BBinojraeH nocTyjiaT EBxjuifla. 

Ecjhi sxe BBinojiHCH stot nocTyjiaT, to bo btopom cjiynae npHMBie ne- 
pecexaiOTCH. 3to 3HaniiT, hto npaMaa b, npoxo^HipaH nepe3 Tonxy B 
h napajijiejiBHaa a, tojibxo oflHa — Ta, fljia xoTopoii cyMMa yrjiOB c o^- 
Hoii ctopohbi xax pa3 paBHa 2d. 3HamiT, BBinojraeHa axcnoMa napaji- 
jiejiBHBix. 

,ZI,oxa3aTejiBCTBO Toro, hto npii axcnoMe napajijiejiBHBix BBinojiHHeTCH 
nocTyjiaT EBxjnma b nojiHOM oGteMe — c yTBepjxflemieM o tom, c xaxoit 
ctopohbi nepecexaiOTCH npHMBie, — mbi ocTaBjiHeM niiTaTejno b xanecTBe 
3aflanii. IIohhtho, 3a^ana coctoht b bo3mojxho 6ojiee Henocpe^CTBeHHOM 
flOxa3aTejiBCTBe, noTOMy hto ecjin chhthtb ,n,oxa3aHH0H TeopeMy o cyMMe 
yrjiOB TpeyrojiBHiixa, to yTBepjxflemie, hto npHMBie nepecexaiOTCH c toii 
ctopohbi, r^e cyMMa yrjiOB MeHBine 2d, CTaHOBHTCH oneBiiflHBiM. □ 

§ 3. Hanajia CTepeoMeTpim: npHMBie h iijiockocth b 
npocTpaHCTBe 

HcxoflHBie (JiaxTBi, xacaiomnecH npHMBix h njiocxocTeii, H3jiojxeHBi b 
§ 8, rji. I. 3a hhmh cjie^yeT paccMOTpemie B3aiiMHoro pacnojiojxeHiiH a b Y x 
npHMBix, b nacTHOCTH, ^oxa3BiBaeTCH TeopeMa: nepe3 Tonxy BHe p,a,n- 
hoh npHMoit a npoxoflHT npHMan , eft napajijiejiBHaH 8 , h npiiTOM tojibxo 
o^Ha. 

y^o6HBiii cnoco6 ^ajiBHeninero H3yneHiiH B3aiiMHoro pacnojx»xeHiiH 


8 II[)HMi,ie b npocTpaHCTBe Ha3BiBaioTCH napajuiejiBHBiMH, ecjin ohh jiencaT b o;i,hom 
njiocKOCTH h He HMeiOT o6iu,hx ToneK. 



npHMbix h njiocKOCTeft flaeT npiiMeHeHiie BeKTopoB. IIpocjieflnM sto Ha 
ochobhbix npiiMepax. 

BeKTopti h oiiepaHHH c hiimii (cxajrapHoe npoiiSBe^emie b tom micjie!) 
6bijih onpeflejieHBi b tji. Ill, h. 1, OTnpaBjiHHCb ot HanpaBjieHHbix OTpe3KOB. 
HanoMHHM: 

,ZI,Ba HanpaBjieHHbix OTpe3Ka AB , CD iimciot o^ho HanpaBjiemie — co- 
Hanpaejienu , ecjni npii iipo^oji/xeHHH ohii He pacxoflHTca, t. e. KaKOBbi 6bi 
hh 6buiii Hajieraiomiie Ha AB h CD paBHbie OTpe3Kn AH , CN, paccToamie 
MN orpaHiineHo: MeHbine HexoTopoii KOHCTaHTbi c. 

^Ba HanpaBjieHHbix 0Tpe3Ka npeflCTaBjiaiOT oflim h tot nee BeKTop 
(paBHbi xaK BeKTopbi), ecjiH ohii coHanpaBjieHbi h paBHbi no /ynme. 

Bbuni ^OKa3aHbi: 

TeopeMa 1. /fea Hanpae.aeHHUx ompe3Ka, coHanpaejiemue c mpe- 
rm>UM, conanpaeAenu. 

TeopeMa 2. /fea nanpae-aennux ompe3Ka AB , CD conanpaeAenu mo- 
zda u moAbKo mozda, Kozda ohu au6o Aecucam na napaAAeAbnux npAMUx 
no odny emopony om npsiMou AC , au6o Aeotcam na odnou npAMou u odun 
U3 Ayueu AB, CD codepotcum dpyzou. 

OTCio^a cpa3y bbibo^iitch 

TeopeMa 3. /fee npuMue, napaAaeAbnue mpemeeil, napaA.aeAbnu. 

/],OKa3aTejibCTBO. IlycTb npuMbie a, b napajijiejibHbi npHMofl c. 
Toiyja, oniipaacb Ha TeopeMy 2, mojxho, b3hb Ha c HanpaBjieHHbiii 0Tpe30K 
CCi, B3HTb Ha a ii b OTpe3Kii AA\, BB\ , coHanpaBjieHHbie c hiim. IIo 
T eopeMe 1, ohii coHanpaBjieHbi flpyr c /i,pyroM. A CTajio 6biTb, no TeopeMe 
2, ohii jiencaT Ha napajuiejibHbix npaMbix, Tan hto a \ \b, hto h Tpe6oBajiocb 
^OKa3aTb. □ 

Tohho Tan ixe, KaK b tji. Ill h. 1, MoryT 6biTb nojiyneHbi Bee pe3yjibTaTbi 
o BeKTopax, KOTopbiMii mm 3^ecb 6yfleM nojib30BaTbCH. 

,ZI,ajiee Ha ocHOBe yrjia Meix^y BexTopaMii mojkho onpe^ejiiiTb yroji 
MeiKfly npHMoii h njiocKOCTbio. B nacTHOCTii, bbo^htch noHHTiie nepneH- 
flHKyjiapHOCTII . 

II C p 1 1 C II/I, II Kyj I >1 [) bl K njIOCKOCTH. 

TeopeMa 4. Beicmop, nepnenduKyAApnuu k deyM ne KOAAUHeapnuM 
eeKmopaM, AeotcamuM e dannou nAOCKoemu, nepnenduKyAApen ko bcako- 
My eeKmopy, AecHcaiu,eMy e moil otce nAOCKoemu. 

/I,OKa3aTejibCTBO. IlycTb a, b — ppa HexojijnmeapHbix BexTopa b 
njiocKOCTii a ii BexTop c iim nepneH/pixyjiHpeH, Tax hto ac = be = 0. 

Bchxhii BexTop p b toh >xe njiocxocTii npeflCTaBjiaeTCH xax cyMMa 



BeKTopoB j>| . p 2 . KOJijiiraeapHbix a h 6, Tax hto p ± c = p 2 c = 0. [Iostomv 
cp = c(p 1 + p 2 ) = cp 1 + cp 2 = 0, 

t. e. clp, hto h Tpe 6 oBajiocb ppKaaaTb. □ 

^OKa3aHHaa TeopeMa oneBHflHO paBHOCiuibHa cjiepyromeft (b KOTopofl: 
y»ce HeT penn o BeKTopax). 

TeopeMa 5 . IIpAMaA, nepnenduKyAApnaji deyM nepecemwvnuMCA 
npjiMUM, jiecHcamuM e danHOu ruiocKocmu, nepnenduKyjuipHa bchkou npn- 
mou, jieoKavneu e 3mou ruiocKocmu, u meM cclmum nepnenduKyjisipHa 
smou ruiocKocmu. □ 

3tot npn3HaK nepneH/piKyjiHpHOCTii no3BOjineT ,n,OKa3aTb, hto: 

(1) Tepea ji7o6yw dannym mouKy npoxodum njiocKOcmb, nepnenduKy- 
AApnaA damou npnMOu, u npumoM moAbKO odna. 

(2) Tepea ecuKyw mouny ruiocKocmu npoxodum npAMasi, nepnenduKy- 
AJipnaA smou njiocKOcmu, u npumoM moAUKO odna. 

HiiTaTejiB jih6o bciiomhiit, jiii6o caM Haiip,eT ppicasaTejibCTBa stiix 
yTBepjK,n,eHi'iii . 

(3) IIpsiMaji, napajuiejibHasi npjiMou, nepnenduKyjuipHou n.aocKocmu, 
nepnenduKyAupna mou cuce nJiocKocmu. 3to mojkho BBiBecTii H3 Toro, hto 
Ha napajijiejiBHbix npHMbix mojkiio b3htb paBHbie BeKTopbi h ex ocajiap- 
Hbie npoH3Bep,eHiia c BeKTopaMii b njiocKOCTii paBHbi. 

(4) IIpAMue, nepneuduKyAnpHue odnou nAocmcmu, napaAAeAbnu. 

BbIBOflHTCH H3 (3) . 

^ByrpaHHbifi yroji H3MepaeTca yrjiOM, o6pa3yeMbiM jie>KarnnMn Ha rpa- 
hhx OTpe3KaMii , nepneH/piKyjiHpHbiMii pe6py. 3tii OTpe3Kii Ha KajKppii 
rpaHii napajuiejibHbi, h noTOMy yroji o/pm h tot ace, 113 KaKoit tohkh 
pe6pa he npoBep,eHbi OTpe3Kii (pnc.42). 




Phc. 42 Phc. 43 

PaBeHCTBO yrjiOB Mencpy OTpe3KaMii, npepcTaBjunonpiMH Te ace caMbie 
BeKTopbi, jieiKHT b ocHOBe onpepejiemiH CKajispHoro npoii3Bep,eHHH. 


Tpw ucpiLCn/j,iiKyji>ipa. 

TeopeMa 6. Ilycrm> A — mouna ewe n.tiocKOcmu a, u nycrm> npsiMasi 
a u ompe30K BC Aeotcam na a, npuueM C £ a u BC _L AB (pnc. 43). 
Bo3mookhu mpu nepnendunyAApnocmu: 

a) AB _L a, 6) C A _L a, b) CB A a. Ymeepotcdaemcfi, umo ecAu eu- 
no.rmenu dee U3 hux, mo eunoAHHemcA u mpemt>A. 

floKasaTejitCTBO. IlycTba^O - BeKTop Ha npuMoii a. HamimeM 
cxajinpHoe npoii3BefleHiie 


a- AB = a- {CB - CA) = a- CB - a CA. (1) 

IIoaTOMy ecjiii ,n,Ba 113 Tpex cxajinpHbix npoii3Be,n,eHiiii a ■ AB, a ■ CB, 
a ■ CA paBHbi Hyjno, to paBHO Hyjno h TpeTte. A TaK KaK paBeHCTBO Hyjno 
cxajinpHoro npoii3BefleHHH paBHOcnjibHO B3aiiMHOii nepneHflHxyjiHpHOCTii 
coMHOJKHTejiefi, to nojiyaaeM: 

(a) Ecjih CA 4- a h CB A a, to AB A a. A Tax xax no ycjiOBino em,e 
AB A BC II BC C a, to bbixo^ht, hto BexTop AB nepneH/pixyirapeH 
^ByM BexTopaM a n BC , jiejxaiipiM b njiocxocTii a. 3imni-iT, AB A a. 

(6) Ecjiii AB A a n CA A a, to CB A a. 

(b) Ecjih AB A a h CB A a, to CA A a. □ 

Cjiynait (a) /i,aeT cnoco6 onycxamin nepneH/pixyjrapa H3 ^aHHoii tohxii 
A Ha njiocxocTb a, BbipajxeHHbiii cjie^yiomeH TeopeMon. B stom 3axjno- 
neHO ii floxa3aTejn>CTBO cymecTBOBamiH onycxaeMoro nepneHfliixyjinpa. 

TeopeMa 7. 77ycmt> A — mourn ene nAOCKoemu a u a — npAMasi e a. 
OnycKaeM na a nepnendunyAJip AC u uepe3 C npoeoduM e a npjiMyw 
b A a. nepnenduKyjisip AB, onyiyernuu na b, 6ydem nepnendunyAApen k 
a. □ 

Cjiynan (6) h (b) flaiOT cjieflyiomyio TeopeMy (Ha3biBaeMyio TeopeMoii 
o Tpex nepneHfliixyjiHpax) . 

TeopeMa 8. Tlycmb U3 mounu A na riAocnocmb a onyiyen nepnendu- 
n y.ruip AB, e nAocnocmu a npoeedena npAMaA a u na neu 63Jima mound 
C(^= B). Ymeepotcdaemcfi, umo AC A a mozda u moJit>KO mozda, nozda 
BC A a (pnc. 43). □ 

OTpe30x BC npeflCTaBjineT co6oii npoexpino OTpe3xa AC — HaxjiOH- 
Hoii AC — Ha njiocxocTb. IIosTOMy flaHHan TeopeMa xpaTxo (JiopMyjiiipy- 
eTcn Tax: 

TeopeMa 8'. IIpjiMaJi nepnendunyAApna HanAonnou mozda u moAbno 
mozda, nozda ona nepnendunyAApna npoenyuu 3mou nanAOHHOu. 



ITpi-i a ■ AB = 0 H3 (JjopMyjibi (1) cjie^yeT, hto 


a - AC 


a ■ BC . 


(2) 


PaBeHCTBO (2) BbipajxaeT ^aace 6ojibine: CKajiapHoe npoH3Be^eHiie eflii- 
hh'ihoi’O BeKTopa a Ha KaKOH-jm6o BeKTop b npe^CTaBjiaeT co6oii npoex- 
d,hh BeKTopoB CA, CB Ha npHMyio a. IIosTOMy paBeHCTBOM (2) Bbipasca- 
eTCH 

TeopeMa 9. IIycmt> AC — HaKAonnaji k daHHou ruiocKocmu, BC — ee 
npoeuyufi na 3my ruiocKocrm> u a — npuMan e amou n.aocKocmu, npoxo- 
dfivyan uepe3 mouity C. Tozda npoeKyuu ompe3Koe AC, BC na npuMyrn 
a paenu. □ 

IlapajiJiejiBHBie iijiockocth — sto njiocKOCTii, He hmcioihmc 06 - 
m,iix ToneK. Hx mojkho oxapaKTepii 30 BaTb Tax: IIjiocKOcmu napajuiejib- 
hu mozda u mojibno mozda , Kozda y hux ecmt> o 6 iu,uu nepnenduKyjifip. 
(^OKajKHTe.) 

IIoaTOMy H3 cymecTBOBaHHH nepneHflHKyjiHpa, onymeHHoro Ha njioc- 
koctb H3 flaHHOii tohkii, cjie,nyeT: nepe 3 Kacucdyro mouity, ne AeoKaiyym 
na dannou ruiocKocmu, npoxodum ruiocKocmt>, eu napaJiMAmasi. 

^ajiee H3BecTHa 

TeopeMa 10. Ecjiu njiocKocmb a codepoicum dee nepeceKawiyueca 
npjiMue, napa/i.ne.n'bHue deyM npsiMUM e ruiocKocmu (3, mo a\\(3. 

^OKajKiiTe ee pa3HbiMii cnoco6aMii, b nacTHOCTii, nojib3ya:cb nepneH- 
/piKyjiapaMH. 

H 3 flOKa3aHHbix TeopeM mojkho bbibccth TeopeMy, CBH3aHHyio c onpe- 
^.ejieHiieM yrjia Meayjy npaMofi h njiocKOCTbio. 

TeopeMa 11. Yzoji Meotcdy nan aoh- 
hou k ruiocKocmu a u ee npoenyueu na 
a — HauMeHbiuuu U3 ecex yzAoe, o6pa- 
3yeMux HaKJioHHou c npMMUMu, npoxo- 
davyuMu e a uepe3 Konev, HaKJioHHou 9 . 

/loxasaTejibCTBO. IlycTb pjm- 
Ha HaKjioHnofi AC paBHa e/pmupe. To- 
r^a /i,jiHHa ee npoeKipni CD Ha npa- 
Myro a, npoxoflamyro nepe3 C, paBHa 
Kocimycy yrjia (3 Menyziy AC 11 CD: 



9 To, hto npHMbie npoxo^aT nepe3 KOHeu; HaK jiohhoh , Ha caMOM ,zj;ejie He HMeeT 3Ha- 
neHHH, Tax KaK npaMaa, CKpemHBaiomaHCH c ,zj;aHHOH, o6pa3yeT c Hen, no onpe/jejieHHio, 
TaKOH nee yroji, nan npaMaa, eii napaji jiejibHan . 


CD = cos / 3 . A pjimia npoeKnnn BC HaKjiOHHOft Ha mnocKOCTb a paB- 
Ha KOCiiHycy yrjia 7 Meacpy AC 11 BC (puc. 44 ). H/raK, 

cos f 3 = CD, cos 7 = BC. 

BMecTe c tcm, no TeopeMe 9 , CD ecTb npoeKpira OTpe3Ka BC Ha npa- 
Myio a. IIooTOMy CD < BC, h, cjiepoBaTejibHO, cos f 3 < cos 7. A Tax 
KaK KOCi-iHyc — 4)yHKH,HH yGbraaioipaH, to (3 > 7, hto h TpeSoBajiocb poxa- 
3aTB. □ 


§ 4 . Onrypti c BHyTpeHHHMH TO'iKaMH 

06m,ne noHHTiia rpamipbi h BHyTpeHHOCTH cjmrypbi (MHOxcecTBa to- 
hck) othochtch k Tonojioniii (cm. nacTb 5). 3pecb Mbi onpepejniM hx Ha 
njiocKOCTii h b npocTpaHCTBe, b noHHTiiax Harnefl aKCHOMaTHKH njiami- 
MeTpiiH h CTepeoMeTpmi. Pojib, Kaxyio b njiaHHMeTpim nrpaeT Kpyr, b 
CT epeoMeTpiiii iirpaeT map. 

OnpepejieHHe. Tomca A cmiTaeTca zpaHuunou pirn paHHOft cjmrypbi, 
ecjiii ckojib yroflHO 6 jih3ko k hcii cctb xax tohkh, npiiHapjiejKaipHe cjmry- 
pe, Tax h tohkh hc npiiHapjiejKaipiie eii, t. e. Te h ppyrne tohkh ecTb bo 
bchkom Kpyre (mape) c pempoM A (pnc. 45). rpamiHHbie tohkh cjmrypbi 
o6pa3y»3T ee zpanuyy. FpaHHHHaH TOHKa mojkot npiiHapjiejKaTb cjmrype, a 
MoaceT h He npiraapjiejKaTb eft. Mhohcbctbo (cjmrypa), He copepacarpee hii 
oppoft CBoeft rpaHHHHoft tohkii, Ha3biBaeTca omKpumuM, a copepmaipee 
BCio cbok) rpamipy — 3 aMKHymu.u. 

ToHKa (jmrypM, He HBjunoipeftcH ee rpamiHHOft tohkoii, Ha3biBaeTCH 
enympemeu. 3to, CTajio 6 bitb, TaKan TOHKa, c pempoM b KOTopoft cy- 
ipecTByeT Kpyr (map), pejn-iKOM copepmaipiiftcH b cjmrype (tohkii B, C 
Ha pnc. 45). BHyTpeHHiie tohkii cjmrypbi o6pa3yiOT ee eHympemocmb. O 
cjmrype, copepmaipeftca bo BHyTpeHHOCTH cjmrypbi F, roBopuT, hto OHa 
copepjKiiTCH (jieaaiT) enympu F . 

ToHKy Ha3biBaiOT eneiuHeu pjia (Jmrypbi, ecjin c peHTpoM b Heft ecTb 
Kpyr (map), He copepscaipiift tohck cjmrypbi (tohkh D Ha pnc. 45). 3 to 
paBHOcmibHO TOMy, hto tohkh He npiiHapjiejKiiT hh cjmrype, hh ee rpa- 
Hiipe. 

3 aMeaaHHe. I IopnepiaieM, hto Ha njiocKOCTii rpaHiiHHbie h BHyTpeH- 
Hiie tohkii onpepejunoTCH c noMOipbio KpyroB, omicbiBaeMbix BOKpyr toh- 
kii, a b npocTpaHCTBe — c noMOipbio mapoB. Cootbctctbchho c sthm rpa- 
Hiipa h BHyTpeHHOCTH cjmrypbi onpepejunoTCH Ha njiocKOCTii h b npo- 
cTpaHCTBe. HanpiiMep, Ha njiocKOCTii Kpyr iiMeeT BHyTpeHHiie tohkii, ii 





ero rpamipefi cjiyaaiT OKpysmocTb. Ho paccMaTpiiBaeMbiii KaK cjmrypa b 
npocTpaHCTBe Kpyr He iiMeeT BHyTpeHHOCTH — Bee ero tohkii rpaHHHHbie. 
CKasceM, ocHOBamie KpyroBoro niijiiiHflpa — oto nacTb rpamipbi h,hjihh- 
,n,pa. BMecTe c TeM mm roBopiiM o Tomcax enympu ero ocHOBamiH, TaK see 
KaK o TOHKax enympu rpaHeft MHororpaHHHKa, h t. n., iiMea b Bii,n,y, hto 
BOKpyr 3thx ToneK ecTb Kpyrn, co,n,epscaiii,HecH b rpami. (B aHajioniHHOM 
CMbicjie roBopHT o tohkhx «BHyTpn» OTpe3Ka.) 

TeopeMa 1. 0mpe3OK, coedunawuyau monny, Aecncaiu,yK> enympu efiu- 
zypu, c mouKou, jiecHcatu,eu ene cfimypu, nepeceuaem zpanuyy cfiuzypu 
( m . e. codepmcum xomsi 6u odny zpanuHnyw mouny, puc. 46). 

floKasaTejitCTBO. nycTb Tomca A jiexaiT BHyTpii (Jmrypbi G, a 
TOHKa B — BHe G. npoBefleM 0Tpe30K AB. Ha hcm ecTb TaKiie tohkii M, 
hto 0Tpe30K AM coflepsenTca BHyTpii G (nocKOjibKy BOKpyr A ecTb Kpyr, 
coflepscammiCH b G). nycTb a — cynpeMyM ;;jihh TaKiix OTpe3KOB AM, h 
nycTb AC — 0Tpe30K fljiHHbi a. ToHKa C He jieseiiT BHyTpii G, tbk kslk 
imane iiMejicsi 6m coflepscamiiii ee 0Tpe30K BHyTpn G h ^jiima a = \AC\ 
He 6buia 6m cynpeMyMOM ^.jiiih 0Tpe3K0B AM, coflepscamiixcH BHyTpii G. 
ToHKa C He jiesciiT TaKsce bhc G, tslk KaK imane BOKpyr Hee 6mji 6m Kpyr 
(map), He coflepscamini tohck 113 G, h CKOjib yro^HO 6jiii3ko k C He 6mjio 
6bi tohck H3 G. 

TaKiiM o6pa30M, C He jiesaiT hii BHyTpii, hii BHe G, a, CTajio 6mtb, 
jieiKHT Ha rpaHiipe, hto ii Tpe6oBajiocb ^0Ka3aTb. □ 

Cjie,n,CTBHe. JIoManaa, coedunamu^an mouny enympu <fiuzypu c mou- 
kou ene tfmzypu, nepecenaem zpanuyy (fjuzypu. 

/)oKa3aTejiijCTBO. HyjKHO BOcnojib30BaTbCH nH;iyKmieti no Hiicjiy 
3BeHbeB jiOMaHOii h npiiMeHHTb npeflbiflymyio TeopeMy 1. Ho,hpo6hocth 
OCTaiOTCH HIITaTejIIO. □ 

3aMeaaHiie. ^OKa3aHHaa: TeopeMa CBH3MBaeTCH c TeM HarjiH/pibiM 
npeflCTaBjieHiieM, hto rpamipa tfnirypbi OT^ejiaeT ee BHyTpeHHOCTb ot 


BHeiHHI-IX TOHeX, IIJIII HTO OHa OZpdHUHU- 
eaem (Jjnrypy. 

O^HaKO rpamipa tfnirypbi momt 
oneHb Majio cooTBeTCTBOBaTb TaxoMy Ha- 
rjia,nHOMy npe^CTaBjieHnio, xax noxa3bi- 
BaiOT ,a,Ba cjie^yiomiix npimepa. 

ITpHMep 1. OxpyjxHOCTb xpyra cjiy- 
jkht ero rpaHnnefl b Harjia^HOM CMbicjie 
h oipaHH'iHBaer ero. Ho B03bMeM tfniry- 
py F , npe^CTaBjiHiomyio co6oh xpyr c hc- 
KjnoneHHbiM pa^HycoM r n c pa^nycoM, 
npoflOjEKeHHbiM Ha 0Tpe30K a (pnc. 47). Fpamma stoh cjnirypbi npeflCTaB- 
jiaeT co6oii o6beflHHCHne oxpyjxHOCTH, ee pa^nyca r h 0Tpe3xa a. B Ha- 
tjih^hom CMbicjie Tpyn,HO cxa3aTb, hto Taxaa rpamipa orpamiHiiBaeT (Jjh- 

rypy F. 

IIpHMep 2. nyCTb F — MHOJXeCTBO TO'ICK C paipiOHajIbHblMI! KOOpflH- 
HaTaMii x, y b xBaflpaTe Q:0^a:^l,0^j/^1. FpaHimeft SToro 
MHOHcecTBa cjiyacHT Becb KBa/i,paT Q. 3flecb Hejib3H cxasaTb, hto rpamipa 
« orp aHHHHB aeT » cjnirypy F. 

3aMKHyTaa o6jiacTt. Bbi^ejiHM c])nrypi>i. rpamipbi KOTopbix He HMe- 
kdt thkhx oco6eHHOCTeft, xax b npirvrepax 1, 2. 

Onpe^ejieHHe. 3aMKnymou o6jiacrm>w Ha3biBaeTCH (Jrnrypa co cjie- 

^yfOIHHMH CBOIICTBaMIi: 

(1) OHa oSjiaflaeT BHyTpeHHiiMii TonxaMH; 

(2) OHa co,n,ep}KHT cboio rpaminy; 

(3) ee rpamipa HBjiaeTCH Tax>xe rpaHimeft ee BHyTpeHHOCTH; 

(4) jiK)6bie ^,Be ee BHyTpeHHiie tohkii mojkho coe^HHHTb jiOMaHoft, co- 
^epjxameftcH pejnixoM BHyTpn tjnirypbi. 

Ecjiii (Jinrypa yflOBjieTBopaeT ycjiOBHHM (l)-(3), to mbi roBopiiM, hto 
ee rpaHiipa ozpaHuuueaem ee (h Tax>xe orpaHiiniiBaeT ee BHyTpeHHOCTb). 
CooTBeTCTBeHHO , Mbi roBopiiM, hto cjDHrypa F ozpaHuuueaem (Jnirypy G, 
ecjiii F cjiyjKHT rpaHimeft cjDiirypbi G, ynoBjieTBopaiomeft ycjiOBiraM (1)- 
(3). 

HanpHMep, oxpynaiocTb orpaHiiniiBaeT xpyr, a ccjaepa — map; npaMaa 
orpaHHHHBaeT nojiynjiocKOCTb, njiocKOCTb orpaHiiniiBaeT nojiynpocTpaH- 
CTBO. 

Onpe^ejieHHe. Oiirypa Ha3biBaeTCH ozpaHuneHHOu (no pa3MepaM), 
ecjiii paccTOHHHH Meatfly ee TonxaMH orpaHHHeHbi, t. e. cymecTByeT Taxoft 
0Tpe30X d , HTO BCHXIlft 0Tpe30X, COeflHHiHOmilH TOHXH (J)HTypbI, no flJIHHe 
He npeBoexoflHT d. 



Ha njiocKOCTii sto paBHOcmibHO TOMy, hto cjaiirypa copepaciiTca b hcko- 
topom Kpyre (pocTaTOHHO b3htb Kpyr papiiyca d c peHTpoM b hio6oii tohk6 
cjairypbi) . B npocTpaHCTBe sto paBHOCi-uiBHO TOMy, hto cjaiirypa copepaciiT- 
ca b HexoTopoM mape. 

CoraacHO paHHbiM onpepeneHiiHM, 3a,MKHymafi oepanunennaji 06 - 
jiacmu — 3to orpaHHHeHHaa cjanrypa c yKa3aHHbiMii Bbime CBOiiCTBaMi-i 1-4. 

B npocTpaHCTBe TaKaa (Jairypa Ha3biBaeTca mejiOM, (imorpa ycaoBiie 
orpaHiiaeHHOCTH ot Tejia He TpeSyeTca). Ha naocKOCTii Taxyio 4>iirypy 
Ha30BeM n.aomadK.ou . 

II pepocxe peace h iic . Kaic sto hii ypiiBiiTeabHO, opna h Ta ace 4>iirypa 
MoaceT orpaHiiHiiBaTB He ppe, a Tpii h. . . paace SecKOHeaHO MHoro 3aMKHy- 
tbix o6jiacTei"i. Cootbctctbchho, orpamiaeHHaa 4>nrypa MoaceT Ha naoc- 
kocth orpaHiiHiiBaTB HecKoabKO h paace SecKOHeaHoe ancao miomaflOK, a 
b npocTpaHCTBe — Tea. K caacTbio, nopo6Hbie «HypoBinpa» bophtch annib 
b oaeHb raySoKiix TeopeTiiKO-MHoacecTBeHHbix pe6pax, h k «(f)iirypaM» 
hx MoatHO OTHecTi-i annib poBoabHO ycaoBHO. B cayaae MHoroyroabHbix h 
MHororpaHHbix tfairyp, k H3yaeHHio KOTopbix Mbi nepexopiiM, Hiiaero no- 
xoacero He SbiBaeT. TeM He MeHee h 3pecb aKKypaTHOCTb b onpepeaemiax 
He noMeniaeT. 

TpeyroatHHK c miy ipcHHOCTbio. TpeyroabHiiK, noHiiMaeMbm He 
Kan tfnirypa 113 Tpex OTpe3KOB, a xax orpaHiiaeHHaH iimii «aacTb naocKO- 
cth», mohcho onpepeaiiTb caepyioipiiM o6pa30M. 

TpeyzojvbHUK c 6 HympeHHocmtiK> , nan tuiockuu mpeyzojit>HUK, — sto 
naoipapKa, orpamiaeHHaH TpeMa OTpe3KaMii (t. e. rpamipa ee npepcTaB- 
aaeT co6oii TpeyroabHiiK). 

TeopeMa 2. TIjiockum mpeyeojiunuKOM 6ydem cfimypa, o6pa3oeaHnafi 
ompe3Ka,MU, npoeedennuMU U3 eepmunu mpeyeo.aunuKa eo ece mouKU 
npomueonoJiocHCHOu cmoponu. H 3 kclkou eepmunu npoeodnmcfi ompe3- 
ku — 6e3pa3.auHHo: cfimypa no./iynaemcfi odna u ma 3tce. 

floKasaieabCTBO. BHyTpeHHiie tohkh yKa3aHHOii cjaiirypbi T — 
3to Te, KOTopbie aeacaT Ha OTpe3xax, npoBepeHHbix 113 BepimiHbi b toh- 
kh Ha npoTHBonoaoacHOii CTopoHe. To, hto BOKpyr Kaacpoii tohkh mohcho 
oniicaTb Kpyr, copepacaipimcH b T, oaeBiipHO, h poKa3aTeabCTBO mbi ocTaB- 
aneM aiiTaTeaHM, Tax ace KaK poKa3aTeabCTBO Toro, hto rpamipy cjDiirypbi 
T o6pa3yiOT CTopoHbi TpeyroabHiiKa. 

HyacHO eipe poKa3aTb, hto cjinrypa noayaaeTCH opHa h Ta ace, H3 KaKolt 
6bl BepiHIIHbl HH npOBOpiITb 0Tpe3KII pO npOTIIBOnOaOHCHOH CTOpOHbl. To 

ecTb ecan ABC — TpeyroabHiiK h M — ToaKa Ha 0Tpe3Ke AD c kohh,om 
D Ha BC, to M Taxace aeaciiT Ha 0Tpe3Ke BE c kohh,om E Ha AC 11 Ha 
OTpe3Ke CF c kohd,om F Ha AB (pnc. 48). 



^efiCTBHTejibHO, nycTb TOHKa D Ha 
BC h TOHKa M Ha AD. 0Tpe3Kii AD h 
AC cjiyiKaT nonepeHimaMH yrjia B. Ilo- 
3TOMy 0Tpe30K BM npii npoflOjEKemiii 3a 
TOHKy M nepeceneT, corjiacHO TeopeMe 3 
§ 6, rji. I, CTopoHy AC. 3to 3aBepmaeT ,no- 
Ka3aTejibCTBO TeopeMbi 2. □ 

3aMenaHHe. B onpe;iejieini h njiocKO- 
ro TpeyrojibHiiKa KaK njioin;a/pcH, orpami- 
HeHHOii TpeyrojibHiiKOM, He 3aKjHOH6H cnoco6 onpe^ejiaTb, KaKiie toh- 
kii npiinafljiejKaT njioma^Ke, a KaKiie — hct. ^OKa3aHHaa TeopeMa 2 ,n,a- 
eT TaKOii cnoco6 OTjiHnaTb BHyTpeHHiic tohkii ot BHemmix. ,ZIpcTaTOHHO 
H3 KaKOii-Hii6yflb BepmiiHbi npoBecTii nepe3 flaHHyio TOHKy M OTpe30K, 
paBHbift HaH6ojibHieii 113 ctopoh TpeyrojibHiiKa. Oh nepeceneT npoTiiBO- 
nojioiKHyio CTopoHy Tor^a h tojibko Tor^a, Kor^,a TOHKa M BHyTpeHHHH 
(^.OKajKHTe) . 

OTMeTiiM erpe ^Be TeopeMbi. 

TeopeMa 3. Tout ta A Jieotcum enympu mpeyzoJimuKa mozda u moJibKo 
mozda, Kozda na cmopone mpeyzojibHuna naudemcji manasi mourn B , umo 
jiyn AB npu npodo/icHcenuu 3a mouKy B ne codepotcum moueK cmopon 
mpeyzoJibnuKa. 

TeopeMa 4. IIjiockuu mpeyzojiunuK nejinemcfi nepeceuenueM mpex 
noJiyruiocKocmeu, Kaotcdan U3 Komopux ozpauuueua npsiMou, npoxodsiu^eu 
uepe3 dee eepmunu, a caMa codepotcum mpemuto eepmuny. 

,ZI,OKa3aTejibCTBa ocTaBjuieM HirraTejno. □ 

yroji KaK «nacTb iijiockocth». IIjiockum nepa3eepHymuM yz/LOM 
Ha3biBaeTca 3aMKHyTaa o6jiacTb (Ha njiocKOCTii) , orpaHHHeHHan ,n,ByMH 
jiynaMii, He o6pa3yK>miiMii o,n,Hy npuMyio. 3th jiynn — cmopouu yrjia, hx 
o6in;ee Hanajio — eepuiuna yrjia (nocKOjibKy jiynii orpaHiiaiiBaiOT o6jiacTb, 
to y hex Hanajio o6m;ee). 

IIjiockuu pa3eepnymuu yzoji — sto nojiynjiocKOCTb, y KOTopoft Ha orpa- 
HiiHiiBaiomeii ee npuMoii OTMeneHa TOHKa — Bepimma yrjia; jiynn, Ha ko- 
Topbie Ta ^,ejiiiT npuMyro, — ctopohm yrjia. 

njiocKiiii yroji o6o3HaHaiOT ero CTopoHaMH, ecjin hcho, o KaKOM 113 ,n,Byx 
yrjiOB HfleT penb. 

TeopeMa 5. JJea jiyua c o6iyuM nauajioM ozpaHuuueatom dea tijiockux 
yzjia, npu amoM Kaotcdasi mourn, ue AeoKau^asi na dannux Jiyuax, npunad- 
jieotcum odnoMy u mojium odnoMy U3 3mux yzjioe. (3to OHeBii/pio. . . ho, 
c tohkii 3peHiiH aKCHOMaTHnecKoro nocTpoemiH njiaHiiMeTpim, Hysc/i,aeTCH 
b flOKa3aTejibCTBe.) 



^OKa3aTejibCTBO. Ecjih ^Ba jiyaa o6pa3yiOT o^Hy npaMyio, to 
ohh orpaHiiHiraaiOT ,a,Be nojiynjiocKOCTH. IlosTOMy ^jia pa3BepHyTbix yr- 

jiob CKa3aHHoe b TeopeMe Henocpefl- 
CTBeHHO cjie^yeT H3 Toro, hto npaMaa 
flejiHT njiocKOCTb Ha ,n,Be nojiynjiocKO- 
CTH. 

IlycTb TenepB a, b — ^sa jiyaa c 06 - 
hi;hm HanajiOM O, He o6pa3yioii];He o,n,- 
hoh npHMOii, t. e. o6pa3yioiii;iie Hepa3- 
BepHyTBiii yroji ab. IlycTb a h b — 
coflepacamne hx npaMbie. TIpaMaa a 
orpaHPiHPiBaeT ,n,Be nojiynjiocKOCTH: o^- 
Ha H3 hhx coflep>KHT jiya b — o6o3Ha- 
hhm ee P a , flpyryro — Q a ■ AHajioniHHO, npaMaa b orpaHHHHBaeT nojiy- 
njiocKOCTii Pb, Qb, rfle Pb D a. O^iih njiocKim yroji V , orpaHiiHeHHbin 
jiynaMH a , b , aBjiaeTca nepeceHemieM nojiynjiocKOCTefi P a , Pb , APyroit, 
W, HBjuieTCH o6 r be r n,iiHeHiieM nojiynjiocKOCTeii Q a , Qb (puc. 49). 

ToHKa, npimafljiejKamaa jiyay a, npiiHa^yieaciiT npaMoft a h, CTa- 
jio 6 biTb, HBjiaeTCH rpaHiiHHOii .zyia nojiynjiocKOCTeii P a , Q a . IIosTOMy 
OHa rpaHiiHHaa h ,n,jia yrjiOB V, W. AHajioraiHHoe BepHO .zyia ToaeK jiy- 
aa b. CjieflOBaTejibHO, jiyaii a, b cjiyataT o6meft rpammeii yrjiOB V, W. 
OcTajibHbie tohkii yrjia V jieacaT BHyTpn o6enx nojiynaocKOCTeft P a , Pb, 
a ocTajibHbie tohkii yrjia W — BHyTpn xoth 6 bi oflHOii H3 nojiynjiocKO- 
CTeii Q a , Qb- Cjie^,OBaTejibHO, sth tohkii BHyTpeHHiie h fljia caMiix yrjiOB 

V, W. □ 

TaraiM o6pa30M, mbi npimypiM k pe3yjiBTaTy: 

TeopeMa 6. JJea Ayna c o6iu,um HanajioM oepanunueawm dea tijiockux 
yzjia: odun nejisiemcfi nepeceuenueM, a dpyzou — o6?>edunenueM noJiynAoc- 
Kocmeu, ozpaHuueHHux npfiMUMu, codepaKaui,uMu amu Jiyuu. 

(OopMajibHO 3 to BepHO h fljia pa3BepHyToro yrjia: b stom cjiyaae o^,Ha 
nojiynjiocKOCTb nepeceKaeTca caMa c co6oli, flpyraa — o6T>eflHHaeTca caMa 
c co6oii.) □ 

0 1 1 {>e;i,e jig ii lie . IIjiockhh yroji — ofn.e/Hineiiito /uiyx nojiynjiocKO- 
CTeii— Ha3biBaeTca ceepxmynuM. 

3aMeHaHne. Mojkho onpeflejiiiTb njiocKiie Hepa3BepHyTbie yrjibi 
HecKOjibKO imaae. ITo OTHOHiemno k AByM jiyaaM a h b, cocTaBjiaiomiiM 
Hepa3BepHyTbifi yroji, Bee jiyaii, ncxo;prmne 113 BepmiiHbi, KpoMe caMiix 
jiyaefi a ii b, ^ejiaTca Ha Kjiacca: Kjiacc F\ Tex jiyaefi, KOTopbie npo- 
xoflHT BHyTpii yrjia ab, t. e. nepecexaeT ero nonepeHimbi, h Kjiacc P2 Bcex 
ocTajibHbix jiyaeii. IIjiocKHe yrjibi o6pa3yiOTCH jiyaaMii stiix KjiaccoB c 



npiicoefliiHemieM caMiix jiyHeii a, b. (3to ^aeT cnoco6 onpe^ejiHTb, Kaico- 
My H3 yrjiOB npiiHa^jiejKHT ^aHHaa TOHKa.) 

O i l pc; j,c j ic imc . ITjiockhh yroji, Bepmiraa KOToporo cjiyxaiT ncn- 
TpoM OKpyjKHOCTii, Ha3BiBaeTCH yeumpajiunuM yzjiOM stoh OKpyjKHOCTii 
(puc. 50). nepeceneHiie ero c KpyroM Ha- 
3BiBaeTCH cenmopoM 3Toro Kpyra, h to- 
rfla yroji Ha3biBaeTCH yzjiOM 3Toro cen- 
mopa. Ecjih yroji pa3BepHyTbiii, to cex- 
Top — nojiyKpyr. 

MHoroyrojitHHKH h iiJioma;j,KM. 

MnozoyzojiuHUKOM Ha3BiB aiOT (fpurypy, 
o6pa30BaHHyio OTpe3KaMH A1A2, A2A3 , 

. . . , A n A\ c ycjiOBHHMii: 

(а) 3th OTpe3Kii He hmciot o6m,nx tohck, iiomhmo kohh,ob, 3,necb ohii 
o6o3HaH6HBi b KpyroBOM nopa/pce (b nacTHOCTH, tohkii A\, . .., A n Bee 
pa3jiiiHHbi) ; 

(б) HiiKaKne flBa cmchchmx OTpe3Ka He o6pa3yiOT opHoro OTpe3Ka. IIpH 
3 tom ycjiOBHPi 0Tpe3Kii Ha3BiBaiOTCH cmopoHaMu MHoroyrojiBHHKa; hx koh- 
h,bi — ero eepuiunu. IIocKOjiBKy BepmiiH — n, to MHoroyrojibmiK Ha3MBa- 
eTca n-yzo.ri'bHUKOM. 

MHozoyzoJibHUKOM c 6HympeHHocmt>K) — Kopone, ujiockum mhozo- 
yzojibHUKOM — Ha3BiBaeTCH njioipapKa, rpaHupeii KOTopoft cjiyxaiT mho- 
royrojiBHiiK (ee cmopcmu 11 eepuiunu — sto ero CTopoHbi h Bepniimbi). 
Boo6me, njioipapKa, rpamipa KOTopoft coctopit h 3 KOHenHoro nucjia ot- 
pe3K0B, Ha3BiBaeTCH MnozoyzoAunou. Ho OHa MoaceT He 6 bitb njiocKHM 
MHoroy ro jibhiikom , Korpa orpaHiineHa HecKOjibKiiMii MHoroyrojiBHHKaMH 
(puc. 51). Hx BepiHiiHBi Ha3BiBaiOTCH eepmunaMu irjioina/pKH. 

BbinojiHHeTCH Bahama 

TeopeMa 7. Bchkuu MnozoyzojiunuK ozpanuuueaem nJiocKuu mhozo- 
yzoJimuK (u npu emoM moJibKO odun). 

^],OKa3aTejiBCTBO 3T0ii TeopeMbi mm HaMeTiiM b Koupe naparpacjm. 

Bchkiih ,i],0CTaTOHHO Majibift Kpyr c peHTpoM b Bepimme njiocKoro mho- 
royrojiBHHKa pejiHTCH CTopoHaMH, cxophiipimhch b stoh Bepimrae, Ha pBa 
CeKTOpa, H3 KOTOpbIX TOJIbKO OflHH COflepjKHTCH B 3T0M MHOrOyrOJIbHHKe 
(puc. 52). Yroji 3Toro ceKTopa h Ha3MBaeTCH yzjiOM MHoroyrojiBHHKa npu 
dannou eepuiune. Y MHoroyrojibHoii njioipapKH HecKOjibKO yrjiOB MoryT 
HMeTb o6ipyio BepniHHy (pnc. 51). 

BnponeM, nop yrjiOM njiocKoro MHOroyrojibHHKa (rcaic h MHOroyrojib- 
hoh njioipapKH) noHHMaiOT o6mhho He ctojibko tfnirypy, ckojihro cootbct- 
CTByiomyio BejiiiHHHy. 



Phc. 51 


Phc. 52 


3aMenaHHe. TepMi-m « MHoroyrojibHiiK » ynoTpeSjiaiOT b pa3Hbix 
CMbicjiax, Ha3BiBaa hm (1) MHoroyrojiBHiiK xax oh onpeflejieH bm- 
me; (2) BOo 6 in,e 3aMKHyTyio jiOMaHyio, He HCKjHOHaa nepeceHeHiiii; 
(3) MHoroyrojibHiiK c BHyTpeHHOCTbio; (4) MHoroyrojibHyio njiomaflKy, to- 
rfla MHoroyrojibHiiK b naineM CMbicjie na3biBaiOT npocmuM Mnozoyzojib- 
HUKOM. 

Miioroi paimbie yrjiti. MHororpaHHHKH. MnozozpanHUM yzjioM 
Ha3biBaeTca cjinrypa, o6pa30BaHHaa KOHCHHbiM hhcjiom njiocKiix yrjiOB 
c o6iu,eH BepniHHOH h nonapHO o 6 hihmh CTopoHaMii, KOTopbie Bee mojk- 
ho o 6 ohth ot o^Horo k /i,pyroMy — CMeacHOMy no CTopoHe, — npimeM sth 
yrjibi He iimciot flpynix o 6 ih,iix ToneK, KpoMe KaK npiiHafljiejKamiix 06 - 

rpiiM CTopoHaM (pnc. 53). Ecjih o6o3HamiTb 
njiocKiie yrjibi iix CTopoHaMii, to mojkho 
CK a3aTb, hto MHororpaHHbiii yroji — sto (Jhi- 
rypa, o6pa3yeMaa n jio ckhmh yrjiaMii 0102 , 
0203 , a n ai, npimeM sth yrjibi He HMe- 
K)t o 6 mnx Tonex, noMiiMO npiiHafljiejKamiix 
hx o 6 ih;hm CTopoHaM oi, 02 , . . . , a n (KOTopbie 
nonapHO pa3JiHHHbi). 9 to onpeflejiemie aHa- 
jioriiHHO onpeflejieHiiio 3aMKHyTOii jiOMaHoii 
hjih MHoroyrojibHiiKa. 

Ecjih CMejKHbie no CTopoHe yrjibi jieacaT b oflHoii hjiockocth, to hx 
mojkho o 6 be^HHHTb, Tan hto coceflHiix yrjiOB, jiejKaipiix b o^hoii njioc- 
kocth, He ocTaHeTca. Ecjih HiiKaKiie coce^Hiix yrjia He jieacaT b 
o^hoh njiocKOCTii, to yrjibi Ha3biBaiOTCH epanjiMu MHororpaHHoro yrjia. 
Yrjibi, o6pa3yiomHe MHororpaHHbiii yroji, MoryT 6 biTb pa3BepHyTbiMH 11 
CBepxTynbiMH. (B hhcthocth , flByrpaHHbiii yroji c tohkoii, OTMeneHHOH 
Ha ero pe 6 pe b KanecTBe BepniHHbi, no^na^aeT nofl ,n,aHHoe onpeflejiemie 



MHororpaHHoro yrjia. Ho ero He npiiHHTO hiicjiiith cpe^H MHororpaHHbix 
yrjiOB.) 

Onpe^ejieHHe. MHoaozpamuK (xax noBepxHOCTb) — sto (Jrnrypa, 06 - 
pa30BaHHaa: xoHenHbiM hhcjiom MHoroyrojibHbix njioma^ox Tax, hto bbi- 
nojiHeHbi flBa ycjiOBira: 

(а) Ecjih Tonxa A HBjineTCH BepniiiHoft oflHoft 113 njioipaflox, to njioc- 
xne yrjibi Bcex njioin,a,zi,ox, KOTopbiM 3Ta Tonxa npiiHa^jiejKHT, o6pa3yiOT 
Boxpyr Hee MHororpaHHbiii yroji; npii stom ecjiH Tonxa A jieacHT Ha cto- 
poHe KaKoii-jiH6o njiom,aflKii, to OHa cniiTaeTCH BepniiiiiOH pa3BepHyToro 
yrjia b stoii njioipaflxe. 

(б) Ot KajKflofl: njiom;aflKH k jik>6oh flpyroii mojkho nepeiiTH no CMejx- 
hbim njioma^KaM, t. e. HMeioiipiM o 6 myio CTopoHy hjih 0Tpe30K cto- 
pOHbl. 

CMejKHbie njioma.uKH, jiejxamne b o^hoh njiocKOCTH, mojkho 3aMemiTb 
Ha o/piy njioin,a,n,Ky. 3to, oneBimHO, He HapyimiT ycjiOBini (1), (2). 

njioiu,a,zi,xa, He jie>xaiH,aji b o^hoh njiocxocTii hii c xaxoii cmokhoh, na- 
3biBaeTCH apaHbw MHororpaHHiixa. Tonxa, HBjraiomaHCH BepmiiHOH xaxoii- 
jipi6o rpaHii, Ha3biBaeTca eepmunou MHororpaHHiixa. CTopoHa hjih OTpe- 
30 k ctopohm njioiu,a/i,KH, coeflHHHiomHH ,n,Be BepnniHbi (ho He coflepjKamHli 
BepmiiHbi), Ha3biBaeTca peCpoM . Y MHoro- 
rpaHHiixa Ha puc. 54 rpaHb P — He mhoto- 
yrojibHHK, h y MHororpaHHoro yrjia b Bep- 
rniiHe A o^hh njiocKHH yroji 6 ojibine pa3Bep- 
HyToro. 

H 3 ycjiOBHH (a) , onpeflejiHiomero mhoto- 
rpaHHHK, cjie^yeT, hto ^jih B3ariMHoro pac- 
nojiojKeHHH flByx rpaHefi HMeiOTCH TOJibKO cjie,ayioiH,He bo3mojkhoctii: (1) 
ohh He HMeiOT o6ih;hx Tonex, (2) iimciot o^Hy o6m,yio BepninHy, (3) HMeiOT 
o,ii,Hy o6myio CTopoHy, (4) HMeiOT Hecxojibxo o6ih,hx BepiniiH h jiejxaT b 
OflHOH nnocxocTH, (5) iimciot Hecxojibxo o6ih,iix BepimiH h, mojkot 6biTb, 
Hecxojibxo o6ih,iix 0Tpe3X0B ctopoh, npriHCM Bee 3th BepmiiHbi h OTpe3xn 
coflepjxaTCH b o^hoh npuMOii (puc. 55). 

Boo6rn,e, MHororpaHHiix mojkct HMeTb cjiojxHoe CTpoeHiie — ropa3^,o 
6ojiee cjio>xHoe, neM npiiBbixaiOT npe^CTaBjiHTb ce6e, iiMesi b xanecTBe 
npiiMepoB Tojibxo mipaMiiflbi, npii3Mbi, npocTeimiHe Bbinyxjibie mhoto- 

IpaHHHKH. 

MHororpaHHiix Ha3biBaeTCH eunyK.auM , ecjin oh pacnojiaraeTCH no o^- 
Hy CTopoHy ot njiocxocTii xajxfloft cboch rpami (He CHHTaa, xohchho, ca- 
moh rpaHii) . F paHH Bbinyxjioro MHororpaHHiixa — Bbinyxjibie MHOroyrojib- 
hhxh. Kajxflbie flBe jih6o He HMeiOT o6ih,iix Tonex, jih6o iimciot o6m;yio 



Phc. 54 



CTopoHy — pe6po, — jiii6o tojibko o^Hy o6m;yio Bepimmy. Ho Ha puc. 55, (J, 
b /i,aHbi npHMepbi MHororpaHHiiKOB cobccm APyroro CTpoemiii. 

MnoeospanHUKOM c eHympemocmt >w, hjih mesiecHUM MHozozpanHu- 
kom , Ha3biBaiOT Tejio, orpaHHneHHoe MHororpaHHHKOM b CMBicjie flaHHoro 
3flecB onpe^ejieHHH. H BbinojiHaeTCH 

TeopeMa 8. Bcmkuu mhozozpclhhuk ozpaHuuueaem mejiecnuu mhozo- 
zpaHHUK (u npumoM moMKO odun!). 

^OKa3aTejibCTBO HaMeTHM b KOHpe naparpacjia. 

3aMeaaHHe. MHororpaHHHKOM (hjih nojiiraApoM) Ha3biBaiOT Taione 
BOo6in;e jno6oe Tejio, orpamiHeHHoe KOHenHbiM hiicjiom MHoroyrojibHbix 
njioma^OK. (TaKoe Tejio y*e MOxceT He 6biTb TejiecHbiM MHororpaHHii- 
kom!) ^jih pa3JiHHeHiiH mojkho roBopiiTb «MHororpaHHoe Tejio». Taicne 

Tejia MoryT, BOo6in;e, iimbth oneHb 
cjio>KHoe CTpoemie — nojiocTH h Apy- 
me oco6eHHOCTii; Mbi hx He nepenncjiH- 
eM, a HjijHOCTpnpyeM Ha puc. 56. Pe6- 
poM Tejia Ha3biBaeTCH CTopoHa hjih ot- 
pe30K CTopoHbi orpaHiiHiiBaromeii ero 
njiomaAKii, no KOTopoMy OHa cmcjk- 
Ha c njiom;aAKOH, jiejKameii b Apyroft 
njiocKOCTH. CMejKHbie iijiorna/i,KH, jie- 
jKamne b oahoh njiocKOCTH, o6pa3yiOT 
OAHy zpam, ecjni TOjibKO ohii He pa3- 
AejieHbi tbkhm pe6poM — oahiim iijih HecKOJibKiiMii (njiomaAKii P, Q Ha 
puc. 56 pa3AejieHbi pe6poM). 

MHororpaHHHKaMii Ha3biBaiOT Taitace BOo6m;e MHororpaHHbie noBepx- 
hocth, cocTaBjieHHbie H3 KOHenHoro micjia MHoroyrojibHbix njiomaAOK, 
o6bihho c ycjiOBiieM, hto y KajKAoii njioiu,aAKH jiio6aH AaHHaa ee CTopoHa 



Puc. 56 


jii-i6o o6m,aa y Hee c opHoii h tojibko opHoii njiomapKOH, jih6o «cbo6o,h,- 
Ha» - He npiiHapjieaaiT mncaKoit ppyroii njiorpapKe. KpoMe Toro, Tpe6y- 
eTca, hto6m Bee njiomaflKH c jho6oii paHHOii BepniHHoit mohcho 6bijio o6oh- 
th OflHy 3a ppyroii, nepexopa tojibko nepe3 hx CTopoHbi, copepacamiie 3Ty 
BepnniHy. TaKOii MHororpaHHiiK npepcTaBjiaeT co6oh noBepxHOCTB c Kpa- 
eM, o6pa30BaHHbiM CBo6o/i;HbiMH CTopoHaMii njiomapoK. IIpii TaKOM norni- 
Maraii TepMiiHa « MHororpaHHHK » MHororpaHHiiK b CMBicae nepBoro paH- 
Horo Bbime onpepejieHiia Ha3biBaiOT 3aMKHymuM. 

O pa3JIHHeHHH BHyTpeHHHX H BHeiHHHX TO'ICK. K;U< V/KC 6bIJIO 
3aMeaeHO b CBa3ii c onpepejieHiieM njiocKoro TpeyrojibHiiKa, caMO onpe- 
pejiemie BHyTpeHHiix h bhchihiix tohck He 3aKjHoaaeT b ce6e cnoco6a hx 
pa3jiiiaaTb. IIoKa hct cnoco6a, no3BOjiaiOHi,ero ycTaHOBiiTb pa3.ii wane 3a 
KOHeaHoe hiicjio onepapnit, oroBopeHHbix b onpepejieHiin cjiHrypbi, mbi He 
HMeeM ocHOBaHiia npii3HaTb njiocKHH MHoroyrojibHHK tfnirypoii b ajieMeH- 
TapHoii reoMeTpiiii. 

Mbi yKaaceM TaKoit cnoco6, 3aTeM HaMeTiiM poKa3aTejibCTBO TeopeMbi 7 
o tom, hto bchkhh MHoroyrojibHHK orpamiHiiBaeT njiocKHH MHoroyrojib- 
hhk, h poKa3aTejibCTBO aHajioi H'iHofr TeopeMbi pjia MHororpaHHiiKOB. IIpii 
3tom Mbi yate He 6yn,eM cjiepoBaTb aKCiiOMaTiiHecKOii CTporocTii, a nojio- 
aciiMca Ha oaeBiipHOCTb. 

CjiepyiomaH TeopeMa paeT cnoco6 pa3jniHaTb Meacpy co6oii BHyTpeH- 
Hiie h BHeniHiie tohkii njiocKoro MHoroyrojibHiiKa. 

TeopeMa 9. Tohko, jigjifiemcH eHympenneu djia damtozo tijiockozo 
MH ozoyzo.tibHUKa mozda u moMKO mozda, Kozda jik>6ou npoeedemuu U3 
nee Jiyn, ne saKJiwuamipuu huko,kou cmoponu ozpaHUHueaminezo mhozo- 
yzo./ibHUKCL, nepeceKaem ezo e HeuemnoM uucjie moueit. (TIpi-i stom chii- 
TaeTca, hto jiyn, npoxopa nepe3 BepninHy, nepecexaeT MHoroyrojibHHK 
tojibko b tom cjiynae, ecjin cxopHipiieca b BepimiHe ctopohm jieacaT no 
pa3Hbie ctopohm ot Hero.) B Hacrrmocmu, n.aocKuu MHozoyzojibHUK onpe- 
dejien ceoeu zpanuyeu odno3HaHHO. 

^OKa3aTejibCTBO HarjiapHO oaeBiipHO. Jiyn, HCxoparpHH H3 BHyTpeH- 
Hefi tohkh, pojEKeH bmhth H3 MHoroyrojibHiiKa, nepeceKaa ero rpammy b 
K aKOH-TO TOHKe. /l,ajiee oh MoaceT onaTb bohth b MHoroyrojibHHK, ho Torpa 
oh pojiaceH H3 Hero BMHTH. IIosTOMy o6m;ee hiicjio nepeceHeHiiii BMecTe c 
nepBMM 6yn,eT HeneTHbiM. 

Ecjih ace jiyn hcxo^ht h 3 BHeniHeit tohkii, to, Boitpa b MHoroyrojibHHK, 
oh pojiaceH H3 Hero h bmhth. IIosTOMy hiicjio nepeceHeHiiii 6ypeT hcthbim. 

(,Hjih npoBepKii hct HapoSHOCTii npoBO/piTb SecKOHeHHbiii Jiyn, pocTa- 
tohho npoBecTH 0Tpe30K pjiiiHOH He MeHbine nojiynepiiMeTpa MHoroyrojib- 
HIIKa.) □ 



Ao Kasaxcjib ct no TCopeMbi 7. I lycTi) ;iaii MHoroyrojitHHK P. Bbi- 
6epeM KaK0ii-Hii6yzi,b jiyn a , He napajijiejibHbm HiiKaKOii CTopoHe MHoro- 
yrojiHHHKa; jiynii, coHanpaBjieHHbie c a, Ha30BeM donycmuMUMu. 

Bee tohkii njiocKOCTH, He npiiHafljieHcamne caMOMy MHoroyrojibHiiKy, 
pa3flejiiiM Ha yipa Kjiacca G h H . B Kjiacc G OTHeceM Taxiie tohkii M, 
hto flonycTHMBift Jiyn, H/iymiiH H3 M, nepeceKaeT MHoroyrojibHiiK P b 
HeneTHOM Hiicjie tohck. B Kjiacc H OTHeceM Bee flpynie tohkii, t. e. TaKiie, 
hto HCxo^pimiiH H3 hhx ,zi;onycTHMMH jiyn nepeceKaeT MHoroyrojitHHK P b 
neTHOM Hiicjie ToneK. 

Tohkii Kjiacca G b coBOKynHOCTii c TOHKaMii MHoroyrojibHiiKa P h 06 - 
pa3yiOT njiocKHlt MHoroyrojiBHiiK, orpamiHeHHbiii MHoroyrojiBHiiKOM P. 
3to h Ha/ 1,0 noKa3aTB. IIpejKfle Bcero HeTpynpo ySefliiTbca, hto mhoto- 
yrojiBHiiK P HBjiaeTCH rpaHHH,eft cjmrypBi, o6pa30BaHHofi TOHKaMii Kjiacca 
G — B HaCTHOCTH, OHa eCTb OTKpBITOe MHOJKeCTBO. OCTaeTCH flOKa3aTB, HTO 
3Ta (Jnirypa orpamiHeHa h hto jno 6 bie ,n,Be ee tohkii coe^iiHeHbi b Heii jio- 
MaHolt. ^HoKa3aTejn>CTBO flOBOjibHO npocTO, h mbi ocTaBjiaeM ero HHTaTe jho . 
□ 

06paTiiMCH k MHororpaHHiiKaM. 

TeopeMa 10. Tohkq sie.afiemcsi enympemeu d./ui me.aecnozo mhozo- 
zpanmiKa mozda u mo.abKO mozda, Kozda jim6ou npoeedennuu U3 nee Jiyn, 
ne 3adeeamui,uu pe6ep u He npoxodsnpuu nepe3 eepmunu ozpaHUHueaw- 
lyezo MnozozpanHUKa, nepeceKaem ezo zpanu e HeuemnoM uucjie moneit. 
B uacmHocmu, meAecnuu mhozozpqhhuk odno3HaHHO onpedeAfiemcn ceoeu 
zpanuyeu. 

/],OKa3aTejibCTBO coBepmeHHO aHajioraiHHO flOKa3aTejibCTBy Teo- 
peMbi 9. □ 

Ao KaiaTC ji b ct no TeopeMbi 8. Oho npoBO/piTCH no TOMy >i<e njia- 
Hy, hto h flOKa3aTejibCTBO TeopeMbi 7. IIpaB^a, B03HHKaKmi,He npii stom 
TexHiiHecKiie Tpynpoc™ 6ojiee cepbe3Hbi. BoccTaHOBjieHne ;i,e r rajieiT h no- 
;tpo6Hbiii BbiBOfl Mbi ocTaBjiaeM HiiTaTejiio b KanecTBe (He oneHb npocToro, 
ho HHTepecHoro h noyniiTejibHoro) ynpajKHeHiiH. □ 

3aKJiioHHTejibHbie 3aivicHaini>[. TeopeMbi 9 h 10 npaKTiiHecKii ;i,o- 
cjiobho nepeHOCHTCH Ha cjiynaii MHoroyrojibHbix njiomaflOK h MHororpaH- 
Hbix Ten cooTBeTCTBeHHO . Mojkho c(J)opMyjiiipoBaTb ii ^OKa3aTb noyi,o6Hbie 
aHajioni h ^jih TeopeM 7, 8. Ho 3flecb eipe Hynoio tohho onncaTb rpa- 
HiiHHbie 4>nrypbi — t. e. rpamipbi njioipaflOK h Teji. (KeraTii, c,n,ejiaTb sto 
npoipe, neM flaTb onpeflejiemiH MHoroyrojibHiiKa h MHororpamniKa.) Bee 
3to Mbi TO»ce npeflOCTaBjiaeM ^OTOHiHOMy HiiTaTejiio. 

Otmctiim eipe, hto BCHKaH MHoroyrojibHaa njioma^Ka h, b nacTHOCTH, 
BCHKHH njIOCKHH MHOTOyrOJIbHIIK COCTaBJIHIOTCH H3 TpeyrOJIbHIIKOB, TOHHO 



TaK are, KaK bchkoc MHororpaHHoe Tejio h, b hecthocth, bchkiiii Tejiec- 
Hbiii MHororpaHHiiK cocTaBjiaeTCH H3 TeTpaa^poB. (Tohhbiii CMbicji stiix 
yTBepac/ipHHfi HarjiaflHO hcch.) 


§ 5. OTo6pa»ceHHH. HajioacemiH; hx o6m,He CBoficTBa 

O ro6pa>KCHM>i . B reoMeTpim paccMaTpiiBaiOT pa3HOo6pa3HBie oto6- 
paaceHiia tfiiiryp b npocTpaHCTBe n Ha njiocKOCTH, b hecthoctii OTo6paace- 
hi-ih Bcero npocTpaHCTBa hjih njiocKOCTH. 

Omo6paotcenue cjaiirypbi F b cjanrypy G coctoiit b tom, hto Kaac^oii 
tohkc (Jiiirypbi F CTaBiiTCH b cootbctctbi-ic TOHKa — o^Ha cflimcTBeHHaH — 
H3 (|)iirypbi G. O tohkc M' , cooTBeTCTByromeii tohkc M npii OTo6paaceHini 
/, roBopHT, hto OHa HBjiaeTCH o6pa30M tohkii M, ii nimiyT M' = f{M). 
Ecjii-i Bee tohkii cjanrypbi G hbjihiotch o6pa3aMii tohck cjmrypbi F, to 
roBopaT, hto cjanrypa F OTo6paacaeTCH na G. 

OTo6paarem-ie no onpe^ejieHHio conocTaBjiaeT tohkc eflHHCTBeHHyro 
TOHKy, ho MoaceT conocTaBjiHTb o,n,Hy h Ty ace TOHKy pa3HbiM TOHKaM. 
Tax npoiicxo^HT, HanpiiMep, npii npoeKTiipoBamin Ha njiocKOCTb, Kor^a 
o^hoh Tonne N npoeKprm tj)iirypbi F cooTBeTCTByiOT Bee tohkii stoii cjni- 
rypbi, jieacamiie Ha npoeKTiipyiomeH npaMofi, npoxo/pimeH nepe3 N. Ecjii-i 
npii flaHHOM OToGpaaremni Tanoro hct h pa3Hbie tohkii OTo6paacaiOTCJi Ha 
pa3Hbie tohkii, to OToSpaacemie Ha3biBaeTCH 63auMH0 odH03HauHUM. 

IlycTb OTo6paaceHne / (Jnirypbi F Ha G B3ai-iMH0 o,n,H03HaHHO. Toiyja 
Kaac/i;a a tohke N H3 G cooTBeTCTByeT o,h,hoh (efli-iHCTBeHHOii) tohkc M 113 
F. H o6paTHo: Kaac^oii tohkc N H3 G cooTBeTCTByeT o,n,Ha tohke M 1-13 
F. A 3to 3HaHHT, hto 3aflaHO OTo6paaceHiie cjwrypbi G Ha F, o6pamnoe 
OTo6paaceHiiio /. Ero o6o3HaHaiOT / . OTo6paaceHne, HMaoipee o6paT- 

Hoe, Ha3biBaiOT o6pamuMUM. 

H 3 ^aHHbix onpeflejieHiiii HenocpeflCTBeHHO cjie^yeT, hto ecjin oto6- 
paaceHiie / o6paTi-iMO 1-1 / _1 — o6paTHoe eMy OTo6paareHiie, to caMO / — 
o6paTHoe ^jih / _1 (noTOMy hto ecjin / conocTaBjiaeT tohkc M TOHKy N, 
to f^ 1 conocTaBjiaeT tohkc N TOHKy M). 

IlycTb 3a^aHbi ppa, OTo6paaceHiiH: OTo6paaceHiie / (Ja-irypbi F Ha G 11 
OTo6paaceHiie g (Jnirypbi G Ha H . Ecjii-i npii OToSpaaceHim / TOHKa M 1-13 
F OTo6pa3Hjiacb b TOHKy N 1-13 G, a 3aTeM npi-i OTo6paareHini g tohke N 
OTo6pa3Hjiacb b TOHKy P H3 H, to tcm caMbiM M OTo6pa3iijiacb Ha P. 3to 
3anHCbiBaeTCH Tan: P = gf(M) (cHanajia / OTo6paacaeT M b N, a noTOM 
g OTo6paacaeT N b P). B pe3yjibTaTe nojiynaeTCH OTo6paaceHiie cjanrypbi 
F Ha H . 3to OTo6paaceHiie h Ha3biBaiOT K 0 Mn 03 uv,ueu OTo6paaceHiiH / c 
nocjieflyioiu,HM OTo6paareHiiCM g 11 niimyT h = gf hjih h = g o f . Kom- 



no3nnneH Ha3biBaiOT KaK caMO OTodpaacemie h, tslk h nocjie,n,OBaTejiBHoe 
npiiMeHeHiie HecKOJiBKiix OTo6pa>KeHntr. 

TpiiBiiajibHbiM npiiMepoM OTodpaacemia aBjiaeTca moatcdecmeenHoe 
omo6pacHceHue (JiHrypBi caMoft Ha ce6 a — TaKoe, Kor^a Kaac^ofi tohkc cJjii- 
rypBi conocTaBjiaeTca OHa caMa. Ecjih npoii3BecTii CHaaajia OTodpaateHiie 
f cjjiirypbi F Ha G, a noTOM o6paTHoe OTo6paatemie / , to Kaac^aa ToaKa 

cjairypbi F OTo6paacaeTca o6paTHO b caMy ce6a. To ecTb nojiyanM Toat/je- 
CTBeHHoe OTodpaacemie. 06o3Haaaa ero id^, mojkho 3anncaTb f~ 1 f = id^; 
h coBepmeHHO Tax ace // _1 = ido 

rtpii paccMOTpeHim OTodpaacemm bmccto toto, hto6bi roBopiiTB «Toa- 
Ka M OTodpaacaeTca b ToaKy N », cnjiomb h pa^OM roBopaT «ToaKa M 
nepexofliiT b N ». Xotb OHa HHKyn,a He nepexo^HT. HejiB3a ^BiiraTB ToaKii 
npocTpaHCTBa; TeM He MeHee Harjia^HO OTodpaacemia Hepe^KO npe^CTaB- 
jihiot KaK nepeMememie h .nec^opMapiiio (J>nrypBi, KaK pe3yjiBTaT nepeMe- 
memia ee ToaeK. 

HenodeuoKHOu momtou OTodpaaceHiia Ha3BiBaiOT TaKyio ToaKy, koto- 
pyro oho « 0CTaBaaeT Ha MecTe», t. e. OTodpaacaeT caMy b ce6a: f(A) = A. 

IIpHMep. IIoBopoT Kpyra BOKpyr peHTpa npe^CTaBjiaeT ero B3aiiM- 
ho o,H,H03HaaHoe OTodpaacemie Ha ce6a, h peHTp aBjiaeTca HenoflBiiacHOH 
tohkoh SToro OTodpaacemia. OdpaTHBiM OTodpaacemieM dy^eT noBopoT b 
o6paTHyro CTopoHy Ha tot ace yroji. 

B3aiiMHO o/i,H03HaaHoe OTodpaacemie (JmrypBi Ha ce6a Ha3BiBaiOT ee 
npeo6pa3oeaHueM. BnpoaeM, npeo6pa30Bam-iHMi-i Ha3BiBaiOT h OTodpaace- 
Hi-ia Ha Apyryio 4>nrypy; roBopaT, HanpiiMep, hto OKpyacHOCTB «npeodpa- 
3yeTca» b gjuiimc npn cacaTHH. 

3aMeaaHHe. OTodpaacemie (Jrarypti (MHoacecTBa) Ha tfnirypy (Ha 
MHoacecTBo) Ha3BiBaeTca cmp-seKmuenuM OTodpaacemieM hjih, kopotko, 
cwpveKi^ueu. B3aiiMHO o,n,H03HaaHoe OTodpaacemie Ha3BiBaeTca umeKmue- 
hum OTodpaacemieM hjih, Kopoae, — umeKi^ueu. B3aiiMHO o^,H03HaaHoe 
OTodpaacemie oflHoro MHoacecTBa Ha /i,pyroe Ha3biBaiOT SueKmuenuM, ko- 
poae, — 6ueKv,ueu. 

HajioaceHHH. Ha/iowceHueM cjmrypBi F mbi Ha3BiBaeM 10 ee OTodpa- 
acernie, npn kotopom Kaac,n,BiM flByM ToaKaM A, B conocTaBjiaiOTCH Tamie 
ToaKii A' , B' , hto OTpe3Kii A' B' , AB paBHBi: A' B' = AB. 

Tohkh, Ha KOToptie OTodpaacaiOTca ToaKii tfmrypBi F, o6pa3yiOT hcko- 
Topyio (J)Hrypy F' . H mbi roBopiiM: cjmrypa F najiazaemca na F' . 

ToacflecTBeHHoe OTodpaacemie (Jmrypbi F oaeBii^HO aBjiaeTca ee Hajio- 
>kc h ii e m caMoft Ha ce6a. 


1 (I V noTpef). [M iotoi TaioKe TepMHHBi 'yi,Bn>i<enne» h «nepeMem,eHHe». 



HajiCKKemie, OHeBiiflHO, nsariMHO o,nH03HaHHo: pa3HBie tohkii OTo6pa- 
»caiOTCH Ha pa3Hbie, nocKOjiBKy AB = A' B' . IIoaTOMy HajioJKemie o6pa- 
Ti-iMO . Hero ecTb o6paTHoe OTo6pa:sceHiie. 

Omo6paatceHue, o6pamnoe naAOdtcenum, — mootce ncuiocuceHue. (IIoto- 
My hto ecjiH npii npuMOM OTo6pa:*eHiiii TOHKaM A, B OTBenaiOT A' , B' , 
to npii o6paTHOM — tohkhm A', B' OTBenaiOT tohkii A, B , a Tax KaK 
A' B' = AB, to Tax »ce AB = A! B ' .) 

KoMno3uv,uJi Ha.aooKeHuu fiejinemcfi HdAooveHueM. 

^eitcTBiiTejibHO, nycTB npii HajiojKeHiiii / cjiiirypBi F Ha F' tohkii A, 
B OTo6pa»caiOTCH b A', B' , a npii Hajio»ceHiiii tfrarypBi F' Ha F" tohkii 
A! , B' nepexo^HT b A" , B" . TeM caMBiM tohkii A, B OTo6pa»caiOTC5i b 
A" , B" . A TaK KaK npii HajioncemiHx A' B' = AB h A"B" = A' B' , to 
A" B" = AB, t. e. nojiynaeTCH HajioJKemie cjmrypBi F Ha F" . 

CBoficTBa Hajio»ceHHfi. Hajio»ceHiie no oiipe/iejienmo conocTaBjiaeT 
napaM tohck A, B Tanne napni A' , B' , hto 0Tpe3Kii AB h A' B' paBHbi. 
Oho nosTOMy coxpaHneT Bee reoMeTpiiHecKiie cooTHonieHiin. IlepeHHCJiHM 
P OCHOBHBIX CBOIICTB HajIOJKeHIIH. B nOCJI6flyiOHl,IIX (JlOpMyjIIipOBKaX o 
HajiojKeHiiii hbho He roBopiiTCH: oho no/i,pa3yMeBaeTCH. 

1. HaAocucenue coxpansiem paccmosmue Meotcdy moHKaMU, u3Mepemoe 
e kclkom 6u mo hu 6uao Macmma6e. 3to cjiyntiiT tojibko hhbim BBipa»ce- 
HiieM Toro, hto TOHKaM A, B conocTaBjunoTca TaKiie tohkii A! , B' , hto 
A'B' = AB. 

2. Ecau moHKU A, B, C omo6paotcammcA b A! , B' , C , to ZABC = 
ZA'B'C (KaK cjie^yeT H3 onpe,n,ejieHiiH paBeHCTBa yrjiOB). 

3. Ecau thohku A, B, M, N omo6paotcawmcA e A' , B', M' , N' u 
M npunadAeotcum ompe3Ky AB, mo M' £ A'B' , a ecAU N <jt AB mo 
N' £ A'B'. 

/],OKa3aTejibCTBO. 3 to cjie^yeT H3 Toro, hto TOHKa C npimafljie- 
3KHT OTpe3Ky \AB\ Tor^a h tojibko Tor^a, Kor^a | AC\ + \CB\ = |AB|. 
IIo/i;po6Hee: ecjni M £ AB, to 

\AM\ + \MB\ = \AB\. 

A Torfla no coxpaHeHiiio paccTOHHini 

\A'M'\ + \M'B'\ = \A'B'\, 


ii, 3HaHiiT, M' £ AB. 

Ecjiii N £ AB, T0 |A.iV| + \NB\ ^ \AB\, h Tor^a TaK»ce lA'A^'l + 
\N'B'\ ± \A'B'\, T.e. N' £ A'B'. 

4. 06pa30M ompe3Ka A6AAemcA ompe30K. 



^II,OKa3aTejibCTBO. IlycTb kohh,bi OTpe3Ka AB OTo6pa3HjiHCb b toh- 
kh A', B' . Toiyja no npe^bmymeMy jno6aa ToaKa X £ AB OTo6paacaeTca 
b TOHKy X' £ A' B' . H ecjin Y' £ A' B' , to BBi-r/iy paBeHCTBa AB = A' B' 
Ha OTpe3Ke AB ecTb Taxaa Toaxa Y, hto AY = A'Y' . 3to Toaxa OTo6pa- 
3 htch Ha Y' . TaxiiM o6pa30M, Beet 0Tpe30K A' B' 0Ka3biBaeTca o6pa30M 
AB. 

5. 06pa30M uaockozo mpeyzoAbHUKa CAyotcum n.aocKuu mpeyeoAmuK. 
3to cjie,nyeT H3 4, nocKOjitKy TpeyrojiBHiiKii 3anojiHaiOTCH 0Tpe3KaMH, 
coe;(,nHaroinnMH BepniHHy c TomcaMH npoTiiBonojiojKHOii CTopoHbi. 

6. 06pa3OM Ayna aaycHcum .ayu u o6pa30M npfiMou — npuMasi. 3to cjie- 
,n,yeT H3 4, Tan KaK jiya, k'ak ii npaMaa, npe^CTaBjiaeTca KaK oGteflUHeniie 

OTpe3KOB. 


7. 06pa3OM riAocKOcmu CAyotcum 
nAOCKoemb, a noAynAOCKOcmu — noAy- 
nAOCKoemb. 

^eHCTBHTejIBHO, njIOCKOCTB MOJKHO 

npe^CTaBiiTb KaK o6T>efliiHeniie pacmii- 
paioinuxca Tpey ro jiBHiiKOB , a nojiynjioc- 
koctb — KaK oSBe^HHeHiie pacmupaio- 
npixca TpeyrojiBHiiKOB c ocHOBamiaMH Ha npaMoli, orpaHiiaiiBaiomeH no- 
jiynjiocKOCTb. IIoaTOMy CKasamroe cjie,nyeT H3 5 h 6 (puc. 57). 

8 . 06pa3u napaAAeAbHux npHMUX u nAOCKOcmeu napa,AAeAt>Hu. 
npaMbix ccbuiaeMca Ha n. 6. 

9. 06pa30M mempasdpa cAycncum mempasdp, o6pa30M npoempan- 
cmea — npocmpancmeo, o6pa30M noAynpocmpancmea — noAynpocmpan- 
cmeo. 

^OKa3biBaeTca aHajiornaHO 5 h 7. 



§ 6. PaueHCTBO (J)Hryp 

Onrypbi Ha 3 biBaiOTCH paemiMu (hjiii KompyanmnuMu ) , ecjin Meayiy 
hx TOHKaMii cymecTByeT Taxoe B 3 anMH 0 o,n,H 03 HaaHoe cooTBeTCTBiie, hto 
OT pe 3 KH, coefliiHaiom,He cooTBeTCTBenHbie tohkh, paBHbi: ecjin ToaxaM A, 
B cooTBeTCTByioT A 1 , B' , to AB = A! B' . 

To ace onpe^ejiaiOT aepe 3 Hajioacemie o^hoii (Jairypbi Ha ^pyryio. HHa- 
ae roBopa: 

Quzypa F paena F' , ecAu cymecmeyem naAocHcenue (fmzypu F na F 1 , 
Kopone: ecAu moakho F naAocHCumb na F' . 

CorjiacHO onpefleaemno Hajioacemia, sto 3 HaaiiT, aTO Kaacflofl: nape to- 
aeK A, B (fnirypbi F cooTBeTCTByeT TaKaa napa A' , B' b (Jrarype F', hto 


A'B' = AB. BBimy o6paTiiMOCTH HajioaceHiiH xaacfloii nape Tonex C ' , D ' 
H3 F' cooTBeTCTByeT Taxaa napa Tonex C, D 113 F, hto CD = C'D'. 
CooTBeTCTBi-ie nap Tonex, CTajio 6 bitb, B3aiiMHO. H, cneflOBaTejiBHO, nan 
cjairypa F' paBHa F, Tax n o6paTHo: F paBHa F' . TaxiiM o6pa30M, cfniry- 
pbi F n F' paBHbi flpyr flpyry. IIosTOMy BTopoe onpeflenemie paBeHCTBa 
cjjnryp nepe3 Hajioacemie paBHOCiniBHO nepBOMy. 

3aMenaHHe. OflHaxo jioniHecxii stii onpeflejiemia cymecTBeHHO pa3- 
jiiihhbi. B nepBOM o6e (fnirypni nrpaiOT oflimaxoByio poat: ohii paBHbi dpyz 
dpyzy ; OTHomerae nx paBeHCTBa CHMMeTpiiHHO. Bo btopom (JnirypBi nrpa- 
k)t pa3Hyio poat: b hcm oflHa (Jrnrypa F OTo6paacaeTCH — HaaaraeTca — Ha 
APyryio F' 1 h Tor^,a roBopiiTca, hto F' paBHa F . Ho to, hto BepHO Taxace 
o6paTHoe: F paBHa F r , fl,oxa3BiBaeTCH. /fpyniMH cjiOBaMH, ciiMMeTpriH- 
hoctb paBeHCTBa He BBipaaceHa b onpeflejieHim, a fl,oxa3BiBaeTCH. 

BBiifly paBHOCiijiBHOCTH o6oiix onpeflejieHim paBeHCTBa (Jniryp mohcho 
flajiBine nojiB30BaTbca jho 6 bim h3 hiix. H 113 cboiictb HajioacemiH cneflyeT: 

/fee cfiuzypu, paenue mperm>eu, paenu dpyz dpyzy. 

Kaotcdan cfiuzypa, oneBHflHO, paBHa caMa ce6e, nocxojiBxy xaacfloii ee 
Tonxe A mohcho conocTaBHTb Ty ace A. 

B HTore HaMi-i nojiyneHa 

TeopeMa 1. Omnomenue paeencmea cfmzyp petfuieKcueno, cuMMem- 
puuno u mpaH3umu6H0, m. e. sie.tifiemcsi omnowenueM 9K6ueaJienmHocmu. 

a 

PaBeHCTBO OTpe3KOB, yrjiOB h t. JXo flamioro 3fl,ecB o 6 in,ero onpe- 
flejiemiH paBeHCTBa cfrnryp mbi nojiB30BajniCB noHHTiiaMii paBeHCTBa ot- 
pe3K0B, paBeHCTBa yrjiOB h paBeHCTBa TpeyrojiBHintOB. HyacHO bbihchhtb 
OTH omeHiie 3Tiix noHHTiifl paBeHCTBa k o 6 ni,eMy onpeflejieHHio. 

HanHeM c paBeHCTBa OTpe3KOB. Oho nomiMaeTCH y Hac abohxo. Bo- 
nepBbix, paBeHCTBO OTpe3KOB BBefleHO b axciiOMaTiixe xax ochobhoc ot- 
HomeHiie, oho TeM caMMM onpe^ejiaeTCH axcnoMaMH, h no noHHTino He 
HBjiaeTCH paBeHCTBOM OTpe3KOB Kax cjanryp. 

Bo-btopbix, nocKOjiBKy 6 bijio flOxa3aHO, hto bchkiih 0Tpe30K HBjiaeTCH 
cjanrypoft, to k OTpe3xaM npriMemiMO noHHTiie paBeHCTBa (Jraryp: mohcho 
roBopiiTB o paBeHCTBe 0Tpe3K0B b CMBicae paBeHCTBa hx xax cjaiiryp; xorfla 
Meatfly hx TonxaMH ycTaHaBjiimaeTCH flojiatHoe cooTBCTCTBHe (npn axcii- 
OMaTHHecKH noHiiMaeMOM paBeHCTBe 0Tpe3K0B hh o khkom cootbctctbiih 
hx Tonex H 6 T penn) . 

OflHaxo 06 a hohhtiih paBeHCTBa oxa3BiBaiOTCH paBHOCiuiBHBiMii. 

TeopeMa 2. /fea ompe3Ka paenu Kan cfiuzypu mozda u moAbKO mozda, 
Kozda onu paenu e aKcuoMamunecKOM eMuejie. 



^OKa3aTejibCTBO. IlycTb 0Tpe3Kii AB , CD paBHbi aKCHOMaTH- 
’tecKH. 

MejK^y TOHKaMii OTpe3Ka AB 11 HiicjiaMii x 113 npoMeacyTKa [0, |AM|] 
HM66TCH B3anMHO oflH03HaHHoe cooTBeTCTBiie, coxpaHHiomee nopaflox h 
paccTOHHiia (cm. TeopeMy 1.4.4). 

Ecjiii 0Tpe30K CD paBeH AB, t. e. \CD\ = \AB\, to pjis. Hero ecTB 
TaKoe ace cooTBeTCTBue. IIoaTOMy ecjiH mbi conocTaBHM TonxaM M £ AB 
TaKne tohkh N £ CD, hto |AM| = |CiV|, to h nojiyniiM cooTBeTCTBiie, 
npn KOTopoM 0Tpe3KaM MM\ cooTBeTCTByiOT paBHbie hm 0Tpe3Kii NN\. 

CjieflOBaTejiBHO, paBHbie OTpe3Kii AB, CD paBHbi KaK cjDiirypbi. 

^(oKaaceM o6paTHoe yTBepjKflemie. 

IlycTb OTpe3KH AB 11 CD paBHbi KaK cjinrypbi. Toiyia. b 'lacTiiocm. 
nape A, B OTBenaeT Taxaa napa A', B' , hto A' B' = AB. Ecjiii 6 bi OTpe- 
30 k A' B' He coBna^aji c CD, to oh 6 biji 6bi MeHbine CD. A Toryja ,h,jih 
C, D He Hanijiocb 6 bi b OTpe3Ke AB Taxon napbi C\, D 1, hto 6 bijio 6bi 
C\D\ = CD\ 0Tpe3Kii AB, CD He Moran 6bi 6 bitb paBHbiMii KaK cjairy- 
pbi. CjieflOBaTejibHO, nape kohh,ob A, B Heo6xoyi,HMO cooTBeTCTByeT napa 
C, D, t. e. AB = CD, hto ii Tpe6oBajiocb yi,OKa3aTb. □ 

IIocKOJibKy paBeHCTBO tfniryp mojkho onpeyi,ejiHTb HajiojKemieM, to yi,o- 
Ka3aHHyio TeopeMy mojkho ctfiopMyjiHpoBaTb Tax: 

0mpe3Ku Haujiadueawmca odun na dpyzou mozda u moJibKO mozda, 
Kozda ohu paenu (e aKcuoMamuuecKOM cMuc/ie). 

PaBeHCTBO yrjiOB. Yroji, khk oh 6 mji t ) 1 1 pcy lejic 1 1 . He HBjiaeTca (J)in y- 
poii. Ho mojkho c hum conocTaBiiTb tfinrypy, cjyiiKCirpoBaB Ha ero CTopoHax 
onpeyi,ejieHHbie OTpe 3 Kn, OTjioaceHHbie ot Bepinimbi. Ecjih y flByx yrjiOB 




OTJIOJKIITb Ha CTOpOHaX COOTBeTCTBeHHO paBHbie OTpe3 KH, to iix mojkho 

cpaBHiiBaTB Kax tfiiirypbi (puc. 58). 3 to npiiBoypiT k cjieyiyiomeH TeopeMe. 


TeopeMa 3. 77ycmt> na cmoponax deyx yzAoe O, O' om.aooK.eHU pae- 
nue ompe3Ku OA = O' A', OB = O'B', man nmo no.aynawmcsi dee cfiu- 
zypu — o6seduHeHusi omux ompe3Koe no dea. Yzau O , O' paenu mozda u 
moJVbKo mozda, Kozda paenu omu cfmzypu. 

/],OKa3aTejibCTBO. PaBeHCTBO yrjiOB onpeflejieHO paBeHCTBOM co- 
OTBeTCTByromnx nonepenim, h y paBHbix yrjiOB Bee cooTBCTCTBeHHbie no- 
nepeaiiHbi paBHbi. A ccjih bciiomhiitb , xaxue nonepeHHHbi Ha3MBaiOTCH co- 
OTBGTCTBeHHBIMII, TO CTaHOBIITCH OHeBIIflHBIM, HTO paBeHCTBO yrjiOB paB- 
hociijibho paBeHCTBy (J)iiryp, cocTaBjieHHbix H3 paBHbix OTpe3KOB Ha hx 
CT opoHax. □ 

TeopeMa 4. Paeencmeo mpeyzoAbHUKoe, onpede.aennoe no paeencmey 
coomeemcmeeHHux cmopon u yzjioe, paenocuAbno ux paeencmey kok cfiu- 
zyp. 

/JoKasaTejitcTBO. IIo TeopeMe 2 paBeHCTBO ctopoh b axcuoMaTH- 
necKOM CMbicjie paBHOcmiBHO hx paBeHCTBy xax cjaiiryp, a no TeopeMe 3 
paBeHCTBO yrjiOB paBHOcmiBHO paBeHCTBy cooTBeTCTByiomiix cjanryp. □ 

TeopeMy 3 mojxho ein,e 4>opMyjnipoBaTb xax TeopeMy o HajiojxiiMOCTii. 

TeopeMa 3a. Yzau paenu mozda u moAVKO mozda, Kozda, odun na- 
KAadueaemcA na dpyzou «c monnocmbm do yKoponenusi uau yd.auHenusi 
cmopon», m. e., unane zoeopsi, ecAU e3Ame> ux cmoponu paeHUMU. □ 

AHajioniHHO BbinojiHaeTCH TeopeMa o TpeyrojiBHiixax. 

^ajiee, nojib3yHCb floxa3aHHbiMii TeopeMaMH n onpeflejiemieM njiocxoro 
TpeyrojibHiiKa (c BHyTpeHHOCTbio) , HeTpyn,HO ,noxa3aTb, hto njiocKne Tpe- 
yrojibHHKii, orpaHimeHHbie paBHbiMii Tpey ro jiBHiixaMii , paBHbi; Tax cxa- 
3aTb, cooTBeTCTBHe nap Tonex MN = M'N' , ycTaHaBjiHBaeMoe Ha rpami- 
n,e, pacnpocTpaHHCTca BHyTpb. 

§ 7. njioipaflt h ee npHMeHeHHH 

06ocHOBaHiie H3MepemiH njiom,aflH npeflCTaBjiaeTCH em,e 6ojiee cjiojx- 
hmm, neM o6ocHOBaHHe H3MepemiH fljniHbi 0Tpe3X0B. IIosTOMy mbi Taxjxe 
OTxjia,H,biBaeM sto o6ocHOBamie ,n,o pa3^ejia «OcHOBamifl reoMeTpini», a 
3,n,ecb npiiMeM cymecTBOBamie njiomaflH xax axciiOMy. To, hto y xa*moro 
MHoroyrojibHiixa ecTb onpe^ejieHHaH iuiomaflb, npiiHHMaeTcn b mxojibHOM 
H3Ji0JxeHnri 6e3 bchxiix oroBopox, xax hchto caMO co6ofi pa3yMex>in,eecH. 
Ho ecjiii noflxofliiTb 6ojiee cepbe3H0, to sto HyjxHO 4)opMyjnipoBaTb hb- 
ho, b BHfle axcuoMbi, ecjiH mm ocTaBjiaeM sto 6e3 floxa3aTejibCTBa, xax 
cym,ecTBOBaHiie /yiHHM. ^jih cJjopMyjiiipoBxri axcuoMbi BBe^eM noHHTiie 
MHoroyrojibHoit (fnirypbi Ha njiocxocTii. 



Onpe^ejieHHe. MnozoyzoAbnou cfiuzypou Ha30BeM oSae/pmeHiie xo- 
HenHoro aiicjia MHoroyrojibHbix naoipaflox. Byn,eM roBopriTb, hto (Jairypa 
F cocmaeAena h 3 (fniryp F\, . . . , F n , ecjin OHa cjiyaaiT hx oStefliiHeHiieM 

H HHKaKHe flBe I-I3 HEX H6 IIMeiOT o6lH;iIX BHyTpeHHIiX TOHfiX. 

AxcnoMa njioin,a,a,H. Ec.au neKomopoMy Keadpamy E omneceHo nuc- 
.ao edunuya, mo Kao+cdou MnozoyzoAbnou cfiuzype F mochcho conocmaeumu 
no.aootcumejibHoe hucao — ee HUCJieHHym n.fi.om/idh S(F) e Maciuma- 
6e E — man, umo6u 6 uau eunoAnenu ycAoeusi: 

а) paenue cfiuzypu UMewm odunaKoeyw nAow^adu; 

б) ecAU cfiuzypa F cocmaeAena U3 (fiuzyp F\, F^ . mo ee n./ioipadb poena 
cyMMe ux nAoiyadeu. 

Cbohctbo 6) Ha3BiBaeTca addumuenocmbm. (3flect, xax ii flajibme, ro- 
Bopa «njiom,aflb», Mbi noflpa3yMeBaeM ee aiicjieHHoe 3HaaeHiie b xaxoM- 
jih6o MacniTa6e.) 

06paTiiM BHHMarae Ha nojrayio aHajiomio stoii axcuoMbi c axcnoMoft 
,ii,jiiiHbi II 2 (§4 rji. I). BTopoe ycjiOBiie Ha ^jniHy b Heft mojkho ctJ)opMyjHi- 
poBaTb Tax: 

6') Ecau ompe30K a cocmaeAen U3 ompe3Koe ai, 02 , mo ezo d.tiuna 
poena cyMMe ux 3 auh. 

AHajioniHHO mojxho nepecxa3aTb ycjiOBHe b axciiOMe III3 o Mepe yrjia 
(§6 rji. I). 

3a xBa^paT E, cjiyjxainiift MacniTaSoM H3Mepemia njiom,a,ii,H. npiraii- 
MaiOT xBa/i,paT co CTopoHoft, paBHOft MacniTa6y H3Mepemia ajihh, — «e,n,H- 
HiiHHbift xBaflpaT» 11 . Tor^a 113 axciiOMbi njiomaflH jierxo BbiBOfliiTca: 

TeopeMa 1. FtAoiu,adb npsiMoyzoAbHUKa paena npou3eedenuw 3 auh 
ezo cmopon. 

/JoxasaTejibCTBO. npaMoyrojibHiix He3aBiiciiMO ot ero pacnojio- 
jxemia 3a^aeTCH fljniHaMii ctopoh. H Tax xax y paBHbix tfniryp naoma^H 
paBHbi, to njioipaflb npaMoyrojibmixa P aBjiaeTca cjjyHxipieft ajiiih ero 
CTopoH a, b: S(P) = /(a, b). 

OiixcupyeM xaxoe-jiii6o b h paccMOTpiiM npaMoyrojibHiixii, y xoTopbix 
o^Ha CTopoHa paBHa STOMy b. Jlfla hex onpe^ejniM BejiiiHimy 


5(a) 


f(a, b) 
/(l, by 


( 1 ) 


11 B npHHD,Hne sto He o6a3aTejibHO, ho cymecTBeHHO TeM, hto no3BOjraeT BbipancaTb 
njioma^H nepe3 ^jikhm (naK, HanpHMep, njioma^b npnMoyrojibHHKa nepe3 ,u;jiHHbi cto- 
POh) 6e3 MHO>KHTe jien , 3aBHCHHi,Hx ot MacniTa6a. B npaKTHKe e^HHHpbi njioma/jH co- 
rjiacyiOTCH c e/piHHijaMH ^jihh He tslk npocTo; HanpHMep, 1 reKTap — sto njiomaflb 
KBa,a,paTa co CTopoHoft 100 MeTpoB. 



Ecjiii npHMoyrojibHHKii co CTopoHaMH ai, b h < 22 , b «npn:>xaTb» ppyr x 
APyry CTopoHofi, paBHOfi b , to nojiyniiTca npaMoyrojibHiix co CTopoHaMH 
«i + 02 , b. IIo a^AHTHBHOCTH njioipapii /(ai + 02 , b) = f(a±, b) + /(a 2 , b). 
nosTOMy 

3(01 + a 2 ) = 5 ( 01 ) + 3 ( 02 ). 

KpoMe Toro, oneBiipHO, 3(1) = 1, Tax hto (JiyHxpiia 3 ypoBjieTBopaeT bccm 
ycjiOBHHM, onpepejiaronpiM pjniHy 0 Tpe 3 xa, h, CTajio 6 biTb (no TeopeMe 
1.4.1 e^HHCTBeHHOCTu fljniHbi), g(a) = a. noaTOMy 113 (1) 

/(a, b ) = /( 1, b)a. (2) 

Ctopohm a, b nrpaiOT oprmaxoByio pojib. noaTOMy coBepmeHHO Tax jxe 
f(a, b ) = /(«, 1) • b , OTxypa 

/(l, 6) = /(l, 1)6. (3) 

Ho /(l, 1) — 3 to njioipapb xBappaTa co CTopoHofi epmnipa, Tax hto 
/( 1, 1) = 1. noaTOMy 113 (3) /( 1, b) = b, n 113 (2) nojiynaeM 

/(a, 6) = ab , 

t. e. S'(-P) = ab, hto h Tpe 6 oBajiocb poxa3aTb. □ 

Tenepb mm mojxcm poxa3aTb epiiHCTBeHHOCTb HiicjieHHOii njiorpapH n 
TeopeMy o 3aMeHe MacniTa 6 a — Taxiie >xe, xax b cjiynae pjihhbi n Mepbi 
yrjia. OrpaHiiniiMca epiiHCTBCHHOCTbro (tcm 6 ojiee, hto h 3 Hee HeTpypHO 
bbibgcth cjjopMyjiy 3aMeHbi MacniTa 6 a). nocxojibxy xajxpaa MHoroyrojib- 
Haa (J)nrypa cocTaBjiaeTca H3 TpeyrojibHiixoB, to pocTaTOHHO poxa3aTb, 
hto micjieHHaa njioipapb TpeyrojibHiixa 3aBiiciiT TOJibxo ot MacniTa 6 a, t. e. 
BbinncjiHTb ee. 3 to mu ceiinac n cpejiaeM. 

TeopeMa 2. Iljicnpadb mpeyzo.abnuKa paena nojioeune npou3eedeHusi 
ocHoeanuH na eucomy. 

(3ia xpaTxaa ycjiOBHaa cjsopMyjnipoBxa 
03HanaeT: HiicjieHHaa njioipapb TpeyrojibHii- 
xa paBHa nojiOBiiHe npoiraBepemia pjniHbi 
xaxoii yropHO ero ctopohm Ha pjnmy npoBe- 
peHHori x 3T0ii CTopoHe bmcotbi (npii ycjio- 
bhh, hto njioipapb H3MepaeTca b MacniTa 6 e 
epiiHHHHoro xBappaTa).) 

/JoxasaTejibCTBO. npaMoyrojibHbifi 
TpeyrojibHiix (piic. 59) npepcTaBjiaeT C 06010 



«nojiOBiiHy» npHMoyrojibHHKa, nosTOMy ero njiom,a/i,b paBHa nojiOBime 
npoH3BefleHiia ero KaTeTOB. 

IlycTB TenepB ,a,aH xaxoii-jni6o TpeyrojiBHiix ABC . IIpoBe^,eM H3 Bep- 
niiiHbi C BBicoTy CH — nepneHflHxyjiHp k npuMofi AB. Bo3mo>khbi Tpn 
cjiy^aa: 

1) Tonxa H coBnajia c o^hoii H3 BepmiiH A hjih B (piic. 60, a); 

2) Tonxa H jie>KHT Ha CTopoHe AB (piic. 60, 6); 

3) H jiejKHT Ha npoflojuxemni ctopohbi AB Tax, hto, HanpiiMep, B 
Ha AH (piic. 60, e); ecjin A Ha BH , to mojxho H3MemiTB o6o3HaHeHiie A 
Ha B. 


e 


B nepBOM cjiynae TpeyrojiBHiix npaMoyrojiBHBiii, h ero njiomaflb S = 

\\AB\-\CH\. 

Bo BTopoM cjiynae TpeyrojibHHK cjiaraeTca H3 ppyx npaMoyrojibHbix, 

H 

5 = \\AH\ • \CH\ + \\BH\ ■ \CH\ = \\AB\ ■ \CH\. 

B TpeTBeM cjiynae A ABC nojiynaeTCH H3 A AHC « BBiHHTaHiieM » 
A BHC, h noTOMy 

5 = \\AH\ ■ \CH\ - \\BH\ ■ \CH\ = \\AB\ ■ \CH\. □ 

Cjie/j,CTBHe. npou36edeHue cmoponu na onyiyenHym k neu eucomy 
odno u mo otce djin ecex mpex cmopon mpeyzojibHUKa: ah a = bh b = ch c 
(Tax xax oho paBHO yflBoeHHOfi ero njioma^ii) . □ 

IIpHJiojKeHHH. BbipajxeHiie ;uim luioiiur iH TpeyrojiBHHxa no3BOJiaeT 
jierxo nojiyniiTb BbipajxeHiie fljia njiomaflefl napajuiejiorpaMMa, Tpanepim, 
npaBHjiBHoro MHoroyrojitHiixa — BOo6m;e ^jih jho6oii MHoroyrojiBHon njio- 
maflxn, nocxojibxy ee mojxho pa36iiTB Ha TpeyrojitHiixu. 



C 




6 

Phc. 60 


Ho rjiaBHoe — 3to B03Moa<HOCTb eme pa3 nojiyniiTb pa,n, ochobhbix pe- 
3yju>TaTOB njiaHHMeTpmi, He HMeronuix npaMoro othoihchiih k njiom;a^H 
(cp. §2), -npejK^e Bcero flOKa3aTb TeopeMy nucjiaropa h BBecTii Tpuro- 
HOMeTpiiHecKiie cjiymcrpm. 

TeopeMa IIiicJ>aropa. Jjjisi bchkozo npjiMoyzoAt>Hozo mpeyzojibHUKa 
ruiou^adb neadpama, nocmpoenHozo na zunomeny3e, paena cyMMe ruiovna- 
deu k eadpamoe, nocmpoennux na mmemax. 

^OKa3aTejibCTBO Henocpe^CTBeHHO nojiynaeTca H3 conocTaBjie- 
hhh pncyHKOB 61, a h 61, 6. (To, hto Ha piicyHKe 61, 6 y neTbipexyrojib- 
HHKa, BmicaHHoro b KBa^paT co CTopoHoii a + b, yrjibi npaMbie, cjie^yeT 
H3 Toro, hto KajKflbiii H3 Hiix nojiynaeTca BbiHiiTaHiieM H3 pa3BepHyToro 
cyMMbi ocTpbix yrjiOB npaMoyrojibHoro TpeyrojibHinca.) □ 




Phc. 61 


Phc. 62 


/tpyroe ^,OKa3aTejibCTBO bii/i,ho Ha puc. 62. (KBa/ipaT, nocTpoeHHbifl: Ha 
nmoTeHy3e, cocTaBjiaeTca H3 Tex ace nacTeii, hto ii tfnirypa H3 KBa^paTOB, 
nocTpoeHHbix Ha KaTeTax.) □ 

CnHyc ii KOCHHyc. Cunyc yrjia b npaMoyrojibHOM TpeyrojibHiiKe ecTb 
OTHomeHiie npoTHBOJiejKamero KaTeTa k rimoTeHy 3 e. Ho ^jih toto hto 6 bi 
T aKoe onpeflejieHiie 6 mjio npaBOMepHbiM, flojiaoia 6 biTb flOKa 3 aHa 

TeopeMa 3. B npfiMoyzoJiwoM mpeyzo.amuKe omHomenue mmema k 
zunomeuy3e 3aeucum moJit>Ko om eejiununu npomueojieatcamezo k amemy 
yzjia. 

/],OKa3aTejHjCTBO. nycTb b TpeyrojibHincax ABC , A\B\Ci yrjibi 
C, C\ — npaMbie h yrjibi A, A\ paBHbi (puc. 63). Ha KaTeTax AC = b 1 
A\C\ = b\ otjiohciim paBHbie OTpe3Kii AD = A\D\ = d. npoBe^,eM nep- 
neHfliiKyjiHp DE = h k nmoTeHy3e AB = c. Ecjiii TOHKa E\ — Tana a 
TOHKa Ha AiBi, hto A\E\ = AE , to TpeyrojibHiiKii ADE h AiD\E\ paB- 
Hbi (no a b Y m CTopoHaM h yrjiy Meac^y hhmii). noaTOMy 0Tpe30K D\E\ 
nepneHflHKyjiapeH A\B\. 




PaccMOTpiiM TpeyrojiburiK ABD. Y Hero DE — BbicoTa, onymeHHaa Ha 
AB 1 a BC = a — BbicoTa, onyrpeHHaH k AD. IIoaTOMy 

\AB\ ■ \DE\ = \AD\ ■ \BC\ , t. e. ch = ad, 


OTKyn,a 

a h 
c d 


( 4 ) 


PaccMOTpeB TpeyrojiBHiiK A\B\Di, coBepineHHO Tax nee nojiyniiM, hto 
(Tax xax |^4iDi| = d, \D\E\\ = h) 


a\ h 

Ci d 


BMecTe c (4) sto ,n,aeT 


CL i Cl 

Cl C ’ 


hto h Tpe 6 oBajiocb ,xi,oxa 3 aTb. □ 

^Hoxa3aHHaa TeopeMa 3 03HanaeT, hto OTHoniCHiie npoTHBOjiejxamero 
xaTeTa x ninoTeHy3e ecTb cjjyHxuyiH BejniHiiHbi yrjia. 3to ii ecTb ciiHyc 
yrjia: 


— = sin A. 
c 


( 5 ) 


KaTeT b, npiijiejxaiu,HH x yrjiy A, npoTiiBOJiejxiiT yrjiy B , n noaTOMy b/c = 
sin_B. A Tax xax ZB = 90° — ZA, to sin_B HBjiaeTCH Taxixe (tiyHxpiieii 


BejiHHHHbi yrjia A. 3 ia (JjyHKipiH — OTHomemie npruieacamero KaTeTa k 
rnnoTeHy 3 e — ecTb nocunyc yrjia A: 


- = cos A. 
c 


(6) 


PaccMaTpiiBaa HaKjiOHHyio c, ee npoeKipiio b n onymeHHbni H3 ee koh- 
n,a nepneHflHKyjiap a, mojkho b onpefle-nemiax (5), (6) cnHyca h KOCHHy- 
ca HMeTB B BH,I]y 3TI1 BejIHHHHbl. H 3aTeM 
onpe^ejuiTb cimyc h Kocirayc ,n,jia Tynbix yr- 
jiob, a TaKJKe ,h,jih HyjieBoro, npaMoro h pa3- 
BepHyToro yrjia, npimaBaa npii stom npoex- 
h,hh 3HaK Mimyc, KOiyja yroji 6ojibine npaMO- 
ro (puc. 64). 

B caMolt sjieMeHTapHOii reoMeTpi-m Hyac- 
Hbi tojibko yrjibi, He 6 ojibmiie pa 3 BepHyTO- 
ro. Ha onpeflejiemm cimyca h Kocimyca fljia CBepxTynbix yrjiOB h fla- 
jiee — fljia OTpimaTejibHbix h 6 ojibmiix 360° — mbi ceftaac He ocTaHaBjm- 
BaeMca. 



§ 8. njiOLu,a^b h 06'bCM 

B npe^bi/i,yHi;eM naparpac|>e 6 bijio /i,aHO onpeflejieHne njiorn;a,n,H fljia 
MHoroyrojibHbix (Jjuryp, ho b ajieMeHTapHofi reoMeTpiiii onpe^ejiaiOT njio- 
maflb h flpyrnx cjanryp: xpyra, KpyroBoro ceKTopa h flp. Tpy^HOCTb cocto- 
ht b tom, hto Hejib3H npiimicaTb njiomaflb co CBOHCTBaMH, yKa3aHHbiMH 
b « aKCHOMe njiom;aflH», jiiofibiM cjanrypaM, HyjKHO Bbi^ejiHTb tfnirypbi, .zyia 
KOTopbix 3 to B03MOJKHO. 3to mojkho c,n,e- 
jiaTb, nanpHMep, Tax. 

Oiipe;;ejienMC. Ha 30 BeM iiaoma/p 
Ky npocmou, ecjin OHa orpamiaeHa ko- 
HeHHblM HHCJIOM «KpiIBOJHIHeHHbIX OT- 
pe 3 KOB» — TaKHX KpHBbIX, KaJKflaH H 3 
KOTopbix B 3 aHMHO o^H 03 HaHHO npoeK- 
THpyeTca Ha npaMOjiHHeiiHbm 0 Tpe 30 K 
(kslk caMii npHMOjiiiHeHHbie OTpe 3 KH, ^y- 
TH OKpyjKHOCTII, HaCTH CHHyCOIIflbl H flp., 

CM. pnc. 65). 

B aKCHOMe njiomaflii mojkho 3 aMe- 
HHTb MHoroyrojibHbie cjDiirypbi na «npocTbie» tfairypbi, t. e. cocTaBjieHHbie 



H3 KOHenHoro nucjia npocTbix njioma^OK. Tax nojiynaeM «o6o6meHHyio 
aKCHOMy njiom;aflH». 

no SToii aKCHOMe, ecjin npocTaa tfnirypa F cocTaBjieHa H3 flByx F\ , F 2 , 
to ee njioin;aflB S(F) = S(Fi) + S(F 2 ), h, 3Ha T in r r, S(F) > S(F\), nocKOjib- 
Ky S(F 2 ) > 0. 3to o6ocHOBbiBaeT bbibo/i, njiomafli-i xpyra H3 njioma^eH 
BmicaHHbix h omicaHHbix MHoroyrojibHiiKOB 12 . Kax n Bbime, efliiHCTBeH- 
hoctb njiomaflii ^OKa3biBaeTCH. AHajioniHHO mojkho onpeflejniTb o6T>eM. 

Onpe^ejieHHe. Ha30BeM Tejio npocmuM , ecjin oho orpamineHO xo- 
HenHbiM hi-icjiom Kpueo.auHeuHux nAoiyadoK, t. e. Taxux cjinryp, Ka»c/i;aH 
H3 KOTopbix B3aiiMH0 oflHOSHaHHO h B3aiiMHO HenpepbiBHO npoexTiipyeTCH 
Ha npocTyio njiocKyio njioin,a,zi,xy. B nacTHOCTii, xpiiBaa njioma^xa caMa 
mojkbt 6bitb npocToli njiocKofi njiomaflxoii. KpyroBbie pujiiiHflpbi h xoHy- 
cbi, rnapbi, mapoBbie cerMCHTbi flaiOT npiiMepbi «npocTbix Teji». 

AxcnoMa o6 r teMa. Ecau neKomopoMy Ky6y E omneceno hucao edu- 
nuya, mo Kacncdou cfmzype F, cocmaeAennou U3 Konennozo hucacl npo- 
cmux meA, modkho conocmaeumn noAODtcumeAbnoe hucao V(F) — uuc- 
A.eHHhi.u o6r>e.M, tfiuzyp'bi F e Maciuma6e E, — u npumoM man, %mo 
eunoAHenu ycAoeuA: 

а) paenue tfmzypu UMewm odun u mom Dice o6&eM; 

б ) ecAU (fiuzypa F cocmaeAena U 3 cfiuzyp F±, F 2 , mo ee o 6 veM paeen 
cyMMe ux o 6 seMoe ( addumuenocmt ); 

3a xy6 E npiiMCM « e/piHHHHbin xy6», t. e. xy6 c /ynmoii pe6pa, paBHoft 
e;;nHnne b npriHHTOM MacniTa6e ;yrnH. njiomaflb 6yfleM H3MepHTb eflHHin- 
HblMII KBaflpaTaMII. 

TeopeMa 1. 06beM npocmozo npA.uozo yuAundpa, ocnoeanueM Komo- 
pozo sieAfiemcsi npocmaA (fiuzypa, paeen npou3eedenuw riAoiyadu ocnoea- 
hua na eucomy 14 . 

,HoKa3aTejibCTBO. IlyijiHHflp onpeflejiaeTCH cboiim ocHOBamieM h 
fljiHHoit o6pa3yiOHi,eH — ynsi npHMoro pujiiiHflpa sto to jxe, hto BbicoTa. 


12 rijioii],a I a,b mo/kho BOo6iu,e onpe,o,ejiHTB thxhm cnoco6oM: 4>nrypa F HMeeT iijioipa./i,}, 
S(F), ecjin S(F) ec/ib Toaiia.M BepxHHH h, oflHOBpeMemio, TO'iHa>i hh;km;[;i rpaHHpa 
njioina.;i,eH MHoroyrojiBHBix 4>nryp, 3a,K.;[Kj'iaioiii,HX(:a[ b F h co^epHtaiipix F. Ho Tor^a 
h n./ LO ,aoKa.3i,[ aaaa,. hto Tax onpe^ejieHHaa njioni 1 a v i i,}, oGjia^aeT CBOHCTBaMH a^zmnTHBHO- 
cth. xpyra sto 6 bijio 6 bi He Hy>i<no. Ho xax 6e3 3Toro BBiBecTH njiomaflB cexTopa? 

(B<yu> ceKTop mo>kho cocTaBHTB H3 flpyrnx cexTopoB.) 

13 To ecTB F ecTB orrae/Boienae F\ h F 2 , h Fi , F 2 He HMeiOT oftinax BHyTpeHHux Tonex 
(b npocTpaHCTBe) . 

14 I^UAundpoM 3/^ecB na,3}>[aa,ei , rxi 4)nrypa, o6pa30BaHHan paBHBiMH napajuiejiBHBiMH 
OTpe3xaMH ( oFpaayioiu/u.Mu) , xohu,bi xoToptix 3anojiHHK»T xaxyio-jiH6o njiocxyio 4>nry- 
py ( ocHoeauue ), npHneM ofjpaay lomiae jiencaT c o^hoh ctopohbi ot njiocxocTH. Phjihh^p 
npsiMOU , ecjin o6pa3yx)H],He nepneH^HxyjiapHBi njiocxocTH ocHoaa.m-oi. 



riosTOMy o6bcm V (C) npaMoro piijiiiimpa C 3aBiiciiT tojibko ot ocHOBamia 
B h bbicotbi h b ,n,aHHOM MacniTa6e: 


V(C) = V(B, h). 


PaccMOTpiiM Bee npaMBie hhjihh^pbi c KaKiiM-jin6o 3a^aHHBiM ocHOBa- 
Hi-ieM B n o6pa3yeM <J>yHKpmo 


9(h) 


V(B, h) 

V(B, 1) 


(1) 


0'ieBH^HO, g(h) > On g(l) = 1. ^Ba ipunm/ipa c BBicoTaMii hi, h 2 co- 
CTaBjiaiOTca b ruijiHH/ip c bbicotoii h\ + h 2 : ero o6bcm paBeH cyMMe nx 
o6bcmob. riosTOMy 


g{hi + h 2 ) 


V (B, hi + h 2 ) 
V(B, 1) 


V(B, hi) 
V(B, 1) 


V(B, h 2 ) 
V(B, 1) 


g(hi)+g(h 2 ). 


TaKHM o6pa30M, cjiymcpiia g(h) ya,OBjieTBopaeT BceM ycjiOBiiaM, onpe^e- 
jiaiomHM fljiHHy, h, CTajio 6 bitb, g(h) = h. IIosTOMy 113 (1) 


V(B, h) = V(B, 1) • h. (2) 

y6e;(,HMca. hto BejiiiHima S(B) = V{B , 1) ecTb njioin,a,zp> ocHOBa- 
Hiia B. 

^ettcTBHTejiBHO, oaeBiiflHO, S(B) > 0, h ecjin B ecTB e/inHn T iHhiii icBa^- 
paT Eq, to npaMoii piijiiiHflp c ocHOBamieM Eq h bbicotoii h = 1 npeflCTaB- 
jiaeT co6oft eflrmriHHBiii icy 6 E, Tax hto 


S(Eo) = V(Eo, 1) = V(E) = 1. 

^ajiee, ecjiii ocHOBamia B , B' npaMBix pmnnpipoB C, C' c paBHBiMii bbi- 
COTaMII paBHBI, TO PHJIHH^PBI paBHBI. IIosTOMy ecjin B = B ' , TO 

V(B, 1) = V(B', 1), T.e. S(B) = S(B'). 

HaKOHen;, ecjni ocHOBamie E,iijiiiH/i,pa C cocTaBjiaeTca 113 flByx B\, B 2 , 
to n,iijiiiH/i,p C cocTaBaaeTca, cootbctctbchho, h 3 flByx hhjihh^pob C\, C 2 
toh ace bbicotbi. H ero oSteM V(C) = V(Ci) + V(C 2 ), Tax hto 

V(B 1 +B 2 , 1 ) = V(Bi, 1 ) + V(B 2 , 1), 

T.e. S(Bi + B 2 ) = S(B\) + S(B 2 ) (a^n,iiTiiBHOCTB) . 



TaKHM o6pa30M, BejiiiHima S(B) = V ( B , 1) ypoBjieTBopaeT bcbm ycjio- 
bhhm, onpepejiaiomiiM njioipapb; OHa, CTajio 6bitb, ii ecTb njioipapb ocho- 
BaHIIH B , H H3 (2) 


V(C) = V(B, h) = S{B ) • h, 

hto n Tpe6oBajiocb poKasaTb. □ 

Korpa o6T>eMbi npaMbix piuiimppoB onpepejieHbi. o6i>eM ppyrux Tea 
M05KH0 HaXOpHTb, pa36lIBaa TejIO Ha TOHKIie CJIOII, KOTOpbie npilSjIHJKeHHO 
3aMeHaiOTca npaMbiMii nMjiMHppaMH c npocTbiMH ocHOBamiaMii. CTporoe 
ocjDopMjieHHe 3TOH npopepypbi npepcTaBjiaeT nHTerpirpoBamie 15 . 

Ha 3 tom nyTii poKa3biBaiOTCH h epiiHCTBeHHOCTb oSteMa, h tfjopMyjia 
3aMeHbi MacniTa6a. HHTepecHO, hto yace o6T>eM TeTpasppa HejiB3a HaftTH, 
He npii6eraa TaK hjih imaae k npepejibHOMy nepexopy h He bboph po- 
nojiHiiTejibHbix Tpe6oBaHHii b aKCHOMy oSteMa — TaKiix, HanpiiMep, Kax 
•mpimpim KaBajibepn». 


FjiaBa III 

CnED,HAJIbHbIE BOnPOCbl 
3JTEMEHTAPHOH TEOMETPHH 

§ 1 . 3 apaaH Ha nocTpoeHHe 

B 3apaaax Ha nocTpoemie peab upeT o nocTpoemni reoMeTpaaecKiix 
cjniryp ;iaHHhiMH cpepcTBaMi-i — o6biHHO c noMOipbio pupKyjia h jihhchkh. 
n P H 3tom HMeiOTca b BHpy upeajibHbie nocTpoeHiia: nojib30BaHiie jiHHefi- 
koh 03HaaaeT bo3mojkhoctb npoBopiiTb «npaMbie», t. e. OTpe3Kii nporo- 
bojibhoh pjniHbi; nojiB30BaHiie piipKyjieM 03HaaaeT bo3mojkhoctb ornicbi- 
BaTB OKpyacHOCTb c jno6biM peHTpoM jno6oro papnyca. 3tii bo3mojkho- 
cth 6bijiii BbipaaceHbi b «Haaajiax» EBKjiupa b KaaecTBe nepBbix nocTyjia- 
tob: 1) ot oflHon tohkh po ppyroft mojkho npoBecTi-i npaMyio; 2) BcaKyro 
npaMyro mojkho npopojiaaiTb; 3) BOKpyr Kaacpoii tohkii mojkho omicaTb 
OKpyacHOCTb jno6biM papnycoM. 

noMHMO nocTpoeHHH pripKyjieM h jiHHeftKOH, mojkho, kohchho, pac- 
CMaTpi-iBaTB nocTpoeHiia c noMOipbio ppyrux cpepcTB. Ho TaKyio bo3mojk- 
hoctb BMecTe c o6ih,hm B3rjippoM Ha reoMeTpiinecKiie nocTpoemiH mbi o6- 
cypHM b KOHpe pa3pejia o nocTpoeHiiax, a ceftaac cocpepoToaiiMca Ha no- 
CTpoeHiiax pupKyjieM h jhihchkoh. npocTeinnHft npiiMep paeT H3BecTHoe 

15 Cm., Hanp.: AneKcandpoe A . /(. . Bepuep A. JI., Puchcuk B. M. reoMeTpaa: IIoco6He 
pjisi hikoji c yrjiy6jieHHbiM H3yHemieM MaTeMaraKH. M.: IIpocBemeHHe, 1987. 



peiHCHiie 3aflaHii: pa3flejniTb 0Tpe30K nonojiaM. OmicbiBaeM BOKpyr koh- 
h,ob ^.aHHoro OTpe3Ka AB oxpyjxHOCTH pa^nycaMii, paBHbiMii AB , h co- 
efliiHaeM hx tohxii nepeceneHiiH C, D. CymecTBOBaHPie stiix Tonex, xax h 
to, hto h 0Tpe30K CD nepecexaeT AB , CTporo roBopa, HyjxHO flOKaaaTb. 
3to mbi ceiinac c^ejiaeM. 

TeopeMa 1. Ecau npjiMaji codepcncum mov,Ky enympu k pyza, mo ona 
nepecenaem ezo oKpyoKuocmb e deyx mounax. 

/^OKa3aTejibCTBO. IlycTb Tonxa A npaMoii a jiexaiT BHyTpn xpy- 
ra c n,GHTpoM O £a h pa^PiycoM R (puc. 66). TeM caMbiM \OA\ < R, h 
ecjm OB — nepneHflHKyjiHp k npHMOft a , to \OB\ ^ |CL4.|, n, CTajio 6biTb, 

| OS | < R. Ecjih tohkii C, D Ha npaMoft a jie>xaT c pa3Hbix ctopoh ot B 
h |SC| 2 = \BD\ 2 = R 2 — |OS| 2 , to |OC| = \OD\ = R. CjieflOBaTejibHO, b 
3thx TOHxax (h TOJibKO b hiix!) npHMan h nepecexaeT oxpy>xHOCTb. □ 





Puc. 67 


Ilpn noMOipH 9TOii TeopeMbi MOJxeT 6biTb ,n,oxa3aHa 
JleMMa. Kocunyc yz.aa npunuMaem ece 3uaueHUA om 1 do — 1 . 
Bocnojib3yeMCH i-i3B6CTHbiM onpe^ejieHiieM KOCHHyca c noMOipbio 
OKpyjKHOCTii (puc. 67 ). Bbi6epeM eflPiHPiHHbifi 0Tpe30K. OmirneM oxpyjx- 
HOCTb TaxiiM pa^HycoM («eflHHHHHyio oxpy:scHOCTb»). IIpoBefleM b Hen 
^.piaMeTp d. KocHHyc yrjia onpeflejiaeTcn xax B3HTan c ^ojBKHbiM 3HaxoM 
^jiima iipoeKHHH pa^nyca, o6pa3yiomero flaHHbin yroji c «HanajibHbiM pa- 
^,HycoM». PaccToaHiiH OM ot Tonex fliiaMeTpa d pp> peHTpa O npimiiMaiOT 
Bee 3HaHeHiiH ot 0 ,no 1 (no TeopeMe 4 , § 4 rji. I). IIosTOMy ecjin ^aHO hhcjio 
p MejKfly 1 h 1, to 6epeM Tonxy M Tax, hto ±|OM| = p. IIpoBOfliiM ne- 
pe3 3Ty Tonxy M npnMyio, nepneH/pixyirapHyio ^naMeTpy d. IIo TeopeMe 
1 OHa nepecexaeT oxpyjxHOCTb. IIpoBeflH pa^nyc b Tonxy nepecenemin h 
nojiymiM yroji a, y xoToporo cos a = p. □ 

Tenepb paccMOTpiiM nepecenemie oxpyjxHOCTeli. 


TeopeMa 2. /fee OKpyotcuocmu nepeceKawmcA (e deyx mouKax) mo- 
zda u mojibKo mozda, Kozda paccmosmue Meotcdy ux yeumpaMu Mem>we 


cyMMU u 6oAt>iue pa3nocmu ux paduycoe 
(puc. 68). 



Pa,zpiycbi, npoBe^eHHbie b TOHKy ne- 
peceneHiia, BMecTe c OTpe3KOM, coe/pma- 
roipiiM peHTpbi, o6pa3yiOT TpeyrojibHiiK. 
IIoaTOMy BbicKa3aHHaH TeopeMa paBHO- 
cmibHa cjiepyiomeH. 


TeopeMa 2a. Tpu ompe3na mo- 
zym cjiycHcumb cmoponaMu mpeyzojit>Hu- 
Ka mozda u moJibKo mozda, Kozda ko,kou- 


Phc. 68 


au6o odun u3 hux Mem>iue cyMMU u 6oAume pa3uocmu deyx dpyzux. 

B TpeyrojibHiiKe CKa3aHHoe BbinojiHaeTca fljia Kaxcpofi ctopohm b ch- 
jiy n3BecTHOii TeopeMbi (cm., Hanpimep, TeopeMy II. 2.5). IIosTOMy Bonpoc 
coctoht, co6cTBeHHO, b ,n,OKa3aTejibCTBe o6paTHoft TeopeMbi. Ho mm poica- 
»ceM TeopeMy 2a nojiHOCTbio. 

/(oKa3aTenbCTBO. B TpeyrojibHiiKe co CTopoHaMii a, b, c h yrjiOM 
7 npoTHB c 



c 1 2 = a 2 + b 2 — 2 ab cosy, cosy = 


( 1 ) 


2 ab 


OTKyn,a 


a 2 + b 2 — c 2 + 2 ab (a + b) 2 — c 2 


(2) 




2 ab 


(3) 


1 < cosy < 1, to H3 (2) h H3 (3) 


h Tax KaK — 


a + b > c > |a — b\. 


(4) 


3thm flOKa3aHa ii3BecTHaa TeopeMa, hto CTopoHa TpeyrojibHiiKa MeHb- 
ine cyMMbi n 6ojibine pa3HOCTii flByx ppyrax. (BbiBepiiTe (4) H3 (2) n (3).) 

^(oKaaceM o6paTHoe yTBepjKflemie. nycTb a, 6, c — pjniHbi OTpe3KOB c 
HepaBeHCTBaMii (4). Hojioikhm 



,2 


a 2 + b 2 — 2 abp. 


= p, t. e. C 


2 ab 


Tor,n,a noflo6HO (2) n (3) nojiyaiiM 


l+p>0, 1— p > 0, t. e. — 1 < p < 1. 

Tax xax KOCHHyc nprmiiMaeT Bee SHaaemia Meac,n,y 1 h — 1, to cyipecTByeT 
Taxoii yroji 7 , hto cos 7 = p. 

TpeyrojiBHiiK c p,aHHbiMH CTopoHaMH a, b 11 yrjiOM 7 Meacpy hhmh cy- 
ipecTByeT (ero mohcho nocTporiTb) . B TaxoM TpeyrojibHiixe TpeTba CTopoHa 
xax pa3 paBHa c. TeopeMa p,oxa3aHa. □ 

OcHOBHtie nocTpoeHHH. riepcnicjiHM ocHOBHbie :ia;i,a'in Ha nocTpo- 
eHiie, pemeHiia xoTopbix p,aiOTCH b mxojibHOM xypce (ohii 6ynyT ^ajibnie 
CHHTaTbca H3BecTHbiMii 6e3 oroBopxii). HexoTopbie H3 stiix nocTpoemift 
Mbi noxa3biBaeM Ha pucyHxax c xpaTKHMH yxa3aHiiaMii b cxo6xax. 

1 . OmjiocHcumi) edojib dannozo ompe3Ka AB ompe30K AE , paenuil dan- 
homi/ CD. (OnucbiBaeM Boxpyr pempa A oxpyacHOCTb pappycoM, paBHbiM 
CD, 11 , ecjni HyjxHO, npopojiacaeM AB 3 a Toaxy B po nepeceaemia c Heft, 
puc. 69.) 



2. nocmpoumt cyMMy u pa3Hocrm> dannux ompe3Koe. (^aHbi AB 11 
CD. npopojiacaa AB 3 a Toaxy B, OTxjiapbiBaeM Ha npopojiacemiH OTpe- 
30x, paBHbift CD. IIojiyaaeM cyMMy. Pa3HOCTb — OTxjiapbiBaeM MeHbnnift 
Ha 6ojibmeM.) 

3. Omji03Kurm> om dannozo ompe3Ka yzoA, paenuu dannoMy. (OrnicaB 
oxpyjxHOCTb Boxpyr BepmuHbi O paHHoro yrjia, OTcexaeM Ha ero CTopoHax 
paBHbie OTpe3xn OA, OB. Boxpyr xoHpa 0\ paHHoro 0Tpe3xa npoBopiiM 
oxpy*HOCTb P Toro ace papnyca, nojiyaaeM 0Tpe30x 0\A\ = OA, Ha- 
jierarorpiift Ha paHHbift. Boxpyr A\ onncbiBaeM oxpyacHOCTb Q papnycoM 
AB. Ecjih B 1 — Toaxa nepeceaemia P h Q, to 0\B\ — CTopoHa Hyamoro 
yraa.) 

4. nocmpoumb cyMMy u pa3nocmb dannux yzjioe. (IIojiyaaeTca npn- 
MeHeHiieM npepbipyipero nocTpoemia.) 


5. Haumu cepeduny ompe3Ka. (YKa3aH0 Ha c. 216 h 233.) 

6. Ilocmpoumb 6ucceKmpucy yejia. (Ha CTopoHax yrjia OTKjia/ipiBaeM 
ot BepmiiHbi paBHbie OTpe3KH OA, OB. Bonpyr A ii B npoBO/piM OKpyjK- 
hocth, HanpiiMep, pa^nycoM |AB|. CoefliiHaeM ^ajiBHioio TOHKy nepecene- 
hkh h BepnniHy.) 

7. BoccmaHoeumt nepnenduKyjiHp k npsiMou e dannou ee moune. (no- 
CTpoeHiie TaKoe *e, KaK b 6, noTOMy hto nepneH^HKyjiap — 3to 6ncceK- 
Tpuca pa3BepHyToro yrjia.) 

8 . Onycmumb nepnenduKyAup U3 dannou tuouku na dannym npuMym. 
(BepeM Ha flaHHOii npaMOii a TOHKy B h BOKpyr flaHHOft tohkii A onncbi- 
BaeM OKpyjKHOCTb pa^nycoM AB. nycTb OHa nepeceneT a b tohkc C ^ B. 
^ajibnie ^.eficTByeM Tax ace, KaK npn ^ejicHini OTpe3Ka BC nonojiaM. (A 
KaK 6biTb, ecjin OKpyjKHOCTb hm66t c npHMOii a tojibko o^Hy o6iH,yio TOHKy 
/>"•)) 

9. Ilpoeecmu nepe3 dannym mouKy npuMyw, napajuiejinnyw dannou. 
(Ha flaHHOii npHMoii a 6epeM KaKyio-HiiGy^b TOHKy B, coe^iiHaeM ee c 
^.aHHOii tohkoh A. Hepe3 A npoBO^HM npaMyio, o6pa3yiorn;yio c AB Taxon 
»ce yroji, KaK AB o6pa3yeT c .naHHOii npaMoii, ho na npoTiiBonojiojKHOft 
CTopoHe ot AB (pnc. 70). ,Hpyroe nocTpoemie, 6ojiee KopoTKoe, mojkho oc- 
HOBaTb Ha tom, hto napajuiejiorpaMM — sto neTbipexyrojibHiiK c paBHbiMH 
npOTIIBOnOJIOJKHbIMII CTOpOHaMH. ) 

D 




10. Pa3deAurm> dannuu ompe30K e dannoM omnomenuu, 3adannoM KaK 
omnomenue dannux ompe3Koe a : b ujiu KaK omnomenue yejiux nuceji 
n : to. (nocTpoeHiie hcho h3 pucymca: AB — ^aHHbiii 0Tpe30K, no,n, yrjiOM 
otjiojkhm cyMMy OTpe3KOB AC = a a CD = b. Ecjii-i E Ha AB h CE\\DB, 
to AE : BE = a : b. Ecjiii ,a,aHO OTHOHiemie n : to, to 6epeM KaKOH-jm6o 
OTpe30K c, CTpoHM a = nc , b = me h npoBOfliiM irejiojKeHHoe nocTpoemie 
(pnc. 71). B nacTHOCTH, TaK nojiynaeTca nocTpoemie ^aHHoii ^ojih 1/k 
OTpe3Ka AH, ecjin B3HTb n = 1, m = k — 1.) 


Bo Bcex paccMOTpeHHbix nocTpoemiax HyjKHO (a) flOKa3aTb, hto ohii 
^, efiCTBHTejibHO flaiOT HyncHbiii pe3yjibTaT, (6) nocMOTpeTb, KaKiie bo3mo>k- 
hbi BapiiaHTbi (HanpiiMep, npn nocTpoeHiiii 6ncceKTpncbi OKpyjKHOCTii bo- 
Kpyr A n B nepecexaiOTCH b flByx TOHKax; hto 3tii tohkii fla^yT?). 

Pememe aa^a'iH Ha nocTpoeHHe. B HeM paBJiH'ia.ioT neTbipe 3'rana: 

1) noiiCK peineHiia (aHajiio); 

2) onncaHHe HaimeHHoro peineHiia hjih ero (JmKTiiHecKoe BbinojiHemie 
(hto, BnponeM, o 6 hihho hc Tpe6yeTca); 

3 ) flOKa3aTejiBCTBO Toro, hto HaimeHHoe nocTpoeHiie .neiicTBHTejibHO 
pernaeT nocTaBjieHHyio 3a,n,aHy; 

4 ) HCCjie^OBaHiie peineHiia. 

B omtcaHHH nocTpoeHHH H3BecTHbie ocHOBHbie nocTpoeHiia, Kax npa- 
bhjio, npocTO yKa3biBaiOTca. HccjieflOBamie coctoiit b BbiHCHemni Toro, 
Bcer^a jih 3aflaaa iiMeeT pememie; ecjin He Bcer^a, to npn Kamix koh- 
KpeTHBix flaHHBix h CKOjibKO HMeHHO pememiH HMeeT 3aflana. 

ITpri 3 tom pa3nuMu CHiiTaiOTCH pememiH, flaronpie HepaBHbie (Jnirypbi 
(hjih ecjin h paBHbie, to pa3JiHHHO pacnojio»ceHHbie othocht 6 jibho ^aHHOii 
cjnirypbi, c KOTopofi CBH3biBaeTCH nocTpoeHiie). 

3a^aHH Ha nocTpoeHHe TpeyrojitHHKOB. 

1 . IIocmpourm> mpeyeojitnuK no deyM cmoponaM u yzjiy Meotcdy nu- 
mu. PeineHiie oneBimHo; nocTpoeHiie Bcerfla bo 3 mojkho. Oho e^HHCTBeHHO 
b cnjiy TeopeMbi o paBeHCTBe TpeyrojibHiiKOB. 

2. nocmpoumb mpeyzo.abnun no cmopone u deyM npuAeotcavu/UM yz- 
mm. riocTpoemie o'leBiryHO. Ho oho ,a,aeT pe3yjibTaT jiiinib npn ycjiOBiin, 
hto cyMMa flaHHbix yrjiOB MeHbine pa3BepHyToro. (nuTbiii nocTyjiaT Eb- 
Kjn-ma Kax pa3 h coctohji b yTBepjKfleHini. hto Tpe6yeMoe nocTpoeHiie 
nojiyniiTCH, ecjin cyMMa flaHHbix yrjiOB MeHbine flByx npHMbix.) PeineHiie 
e/i,iiHCTBeHHO (t. e. Bee TaKiie TpeyrojibHiiKii paBHbi flpyr ,a,pyry). 

2a. Ftocmpoumt) mpeyzo.abnuK no cmopone u deyM yz.aaM, ne o6ti3a- 
meAbno npuAezHcaiyuM k dannou cmopone. TpeTiiii yroji HaxofliiTCH nyTeM 

BbIHHTaHHH flByX ,H,aHHbIX 113 pa3BepHyTOTO. CKOjibKO B03MOJKHO peineHHH? 
Kor^a Tpi-i, ABa, xor^a o^ho? 

3 . nocmpoumb mpeyzojit>nuK no mpeM cmoponaM. 3a^,ana pa3peiHii- 
Ma, ecjin HaiiGojibiHiiii H3 flaHHbix OTpe3KOB MeHbine cyMMbi flByx flpynix. 
PeineHiie efliiHCTBeHHO. 

4 . nocmpoumb mpeyzo.abnuK no deyM cmoponaM u yzziy, npomueo.ae- 
otcaiyeMy odnou U3 nux. 

P e hi e h ii e. Ha o^hoii 113 ctopoh flaHHoro yrjia OTKjia^biBaeTCH OTpe- 
30 k, paBHbiii /i,aHHOMy, npeflCTaBjiHiomeMy C06011 CTopoHy TpeyrojibHiiKa. 
Bonpyr ero KOHpa omicbiBaeTca OKpyjKHOCTb pafliiycoM, paBHbiM flpyroii 



CTopoHe. jZJji a SToii OKpyjKHOCTii B03MOvKHbi 4 cjiyaaa: a) OHa He HMeeT 
c flpyroii CTopoHofi yrjia o6hj,hx ToaeK, 6) ohii flpyr flpyra KacaiOTca, 
b) nepeceicaiOTca b flByx TOHKax, r) nepeceitaiOTCH TOjibKO b o^hoh toh- 
Ke (pnc. 72, a , 6 , e , g). ®HKcau,iia sthx BO3MOJKH0CTeft h TOHHoe yKa3aHiie 
Toro, npii KaKiix ycjiOBHax peajiroyeTca Kaacflaa H3 hex, h npe^CTaBjiaeT 



Phc. 72 


iiccjieflOBaHiie 3a,n,aHH. IIpoBe^HTe ero. 

5 . Flocmpourm) mpeyzojiwuK no cmopone, cyMMe deyx dpyzux cmopon 
u yzjiy, npuAecHcaiyeMy k dannou cmopone. 

IIohck p e in e h ii a (aHajiH3) . ^o- 
nycTHM, 3aflaHa perneHa, t. e. mbi i-iMe- 
eM TpeyrojitHiiK ABC c ^aHHoii cto- 
poHoii AB = c, cyMMofl: ctopoh AC + 
CB = d, yraoM A = a (pnc. 73). 
IIpoflOJiJKHB CTopoHy AC Ha 0Tpe30K 
CD = CB , nojiyniiM TpeyrojibHiiK 
ABD co CTopoHaMH AB = c, AD = d 
h yrjiOM A = a. BMecTe c hum no- 
jiyniiM TaKJKe paBHo6e,npeHHMH Tpe- 
yrojitHHK BCD ; BC = CD. 

OTcro^a BtiBOflHM peniCHiie salami. Ctpohm TpeyrojibHiiK ABD c yr- 
jiaMii A = a h CTopoHaMH AB = c, AD = d. HaxoflHM Ha AD Taxyio TOHKy 
C, hto CD = CB , t. e. hto A BCD paBHo6e,apeHHbiii. Tor^a TpeyrojibHiiK 
ABC h ,n,aeT peniCHiie 3a^aMn. Tonxy C mojkho HaiiTH, npoBO^a nepncH- 
.zpncyjiap k OTpe3Ky BD aepe3 ero cepeflimy hjih OTKjiaflbiBaa y tohkii B 
yroji, paBHbift AD (nojib3yacb xapaKTepHbiMii CBoiicTBaMii paBHo6e,npeH- 
Horo Tpey ro jiBHHKa : b nepBOM cjiyaae coBna^eHiieM Me^iiaHbi h bbicotbi, 
BO BTOpOM — paBeHCTBOM yrjIOB npii OCHOBaHHIl). 

HccjieflOBaHiie. CyMMa flByx ctopoh TpeyrojibHiiKa 6ojn>me Tpe- 



Theft, noaTOMy ^.ojijkho 6 biTb d > c. IIpn stom ycjiOBini AD > AB, 11 
noTOMy AD < AB. IIosTOMy paBHo 6 e,npeHHbift TpeyrojibHiiK BCD mojk- 
ho nocTpoHTb, t. e. npii nocTpoemm yrjia DBC- , paBHoro AD , TOHKa C 
6 ya,eT Ha AD. IIpii d > c pememie Bcer^a bo 3 mojkho. Oho eflimcTBeHHO, 
nocKOjibKy nocTpoeHiie TpeyrojibHiiKa 
BCD npOBOflHTCH OflH03HaHHO. 

6 . nocmpoumb mpeyaoji'bHUK no cmo- 
pone c, cyMMe deyx cmopon d u yzJiy 7 , 
npomueoJiecHcaineMy dannou cmopone. 

IIohck pemeHiiH. ^onycTHM, iiMe- 
eTca TpeyrojibHiiK ABC c yKa 3 aHHbiMH 
,n,aHHbiMH : AB = c, AC + CB = d, 

AC = 7 (puc. 74). IIpo/i,oji}KHB 0Tpe30K AC 
Ha CD = CB , nojiyniiM 0Tpe30K AD = 
d; 3 aTeM nocTpoHM TpeyrojibHiiKii ABD h 
BCD. IIocjieflHiift TpeyrojibHiiK paBHo 6 e,apeHHbift, 11 yroji C = 7 fljia Hero 
BHemraft. IIosTOMy AD = ^ 7 . 3to npHBOflHT Hac k cjie^yiomeMy peme- 
hhk). Ecjih nocTpoHTb TpeyrojibHiiK ABD no CTopoHaM AB = c, AD = d 
h yrjiy D = ^ 7 , to, nocTpoiiB b HeM paBHo 6 eflpeHHbift TpeyrojibHiiK BCD , 
HaftfleM HCKOMbift TpeyrojibHiiK ABC . 

OniicaHiie nocTpoeHiia. Ctpoiim A ABD no /^aHHbiM CTopoHaM 
AB = c, AD = d h yrjiy D = ^7. 3to nocTpoeHiie omicaHO b peiHCHini 
3aflaHii 4. ^onycTiiM, hto oho npoxo^iiT h mm nojiynaeM TpeyrojibHiiK 
ABD. 3aTeM ctpohm paBHo 6 eflpeiiHbift TpeyrojibHiiK BCD c Bepnnmoft 
C Ha AD (TaK me, Ka k b npeflbmymeft 3 aflane). IIojiyHaeM TpeyrojibHiiK 
ABC , KOTopbift h HyiKHO 6 mjio nocTpoiiTb. 

/],OKa3aTeiibCTBO Toro, hto oh h ecTb iickommii TpeyrojibHiiK. 
^eftcTBiiTejibHO, AB = c 11 ^4C + CB = AC + CD = d, TaK KaK 

no nocTpoemno CB = CD. HaKOHen,, AC = 7 , TaK KaK C — bhchi- 

Hiift yroji paBHo 6 e^peHHoro TpeyrojibHiiKa BCD , b kotopom AB = 
AD = ±r 

Hccjie^OBaHiie. B 3a,a,aHe 4 TpeyrojibHiiK nojiynaeTCH He Bcer^a, h, 
KpoMe Toro, MoryT nojiynaTbca flBa TpeyrojibHiiKa. Hto 6 ya,eT b ycjiOBimx 
pemaeMoft 3^ecb 3a,n,aHii c nocTpoemieM TpeyrojibHiiKa ABD 7 

B ycjiOBimx 3 aflaHii aojdkho 6biTb d > c — cyMMa flByx ctopoh 6ojibnie 
TpeTbeft. IIo3TOMy b AABD AD > AB. KpoMe Toro, ecjni p = AE — 

nepneHfliiKyjiap 113 A Ha npuMyio BD, to aojijkho 6 mtb AB ^ AE, t. e. 

c ^ p. ,Z[aHHbift yroji C = 7 MeHbine pa 3 BepHyToro, TaK hto AD = 57 — 
ocTpbift. IloaTOMy ocHOBaHiie E nepneHfliiKyjiapa AE jiemiiT Ha jiyne DB, 




D 


ADE- 


a H 3 npHMOyrojibHoro TpeyrojibHima 
AED HMeeM AE = AD sinD, t. e. p = 
d sin 7/2 (puc. 75 ). 

Mbi npuxoflHM k cjie^yiomi'iM cjiy- 
naaM: 

(а) Ecjih c < d sin 7/2, t. e. flamms 
CTopoHa c MeHtnie KaTeTa npuMoyrojib- 
Horo TpeyrojibHHKa c nmoTeHy 3 oii d n 
yrjiOM 7/2, to sa^ana He HMeeT perne- 

HHH. 

(б) Ecjih c = d sin 7/2, to nojiyna- 
eTca ofliiH TpeyrojibHiiK ADB — oh nee 

H, COOTBeTCTBeHHO, OflHH TpeyrojibHiiK ACB. 


(b) Ecjih d > c > d sin 7/2 — to nojiynaiOTCH 7,Ba TpeyrojibHiiKa 
ADBi, ADBi (c ABi = AB2 = c) h coot- 
BeTCTBeHHO flBa TpeyrojiBHiiKa AC\B \ , AC2B2 
(pnc. 76 ). 

TpeyrojibHiiKii AC1B1, AC2B2 paBHbi h ot- 
JIHHaiOTCH TOJIBKO paCnOJIOJKCHHeM CTOpOH. B 
cjiynae (6) , KOiyja c = d sin 7 ) , TpeyrojibHiiK 
ACB 07,1m: oh paBHo6e7peHHbii“i (noneMy?). 

7 . Ilocmpoumb mpeyzojiwuK no deyM yzjiaM 
u nepuMempy. 

PenieHiie. TpeyrojibHiiKii c flByMH flaHHbi- 
mii yrjiaMii no7o6Hbi, iix ctopohm nponoppiio- 
HajibHbi h, cjie^OBaTejibHO, othochtch KaK ne- 
piiMeTpbi. IIosTOMy, nocTpoira 0711H Taxoii Tpe- 
yrojibHiiK, no neMy nojiymiM no,n,o6Hbni eMy c 
7aHHbiM nepriMeTpoM p. 

Ctpohm KaKoit-HH6yip> AABC c ^aHHbiMii yrjiaMii A, B. OTKjia^biBa- 
eM Bflojib jiyna AB OTpe 3 Kii AB, BC' = BC, C'D = AC. Ha jiyne AC 

OTKjia^biBaeM 0Tpe30K AD 1 , paBHbiii 
7aHH0My 0Tpe3Ky p , 11 ii3BecTHbiM 

npiieMOM flejniM ero Ha OTpe3Kii 
AB 1, B\C\, C\D\ , nponoppiiOHajib- 
Hbie AB, BC' , C'D. 3th OTpe3KH n ,i,a- 

KDT CTOpOHbl IICKOMOrO TpeyrojibHiiKa 

(pnc.77). 

PemeHiie e,n,iiHCTBeHHO, Tan KaK 
7aHHaa BejnimiHa (oTpe 30 K) p e^riH- 
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CTBeHHbiM o6pa30M pa3JiaraeTCH Ha cjiaraeMbie, nponoppiiOHajibHbie flaH- 
HblM BejIIIHIIHaM (0Tp63XaM). 

Otmbthm, hto npn pemeHnn cxojibxo-Hii6yn,b cjiojkhbix 3a^an Ha no- 
CTpoeHiie noHCK pemeHHH 3aflami o6bihho coctoht b cjie^yiom,eM. Ilpe^- 
nojiaraeM, hto TpeSyeMaa (Jairypa nocTpoeHa, h iiccjie^yeM ee b cbh3h c 
^aHHbiMH salami c TeM, HTo6bi HaiiTii nyTb ot stiix flaHHbix k tcm, no 
KOTopbiM (Jmrypa ctpohtch npocTO. Tax h 6mjih pemeHbi salami 5, 6, 7. 

§ 2. PemeHHe 3a;i,a'i Ha nocTpoeHHe 

MeTO/j, noflo6na. MeTOfl, npiiMeHeHHbiii b pemeHHH nocjieflHeii sa- 
lami 7, — 3to «M6T0fl noflo6HH». Oh npiiMemiM Tor^a, xor^a, iicxjhohiib 
O flHO h 3 ycjiOBHii 3aflami, mojkho nocTpoiiTb (Jmrypy, no,n,o6Hyio hckomoh. 
IIocTpoHB KaKyio-HiiSyflb Taxyio tfmrypy, ee noflo6HO npeo6pa3yiOT Tax, 
hto6h nojiymiTb HyjxHyio (Jmrypy. 

3tot MeTO^i,, b nacTHOCTii, Bcer^a npujiojxriM, xor,a,a HyjxHO nocTpoHTb 
TpeyrojibHiiK no AByM flaHHbiM yrjiaM h em,e no xaxoH-mi6yflb jiimeimoH 
BejniHHHe (no OTpe3Ky): eio moskct 6biTb nepiiMeTp (xax b pemeHHoii 3a- 
^ane 7), cyMMa flByx ctopoh, BbicoTa h t. ,n,., h t. n. 

ITpiiBe^eM npiiMep /i,pyroro po^a sa^a'iH. pemaeMofi MeTOflOM no,n,o6HH. 

3a,qaHa. nocmpoumt> OKpyoKHOcmb, Kacaww/ywcfi cmopcm dannozo 
(■ Hepa36epnymoeo ) yzjia u npoxodsiinyw uepe3 dannym monay A enympu 
yzjia. 

PenieHi-ie. Ctpoiim oxpyjxHOCTb, xacaiomyiocH ctopoh flaHHoro yr- 
jia. ^jih SToro OTxjia/ipiBaeM Ha CTopoHax yrjia ot ero BepmiiHbi O paBHbie 
OTpe3Kii h b hx KOHpax npoBOfliiM nepneHflHKyjiapbi k CTopoHaM; b hx ne- 
peceneHiHi nojiynaeM pemp S oxpymHOCTii, oh jiejxiiT Ha GriccexTpnce 
yrjia. Lfe Bepimrabi yrjia npoBopiiM jiyn nepe3 Tonxy A. Oh nepecexaeT 
OKpyncHOCTb b flByx Tonnax B , C . HaxopiiM Ha 6iiccexTpiice totkii Si, S 2 
Tamie, hto OS : OS\ = OB : OA, OS : OS 2 = OC : OA. 3to h 6ypyT 

peHTpbi OKpyjKHOCTeii c TpeSyeMbiMii CBoitcTBaMH. 

MeTOfl puyx reoMc rpM'iccKHx MecT. 3 tot mcto^ npHMeHHM Torpa, 
xorpa HyjKHO nocTpoiiTb Tonxy M, ypoBjieTBopHiomyio pByM ycjiOBHHM. 
Torpa CTpoiiM, ecjm bo3mojkho, pBa reoMeTpiinecKiix MecTa Tonex, ypo- 
BjieTBopjnoiii,Hx oflHOMy h ppyroMy H3 stiix ycjiOBHii; b nepeceHemm stiix 
reoMeTpimecKiix MecT nojiynaeM Tonxy M. 

IIpHMeHeHHe stoto MCTopa mojkho BHpeTb b npocTeiiimix nocTpoeHH- 
hx, xorpa npoBopiiTCH oxpyjxHOCTb — reoMeTpunecKoe MecTO Tonex, ypa- 
jieHHbix ot paHHOfi tohxh Ha paHHoe paccTOHHiie. Tax, npn nocTpoeHini 
TpeyrojibHiixa no TpeM CTopoHaM nipeTCH ero BepmiiHa C, HaxoflsnpaHCH 



Ha ^aHHbix paccTOHHHHx a, b ot flByx .npyriix BepmHH — A, B. OniictiBa- 
hdtch OKpyjKHOCTH BOKpyr A n B pa,zpiycaMii b h a, h b iix nepeceHCHim 
nojiynaiOT BepnniHy C . 


IIpHBefleM HHTepecHbiii npHMep 3a- 
^anii, pemaeMOii MeTOflOM reoMeTprine- 
CKIIX MeCT. 

3a^,aHa. Ha npsiMou l danu uemu- 
pe moHKu A, B, C, D. Tpebyemca nau- 
mu maityw mouuy M, U3 Komopou om- 
pe3Ku AB , BC, CD eudnu nod paenu- 
mu yzjiaMu, m. e. ZAMB = ZBMC = 
ZCMD (pnc.78). 

II oii ex pemeHHH. Tpe6oBaHne 3a,n,aHii mojkho nepe4>pa3iipoBaTb 
Tax, hto b TpeyrojiBHHKax AMC h BMD OTpe3xn MB, MC ^ojijkhbi 
6bitb 6iiccexTpiicaMii. IIo H3BecTHOMy CBOfiCTBy 6ncceKTpHCbi OHa flejiHT 
npoTHBonojiojKHyio CTopoHy Ha OTpe3KH, nponopipiOHajibHbie CTopoHaM. 
Cjie^OBaTejibHO, aojexho 6biTb 
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AM : CM = AB : CB, BM : DM = BC : CD. (1) 


IlepBoe paBeHCTBO 03HanaeT, hto Tonxa M npiiHafljiejKiiT reoMeTprinecxo- 
My MecTy Tonex, OTHOinemie paccTOHHiiii xoTopbix ot flByx ,a,aHHbix Tonex 
A, C paBHO AB : CB (t. e. Taxoe jxe, xax y tohxii B). 3to reoMeTpuHecxoe 
MecTO ecTb oxpyjxHOCTb (oxpyjxHOCTb Anojuiomia:) ; §3, tji. I, h. 1) hjiii 
npHMaa, ecjni AB = BC. CoBepmeHHO Tax jxe Tonxa M flOJHXHa npHHa^- 
jie>xaTb reoMeTpunecxoMy MecTy Tonex, OTHomeHiie paccTOHHiiii xoTopbix 
ot Tonex B h D paBHO BC : CD. 3to Tojxe oxpyjxHOCTb iijiii npaMaa. 
HcxoMaa Tonxa M flOjexHa 6biTb tohxoii nepeceHemiH stiix oxpyjxHOCTefi 
iijiii npaMOii c oxpyjxHOCTbio. (IIpaMbie 3,n,ecb He MoryT nepecexaTbca, Tax 
xax o6e ohii nepneHflHxyjinpHbi npaMoft, Ha xoTopoft jiesxaT tohxii A, B, 
C, D. TaxHM o6pa30M, cpa3y bh^ho, hto 3a^,ana He Bceiyja HMeeT perne- 
mie.) 

IIocTpoeHiie. IIojiojxiim AB = a, BC = b, CD = c. OxpyaaiocTb, 
oniicbiBaeMaa TonxaMii M c nepBbiM ycjiOBiieM (1), nepecexaeT npHMyio l 
b TOHxe B h eipe b Taxoii Tonxe E, hto AE : CE = AB : CB = a : b. 
UpHTp 3TOH oxpyjxHOCTii - - cepe/pma 0Tpe3xa BE. Ecjih a > b, to AE = 
AB + BC + CE = a + b + x h 

a + b + x a , a + b 

b’ 


X 


a — b 


ToHKa E jiejKHT Tax, hto C HaxoflHTca Meayay B n E. OTCiOfla bm- 
bo,h,hm nocTpoemie, KaKiiM mojkho HaiiTii TOHKy E h peHTp OKpyacHOCTH. 
Ecjih 6 > a, to TOHKa E jicikht c flpyroft CTopoHbi, Tax hto A Haxo/piTca 
MejKfly B h E. 

AHajioniHHBiii bbibo/i; .nejiaeM ,h,jih flpyrofi OKpyjKHOCTii. 

Hccjie^OBaHrie. 3a^ana HHTepecHa, b HacTHOCTii, ycjiOBiieM ee pa3- 
pemHMOCTH, KOTopoe Bbirjia,n,HT HecxojibKO HeoaamaHHO. 

Ecjiii cpe/i,HHH 0Tpe30K b MeHBine Kpaiimix a h c, to peineHiie ecTb (b 
KpaiiHOCTii ^onycTHMO a = b < c hjih a > b = c) . Ecjiii b He MeHbine a h c, 
to pememiH HeT. 06a BbiBO^a mojkho c^ejiaTb H3 Harjia,n,Hbix coo6pajKeHiii“i 
(npoBe^HTe hx). TaKiiM o6pa30M, ecjin, CKaixeM, a < 6, to ,h,ojdkho 6bitb 
c > b. Bonpoc b tom, khkobbi TOHHbie cooTHomemiH Meac^y a, b h c. 

H 3 pacnojiojKeHHH OKpyjKHOCTeii mojkho bbibccth, hto ohii nepecexa- 
IOTCH, TOJIBKO eCJIH 

3 ac > b(a + 6 + c), 


Tax HTO 


a > 


b 


1 + b/c 

3 — b/c 


c > 


b 


1 + 6/a 
3 — 6/a 


IloaTOMy, b nacTHOCTH, peineHiie BOo6m;e bo3mojkho tojihko, ecjin 
a > 6/3, xaKHM 6 bi hii 6bijio npii stom c. (IIpoBefliiTe fleTajibHO Bee bbi- 
bo,ii,bi.) 

MeTO/i, npeo6pa30BaHHH. Otot mctoji, coctoht b tom, hto (Juirypa, 
Bxo^maa b flaHHbie salami, hjih ee nacTb noflBepraeTca npeo6pa30Ba- 
hhio — nepeHOcy, chmmctphh ii t. n., nocjie KOToporo pememie nojiynaeTca 
npocTO. IIpHBefleM npiiMep npiiMeHeHiia peHTpajiBHoii ciiMMeTpnH. 

3aflaaa. // ana mourn A u dee (fiuzypu F\, F^. TpeOyemcsi npoeecmu 
uepe3 mouny A maKou ompe30K c KonyaMU e F\ u F 2 , umodu mourn A 
deAu.aa ezo nonoAaM. Pa3yMeeTca, caMii (Jiiirypai F\, +2 flOJUKHti CTpoiiTb- 
ca pupKyjieM h jihhchkoh; b npocTeiimeM cjiynae sto npaMaa h OKpyac- 

HOCTb. 

PeineHiie. Ctpohm cjanrypy +3, ciiMMeTpiiHHyio F2 OTHOCHTejibHO 
TOHKii A. Ecjiii +3 11 F\ HMeiOT o6iu,yio Tonxy B, to 0 Tpe 30 K BC c koh- 
u,om C, CHMMeTpHHHbiM B OTHOCHTejibHO A , peiHaeT 3 aflany. (OmiiHiiTe 
nocTpoemie tfnirypbi +3 h HCCJieflyiiTe 3 aflany, Kor^a cjmrypbi F\, F 2 — 
npaMbie, KOiyja o6e ohii - OKpyjKHOCTii, hjih oflHa- npaMaa, a flpyraa — 
OKpyacHOCTb.) 

Cjie^yiomaa 3a^ana ^aeT npiiMep npiiMeHeHiia nepeHOca. 

3aflaHa. //ami dee onpyotcnocmu K 1 , I\2 u npsiMasi a. Ilocmpoumb 
ompe30K, paemiu dannoMy d, napa.nAeAbHuu a, c KonyaMU na K\, 



PemeHiie. IlepeHOCHM OKpyjKHOCTb K 2 napajuiejibHO npHMOii a Ha 
OTpe30K d. Tomca ee nepeceHeHira c K\ h 6yn,eT kohd;om iickomoto OTpe3Ka 

(puc. 79). (OnniHUTe nocTpoeHiie b ,ne- 
TajiHx. MejK^y npomiM, nepeHOCiiTb 
MOJKHO B A B y x HanpaBJieHIIHX. Hc- 
cjie,nyHTe 3aflany: BbincmiTe ycjiOBira 
ee pa3peiHHMOCTH, onpe^ejiiiTe, xor^a 
CKOJIBKO B03MOJKHO peineHHH.) 

Cjie,nyiOLn,He ,n,Be salami Ha nocTpo- 
emie rpaiieHHH TaKsce pemaiOTCH c no- 
Mom,bK) nepeHOca. B nepBoft H3 hiix ne- 
Phc - peHOCHTCH 6oKOBaa CTopoHa, bo bto- 

poii — ^iiaroHajib. BeKTop nepeHOca 3a^aeTCH MeHbnniM 113 ocHOBamiii 
TpanenHH. 

3a^aHa. Ilocmpoumb mpanepuw no ocnoeanufiM u 6 okooum cmopo- 



PeraeHie. Ctpoiim TpeyrojibmiK c ocHOBamieM, paBHbiM pa3HOCTii 
^aHHblX OCHOBaHHIl TpanepiIII, H SoKOBblMIl CTOpOHaMII, paBHblMII 6 oko- 
bhm CTopoHaM Tpanepmi (puc. 80, a). 3aTeM floCTpaimaeM ero p,o Tpane- 
pra. 

OnimiiiTe nocTpoeHiie h yKajKHTe ycjiOBne pa3pemiiMOCTii salami. 



3a^aHa. Tlocmpourmi mpanepuw no ocnoeanuJiM u duaaoncuifiM. 

PemeHiie. Ctpohm TpeyrojibmiK c ocHOBaHHeM, paBHbiM cyMMe oc- 
HOBaHiiii TpanenHH, h c SoKOBbiMii CTopoHaMii, paBHbiMii flaHHbiM ee ^,na- 
roHajmM (puc. 80, 6 ). Kan 113 stoto TpeyrojibHiiKa nojiynHTb Hyamyio Tpa- 
nepino, OHeBiiflHO. 

Hccjie^yHTe pemeHiie. BbincmiTe, Kor^,a nocTpoeHiie bo3mojkho. Y6e- 
^.iiTecb b efliiHCTBeHHOCTii pememui. 


npai5MJit.HL.ie MHoroyrojibHHKH. 3aflaaa nocipoemiji npaBHjibHO- 
ro MHoroyrojibHHKa o6binHO CTaBiiTca Tax: enucamb e onpywcHocmb npa- 
euMHuu n-yzojibnuK (c ^aHHbiM n). 

Ilpome Bcero 3Ta 3a^,ana peinaeTca ,h,jih inecTnyrojibHiiKa, Tax KaK 
ero CTopoHa paBHa pa^nycy OKpyaaiocTH. TpeyrojibHiiK BnncbiBaeTca b 
OK py>KHOCTb no inecTiiyrojibHiiKy — coefliiHemieM ero Bepniim nepe3 o,n,- 
Hy. BnncaHHbift KBa/^paT, oneBH,n,HO, CTpoiiTca npoBe^eHneM ^Byx B3aiiM- 
ho nepneHflHKyjiapHbix ^naMeTpoB. IIpaBiijit.Ht.iii naTiiyrojibrniK ctpoht 
no npaBiijibHOMy ^ecaTiiyrojibHHKy, coe^HHaa BepmiiHbi nepe3 OflHy. 
BnHcaHHt.ni npaBHjibHbin ,zi,ecaTHyrojibHHK CTpoirrca Tan. 

^onycTHM, nocTpoeHne BbinojiHeHO. CTopoHa ^ecaTiiyrojibHHKa aBjia- 
eTca ocHOBaHneM AB paBHo6eflpeHiroro TpeyrojibHHKa ABO c 6okoboh 
CTopoHofi R h yrjiOM O npti Bepinirac b peHTpe OKpyacHOCTti O, paB- 
HbiM 2^360° = 36° (pnc. 81, a). IIosTOMy yrjibi npn ocHOBaHini paBHbi: 
^(180° — 36°) = 72° = 2 • 36°. 



CjieflOBaTejibHO, 6 ticceKTpnca o^Horo 113 stiix yrjiOB A ^.ejitiT Tpe- 
yrojibHHK OAB Ha /ipa TpeyrojibHinca AOC h ABC , aBjiaionpixca paBHO- 
6e;ipeHHbiMH (no paBeHCTBy yrjiOB npn ocHOBamni) . ITpn stom y Tpeyrojib- 
HHKa ABC yroji B npti ocHOBamm TaKon ace, KaK y A OAB. IIosTOMy 
TpeyrojibHHKii nopoSHbi h 


BC 

~AB 


AB 

AO ; 


AB 2 = AO ■ BC. 


(2) 


KpoMe Toro, BC = OB — OC = OA — AB. I Iostomv, nojiaraa AB = x (h 
Tax KaK OA = R), nojiynaeM 113 (2) 


x 2 = R(R — x), x 2 + Rx — R 2 = 0. 


nonojKHTejibHbiii KopeHb 3Toro ypaBHemia 


-R + V5K 1 \/5 - 1 

x = = — - — R. 

2 2 

OTpe30K pjniHbi x CTpoiiTCH Tax. CipouM npaMoyrojibHbm Tpeyrojib- 
hhk c KaTCTaMH R ii R/ 2; ero mnoTeHy3a 6ypeT 

= \ VE R - 

BbimiTaa 0Tpe30K R/2 nojiynaeM (piic. 81, 6) 

x = 1 )R- 

Ecjiii nocTpoeH npaBiijibHbifi n-yrojibHiix, to npaBiuibHbiii 2n-yrojii>- 
hiik CTpoiiTCH OHeBiiflHbiM o6pa30M nyTCM pejiemia nonojiaM peHTpajibHO- 
ro yrjia, oniiparomeroca Ha CTopoHy n-yrojibHiixa. Tax mojkho ctpoiitb 
2 m n-yrojii)HiiK. B nacTHOCTii, no xBappaTy CTpoiiTca BOCbMiiyrojibHiix, 
no inecTiiyrojiBHHKy — pBeHappaTiiyrojibHiix. Hiax, pupxyjieM n jiiiHefi- 
Koii CTpoHTca npaBiijibHbie n-yrojiBHiiKii c n = 3, 4, 5, 6, 8, 10, ... 

Ho pjia n = 7, 9, 11, 13 nocTpoemie h6bo3mojkho. OpHaxo oho bo3- 
mojkho pjia 17-yrojiBHiiKa. Bee sto iiMeeT ajireSparinecxoe ocHOBamie, xo- 
Topoe ceiraac 6ypeT yxa3aHO. 

Bonpoc o pa3penmMOCTH aapan Ha nocTpoeHHe pupKyjicM h 
jiHHeHKofi. Kopotko mojkho CKa3aTB Tan. ^jia toto hto6bi 3apana Ha 
nocTpoeHiie pupxyjieM h jihhchkoh 6buia pa3peniHMa, Heo6xopiiMO h po- 
CTaTOHHO, hto6bi ajire6paiiHecKii OHa CBopiuiacb k pememno ypaBHemrii, 
KopHii KOTopbix HaxoflHTca nocpeflCTBOM papiiOHajibHbix onepapnft h one- 
paiiHH H3BjieHeHiia xBappaTHoro kophh (papnoHajibHbie onepapini — sto 
neTbipe peitcTBna apucJiMeTHXH: cjiojxemie, BbinriTaHiie, yMHOixeHiie h pe- 
jieHiie) . 

^HpxaixeM Heo6xopiiMOCTb. nycTb 3apana reoMeTpHnecxii pa3peniHMa 
pupxyjieM h jiHHenKOH. BBepeM Ha njiocKOCTii cucTeMy npaMoyrojibHbix 
KOoppiiHaT. To, hto b 3apane paHO, h to, hto Hapo nocTpoiiTb, ajireSpa- 
iriecKH 3apaeTca xooppiraaTaMii ToneK h pjiHHaMH OTpe3KOB (xax, exa- 
aceM, KOoppiiHaTbi peHTpa h papnyc oxpyjxHOCTii) . PemeHne 3apami Ha 
nocTpoemie cbophtch k HaxojxpeHino Tonex nepeceneHiia (Bxjnonaa xa- 
caHne) npaMbix h oxpyjxHOCTeii, nprineM npaMbie 3apaiOTCH Ha6opoM to- 
nex, nepe3 xoTopbie ohii npoBopaTca, a oxpyjKHOCTii - cbohmh peHTpaMii 




h pa^iiycaMH. Koop/pmaTbi ToneK nepeceHemia Haxo^HTca no stum ^a,aH- 
HbiM nocpeflCTBOM papnoHajibHbix oiiepanun h H3BjieneHiia KBa^paTHoro 
kophh, hto n Tpe6oBajiocb ^0Ka3aTb (nan (JiaKTiiHecKH Haxo^aTca Koop- 
^HHaTbi tohck nepeceHemia - nojie3HO BcnoMHiiTb). 

^OKaaceM o6paTHoe. Ecjiii 3a^ana Ha nocTpoemie ajire6pannecKii pe- 
niaeTca c noMombio papnoHajibHbix oneparpin n H3BjieHemia KBa,a,paTHoro 
KopHa, to OHa pa3pemiiMa piipKyjieM n jiimeftKOH. 

JlflR ,ii,OKa3aTeabCTBa ,n, 0 CTaT 0 HH 0 y6e,nHTbca, hto yKa3aHHbie ajire6pa- 
H'lecKae onepauyni MoryT 6biTb ocymecTBjieHbi nocpeflCTBOM nocTpoeHiia 
pnpKyjieM h jiimeftKOH. 3 th onepapini ^ojiacHbi npon3BOfliiTbca Ha.ii, flJin- 
HaMi OTpe3KOB iijih, hto paBHOCH.nbHO, Koop/pmaTaMii tohck. FeoMeTpiiHe- 
ckh hm ^ojukhm cooTBeTCTBOBaTb nocTpoeHiia c OTpe3KaMi-i . CjioaceHHe n 
BbiHHTaHHe OTpe3KOB npoii3BOflHTca H3BecTHbiM nyTeM (BbimiTaHne 6 ojib- 
mero 0Tpe3Ka H3 MCHbniero He^onycTHMO b OTjniHiie ot BbiHiiTamia Hiiceji, 
ho 3to mojkho o6ohth OTKjiaflbiBaHiieM 0Tpe3K0B Ha pa3Hbix nojiyocax ko- 
op,ipiHaT). 

yMHoaceHPie h fleaemie OTpe3KOB b npaMOM CMbicae h6bo3mojkho. Ho 
3to o6xoflHT TeM, hto no TpGM flaHHbiM OTpe3KaM a, b, c mojkho nocTponTb 
0Tpe30K d = -b, r^e OTHomemie 0Tpe3K0B a/c — sto to ace, hto OTHOinemie 
hx ,ii,jihh. OTpe30K d CTpoHTca H3 noflo6iiH 
d : b = a : c H 3 BecTHbiM nyTeM (puc. 82). 

OiiKcnpyeM 0Tpe30K e fljniHbi \e\ = 1. 

Ecjiii fljiiiHbi npe^CTaBjieHbi 0Tpe3KaMii a, 
b, to 0Tpe30K d = —b npe^CTaBjiaeT npoH3- 
Beflemie fljiira |a||b|. 

AHajioniHHO, 0Tpe30K ^2 = f e npe^CTaB- 
jiaeT a/b — nacTHoe fljiira |a|, |b|. 

nycTb, HaKOHen,, Hyaoio ii3BjieHb Kopeiib: HaiiTii -y/]a[. Hiicjio |a| npe^- 
CTaBjieHO OTpe 3 KOM a. HaimeM Taxon 0Tpe30K d 3 , hto lc/ 3 1 2 = \a\ ■ |e|. 
(HanpiiMep, BbicoTy b npaMoyrojibHOM Tpeyrojibm-iKe c 0Tpe3KaMii rano- 
TeHy 3 bi, paBHbiMH a h e.) Tor^a 

Ms I = V|a|]e| = 
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TaKiiM o6pa30M, yTBep>K/i,eHiie flOKa3aHO. □ 

H3 flOKa3aHHoro CTaHOBiiTca ^ocTaTOHHO OHeBiiflHbiM, hto pa3penni- 
MOCTb 3a^aHii Ha nocTpoeHiie c noMOipbio ipipKyjia h jiimeiiKH aBjiaeTca 
pe/i,KHM HCKjHOHeHiieM , nocKOJibKy pa3pemiiMOCTb ypaBHemm tojibko c H3- 
BjieHeHiieM KBa^paTHoro kophh aBjiaeTca HCKjHOHeHiieM. 

nocTpoeHiie npaBiijibHoro n-yrojibHHKa ajire 6 paiiHecKii cbo^htch k pe- 
meHiiio ypaBHeHiia x n = 1. 3to ypaBHeHiie iiMeeT n KopHeii, KOTopbie Ha 


KOMIIJieKCHOH njIOCKOCTH npe^CTaBJIHIOTCH TOHKaMH Ha e^HHHHHOH OKpyHC- 
hocth, cjiyHcam,HMH BepmHHaMH npaBHjibHoro n-yrojibHHKa. BbipanceHne 
KopHen b KBa^paTHbix pa,u;HKajiax othochtch k Bein;ecTBeHHOH h mhhmoh 
Hacra. Kax ^OKa3aji Taycc (b 1801 r.), oho bo3mohcho TOiyja h tojibko 
Tor^a, Kor,n,a 

n = 2 m -p - ... -p s , 

iyje m — jno6oe HeoTpnijaTejibHoe u,ejioe hhcjio, a pi, . . . , p s — nonapHO 
pa3JiHHHbie npocTbie nncjia, npe^CTaBHMbie b BH^e 

o k 

p= 2 2 +1 

c KaKHM-jiiiSo D,ejibiM k. Ilpn k = 0. 1, 2, 3 nojiynaeM p = 3, 5, 17, 257, 
nosTOMy 17-yrojibHiiK CTpoiiTCH piipKyjieM n jnmeiiKOH. 

Tpa KJiaccHHecKHe 3a / , i 1 a , m paccMaTpiiBajuicb em,e ;ipemin.\in: Tpii- 
ceKpiiH yrjia, yuBoemie Ky6a, KBa^paTypa Kpyra. Bee ohii He pa3pemiiMBi 
pupKyjieM h jiimeiiKOH. 

IlepBaH 3aflana coctoht b tom, hto6bi pa3^3,ejniTb flaHHBift yroji Ha Tpn 
paBHBie nacTH. 0Ta 3aflana npiiBOfliiTCH k KyGiinecKOMy ypaBHemno h pa3- 
penniMa pripKyjieM h jnmeHKoii jiiihib b HCKjnoHiiTejiBHBix cjiynasx: Hanpn- 
Mep, npHMon yroji ^.ejinTca, ho y»ce yroji b 60° ne flejniTCH Ha Tpn paBHBie 
nacTii. 

3a^,ana ynpoemra Ky6a coctoht b tom, hto6bi nocTpoiiTb no ,n,aHHOMy 
OTpe3Ky a TaKoil 0Tpe30K x, hto6bi Ky6 c pe6poM x HMeji b^boc 6ojibhihh 
o6T>eM, neM Ky6 c pe6poM a. 3to cbo^htch k ypaBHemno x 3 = 2a 3 , ho s/2 
b KBa/i,paTHbix pa/i,HKajiax He BBipaxcaeTCH. 

3a^,ana KBa^paTypni Kpyra coctoht b tom, hto6bi nocTpoiiTb KBa^paT, 
njiomaflb KOToporo paBHa njiom,afln ,n,aHHoro Kpyra. 3 to oneBiiflHO npii- 
bo^htch k ypaBHemno x 2 = n. A Tan KaK ir — hiicjio TpaHcpeH^eHTHoe, to 
3aflana He pa3pemnMa hhkhkiimh aj r re6pan ' rec k h m h cpe^CTBaMii. 

TpaHcpeH^eHTHOCTb micjia 7r flOKa3aji b 1882 r. HeMepKiiii MaTCMaTiiK 
K. JI. ®. JlnHfleMaH (1852-1939). 

O nocTpoeHHHx BOo6m,e. Boo6rn,e iio;i, nocmpoenueM b reoMeTpmi 
noHiiMaiOT KOHenHyio nocjie^OBaTejiBHOCTb fleitcTBnft, KOTopnie cmrraiOT- 
ca B03M0JKHBIMH b CHjiy oroBapiraaeMBix ycjiOBiiii; Kanc^oe H3 hiix ,n,aeT 
KaKyio-Hii6yzi,b tfmrypy, — KaK 0Tpe30K, TOHKy nepecenemra 0Tpe3K0B h 
t. n. IIpii nocTpoemrax piipKyjieM h jnmeHKoii thkhmh .nencTBHHMii hbjih- 
K)tch npoBe^emie «npHMbix» n OKpyjKHOCTen. 

B hiicto OTBjieneHHOM noHHMaHnn, cooTBeTCTByrorpeM aKCHOMaTime- 
CKOMy H3JIO»CeHIHO, HHKaKHX «fleftCTBIIH» 6 bITB He MOJKeT. «^](eHCTBHe», 



^aiomee xaxyro-TO cjairypy, o6o3HaaaeT tojibko yTBepacflemie: «cyin,ecTBy- 
eT Taxaa-TO c]3Hrypa». Tax, Mbi roBopnM, HanpiiMep: «npoBe,n,eM 0Tpe30K 
AB», ho 3to 3HaHiiT «cym,ecTByeT 0Tpe30K c xoHpaMH A , B». IIocTpoeHne, 
b OTBjieneHHOM noHHMaHHH npeflCTaBjiaeT co6oii nocjie^OBaTejibHOCTb Ta- 
KHX yTBepjKfleHIIII, B03M0JKHBIX B CHJiy npiIHHTbIX yCJIOBIIII. IlpH nocTpo- 
emiax pupxyjieM h jnmeiixoH stii ycjiOBiia yTBepac,n,aiOT cymecTBOBaHiie 
npaMbix, npoxo^ynpiix aepe3 ,n,Be ^aHHbie tohxii, oxpyacHOCTeft c jno6biMH 
peHTpaMH h pa^HycaMH. 

Ilpn aKCHOMaTunecKOM n3Ji0JKeHnn reoMeTpiiii ycjiOBiia, onpeflejiaro- 
npie B03M0>KHbie nocTpoemia, 3aKjnoaaiOTca npeacfle Bcero b caMiix ax- 
ciiOMax. IIpii npiiHHTOii HaMii aKCHOMaTHKe flonycTHMbiMii nocTpoemiaMi-i 
hb jihiotch : npoBeflemie OTpe3Ka Meayiy flByMa ToaxaiviH. OTxjiaflbiBamie 
OTpe3Ka, paBHoro ^aHHOMy, h OTxjia,zi,biBaHHe yrjia, paBHoro ^aHHOMy. IIpn 
3tom, Kax yace cxa3aHO, stii «nocTpoeHiia» ne 03HaaaiOT Hiiaero, xpo- 
Me yTBepac/i,aeMoro axcnoMaMH imeajibHoro, MbicjniMoro cymecTBOBaHiia 
oGteKTOB, o KOTopbix ii^,eT peab. BMecTe c tom 3ti-i axcuoMbi BbipaacaiOT 
b OTBjieaeHHOH cjaopMe coBepnieuHO peajibHbie nocTpoemia. ,H,jia hhx Moac- 
ho yxa3aTb HHCTpyMeHTbi — sto: 1) jnraeitxa, no xoTopoft MoacHO npoBO- 
^HTb OTpe3Kii, OTMenaTb Ha hch ii nepeHOCHTb OTpe3KH, paBHbie ^aHHbiM, 
2) yrojibHHK c no^BiiacHbiMii CTopoHaMH ii nonepeaiiHoli ,h,jih OTKjiaflbiBa- 
hhh yrjiOB (puc. 83). 

MoacHO flOKa3aTb, hto sti-i cpe^CTBa paBHOCHjibHbi jnraeftxe h pupxy- 
jno, t. e. BCHKaa 3aflaaa, pemaeMaa nocpe^CTBOM jiiiHefiKii n Hyipxyjia, pe- 
niaeTca Taxace nocpeflCTBOM jiHHeiixH c B03MoacHOCTbio OTMeaaTb OTpe3Kii 
h yrojibHHKa, h o6paTHO. 

Bbime 6bijia ^oxa3aHa TeopeMa o cymecTBOBamni nepneH/pixynapa x 
npaMoii (rji. II, § 1). 3to ,n,oxa3aTejibCTBO npe^CTaBjiaeT co6ofl nocTpoemic 
nepneHfliixyjiapa, ocHOBaHHoe Ha axciiOMax - Ha npoBeflemm 0Tpe3X0B n 
OTxjia^biBaHiiH yrjia. Bot em;e oflira npHMep. 




IIocTpoeHHe cepe^HHti OTpe3Ka. Ha Koima A OTpe3Ka AB npoBO- 
flHM 0Tpe30K AC nofl yrjiOM h 113 KOHpa B — 0Tpe30K BD , paBHbiii AC 11 
nofl paBHBiM yrjiOM k BA no flpyryio CTopoHy ot AB (pi-ic. 84). Tor^a CD 
nepeceKaeT AB b cepeypme. (HyxcHO npesc^e Bcero flOKa3aTb, hto CD ne- 
peceneT 0Tpe30K AB , a He ero npo^,oji»ceHi'ie. ^ajibHenmee cpaBHirrejibHO 
npocTO. Ecjiii BOcnojib30BaTBCH tcm, hto yace ii3B6ctho cymecTBOBaHiie 
cepefliiHBi O, to ^OKa3aTejibCTBO ynpom,aeTCH: npoBCfliiTe CO, DO.) 

3aMeTHM, hto npiiHHTaa HaMii aKCiiOMa cymecTBOBamia OTpe3Ka flaH- 
HOi“i fljniHbi flaeT ocHOBaHiie OTKjiaflbiBaTb npn nocTpoem-rax OTpe3Kii flaH- 
Hoii fljniHBi. 3to paBHOCiijibHO npiiMeHeHiiio H,n,eajibHOH a6cojiK>THO toh- 
hoh ii3MepnTejiBHOii jihh6hkh. Ho sto He cooTBCTCTByeT, mojkho cniiTaTb, 
xapaKTepy reoMeTpiinecKiix nocTpoeHim. ^ajibme, b HacTii «OcHOBaHHH 
reoMeTpnn», 6yn,yT ,n,aHbi aKCHOMBi, b KOTopbie He BxofliiT noHHTiie ;i,jihhm. 

IIocTpoeHHH b npocTpaHCTBe. Koiyui roBopHTCH o nocTpoemiax b 
npocTpaHCTBe, to TaKsce iimciot b BHfly He CTOjibKO peajibHbie nocTpoeHHH, 
ckojibko yTBepjKfleHHH o cym;ecTBOBaHiiii o6t>6ktob: «npoB6fleM njiocKOCTb 
nepe3 tohkh A, B, C» 03HanaeT: «4>iiKCiipyeM, hto cyipecTByeT njiocKOCTb, 
npoxo,zpnii,aH nepe3 tohkii A, B, C». AHajioniHHbm cmbicji HMeeT «npoBe- 
,a,eHHe» npHMbix b npocTpaHCTBe. 

CooTBeTCTBeHHO , nocTpoemie cjmrypbi cjaaKTiiHecKii 03HanaeT flOKa3a- 
TejibCTBO ee cymecTBOBamiH, ocHOBaHHoe Ha aKCHOMax. 

PaccMOTpiiTe ocHOBHbie nocTpoemiH b npocTpaHCTBe : 1) nps-iMoit, na- 
pajuiejibHofi flaHHoft; 2) npaMoft, nepneHfliiKyjiHpHOH ,n,aHHOH (BOCCTaHOB- 
jieHiie h onycKamie nepneHfliiKyjiHpa) ; 3) npaMoft, nepneHypiKyjuipHOH 
njiocKOCTii; 4) napajijiejibHbix njiocKOCTeft h yip. 

§ 3. BbiiiyKJibic (JjHrypti 

3yi,ecb Mbi 6yn,eM cniiTaTb noHHTiiH kphboh ii noBepxHOCTii iiHTyiiTiiBHO 
HCHbiMii. noyi;po6Hee ohii o6cyjKflaiOTCH b nacTHx 4 h 5. 

BtmyKJitie Kpmibie. ByzyeM paccMaTpimaTb (Jrarypbi Ha njiocKO- 
cth. JIoMaHaa Ha3biBaeTCH eunyKJiou, ecjiii OHa pacnojio»ceHa c oypioii 
CTopoHbi ot KajKfloft upHMOH, coyyepjKamefi ee 3BeHO (puc. 85). AHajio- 
thhho onpe^ejiaeTCH eunyKJiuu MHoroyrojibHiiK KaK jiOMaHaa, a TaK- 
»ce KaK nacTb njiocKOCTii, orpamiHeHHaH npocTOii 3aMKHyTOi"i jiOMaHoii 
(puc. 86). 

3th onpeyyejieHHH, H3BecTHbie eipe H3 HiKOJibHoro Kypca, o6o6maiOTCH 
Ha flpynie cjiHrypbi. 

OnpeyjejieHHe. npaMaa Ha3biBaeTCH onopnou npaMoft /pihhoh cjmry- 
pbi, ecjiii OHa HMeeT c cjuirypoii hjih c ee rpaHiipeii xoth 6bi oypiy o6m,yio 
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TOHKy, HO BCH (JlHrypa JiejKHT C O^HOfi CTOpOHbl OT 3TOH npHMOH, T. e. B 
oahoh orpaHHHeHHOfl eio noaynaocKOCTH. Tobopht: npaMaa onopnasi k <J)h- 
rype F e mouKe A, ecan OHa npii stom npoxo^iiT nepe3 TOHKy A cjMirypbi 
F (pnc. 87). 

Ha3BaHne «onopHaa» BbipaacaeT to HaraaAHoe npeflCTaBjiemie, hto 
cjmrypa KaK 6bi omipaeTca na npaMyio. IIojib3yHCb noHHTiieM onopHoii 
npaMon, moscho nepecKa3aTb AanHoe Bbinie onpe,n,ejiemie BbinyKjioii jiOMa- 
hoii. JIoMaHaa Ha3biBaeTca ehmyKAOu, ecjin KaacAaa npaMaa, co^epjKa- 
rn,aa ee 3BeHO, cayacnT ee onopHon npaMoft. MHoroyroabHiiK ebinyKMiu 1 
ecjin Kaacflaa npaMaa, co^epjKamaa ero CTopoHy, HBaaeTca ero onopHoii 
npaMoii. 3to onpe^ejieHiie npiiMeHaeTca Taoce k MHoroyrojibHiiKy c BHyT- 
peHHOCTblO. 

06o6m,aa, bboaht caeAyromne 

0 1 1 [)c;;c jiCHMa . Kpimaa Ha3biBaeTca eunyKJiou, ecjin b Ka>K;i,oii ee 
TOHKe y Hee ecTb onopHaa npaMaa (pnc. 88). IlaomaAKa, KaK h 3aMKHyTaa 
o6aacTb, Ha3biBaeTca eunyKAOu, ecan b KajK^oft Tonne ee rpamipbi y Hee 
ecTb onopHaa npaMaa (pnc. 89). 

BbinyKaaa aoMaHaa n BbinyKabiii MHoroyroabHiiK noflnaflaiOT noA 3 ti-i 
onpe^eaemia, TaK KaK KaacAaa TOHKa aoMaHOii npiiHa^aeacHT KaKOMy- 
Hii6yflb ee 3BeHy. 

OnopHaa njiocKOCTb. BbinyKaaa noeepxHOCTb. MHororpaHHiiK 
Ha3biBaeTca eunyKAUM , ecan oh aexoiT no o^Hy CTopoHy ot naocKOCTH 
KancAon CBoefl rpami (pnc. 90). 9to onpe^eacHiie OAHHaKOBO othociitch 
KaK k MHororpaHHi-iKy — <J>nrype, cocTaBaeHHOii H3 MHoroyroabHHKOB, TaK 
h k TeaecHOMy MHororpaHHi-iKy. 

KaK h flaa MHoroyroabHHKOB, stii onpe^eaemia H3 HiKoabHoro Kypca 
o6o6m;aiOTCH. 

Onpe^ejieHHe. IlaocKOCTb Ha3biBaeTca onopnou nAOCKocmbw a&h- 
hoh 4>nrypbi, ecan OHa iiMeeT c (Jrarypon nan ee rpaHnpen xoth 6bi OflHy 
o6m;yio TOHKy, ho bch (fnirypa coAepaaiTca b oahom noaynpocTpaHCTBe, 
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orpaHHHeHHOM 3 toh njiocKOCTbio (piic. 91 ). Fobopht: njiocKOCTb onopnan 
k (Jmrype F e mouKe A, ecjin OHa npii stom npoxo/piT aepe3 TOHKy A 
cjjiirypbi F. 

FEojib3yacb noHHTneM onopHoft iijiockocth, mojkho nepecKa3aTb onpe- 
^.ejieHiie BbinyKjioro MHororpaHHHKa. MHororpaHHHK ebinyKAbiii , ecjin 
KajK^aa njiocKOCTb, coflepacamaa ee rpaHb, aBjiaeTca fljia Hero onopHofi. 
06o6ipaa, bbo^hm 

Onpe^ejieHHe. IIoBepxHOCTb Ha3biBaeTca eunyKAoil , ecjin b Kaacfloii 
ee TOHKe y Hee ecTb onopHaa njiocKOCTb (puc. 92) . 

BbinyKjibift MHororpaHHHK no^na^aeT no,n, 3 to onpe^ejieHiie, Tax xax 
Ka>K/;aH ero TOHKa npHHafljieaaiT KaKofi-Hii6ynb ero rpaHii. 
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BbinyKJibie c[)Hi ypbi. EcTb ,n,pyroe noHaTHe BbinyKjiocTH, mphmciim- 
eMoe ofliiHaKOBO k (JairypaM KaK Ha njiocKOCTH, Tax h b npocTpaHCTBe . 

Onrypa Ha3biBaeTca eunyKAoil , ecjin BMecTe c KajKflbiMH flByMa cboii- 
MH TOHKaMH OHa CO,Hep>KHT H COeflHHHIOin,HH HX 0Tpe30K (Ha piIC. 89 (J)H- 
rypa BbinyKjiaa, Ha puc. 87 — He BbinyKjiaa). 

TeopeMa 1 . Quzypa ho njiocKocmu, oS.aadaimpaji enympenHUMu mou- 
kclmu u codepcHcamaa ceow zpanuyy, eunynAa mozda u moJibKo mozda, 


nozda e naoicdou mom ce zpanuyu y nee ecmb onopnaji npuMan (hjih, ecjin 
cjinrypa orpamiHCHHaa, mojkho CKaaaTb, Kor^a OHa orpamineHa BbinyKjioii 
KpiiBofi) (piic. 89). 

CoBepineHHO Taxaa xe TeopeMa, CBH3biBaioiii,aH BBe^eHHoe 3,a,ecb no- 
HHTne BbinyKjiofi cjDiirypbi c npeflbmynpiM, BbinojiHaeTca b npocTpaHCTBe. 

TeopeMa 2. Ouzypa e npocmpancmee, o6Aadamvu,aji enympennuMu 
mouKaMu u codepoKaui,aji ceom zpanuyy, jieAJiemcji eunyKAou mozda u 
moAbno mozda, nozda e Kaoicdou moune zpanuyu y nee ecmb onopnaji 
njiocKocmb (hjih, ecjin tjuirypa orpamiHeHHaa, modkho CKa3aTb, Kor^a OHa 
orpaHiineHa BbinyKjioii noBepxHOCTbio) . 

BbinyKJiocTb H3BH6 h BHyTpu. Mojkho CKa3aTb, mbi iiMeeM ana 
noHHTHH BbinyKjiocTii: BHcnmee h BHyTpeHHee. Oiirypa eunynAa U3ene , 
ecjni b KajKfloii TOHKe rpaHiipbi y Hee Ha njiocKOCTH ecTb onopHaa npa- 
Maa, a b npocTpaHCTBe — onopHaa njiocKOCTb. 3 to BnojiHe corjiacyeTca c 
HarjiaflHbiM npe^CTaBjieHiieM o BbinyKjiofi cjDiirype h BbinyKjiOM Tejie. 

C ^.pyrofi ctopohm, cjDHrypa eunyKJia enympu , ecjin modkho jnoSbie ,n,Be 
ee tohkii coeflHHHTb b Hen OTpe3KOM. B cjiynae, ecjin y cjuirypni ecTb BHyT- 
peHHHe TOHKH H OHa CO^epJKHT CBOK) rpaHHIiy, 3TO paBHOCHJIbHO TOMy, HTO 
H3 KasKfloii BHyTpeHneft tohkii modkho ^oiith .no jno6oft tohkh rpaHiipbi, 
H,a,a no npaMoft, KaK b KOMHaTe, r,n,e HeT 3aKoyjiKOB. ^Be ccjDopMyjmpo- 
BaHHbie TeopeMbi 03HanaiOT, hto fljia coflepscamiix cboio rpaminy cjDiiryp 
c BHyTpeHHHMii tohkhmh 06a noHaTHH BbinyKjiocTii paBHOCiijibHbi. Taxaa 
cjDHrypa, BbinyKjiaa H3BHe, BbinyKjia TaKace BHyTpn, h o6paTHO. IIojiHoe 
^,OKa3aTejibCTBO TeopeM 1, 2 hc coBceM npocTO, h mm He 6yn,eM ero H3Jia- 
raTb b nojiHoft o6ih;hocth, a orpamiHiiMca cjiynaeM MHoroyrojibHiiKOB h 
MHO rOrpaHHIIKOB . 

BbinyKJibie MHororpamoiKH h MHoroyrojibHHKH. PaccMaTpiiBa- 
hdtch njiocKiie MHoroyrojibHHKH h TejiecHbie MHororpaHHHKii. 

TeopeMa 3. MnozoyzoAbnuK uau 
MH ozozpanHUK, eunyKAUu enympu, jie- 
Ajiemcji eunyKAUM manatee U3ene. 

/joKa3aTejiijCTBO. IlycTb mho- 
rorpaHHHK P — BbinyKjibiii BHyTpu. 

Bo3bMeM KaKyio-jinSo ero rpaHb Q. ,Z(o- 
KaaceM, hto oh pacnojio:*eH no OflHy 
CTopoHy ot co^epacameii ee njiocKO- 
cth a. 

^(onycTHM npoTHBHoe : nycTb y mho- 
rorpaHHHKa P ecTb tohkii A ii B, jieDKamne no pa3Hbie ctopohm ot njioc- 
kocth a (pnc. 93). Tor^a, nocKOjibKy MHororpaHHHK P BbinyKjibiii BHyTpu, 



oh ,n,o,iDKeH co^epjKaTb bchkiipi 0Tpe30K, coe/pmaiomim A hjih B c tohkh- 
mii rpami Q , t. e. oh flOJUKeH co^epjKaTb irapaMiyibi c BepniHHaMH A, B ii 
o6hj;hm ocHOBamieM Q. Ho Tor^a MHoroyrojiBHiiK Q OKa3biBaeTca BHyTpn 
MHororpaHHiiKa h, 3HaHiiT, He MoaceT 6 bitb ero rpaHbio. Cjie^OBaTejibHO, 
MHororpaHHiiK jicxciit no OflHy CTopoHy ot njiocKOCTH rpaHH, hto ii Tpe- 
6oBajiocb ,ii,OKa3aTb. 

fljiR MHoroyrojibHHKa ^OKa3aTejibCTBO coBepmcHno Tanoe xce. Pa3Hima 
JIHHIb B TOM, HTO BMeCTO TpaHII GepeTCH CTOpOHa Q H CTpOHTCH TpeyrOJIb- 
hhkh c BepniHHaMH A, B h ocHOBaHiieM Q. □ 

TeopeMa 4. MnozoyzoMHUK uau MHOzozpannuK, eunyKAwil U3ene, 
sie.nfiemcA eunyKJiuM mancHce enympu. 

Mbi flOKajKBM .nance 6ojiee o6m;yio TeopeMy p,jin jnoSbix njiomanoK ii 
T eji, nocKOJibKy ^OKa3aTejibCTBO HimyTb He cjioncHee. 

TeopeMa 5. IJjioui,adKu u mejia, eunyKAue U3ene, fieJuiwmcA eunyK- 
jiumu u enympu. 

/],OKa3aTejHjCTBO. nycTb Tejio P BbinyKjio H3BHe, Tan hto b Kanc- 
noii TOHKe ero rpanupbi ecTb onopHaa njiocKOCTb. .UpKanceM, hto Torfla 
0Tpe30K, coe/iHHMfoinHH jno6yio ero BHyTpeHmoio TOHKy A c KaKOH-Hii6yn,b 
npyroii ero tohkoii B , conepnciiTCH b Tejie P. .ZJeiiCTBHTejibHO, nonycTHM 
npoTHBrioe: nycTb Ha OTpe3Ke AB ecTb TOHKa C, He npimanaencamaji Tejiy 
P. Tor,n,a no TeopeMe II. 4.1 Ha stom OTpe3Ke ecTb TOHKa rpamipbi Tejia. 

B SToii TOHKe, no ycjiOBino, ecTb onopHaa 
njiocKOCTb. 3ia njiocKOCTb a He MonceT 
npoxo/i,HTb nepe3 TOHKy A, tslk KaK Ta 
jiejKHT BHyTpn P: HHane c o6enx ctopoh 
ot njiocKOCTH a jiencajin 6bi tohkii Te- 
jia ii njiocKOCTb a He 6bijia 6bi onopHoii 
(pnc. 94). Cjie^OBaTejibHO, njiocKOCTb a 
nepeceKaeT 0Tpe30K AB. Ho Torna toh- 
kh A h B jiexcaT c pa3Hbix ctopoh ot Hee, 
a 3 to npoTHBopeHHT TOMy, hto ohii npiiHafljieacaT Tejiy h njiocKOCTb a — 
onopHaa k HeMy. 

HTaK, 0Tpe30K, coenimaiomiiii .npe tohkii Tejia P, H3 KOTopbix xoth 6bi 
O^Ha BHyTpeHHHH, COflepjKHTCH B P. 

nycTb Tenepb tohkii A , B jiencaT Ha rpamipe Tejia. no caMOMy onpe- 
nejiemno Tejia ero rpamipa aBjiaeTca rparapel ero BHyTpeHHOCTH. TeM 
caMbiM CKOJib yro^,HO 6jih3ko k rpaHiiHHbiM TOHKaM A, B ecTb BHyTpeHHiie 
tohkii Tejia. Mbi MOJKeM, CTajio 6biTb, b3htb tohkii A n , B n (n = 1, 2, . . .) 
TaK, hto A n — > A, B n — > B. Torna OTpe3Kii A n B n «cxonaTca» k OTpe3Ky 
AB. TaK KaK tohkii A n , B n BHyTpeHHiie, to, no flOKa3aiiHOMy, OTpe3Kii 



A n B n co^epacaTCH b Tejie n flaxce BHyTpii Hero. IIosTOMy h 0Tpe30K AB 
coflepjKHTCH b Tejie, hto ii TpeSoBajiocb ,n,OKa3aTb. 

^OKa3aTejibCTBO TeopeMbi fljia iuiorna/iKi-r to nee caMoe. Hyxoio TOJibKO 
b nepBOii nacTii ,n,OKa3aTejibCTBa, paccMaTpiiBaa 0Tpe30K AB, cocjiaTbca 
Ha cymecTBOBaHiie onopHoft npHMoii; OHa pa3flejniT tohkh AmB. Hirra- 
Tejib caM npoBe,neT sto ,n,OKa3aTejibCTBO. □ 

O BbinyKJibix cfmrypax. Pen, n;i,eT o BbinyKjibix 4>nrypax b o6m;eM 
hx onpeflejieHiiii — n3Hy r rpn. Taxas cjnirypa Ha njiocKOCTH hjih b npocTpaH- 
CTBe ne o6a3aHa HMeTb BHyTpeHHiie tohkii. IIpHMep npeflCTaBjunoT OTpe- 
30k, npHMaa, oflHa tohkh, nycToe mhojkcctbo. (IIo onpe^ejieHiHO cjjHrypa 
BbinyKjia, ecjni fljia Kaxynbix flByx ee ToneK 0Tpe30K, hx coe^HH>iroiHHH, 
coflepjKHTCH b cjnirype; Tax hto ecjin flByx tohok hct, to ycjiOBne Bbinoji- 
HeHO.) 

TeopeMa 6. nepeceuenue aw6ou coeoKyrmocmu eunyKAUX (fiueyp 
ecmb eunyKAan efiusypa. 

/],OKa3aTejibCTBO. Tohkii A, B , npiiHafljiejKamHe nepeceHemno 
cjniryp, npHHafljiexcaT KaxyipH 113 hiix. IIoaTOMy ecjin 4>nrypbi BbinyKjibi, 
TO H 0Tpe30K AB COflepjKHTCH B HIIX BC6X H, 3HHHHT, COflep>KHTCH B HX 
nepeceHemni. 3HaHHT, oho BbinyKjio. □ 

Cjie/j,CTBHe 1. nepeceneHue eunyKAOu (firnypu c nAOCKoembm ecmb 
eunyKAdH (fiusypa. □ 

Cjie^CTBHe 2. nepeceuenue eunyKAOu cfiugypu c noAynpocmpan- 
cmeoM npedcmaeAAem co6ou eunyKAym ifiuzypy. □ 

B 3tom CMbicjie BCHKaa njiocKOCTb, 
nepeceKaromaa: BbinyKjiyio cjnirypy, ,zi,e- 
jiht ee Ha ,n,Be BbinyKjibie (fnirypbi. (Toh- 
kh hcxo^hoh (JiHrypbi, jie»caiii,He Ha ca- 
moh flejiamefi njiocKOCTH, mojkho OTHe- 
cth k KajKfloli H3 nojiyHaiomHxcH BbinyK- 
jibix (Joiryp.) 

TeopeMa 7. IIpoeKyuA npoempan- 
cmeeHHou eunyKAOu cfimypu na tiaoc- 
Kocmt) ecrm> eunyKAaA cfimypa (sto Bep- 
ho ^jih KajKfloii napajijiejibHOii npoex- 
h,hh) . 

^OKa3aTejibCTBO oneBimHO H3 puc. 95. □ 

njioipa^b BbinyKJiofi noBepxHocra. rijiomaju, MHororpaHHOii no- 
BepxHOCTH ecTecTBeHHO CHHTaTb paBHOfi cyMMe njioinaflefi ee rpaHefl. IIjio- 
maflb noBepxHOCTii BbinyKjioro Tejia mojkho Tor^a onpe^ejuiTb xax iih- 
4>iiMyM njioma^,eii 3aKjiiOHaiOHi;Hx sto Tejio 3aMKHyTbix MHororpaHHbix 



noBepxHOCTefi. IIpii 3tom floCTaTOHHO orpamiHiiTbCH BbinyKjibiMH mho- 
rorpaHHbiMii noBepxHOCTHMii, onricaHHbiMii BOKpyr ncxoflHoro Tejia, t. e. 
TaKiiMii, rpaHii KOTopbix jieacaT b ero onopHbix njiocKOCTax. 

IIojib3yacb TaKHM onpe^ejieHiieM, mojkho, HanpiiMep, noKa3aTb, xax 
3to flejiaeTca b niKOjibHOM Kypce, hto njioiiiflflb cc|>epbi pafliiyca R paBHa 
4irR 2 . fl, jia cjiynaa BbinyKjibix noBepxHOCTeii, oSpasyioifliix jiiihib nacTb 
rpamipbi BbinyKjioro Tejia, Hame onpeflejiemie Tpe6yeT HeKOTopoii MOflH- 
(J)HKanHH. IIoflpo6Hee noHanie njioiflaflii noBepxHOCTH (xax h fljniHbi xpn- 
boh) o6cyjKflaeTca b nacTii 4. A b cjieflyioifleM naparpac|)e mbi y3HaeM, k&k 
HaiiTii njioipaflb npoiOBOjibHoro cc|>epiiaecKoro MHoroyrojibmiKa. 

§ 4. MHororpaHHbie yrjibi h cc})epii'iccKiic MHoroyrojibHHKH 


Cbh3b MHororpaHHbix yrjiOB h cc})epii'iccKiix MHoroyrojibHH- 
kob. IlycTb V — MHororpaHHbiii yroji c pe6paMH ai, . . . , a n ; ohh nepeHy- 
MepoBaHbi nocjie^OBaTejibHO, Tax hto yroji V coctoht 113 njiocKiix yrjiOB 
0102 , a 2 a 3 , . . . , a n a\. (^ByrpaHHbifl: yroji mbi, kslk ii paHbinc, He iipiriMO 
jiaeM k MHororpaHHbiM yrjiaM.) OnimieM BOKpyr ero Bepimnibi e/piHHHHVFO 
ccj)epy. Bchkiih njiocKHit yroji c BepmiiHoft O ne- 
pecexaeT ee no flyre 6ojibmoro xpyra c KOHpaMii b 
TOHK ax, rfle cifiepy nepecexaiOT jiynn — pe6pa yrjia. 
TaxiiM o6pa30M, MHororpaHHOMy yrjiy a\ ... a n co- 
OTBeTCTByeT Ha ccjjepe MHoroyrojiBHiiK A\ ... A n 
(puc. 96). 

H o6paTHo: ecjin Ha ctj>epe flaH MHoroyrojiB- 
hiik A\ . . . A n , CTopoHbi KOToporo — flyra 6ojibmnx 
KpyroB, to eMy cooTBeTCTByeT MHororpaHHbiii yroji 
c BepiHHHofi b peHTpe O ccjiepbi h c pe6paMH OA\, . . . , OA n . 

Ecjih 8}~ — yroji (BejiHHHHa njiocKoro yrjia akdk+i) Meatfly pe6paMii a,k, 
dk+i (nojiaraeM a n +i = ai), to fljnma cooTBeTCTByiomeii CTopoHbi AkAk + 1 
cc^epnaecKoro MHoroyrojiBHiiKa paBHa 9kR, rfle R — pafliiyc cijiepbi. (Yr- 
jibi H3MepaeM b pafliiaHax.) 

KacaTejiBHaa njiocKOCTb k cc|>epe nepneHfliiKyjiapHa paflnycy, npoBe- 
^eHHOMy b TOHKy KacaHiia. IIosTOMy KacaTejiBHbie k flyraM — CTopoHaM 
MHoroyrojiBHiiKa A\ ... A n — b jno6oii ero BepmiiHe nepneHflHKyjiapHbi 
HflyrpeMy b Hee pe6py MHororpaHHoro yrjia. A yroji Meatfly KacaTejiBHbi- 
mh — 3to, no onpeflejieHiiio, yroji Meatfly flyraMH, k kotopmm ohii npoBe- 
fleHbi. TaKHM o6pa30M, yrjibi c^epunecKoro MHoroyrojiBHiiKa A\ ... A n 



paBHbi flByrpaHHbiM yrjiaM MHororpaHHoro yrjia ai ... a n . 


TaK Meayiy MHororpaHHBiMii yrjiaMii h ccjjepiiHecxiiMii MHoroyrojiB- 
HHKaME ycTaHaBjii-iBaeTCH nojiHoe cooTBCTCTBiie: njiocxiiM yrjiaM coot- 
BeTCTByiOT ctopohbi, ^ByrpaHHbiM yrjiaM — yrjiBi Meayiy CTopoHaMii (npn 
Bepmiraax) . 

Onpe^ejieHHe. MHororpaHHBift yroji Ha3BiBaeTCH eunyKAUM, ecjin oh 
pacnojio»ceH no o^Hy CTopoHy ot njiocxocTii KajK^ofi CBoeft rpami, t. e. b 
OflHOM orpaHimeHHOM eio nojiynpocTpaHCTBe. 

HeTpya,HO BimeTB, hto cpe^ii njiocxiix yrjiOB BBinyKjioro MHororpaH- 
Horo yrjia HeT pa3BepHyTBix 11 CBepxTyntix. 

JleMMa. Yepea eepiuimy eunyKAOzo MHozozpamozo yzjia npoxodum 
mauasi ruiocKocmb, umo eect oh Aeotcum c odnou cmoponu om nee. 

^eitcTBi-iTejibHO, nycTB V — xaxoft-jin6o BBmyxjiBift MHororpaHHBift 
yroji. Torfla njiocxocTii flByx rpaHeft, cmchchbix no npoiraBOjiBHOMy ero 
pe6py a, orpamimiBaiOT nojiynpocTpaHCTBa, coflepjxanpie MHororpaHHBiii 
yroji V. Tax hto oh co^epsKiiTcn b nepeceneHini stiix nojiynpocTpaHCTB. 
3to 3HaniiT, hto oh co^epnaiTCH b flByrpaHHOM yrjie W, pe6poM KOToporo 
cjiyjKHT npnMan a, co^epncaman pe6po a caMoro yrjia V . Jlyn a' , ^onojimi- 
TejihHhiH pe6py a Ha stoii npHMoft, He npiiHafljiejxiiT yrjiy V , Tax xax tot 
He flByrpaHHBift. IIosTOMy nepe3 Bepinimy yrjia V mojxho npoBecTii Taxyio 
njiocxocTB, hto jiyn a 1 npoxo^HT c o^hoii CTopoHbi ot Hee, a bcc pe6pa yrjia 
V n, 3HaHiiT, caM yroji V pacnojiaraiOTCH c flpyroft ctopohbi 16 . 0Ta njioc- 
xoctb He 6yfleT hmctb c yrjiOM V Hiriero o6m;ero, xpoMe BepimiHBi; Tax 
hto yroji V 3a bbihctom BepmiiHBi co^epnaiTCH BHyTpii orpaHiiHCHHoro 
3toh njiocxocTBio nojiynpocTpaHCTBa. □ 

Bee 3to nepeHOCHTCH Ha ccJjepH'iecxHe MHoroyrojiBHiixii. 
Onpe^ejieHHe. Cc^epiiHecxini MHoroyrojiBHiix Ha3BiBaeTCH eunyK- 
AUM, ecjiH oh jiejxiiT no o^Hy CTopoHy ot xajxfloft 6ojibihoii oxpyjxHOCTH, 
npoxo^Hmefi BflOJiB o,n,Hoft H3 ero ctopoh (pnc. 97). 

JleMMa. /[aa eunyKAOZO ccfiepuuecKOZO MHOzoyzoAbHUKa ecrm> noAy- 
ctfiepa, enympu Komopou oh codepoicumcA. 

3to nojiyccjiepa, orpamiHeHHaji oxpyjxHOCTBio, xoTopyio BBicexaeT Ha 
ccjiepe njiocxocTB, npoxoflamaa nepe3 BepimiHy MHororpaHHoro yrjia h He 
HMeromaa c hum flpynix o6hi,iix Tonex (pnc. 98). □ 

3aMenaHHe. Y BBinyxjioro MHororpaHHoro yrjia xajxflBift njiocxnft 
yroji MeHBine pa3BepHyToro. Tojibxo Taxoft yroji mojxct He imeTb c 


1 ■’ II;ui|>nMep. npoBe^eM 6HCceKTopHajiBHyio nojiynjiocKOCTB a jjByrpaimoro yrjia W 
h cnpoeKTHpyeM Ha Hee Bee pe6pa yrjia V . 3to 6yn,yT jiyHH, npoBe^eHHbie H3 Bep- 
hihhbi O yrjia V. IIpoBe^eM H3 O b toh me nojiynjiocKOCTH jiyn p , o6pa3yiOH],HH c a' 
eme MeHBHiHH yroji. Toiyja npoxo^man nepe3 jiyn p njiocKOCTb, nepneH^HKyjiHpHaH a:, 
6yu;eT o6jia^;aTb yKa3aHHbiM cbohctbom. 



Phc. 97 


Phc. 98 


njiocKOCTbio Hiinero o6m;ero, KpoMe BepmiiHBi. CooTBeTCTBeHHO, CTopo- 
hbi BBinyKjioro MHoroyrojibHiiKa Ha cc|>epe MeHBrne Sojibhioh nojiyoKpysc- 

HOCTH. 

Onpe^ejieHHe. ^jih BBinyKjioro MHororpaHHoro yrjia ecTecTBemio 
onpe^ejiaeTca cooTBeTCTByiommi rneAecuuu yzcui KaK nepecenemie Bcex 
coflepjKamiix ero nojiynpocTpaHCTB, orpaHiraeHHBix hjiockocthmii ero 
njiocKHx yrjiOB. AHajioniHHO eunyKjiuu MHOZoyzojibHUK c enympeHHo- 
crm>w Ha cc|>epe nojiynaeTCH KaK nepecenefflie nojiyccjiep, coflepacaipiix 
^aHHBIII BBinyKJIBIH MHOroyrojiBHHK h orpaHPiHeHHbix 6ojibhihmh OKpyac- 
hocthmh, co^,epjKam,HMii ero ctopohbi (puc. 97). 

TpexrpaHHtie yrjiti h TpeyrojitHHKH. TpexrpamibiM yrjiaM coot- 
BeTCTByiOT cc^epiiHecKiie TpeyrojiBHiiKii. H Te, h flpyrne MoryT 6 bitb h He 

BBinyKjibiMPi (pnc. 99). Ho mbi 6yn,eM paccMaT- 
piiBaTb tojibko BBinyKjibie TpexrpaHHbie yrjiBi 
H COOTBeTCTBeHHO — TOJIBKO BBinyKJIBie C(|)epH- 
HecKiie Tpeyro jibhhkh . Y BBinyKjiBix TpexrpaH- 
hbix yrjiOB, KaK y bchkhx BBinyKjiBix MHOrorpaH- 
hbix yrjiOB, njiocKiie yrjiBi MeHBrne pa3BepHyT0- 
ro. BepHO h o6paTHoe. 

JleMMa. Ecjiu y mpexzpaHnozo yzjia ece 
n.aocKue yzjiu Mem>iue paseepnymozo, mo oh 
eunyKAwd. 

fleiiCTBHTejiBHO, ecjiH aepe3 ppa, pe6pa TpexrpaHHoro yrjia npoBecTH 
njiocKOCTB a, to TpeTBe pe6po OKa3BiBaeTca c KaKOii-TO o^hoii ctopohbi ot 
Hee, 11 ecjni njiocKiie yrjiBi, KOTopBie oho orpamiHiiBaeT BMecTe c flByMH 
^pyniMii pe6paMH, 06a MeHBrne paaBepHyToro yrjia, to ii stii njiocKHe yr- 
jibi jieiKaT c toii ace ctopohbi ot njiocKOCTii a (pnc. 100 ). TaxiiM o6pa30M, 
TpexrpaHHBiit yroji, y KOToporo njiocKiie yrjiBi MeHBine pa3BepHyToro, pac- 
nojiaraeTca c o^hoii ctopohbi ot njiocKOCTH Kaac^ofi CBoeft rpami, t. e. oh 
BBinyKJIBIH. □ 



Phc. 100 


Phc. 101 


TeopeMa 1. y eunyKJiozo mpexzpauHozo yzjia k amcduil tuiockuu 
yzo.a Mem>iue cyMMu deyx dpyzux. CoomeemcmeeHHo: y eunyKJiozo 
ccfiepunecKozo mpeyzoJimuKa Kaotcdan cmopona .uemuie cyMMu deyx 
dpyzux. 

floKasaTejiBCTBO. IlycTb HMeeTCH Bbinyxjibiii TpexrpaHHbiii yroji 
V c BepmHHOH O, h nycTb a, b, c — ero njiocKiie yrjibi. Ecjih Bee stii yrjibi 
nonapHO paBHbi, to yTBepjx,n,eHHe TeopeMbi OHeBiiflHO BbinojiHeHO. 

^onycTHM, Hanpi-iMep, hto yroji a 6ojibnie b. Bo3bMeM Ha pe6pax, npo- 
TiiBOJie>Kain,Hx yrjiaM b, c, tohxii B, C i-i npoBe^eM 0Tpe30K BC. nojiynaeM 
TpeyrojibHiiK OBC . B HeM AO = a > b. IIosTOMy mojkho npoBecTii b stom 
yrjie 0Tpe30K OD flo CTopoHbi BC, o6pa3yiomHH c OC yroji, paBHbift b 
(piic. 101). 

Ha pe6pe, npoTHBOjiejxameM yray a, B03bMeM Taxyio Tonxy A, hto 
OA = OD. Toivui TpeyrojibHHKii ODC h OAC paBHbi. I IosTOMy CD = 
CA h TpeyrojibHiiK CAD paBHoGeflpeHHbift, nosTOMy b HeM yroji D oct- 
pbifi. 

CjieflOBaTejibHO, yroji D b TpeyrojibHiixe ABD Tynofi, h noTOMy npo- 
TiiBOJie>KaHi,aH eMy CTopoHa Sojibrnaa. Tax hto AB > BD. 

Tenepb nocMOTpiiM Ha TpeyrojibHiixn OAB h OBD. V hex OA = OD 
h CTopoHa OB o6n;aH. nosTOMy b tom H3 hex yroji npn O 6ojibnie, y 
xoToporo np0THB0jie>xaHi,aH CTopoHa 6ojibnie. H Tax xax AB > BD, to, 
3HaHIlT, 

AAOB > ADOB. 

npn6aBjiHH x o6eiiM hhcthm stoto HepaBeHCTBa paBHbie yrjibi ADOC = 
AAOC = b, nojiyniiM 


AAOB + AAOC > ABOC, 


t. e. c + b > a, hto h Tpe6oBajiocb ^oxa3aTb. □ 


H3 ^,OKa3aHHOfi TeopeMbi 1 jierKO cjie^yeT 

TeopeMa 2. CyMMa ujiockux yzAoe mpexzpaHHozo (eunyKAozo) yzAa 
Menbuie 27 r. 


^OKa3aTenbCTBO. riycTb a, b, c — 
njiocKHe yrjibi BbinyKjioro TpexrpaHHOro 
yrjia. IIpoflOjcKUB 3a BepniHHy pe 6 po, 06 - 
rpee ^jia yrjiOB a, b 1 nojiymiM TpexrpaH- 
Hbiii yroji c iuiocki-imh yrjiaMii tt — a, 
n — b, CMeacHbiMPi c a, b , h c TpeTbHM 
njiocKHM yrjiOM c. Ha ccjjepe sto cooTBeT- 
CTByeT TOMy, hto mbi npo/i;ojiJKaeM cto- 
poHbi a, b ccjjepiiHecKoro TpeyrojibHiiKa 
ABC n nojiyaaeM c4>epiiHecKim Tpeyrojib- 
HHK ABC CO CTOpOHaMH 7T — G, 7T — b, C 

(puc. 102). 

npiiMeHHH k nojiyHeHHOMy TpexrpaHHOMy yrjiy (hjih, hto paBHOCiuib- 
ho, k TpeyrojibHHKy ABC') npe^bi^ymyio TeopeMy 1, mojkho HamicaTb 



Puc. 102 


(7T — a) + (tt — b) > c. 


OTcro^a a + b + c < 2n , hto h Tpe6oBajiocb ,n,OKa3aTb. □ 

^J,OKa3aHHaa TeopeMa o6o6maeTca Ha jik>6oh BbinyKjibiii MHororpaH- 
Hbifi yroji. 

TeopeMa 3. CyMMa uaockux yzAoe eunyKAozo MnozozpaHHozo yzAa 
Meubme 27 r. 

floKasaTejibCTBO. ^OKaaceM TeopeMy inmyKipieH no micjiy rpa- 
Hefi yrjia. no TeopeMe 2 flaHHoe yTBepjK^eHHe BepHO ^,jih TpexrpaHHbix 
yrjiOB. ^onycTHM, hto oho BepHO rjisi n-rpaHHbix yrjiOB, h flOKanceM ero 
p,jin ( n + l)-rpaHHbix yrjiOB. 


BMecTO MHororpaHHbix yrjiOB mojkho pac- 
CMaTpuBaTb MHoroyrojibHiiKH Ha efliiHiiHHOii 
ccjjepe. nycTb HMeeTca BbmyKjibift cc|>epiiHecKiiii 
(n+l)-yrojibHHK. Bo3bM6M KaKyro-jinOo ero cto- 
poHy AB h npoflOjEKiiM coce^Hiie eft ctopohm 
AP, BQ 3a tohkh A, B pp> hx nepeceHemia; 
nycTb C — TOHKa nepecencHiia (puc. 103). nojiy- 
naeM n-yrojibmiK co CTopoHaMii CP, CQ. Oh 
BbmyKjibift — KaK h tot MHOroyrojibHiiK, H3 ko- 
Toporo oh nojiyneH (Tax ace jieiKHT no o^Hy cto- 
poHy ot KajKAoli 6ojibnioii OKpyjKHOCTii, coflepscameft ero CTopoHy). 



IIo npe,n,nojio:>KeHriio cyMMa ,h,jihh ctopoh 3Toro MHoroyrojibHiiKa MeHb- 
ine 27r. Ho OHa 6ojibine, hbm y ncxoflHoro, Tax KaK oh nojiyneH H3 Hero 

3aMeH0ii CTopoHbi AB Ha AC + BC. 

CjieflOBaTejibHO, n y ncxoflHoro (n + l)-yrojibHiiKa cyMMa /(.jihh ctopoh 
MeHbHie 27 r. TeopeMa 3 ,n,OKa3aHa. □ 

^pyroe flOKa3aTejitCTBO TeopeMti 3. nycTb ,n,aH BbinyK- 
jibih MHororpaHHbiii yroji V c pe6paMH a\, . . . , a n . Hepe3 ero BepniHHy 
npoxo,a,HT njiocKOCTb, He HMeiorn,aH c hiim ^pyrnx o6m;iix Tonex. Ecjih ee 
c/i,BHHyTb napajijiejibHO b Ty CTopoHy, r^e pacnojioiKeH yroji V , to OHa ne- 
peceneT Bee ero pe6pa h rpaHH, h mm nojiyHHM mipaMimy c BepninHOii O 
h 6okobmmh pe6paMH OA\, . . . , OA n . Y ocHOBamra niipaMimbi n Bepmira 
A\, . . . , A n , a noTOMy cyMMa ero yrjiOB at paBHa 


^2 a i = (n - 2)7 


(1) 


i= 1 


n P n Ka7K/i,OH Bepmime A, rpaHii o6pa3yiOT TpexrpaHHbiii yroji; ero njioc- 
kiiii yroji, npiniafljiejKamHH ocHOBaHino, MeHbme cyMMbi flByx ^pyrax. no- 
3T0My cyMMa yrjiOB ocHOBamiH MeHbme cyM- 
Mbi Bcex yrjiOB /3t, 7 i 6 okobmx rpaHeft npii 
Ka>K/i,OH BepmiiHe Ai (piic. 104). To ecTb 


X)(& + 7i)- 


(2) 


Ho (A+7») — 3T0 cyMMa Bcex yrjiOB Bcex 

2=1 

n 6okobmx rpaHefi 6e3 cyMMbi hx yrjiOB npii 
Bepmime O, t. e. 


O 



+ 71 ) = rnr - ^ Si, 


(3) 


rfle Y2 Si — cyMMa Bcex yrjiOB npn O. 


2=1 


ConocTaBjiHH (1), (2), (3), nojiynaeM 


n n 

^ ai = (n — 2 ) 7 r < nn — Si, 

i= 1 i= 1 


OTKy^,a 


^2 ^ < 27r ’ 
i=i 

hto h Tpe6oBajiocb ,xi,oxa3aTb. □ 

IIojiHpHbm MHororpaHHbifi yroji. I I yen, 
V — BbinyKjibin MHororpaHHbifi yroji, toh- 
Ka O — ero Bepinima, jiynii ai, . .., a n — 
ero pe6pa; aia 2 , 0-203, 
a n a 1 — ero ruiocKiie yrjibi. IIpoBefleM 113 O jiyni 
bi, . . . , b n , KajKflbiii H 3 kotopmx nepneH/pixy- 
jiapeH cooTBeTCTByromeft rpami yraa V : 

b\ _L a n a\ 1 b 2 -1 oia 2 , . . . , b n ± a n _io„. ( 4 ) 

Ohpi orpaHiiHHBaiOT njiocxiie yrjibi b±b 2 , b 2 b 3 , 
. . . , b n bi (piic. 105 ). 3 th njiocKHe yrjibi o 6 pa 3 y- 
H 3 T MHorBnpaMSbiii yroji W c peSpaMii bi, . . . , b n . 3 tot yroji Ha 3 biBaeTca 
nojuipHUM yrjiy V. Tax xax 61 J_ a n a±, b 2 _L 0102, to pe6po op nepncH- 
^.HKyjiapHO bi 11 b 2 11 tcm caMbiM nepneHfliixyjiapHO njiocKOCTii ruiocKoro 
yrjia b\b 2 : a\ _L b\b 2 . To ace BepHO ^jih pe6pa a 2 11 yrjia b 2 b 2 11 t. R. Tax 

HTO 

ai J_ 6162, a 2 _L b 2 b 3 , a n _L b n b\. ( 5 ) 

3 to aHajioniaHO ( 4 ), h, 3 HaHiiT, yzoji V jieJifiemcfL nojwpHUM djin yzjia 
W: omnomeHue nojisipnocmu cuMMempuuHo. Yroji W Tax>xe BbinyKjibiii 
(^OKaiKHTe) . 

TpaHSM yrjia V OTBenaiOT nepneH/pixyjiflpHbie iim pe6pa nojiapHoro 
yrjia W, h o6paTHO. 

Yroji Meii^ny nepneHflHxyjiapaMii b\, b 2 k rpaHSM a n ai, a\a 2 paBeH 
^.onojiHCHiiio yrjia Meayjy sthmii rpaHHMii .no pa 3 BepHyToro, t. e. iuiockhh 
yroji b\b 2 paBeH flonojiHemiio /ipyrpaHHoro yrjia npii pe6pe a\ pp> n. H Tax 
b o6e CTopoHbi (piic. 106 ; B 3 rjiH,n b^ojib pe6pa a\). 

HTax, ecjiu a — ruiocKuu yzoji odnozo U3 63 <mmho noAJipnux yzAoe u 
a — deyzpaHHuu yzoji dpyzozo npu nepnenduKyAApnoM pe6pe, mo 

a + a = ir. 



CyMMa yrjiOB ccJiepii'iccKoro MHoroyrojibHHKa. B cjiyiae njioc- 
xoctii cyMMa yrjiOB jno 6 oro n-yrojibHiixa paBHa (n — 2)ir. Ha ccjiepe sto 
yjxe He Tax. 




TeopeMa 4. CyM.ua deyzpamux yzAoe ( eunyKJiozo ) n-zpannozo yzAa 
6oJibiue (n — 2)ir. 

To >Ke BepHO yrjiOB cc^epnaecKoro n-yrojitmiKa, mm, hto paB- 
hochjibho: cyMMa yrjiOB, cmexchbix c yrjiaMH BbinyKjioro c^epnaecKoro 
MHOroyro jiBHHKa , MeHbine 2 ^ r. 

floKasaTejiBCTBO. OrpamiHiiMCH cjiynaeM BbinyKjioro yrjia. 
IlycTb V — BbinyKjibiii MHororpaHHbift yroji 11 a±, . . . , a n — ero ^ByrpaH- 
Hbie yrjibi. Bo3bMeM yroji W, nojiapHbift V. Ero njiocKiie yrjibi a^, . . . , a' n 
CBS3aHbi c ai, . . . , a n Tax, hto 

a[ = 7r — ai n t. 


n 

no TeopeMe 3 ^ a[ < 2 tt. nosTOMy 

2=1 

n n 

^(71 — cti) < 2n h otj > (n — 2)n, 

2=1 i=l 

hto h Tpe6oBajiocb ,zi,OKa3aTb. □ 

B aacTHOCTii, y TpexrpaHHoro yrjia h cooTBeTCTBeHHO y cc^epnaecKoro 
TpeyrojibHiixa 

CH\ + Of2 + <^3 > 7 r. 

njiOLu,a^t cc})opi4 'icckoi’o Miioi oy I’OJibHiiKa. Cjiejiyiomaa ;i,ajiee 
TeopeMa 6 ycTaHaBjuiBaeT, hto cyMMbi yrjiOB b TeopeMe 4 6ojibine ( n — 2)i r 
Ha njiomaflb n-yrojibHiiKa. 

TeopeMa 5. Iljioinadb eunyKJiozo ccfiepuuecKOZo mpeyzoAbHUKa, pac- 
noAocHceHuozo na edunuunou ctfiepe, eupaatcaemcA uepe3 ezo yznu CAedy- 
wiu,um o6pa30M: 


S = a + /3 + r y — 7T. 


(Ha ccjiepe pa^ayca R HMeeM S = (a + (3 + 7 — tt)R 2 .) 
/JoKasaTejitCTBO. nycTb T — ccjiepn'iecKHH TpeyrojibHiiK c yrjia- 
mi a, (3 , 7 npii BepmiiHax A, B, C. npoBefleM 6ojibiniie OKpyjKHOCTH 
b^ojib CTopoH AB 1 AC. Ohh nepecexyTca b TOHKe A' , CHMMeTpiiHHOii 
A (oTHOCHTejibHO peHTpa ccjaepbi), h orpamiaaT ppa flByyrojibmiKa c yr- 




jiom a (puc. 107). Hx njioin,aflb S{D A ) cocTaBjiaeT Taxyio flojno njiom,a- 
pfi Been cifiepbi, Kaxyio cocTaBjiaeT 2a ot nojiHoro yrjia BOKpyr A, t. e. 
ot 27 r: 


S(D a )=4tt— =4a. (6) 

Z 7 T 

CoBepineHHO Tax ace, npoBO^a 6 ojiBinne OKpyjKHOCTii B^ojib ctopoh 
BA, BC h CA, CB (puc. 108), nojiyHHM (Juirypbi D B , Dq c njioin,a- 

.ZpiMH 


S(D b )= 4(3, S(D C )= 47 . (7) 

napbi npoBe^eHHbix Oojibmux OKpyjKHOCTeft, npoxoflam,nx aepe3 A, 
B, C, nepecexaiOTCH cooTBeTCTBeuHO b TOHKax A' , B' , C' , CHMMeTpiiHHbix 
TOHKaM A, B , C . Tax hto nojiyaaiOTca ,n,Ba ciiMMeTpiiHHbix TpeyrojibHiiKa 

T = ABC h T = A'B'C', S(T) = S(T'). 

Onrypbi D A , D b , Dc noKpbiBaiOT bcio ccjiepy, ho npii stom noKpbraa- 
10T TpeyrojibHiiKii T , T' Tpi-rac/pa, t. e. flBa jiiiihhhx pa 3 a. noaTOMy 


S{D a ) + S{D b ) + S{D C ) = 4tt + 2 S(T) + 2 S(T') = 4n + 4 S(T). 
nojib3yacb ( 6 ) h (7), nojiyaaeM 


4(a + (3 + 7 ) = 47 t + 4 S(T). 


OTcro^a 


S(T) = a + (3 + 'y - 7r, 
hto h Tpe6oBajiocb AOKa3aTB. □ 

TeopeMa 6. n./iou^adb ctfiepuuecKozo n-yzojiwuKa na eduHUHHOu c$e- 
pe eupaMcaemcji uepe3 ezo yz.au ai, . . . , a n cfiopMyjiou 

S = 5>-(»-2)*, (8) 

m. e. ona paena pa3Hocmu cyMMU ezo yzzioe u cyMMU yzjioe uaockozo 
n-yzo.abHUKa. 

/JoKasaTejitCTBO. IlycTB P — BBinyKjiBiii cf^epnaecKHit MHoro- 
yrojiBHiiK. IIpoBOfla fliiaroHajiii H3 KaKOii-Hii6yzi,b ero BepniHHBi, pa3o6i>eM 
ero Ha (n — 2) TpeyrojiBHinca. CyMMa nx njioiu,a,zi,eH ^acT njioipaflB S(P), 
a 3Ta cyMMa paBHa cyMMe nx yrjiOB Mimyc (tt — 2) ir. CyMMa ace hx yrjiOB 
paBHa cyMMe yrjiOB MHoroyrojiBHiiKa P. IIoaTOMy h nojiynaeTCsi (8). 

Ecjiii MHoroyrojiBHiiK He BBinyKjiBiii, to ero, BOoSipe roBopa, HejiB3a 
pa36iiTb fliiaroHajiHMii H3 oahoh BepmiiHBi. Ho ero BOo6m,e mojkho pa36HTB 
Ha TpeyrojiBHHKH h nojiyaiiTB Ty ace cjaopMyjiy (8). Ho npoBOfliiTb stot 
b biboa mbi He 6ya,eM. □ 

§ 5. TpnroHOMeTpHH Tpcxrpaniir.ix yrjioe 
h ccJiepM'iecKiix TpeyrojitHHKOB 

Mbi paccMaTpiiBaeM BBinyKjiBie TpexrpaHHBie yrjiBi h, cooTBeTCTBeH- 
ho, — BBinyKjiBie c^epiiaecKiie TpeyrojiBHiiKii, onycKaa yKa3amie Ha hx 
BB inyKjiocTB , — OHa 6y^eT noApa3yMeBaTBca. 

Ecjiii a — fljuiHa CTopoHBi TpeyrojiBHiiKa Ha ctjiepe pa^nyca R, to co- 
OTBeTCTByioiH,HH njiocKiiii yroji (b paAnamiOH Mepe) paBeH a/R. Ho mbi 
6yu,eM paccMaTpiiBaTB TpeyrojiBHiiKii Ha c;i,hhh'ihoh c(J>epe — c R = 1 . To- 
rfla a o^HHaKOBO o6o3HaaaeT h fljniHy ctopohbi, h Mepy yrjia. Tax 6ya,eM 
noHiiMaTB sin a h t. n. ,ZI,jih Toro hto6bi nepeiiTii k TpeyrojiBHiixaM Ha c(J>e- 
pe jiio6oro pa^nyca R , HyjKHO 6paTB sin n t. n. 

TpexrpaHHtifi yroji c npaMbiM /piyipaniiBiM yrjioM. EIpHMO- 
yrojiBHtifi ccJjepmecKHH rpeyiojiBHMK. CcjsopMyjiiipyeM nepBoe H3 
AByx paBHOCiijiBHBix APyr Apyry y r r nepiKAe h ti ii . 

TeopeMa 1. nycrm> a , b — k amemu u c — zunomeny3a npsiMoyzoJib- 
hozo ccfiepuuecKOZO mpeyzo.abHUKa, a — yzoji, npomueo.aeotcaiyuu k ame- 
my a. BunoAHfimmcfi mpu coorrmouieHusi: 


cos c = cos a cos b — TeopeMa KOCi-mycoB, 


( 1 ) 



(2) 

( 3 ) 


sin a = sin c sin a — TeopeMa crmycoB, 
tg b = tg c cos a — TeopeMa TaHreHCOB. 


Ahclaozuuho sin b = sin c sin (3, tg a = tg c cos (3 u m. d. 

3toh TeopeMe cooTBeTCTByeT TeopeMa o TpexrpaHHbix yrjiax. 

TeopeMa la. Ilycmb e mpexzpaHHOM yzAe odun deyzpaHHuu yzoji npsi- 
mou, u nycmb a, b — o6pa3ymw,ue ezo njiocnue yzjiu, c — eMy npomueoAe- 
c ncavu,uu u a — deyzpaHHuu yzoA, npomueoAecMcamuu a. Tozda 3ah amux 
yzAoe eunoAHAwmcsi coorrmoweHUA (1), (2), (3). 

floKa3aTenbCTBO. IlycTB flaH TpexrpaHHbiii yroji c TaxiiMii yrjia- 
mh, Kax CKa3aHO b TeopeMe. ^3 ,jih onpe^ejieHHOCTii 6yfleM cnriTaTb yroji a 
ocTptiM (sto Hnnero He mchhct). IlycTb O — Bepmiraa h B — xaxaa-HHOy^b 
TOHKa Ha pe6pe yrjia /?, npoTHBOJie:>xain,ero b. 

OnycTHM H3 tohkh B nepneHflHKyjiHp BC Ha njiocKOCTb yrjia b. Tax 
xax njiocxocTb yrjia a nepneHfliixyjiapHa njiocxocTii yrjia 6, to nepneH- 
,n,HxyjiHp BC jieaaiT b njiocxocTii yrjia a h nepneHfliixyjiHpeH njiocxocTH 
yrjia b (pnc. 109). 

Ecjih Tenepb C A — nepneHfliixyjiap x pe6py yrjia a , to 0Tpe30x BA 
Taxjxe nepneHfliixyjiHpeH 3TOMy pe6py - no TeopeMe II. 3. 8 «o Tpex nep- 
neH/i,HxyjiHpax». Tax xax BC nepneH/pixyjiHpeH njiocxocTH yrjia b , to 
BC _L AC. 



HTax, mm HMeeM npHMoyrojibHbiii Tpe- 
yrojibHiix ABC h ein,e Tpii npHMoyrojibHbix 
TpeyrojibHHxa OBC, OAC. OBA. Y nepBoro 
yroji C npHMOii, y ^Byx APy rHX yroji A npn- 

MOH. 

y TpeyrojibHHxa OBC yroji O — 3to yroji 
a, noaTOMy 

OC = OB cos a. 

y TpeyrojibHHxa OAC yroji npri O — sto 
yroji b, h yroji A — irpaMoti. IIosTOMy 

OA = OC • cos 6, 


h, npiiMeHHH npe^biflymee paBeHCTBO , nojiynaeM 

OA = OB cos a cos b. 

y TpeyrojibHHxa OBA yroji npn O — sto yroji c, h yroji A — npHMoii. 
IIosTOMy 


OA = OB cos c. 


CpaBHiiBaa: c npeflbmymi-iM paBeHCTBOM, nojiyaaeM 
cosc = cos a cos b. 

TaKHM o6pa30M, paBCHCTBO (1) — TeopeMa KocimycoB — flOKa3aHO. 

,ZI,jih ^OKa3aTejiBCTBa flByx flpynix cooTHomemiii (2), (3) o6paTiiMca 
k TpeyrojibHiiKy ABC . B hbm yroji C npaMoit, ctopohbi — OTpe3Kii AB, 
AC — nepneHfliiKyjiapHBi pe6py OA. IIosTOMy yroji A — sto yroji a npn 
3 tom pe6pe h 

BC = AB sin a, AC = AB cos a. (4) 

flajiee, 0Tpe30K BC — sto KaTeT b npaMoyrojiBHOM TpeyrojiBHiiKe 
OBC, npoTiiBOjiejKamini yrjiy a. 

AHajiorimHO AB — KaTeT b TpeyrojiBHiiKe OAB , npoTHBOjiejKamiiii yr- 
jiy c. IIo3TOMy 

BC = OB sin a, AB = OB sine. 

Ilo^CTaBjiaH 3Ti-i BBipaacemia b nepBoe H3 paBeHCTB (4) , nojiymiM 

sin a = sin c sin a. 


3to TeopeMa cimycoB (2). 

Tenepb o6paTHMca k TpeyrojiBHiiKaM OAB i-i OAC. B nepBOM n3 mix 
yroji npn A npaMoii, a yroji npn O paBeH c. IIosTOMy 

AB = OAtgc. 

B TpeyrojiBHiiKe OAC yroji A npaMoii, a yroji npn O paBeH b. IIosTOMy 

AC = OAtgb. 

IIoflCTaBjiHa 3 tii flBa paBeHCTBa bo BTopoe paBeHCTBO (4) h coKpaipaa Ha 
OA, nojiyaaeM 

tgb = tgc cos a. 

TaKHM o6pa30M, cooTHomeHiie (3) Toace ,n,OKa3aHO. □ 

CoOTHOHieHHH B IipOHJBOJIBIIOM B Billy KJIOM CcJlOpiI 'ICCKOM Tpe- 
yrojibHHKe hjih TpexrpaHHOM yrjie. 

TeopeMa 2. nycmt> a, b, c — emoponu, a, (3, 7 — npomueojieotcaiu,ue 
um yzjiu afiepuHecKOBO mpeyeo.abHUKa. BunoAHAwmcA coomHouiemui: 

sin a sin / 3 sin 7 

— : = — — - = — ; TeopeMa cimycoB, 

sin a sin b sin c 



cos c = cos a cos b + sin a sin b cos 7 — TeopeMa KOCimycoB 

u anajiozwH,HO djw cos a, cos b. 

3tomy cooTBeTCTByeT TeopeMa o TpexrpaHHbix yrjiax. 

TeopeMa 2a. ujiockux yzAoe a, b, c u npomu60JiecHcaut,ux 

um deyzpaHHux yzAoe a, (3, 7 mpexzpaHHozo yzjia eunoAwmmcsi yna- 
3 anHue e meopeMe 2 coorrmomeHUA — meopeMu cunycoe u nocuny- 
coe. 



Phc. 110 


floKasaTejibCTBO. 06 e TeopeMbi — cimycoB h KOCiraycoB — ,a,OKa- 
3 BiBaK)TCH fljia c^epiinecKHx TpeyrojibHiiKOB coBepmeHHO aHajiornaHO to- 
My, Kax 3 to ^ejiaeTCH fljia njiocKnx TpeyrojibmiKOB npii noMOin,n pe 3 yjib- 
TaTOB ,h,jih npHMoyrojiBHbix TpeyrojibmiKOB. 

IlycTb ^aH c(J)epiiHecKiiH TpeyrojibHiiK ABC, b hcm ZA = a, ZB = f3, 
ZC = 7 (/ 3 , 7 / 90 °) h BC = a, CA = b, AB = c, cm. pnc. 110 . 

IIpoBefleM 113 BepmiiHbi A BbicoTy AN. 17 IIojiyaaeM ,n,Ba npaMoyrojib- 
hbix TpeyrojiBHiiKa AH B, AHC . Ilojiaraa AH = h h nojib 3 yacb TeopeMoft 
cimycoB, nojiymiM 


OTCH37,a 


sin h = sin c sin (3, sin h = sin b sin 7 . 


sin (3 sin 7 
sin b sin c 


AHajiormmo, npoBO^a BbicoTy 113 BepnniHbi B , 
sin ck/ sin a = sin 7 / sine. IIosTOMy 


nojiymiM, 


HTO 


1 ' B TpexrpaHHOM yrjie c BepimmoH O 3TOMy cooTBeTCTByeT idiockoctb, npoxo/PinuiM 
nepe3 pe6po OA nepneHfliiKyjispHO rpami OBC. 


sin a sin (3 sin 7 

sin a sin b sin c ’ 

n TeopeMa cimycoB ,ii,oxa3aHa. 

floKaxeM TeopeMy xocimycoB. C stoii pejibio npiiMemiM TeopeMy xo- 
cimycoB flji h npHMoyrojibHbix TpeyrojiBHHKOB k AAHC. Tor^a, nojiaraa 
BH = a c , nojiymiM 

cos c = cos a c cos h. (5) 

Ecjiii TO'iKa H jiejKiiT Ha BC , to BC = BH + HC. Ecjiii >kc B Ha 
HC, to BC = HC — BH (puc. 110). IIojiaraH CH = ab , iiMeeM: 

jih6o a = ab + a c , jih6o a = ab — a c , 


Tax hto 


a c = ±(o - a b ). 

KpoMe toto, H3 TpeyrojiBHHKa AHC biiaho, hto cos b 

, cos 6 

cos h = . 

cos ab 


(6) 

cos a b cos h, t. e. 


(7) 


Tenepn, nojib3yacb (6) h (7), nojiyniiM H3 (5) (nocKOjibKy xocirayc coxpa- 
HHeTCH npn nepeMeHe 3HaKa yrjia) 


. cos b 

cosc = cos (a — a b ) , 

cos ab 

a Tax xax cos (a — ab) = cos a cos ab + sin a sin ab, to 


(8) 


r • • wo a . \ 

cos c = cos a cos b + sin a sin a b . (9) 

COS Ob 

ITpiiMeHiiB TeopeMy TaHreHCOB fljia npaMoyrojiBHBix TpeyrojibHiixoB x 
AAHC, no jiy hhm : 


tg Ob = tg b cos 7 . 
IIoflCTaBjiHH 3 to b (9), nojiynaeM 


cos c = cos a cos b + sin a sin b cos 7 . 


Mbi npeflnojiarajin, hto jiii6o Tonxa H jiejxiiT Ha CTopoHe BC, jih6o 
B — Ha HC. Ho ecTb eipe B03M0JXH0CTb, hto C jiejxiiT Ha BH. Togga 
BH = BC + CH, t. e. 


a c = a + ab- 



B TaKOM cjiynae b (JjopMyjie (8) bmgcto cos ( a—ab ) 6y/i;e r r ctohtb cos (a+ 
ab), h nosTOMy b ( 9 ) BTopoii HjieH 6 yn,eT c MiiHycoM. Ho b stom cjiynae b 
T peyrojiBHiiKe AH C yroji npn C paBeH ir — 7, Tax hto tg Of, = tg b cos (7 r — 
7 ) = — tg b cos 7 . 

TaKiiM o6pa30M, «Mimyc Ha MHHyc ,naeT njnoc», h nojiynaeTCH Ta nee 
(JjopMyjia (9) TeopeMBi KOCimycoB. □ 

^pyroe ^OKa 3 aTejibCTBO TeopeMBi KOCiiHycoB. 
nycTB flan TpexrpaHHBifi yroji c BepiniiHofi O 11 pe6paMii OA , OB, 
OC. nycTB a, b, c — ero njiocKiie yrjiBi, npoTiiBOjiejKamne cooTBeTCTBCHHO 
pe6paM OA, OB, OC, a 7 — ,n,ByrpaHHBiii yroji npii pe6pe OC (pnc. 111). 
CniiTaeM a, b ^ 90 °. 

Bo3bmcm Ha pe6pe OC e/piHH'mhiii Beicrop 
e, h nycTB d, h — TaKiie nepneH/piKyjiHpHBie 
eMy BeKTopBi, hto e+ d OKa3BiBaeTCH Ha pe6pe 
OA, a e + h — Ha OB. 

Bbihiicjihm CKajiapHBie npoii3BefleHHH sthx 
B eKTopoB Ha pe6pax. Tax KaK e 2 = 1 h e _L d, 
to e(e + d) = 1. 

C flpyroft CTopoiiBi, yroji Menc^y e 11 e+d 
3to yroji MejK/iy pe6paMH OC h OA, t. e. yroji 
b. nosTOMy 

e( e + d) = | e| | e + d| cos b = \ e + d\ cos b. 

Phc. ill BMecTe c npe^BmymHM paBeHCTBOM sto 

^aeT 



\e + d\ cosb = 1, 


1 

|e+ d\ 


cos b. 


(10) 


CoBepmeHHO aHajioniHHO, 6epa e(e + h), bbibo^hm, hto 


\e + h\ cos a = 1, 


1 

\e+ h\ 


cos a. 


( 11 ) 


Tenepn BBiHiicjiaeM: 

(e + d)(e + /i) = 1 + dh 

(nocKOjiBKy e 2 = 1 h e _L d h h, t. e. ed = eh = 0). 

C flpyroit ctopohbi, yroji MeiK^y (e+d) h (e + h) — sto yroji Menc^y 
pe6paMii OA, OB, t. e. yroji c. 


BMecTe c npeflBmymiiM BBipaacemieM sto ,n,aeT 
| e + d\ | e + h\ cos c = 1 + dh. 


OTcro^a, nojrb3yflCb cjjopMyjiaMii (11), (10), nojiynaeM 


cos c = cos a cos b 


dh 

\e+ d\\e+ h\ ’ 


(12) 


BbIHIICJIHM BTOpOII HJieH 3TOII (J)OpMyjIbI. BcnOMHIIM, HTO BCKTOpbl d , 
h nepneHfliiKyjiapHBi pe 6 py OC. IIosTOMy yroji MejK/jy hiimh paBeH ,n,By- 
rpaHHOMy yrjiy 7 npn stom pe 6 pe. CjieflOBaTejibHO, 


dh=\d\-\h\- cos 7 . (13) 

^ajiee, TaK KaK d J_ e, to (e + d) nmoTeHy3a b npaMoyrojiBHOM 
TpeyrojiBHiiKe c KaTCTaMH d , e. IIo nocTpoeHiiio bcktop e jicjkiit Ha pe6pe 
OC, e + d - Ha pe6pe OA. IIosTOMy yroji, npoTHBonejKanpiH KaTeTy d, 
3to yroji b. TaKHM o6pa30M, 


| d\ = \e+ d\ sin b. 

CoBepmeHHO aHajioniHHO bbiboaiim, hto 


\h\ = \e+ h\ sin a. 

Tenept, nojiH3yHCB (12)-(14), nojiynaeM 


dh 

\e+ d\\e+ h\ 
IIoflCTaBjiHH 3 to b (12), nojiynaeM 


sin a sin b cos 7 . 


(14) 


(15) 


cos c = cos a cos b + sin a sin b cos 7 . □ 

TeopeMa 3 (BTopaa TeopeMa KOCHHycoB). mpexzpauHozo yzAa 

( ujiu c<f>epuuecKozo mpeyzo.tibHUKa) npu mex onze o 6 o 3 HaueHUiix, umo e 
meopeMax 2, 2a, eunojinsiemcfi paeencmeo 


cos 7 = — cos a cos (3 + sin a sin (3 cosc (16) 

u ancuwzuHHo d./iji cos a, cos j3. 

/)oKa3aTenbCTBO. A - 1151 flaHHoro TpexrpaHHoro yrjia c njiocKiiMii 
yrjiaMii a, b, c h /ipyrpaHHBiMH yrjiaMii a, (3, 7 nocTpoiiM nojinpHBin eMy 



TpexrpaHHbiii yroji. y Hero njiocxne yrjibi 6 y^yT a' = it — a, b r = tt — (3, 
c' = 7r — 7 h flByrpaHHbiii yroji 7 ' = 7r — c. IIo TeopeMe xocimycoB 

cose' = cos a' cos b' + sin a' sin b' cosy'. 

3to h 7 ,acT ( 16 ). □ 

Bbino/(bi H3 nepeofi h BTopofi TeopeM KOCimycoB. B xanecTBe 
cjieflCTBiiii TeopeM xocimycoB mm nojiymiM 3flecb TeopeMbi, yjxe floxa3aH- 
Hbie b npeflbmymeM naparpacjje He3aBiiciiMbiM nyTCM (cm. TeopeMbi 1, 2, 
3, §4). OflHaKO npocjiefliiTb HMeromiiecH 3,n,ecb cbh3ii 6 yfleT noymiTejib- 
ho. TeopeMbi 4, 5 mbi cjDopMyjinpyeM fljin cc^epirrecKiix TpeyrojinmixoB, 
onyexan yjxe Heo,n,HOxpaTHO noBTopflBininicn nepecKa3 /yin TpexrpaHHbix 
yrjiOB. 

TeopeMa 4. B mpeyzo.abHUKe cyM.ua deyx emopem 6o.nbme mpembeu. 
/],OKa3aTejibCTBO. IIo TeopeMe KOCiraycoB 

cos c = cos a cos b + sin a sin b cos 7 . 

IIocKOJibKy 3 aBe^ 0 M 0 cos 7 > — 1 , to 

cos c > cos a cos b — sin a sin b = cos (a + b) . 

II Tax xax xocirayc — ySbiBaromaji (JjyHxpiifl yrjia, to c < a + b, hto h 
T peSoBajiocb floxa3aTb. □ 

TeopeMa 5. Cy.u.ua yzjioe mpeyzo.abnuKa 6oJibuie 1 r: 

a + f3 + 7 > n. 

/(oxasaTejibCTBO. Tax xax cosc < 1, to h 3 BTopofi TeopeMbi xo- 
CHHyCOB 


COS 7 < — cos ex cos/3 + sina sin/3 = — cos ( a + (3). 

IIjih Tax xax COS 7 = — cos (n — 7 ), to cos (tt — 7 ) > cos (a + (3). II Tax xax 
xocimyc — y6biBaiOHi;aH cjjyHxpiin yrjia, T0 7r — 7 <a + /3na + /3 + 7>7r. 
□ 

TeopeMa 6 . Cy.u.ua ruwcKux yz.aoe mpexzpanHozo yzjia .uenbiue 27t. 
/(oxasaTejibCTBO. Y TpexrpaHHoro yrjia, nojiapHoro ,n,aHHOMy, 
7,ByrpaHHbie yrjibi 6ynyT a' = tt — a, f3' = 7 r — b, 7' = tt — c, h Tax 
xax no npeflbmymeMy a! + f3' + 7' > tt, to 37 t — (a + b + c) > 7 r, t. e. 


a + b + c < 2 tt. □ 



3 aMenaHHe. (Ilepexofl k njiocKOCTii.) IIpn MajiOM x 


x 2 

sina; = x(l + e), cosa:=l — — (l + <5), 

rfle e h 6 — 6ecKOHenHO MajiBie BMecTe c x (o6e nopa^Ka x 2 ). IIoaTOMy t,jih 
Majitix ajaepiinecKiix TpeyrojiBHiiKOB nojiynaeM H3 TeopeMBi cimycoB 


sina 

sin/3 


;( 1+ 0 


H3 TeopeMBi KOCiiHycoB — 


1 


(a 2 + b 2 — 2 ab cos 7) = 1 + rj 


c 6ecKOHenHO MajiBiMii £, ry. IIosTOMy b npe,a,ejie nojiynaiOTCH TeopeMBi 
cimycoB n KOCi-mycoB yyra njiocKiix Tpey ro jibhiikob . 

Ecjii-i c Majio, to cos c = 1 — e, r^e e CTpeMirrca k Hyjno BMecTe c 
c(e ~ c 2 ). IIosTOMy 113 BTopoii TeopeMBi KOCi-mycoB 


cos 7 = — cos a cos /3 + sin a sin /3 — 5 = — cos (a + /3) — <5. 


3to paBeHCTBO 03HanaeT, hto a+/3+7 6jih3ko k tt, n hto npi-i c — > 0, Kor^a 
<5 — > 0, a + /3 + 7 — » 7T. BTopaa TeopeMa KoamycoB b npeflejie irepexo;i,nT 
b TeopeMy o cyMMe yrjiOB TpeyrojiBHiiKa. 



HacTt. 3 

IIPE0BPA30BAHH5L ^PYrHE TEOMETPHH 


Ochobhoh npe^MCT TpeTteft HacTii - - paruiiriHbre xjiaccBi (TOHHee, 
rpynnti) npeo6pa30BaHiii“i cjanryp b eBKjniflOBOM npocTpaHCTBe. C Haii- 
6oju>ineft nojiHOTOii b rjiaBe I H3yneHBi BajKHeiiiniie npeo6pa30BaHHH — Ha- 
jiojxemiH, t. e. npeo6pa30Bamifl, coxpaHjnoiipie paccTOHHiia (hx Taxixe Ha- 
3BiBaiOT flBHJKeHHSMH hjih nepeMemeHiiHMii) . C HajiojxeHiiHMii TecHO cbh- 
3aHO noHHTiie o ciiMMeTpini cjaiiryp, hx «npaBi-uiBHOCTH». 

B nocjie^yiomHx Tpex rjiaBax Kjiaccbi npeo6pa30BaHini nocjie,zi,OBaTejiB- 
ho pacnnipaiOTCH:: nofloGiia coxpaHHiOT OTHomemie OTpe3xoB, ac()(f)iiHHBie 
npeo6pa30BaHHH — OTHomemiH napajijiejiBHbix OTpe3KOB, a npoexTHBHBie 
npeo6pa30BamiH - jiiiihb npaMOjiimeimocTB pacnojiojxeHHH Tonex. 

KaacflOH rpynne npeo6pa30BaHiiii OTBenaeT coBOxynHOCTB cboiictb 
cjjiiryp, coxpaHHK3m,HxcH npn stiix npeo6pa30BaHiiax. BBmejiemie stiix 
CBOHCTB — acJxJjIIHHBIX, npOeXTIIBHBIX - npiIBOflllT x «flpyniM reOMeTpH- 
hm» — a(JxJ)HHHOi"i h npoexTiiBHOH. Hmchho Taxi-iM nyTCM (a He axciiOMa- 
THHecxiiM) mbi H3JiaraeM ocHOBHBie nojiojxeHiia sthx reoMeTpiiii. 

B nocjieflHeii rjiaBe stoii nacTH, paciHiipnH axciiOMaTiixy eBxjiimoBoii 
reoMeTpiiii, mbi ctpohm ochobbi MHoroMepHofi eBxjiimoBoii reoMeTpim. 

F jiaBa I 

HAJIO>KEHH 5 I 

§ 1 . OT^ejIBHBie liM/J,BI HajIOJKeHHH 

napajuiejiBHbiii nepeHOC. Oh onpe^ejiaeTCH ofliraaxoBO Ha njiocxo- 
cth h b npocTpaHCTBe . IlapaJiaejibHUM nepenoco.M , hjih, xopone, nepeno- 
com (hjiii em,e cdeuzoM,), cjuirypBi Ha 3 BiBaeTCH Taxoe OTo 6 pajxeHiie, npn 
xotopom tohxh CMeipaiOTCH b o/i;hom ii tom jxe HanpaBJICHIIII Ha paBHBie 
paccTOHHHH, t. e. npn nepeHOce 4 >nrypBi xaix^BiM flByM TonxaM X, Y co- 



nocTaBjiHHDTca Taxne tohxii X' , Y' , hto (puc. 1) 


XX' = YY'. ( 1 ) 


3 to paBeHCTBO 03HanaeT, hto HanpaBjieHHbie OTpe3Kii XX ' , YY' npe,n,- 
CTaBjiaiOT ofliiH h tot ace BeKTop. CTajio 6biTb, nepeHOC — sto OTo6pa»ce- 
HPie, npn kotopom Bee tohxii CMeipaiOTCH Ha ojiytH h tot >xe BeKTop — 
«BeKTop nepeHOca». Tax hto ecjin stot BeKTop o6o3HaHiiTb t , to fljia Bcex 
Tonex c|)Hrypbi XX' = t. 




TeopeMa 1 . TlapaJiaeMHUu nepenoc xapaKmepu,3yemcA meM, umo on 
coxpaHHem paccmomue u nanpaeAenue, m. e. KacncduM deyM hioukclm X, 
Y conocmaejisiem manue wiouku X ',Y', hto (puc. 2) 


X’Y’ = XY. (2) 

(Tax xax OTo6paixeHiie, coxpaHHiomee paccToamie, — sto Hajiojxemie, 
to nepeHOC mojxho onpe^ejiHTb xax HajiojxeHiie, coxpaHHiomee HanpaBjie- 
Hiie.) 

floxasaTejibCTBO. Cxa3aHHoe cjie^yeT 113 toto , hto paBeHCTBa ( 1 ) 
II (2) paBHOCIIJIbHbl. □ 

KoMno3uv,uji napajiaeMHux nepenocoe ecmn napaji.ae.ai>Huu nepenoc, 
u omo6paotcenue, o6pamuoe napcuuieJibHOMy nepenocy, ecmn napaAAeAb- 
huu nepenoc. 

3 to Henocpe^CTBeHHO cjie^yeT 113 toto, hto nepeHOC — sto OToGpaace- 
Hiie, coxpaHHiomee paccToamie h HanpaBjieHiie. 

IlapajijiejibHbni nepeHOC 3a,naeTCH o^hoh napoft cooTBeTCTByiomiix to- 
nex: ecjin yxa3aHO, xaxaa Tonxa A' cooTBeTCTByeT ,a,aHHOH Tonxe A, to 


KaKaa TOHKa X' OTBenaeT jno6oii ppyroft tohkc X , onpepejiaeTCH paBeH- 

CTBOM 

x? = Z?. 

Ilapa Tonex A, A' 3a/i,aeT BeKTop nepeHOca a = A A' . Ilpn nepeHOce Ha 
BeKTop a papnyc-BCKTop OX npoii3BOJiBHOi"i tohkii X nojiynaeT cjiarae- 


OX' = OX + a. 

riosTOMy ecjin x, y, z — KOoppimaTbi tohkii X, a x' , y' , z' — tohkii X'\ 
a, b, c — KOop/pmaTbi BeKTopa a, to 

x' = x + a, y' = y + b, z' = z + c. 


Tax npe^CTaBjiHCTCH nepeHOC b KOop/pmaTax b npocTpaHCTBe. Ha 
njiocKOCTii — Tax »ce c p,ByMH KOopflimaTaMH. 

nepeHOC jho6oh tfnirypbi mojkho pacnpocTpamiTb Ha Bee npocTpaH- 
ctbo, nepeHOca jno6yio TOHKy X Ha BeKTop nepeHOca a. 

Meacpy BeKTopaMi-i h nepeHOcaMii ecTb nojiHoe cooTBCTCTBiie: 
1) Ka*pp>ift BeKTop onpepejiaeT nepeHOC, h o6paTHo: Kancpbift nepeHOC 
3apaeTCH BeKTopoM; 2) cjio»ceHiHO BeKTopoB cooTBeTCTByeT KOMno3npiiH 
nepeHOCOB (oHa npepcTaBjineTCH cjioJKemieM BeKTopoB stiix nepeHOCOB); 
3) npoTHBonojio>KHBiH BeKTop cooTBeTCTByeT o6paTHOMy nepeHOcy. 

CKa3aHHoe Tpe6yeT yTOHHCHiiH. nepeHOC, Kax BCHKoe OTo6pajKemie, 
onpepejiHCTCH napaMii eooTBeTCTBeHHBix tohck. nosTOMy nepeHOCBi pa3- 
Hbix <J)Hryp — 3 to pa3Hbie OToSpaxcemDi, ecjin ohii 3ap,aiOTCH o/pniM ii TeM 
»ce BeKTopoM, ho Ha pa3Hbix tfnirypax. nepeHOC tohkii A b TOHKy A' — 
He to »ce, hto nepeHOC tohkii B — b B' , xoth bcktopho mojkct 6bitb 
A A' = BB' . nosTOMy tohhoc cooTBeTCTBiie Mencpy BeKTopaMH h nepe- 
HOcaMii ecTb tojibko Torpa, Korpa 6epyTCH nepeHOCbi Bcero npocTpaHCTBa 
HJIH njIOCKOCTH, eCJIH IIMeiOTCH B Bl'ipy BeKTOpbl Ha njIOCKOCTH. 

D^CHTpajibiiaji cHMMeipHH. Uem’pajuaiaH ciiMMeTpiiH onpepejiaeT- 
ca opHHaKOBO ii Ha njiocKOCTii, ii b npocTpaHCTBe. 

Tohku A, A' Ha3biBaK)TCH cuAiM,empuuHbiM,u orrmocumeMHO mouKU 
O, ecjin OHa cjiyjKiiT cepepimoft OTpe3Ka AA! (puc. 3). Tonna O CHiiTaeTCH 
CHMMeTpiiHHOH caMa ce6e (oTHOciiTejibHO O ). 

^Be cfmzypu Ha3biB aiOTcn cuMMempuHHUMu orrmocumejibHo mouKU O , 
ecjin ohm o6pa30BaHbi nonapHO ciiMMeTpiiHHbiMii TOHKaMii, t. e. pjia Kanc- 
poft tohkii opHoft tjnirypbi ecTb TOHKa, ciiMMeTpiiHHaji eft othochtcjibho 
O b ppyroft (Jnirype, h o6paTHO (puc. 4) . 



Phc. 3 


Phc. 4 


Phc. 5 


B hbcthocth, cjmrypa momt 6bitb ciiMMeTpiiHHa caMa ce6e. Torpa 
pjiH KajK,a,OH ee tohkii b Heft ecTb TOHKa, ciiMMeTpimHaH OTHOCiiTejibHO 
O. B TaKOM cjiynae TOHKa O Ha3biBaeTCH i^enmpoM cuMMempuu cjiiiry- 
pbi, a caMa cjiiirypa — x^eumpajimo cuMMempuuHOu ( omnocumejibHo O) 
(piic. 5). IIpiiMepbi: map ciiMMeTpHneH OTHOCiiTejibHO CBoero peHTpa, na- 
pajijiejienime,n, — othochtcjibho to'ikh nepeceneHiiH flnaroHajieft, Kpyro- 

BOft H,HJIHH/I,p — OTHOCHTCJIbHO CepepiIHbl CBOeft OCH, II T. R. 

IfemripajibHou cuMMempueu c v,eHmpoM O Ha3biBaeTCH OTo6pa»ceHiie, 
conocTaBjmiomee KajK^oft tohkb OTo6pa*;aeMoft cjmrypbi TOHKy, eft ciim- 
MeTpiIHHyiO OTHOCiiTejibHO O. 

OTHomeHiie Meac/iy ciiMMeTpiiHHbiMii TOHKaMi-i B3aiiMHo: ecjni A' chm- 
MeTpiiHHB A, to ii A CHMMeTpiiHHa A'\ nosTOMy OTo6pa»ceHiie, o6paTHoe 
peHTpajibHOii CHMMeTpHHj — 3to Ta »ce peHTpajibHaa ciiMMeTpiin. 

TeopeMa 2. U,eHmpajibnaH cuMMempusi coxpaHnem paccmosmuji, a 
ece HanpaeJienufi u3Menjiem na npomueonojiocncHue. To ecTb ecjni npn 
H,eHTpajIbHOft CIIMMeTpiIH TOHKaM X, Y COOTBeTCTByiOT tohkii X' , Y' , TO 

X'Y' = -XY. 

06paTHo: omo6pacm:eHue c manuMu ceoucmeaMU ecmb peumpajibnafi cum- 
Mempusi. 

floKasaTejitCTBO. IlycTb npn chmmctphh c peHTpoM O tohkii A', 
Y OTo6pa»caiOTCH b A', Y' . Torpa, KaK cjiepyeT 113 onpepejiemiH peHTpajm- 
HOft CIIMMeTpiIH , 

OX' = -OX, OY' = -OY. (3) 


BMecTe c tcm XY = OY — OX, X'Y' = OY' — OX'. EtosTOMy 113 ( 3 ) 


cjiepyeT 


X'Y' = -OY + OX = -XY. 


06paTHo: nycTb HMeeTca OToSpaacemie 4>nrypbi F, coxpaHaioipee pac- 
CToamie n H3MeHHK>mee HanpaBjiemie Ha npoTiiBonojioacHoe. Bo3bMeM ica- 
Kyro-jin6o Toaicy A G F, h nycTt A' = f(A) — ee o6pa3, O — cepepima 
OTpe3Ka A A' (hjih caMa Toaica A, ecjni A! coBnapaeT c A). Bo3bmcm jiio- 
6yro TOHKy X G F » ee o6pa3 X' = /(A). IIo ycjiOBino paccToamie AX 

coxpaHaeTca, a HanpaBjieHHe AX n3MeHaeT- 
ca Ha npoTHBonojiCGKHoe, nosTOMy 



A!X' = -AX. 


(4) 


BMecTe c TeM, noacojibicy O — cepepima AA ! , 
to (pnc. 6) 

OA' = -OA. (5) 

KpoMe Toro, 


OX = OA + AX, OX' = OA! + A'X'. 


H3 sthx paBeHCTB b CHjiy(4) h (5) cjiepyeT 


OX' = -OX. 


CTajIO 6bITb, TOHKa X' CHMMeTpilHHa A' OTHOCHTejIBHO TOHKII O; H TaK 
Kax 3 to BepHO pjia jho6oh tohkii X paHHOft tjairypbi, to paccMaTpiiBae- 
Moe OToSpaacemie / ecTb ee peHTpajibHaa ciiMMeTpua, hto h Tpe6oBajioci> 
poica- 

3aTb. □ 

I^eHTpajiBHaa ciiMMeTpua 3apaeTca oppoft napoft cooTBeTCTByioipHx 
TOHex: ecjin A OTo6paacaeTca Ha A', to pemp — sto cepepima OTpe3Ka 

AA' . 

Tax Kax peHTpajiHHaa ciiMMeTpua coxpaHaeT paccToamia, to OHa 
npepcTaBjiaeT co6oio Hajioacemie, h poicasaHHyio TeopeMy mojkho Bbrpa- 
3HTH Tax: 

Lfeumpajibnaji cuMMempua — amo HaJiomceHue, uaMemiwu^ee ece na- 
npaejiemui na npomueonojiootcHue. 

U,eHTpajiHHaa ciiMMeTpua jno6oft (Jairypti ecTecTBcmio pacnpocTpaHa- 
eTca Ha Bee npocTpaHCTBO. Kaacpoft tohkc conocTaBjiaeTca tohkh, eft ciim- 
MeTpiiHHaa othochtcjibho toto ace pempa. Tax ace pacnpocTpaHaeTca Ha 
bcio njiocKOCTb peHTpajibHaa CHMMeTpua njiocicoft c}>nrypbi. 


Ho Mescfly peHTpajibHoft CHMMeTpueft Ha iijiockoctii ii b npocTpaHCTBe 
ecTB onenb cymecTBeHHaa: pa3Him,a. 

Ha njiocKOCTH peHTpajibHaa CHMMeTpHH npepcTaBjraeT co6oft noBopoT 
Ha 180° BOKpyr pempa chmmotphh, KaK sto HenocpepcTBeHHO Biippo, ho 
b npocTpaHCTBe OHa k noBopoTy He cbophtch. 

OTpa>KeHHe (aepKajibiiaji CHMMc rpHii). CKOJit3HLu,ee o rpa>Ke- 
HH6. Ha njiocKOCTH 3epKajibHyio ciiMMeTpuio npepcTaBjraeT OTpaacemie 
OTHOdiTejiBHO npHMOft, b npocTpaHCTBe ee npepcTaBjiaeT OTpaxceHiie ot- 
HOCHT6JIBHO njIOCKOCTH. 

Tohkh A, A' Ha3BiB aiOTCH cu.uMempuy.HUMu omHocumeAUHo uaocko- 
cmu a, ecjin 0Tpe30K A A' nepnepzpiKyjiHpeH stoh hjiockocth h pejiHTCH 
eio nonojiaM (puc. 7). JIio6aH TOHKa njiocKOCTH a cniiTaeTCH CHMMe r rpn'i- 
hoh caMa ce6e othochtcjibho stoh hjiockocth. 

CoBepnieHHO Tax nee onpepejunoTCH tohkii, ciiMMeTpiiHHbic othoch- 
TejiBHO KaKOH-jin6o npHMOft: HyjKHO tojibko b flaHHOM onpepejiemm 3a- 
MeHHTB njiocKOCTH Ha npaMyio (pnc. 8). ^ajiBHie mbi 6ypeM cjDopMyjinpo- 
BaTB onpepejiemiH h pe3yjiBTaTBi pjia OTpaaceHiiH OTHOCHTejibHO njiocKO- 
cth; fljia OTpajKeHiiH OTHOCHTejibHO npHMOft Ha hjiockocth ohh coBepnien- 
ho aHajioniHHBi. 




,3pe (fiusypu Ha3BiBaiOTCH cuM.uempuHHUMu omHOcumejibHO tuiocko- 
emu, ecjin ix tohkii nonapHO CHMMeTpiiHHbi OTHOCHTejibHO stoii njiocKO- 
cth, t. e. Kanypoft tohkc oppoft cjnirypbi OTBenaeT CHMMeTpiiHHaa eii TOHKa 
ppyroft (jjuryphi, h o6paTHO. Ecjih stii cjnirypbi coBnapaiOT, t. e. ecjin sto 
opHa 4>nrypa, to tobopht, hto OHa cuMMempunua othocht6jibho paHHOft 
njiocKOCTH h hto 3Ta njiocKOCTb HBjiaeTCH ee njiocKocmbm cuMMempuu 
(pnc. 9). 

OTo6pa»ceHHe (Jmrypbi, npn kotopom Kaacpofi ee tohkc cooTBeTCTByeT 

TOHKa, CHMMeTpiIHHaH eft OTHOCHTejibHO paHHOH njIOCKOCTH, Ha3bIBaeTCH 


ompaotcenueM cfmzypu orrmocumejibno 9mou n.nocKOcmu (hjii-i cuMMempu- 
eu orrmocumejibHO smou n.nocKOcmu). 

CiiMMGTpi-iHHOCTb ToaeK OHeBiiflHO B3aiiMHa: ecjin A' CHMMeTpuaHa A, 
to A ci-iMMeTpiiHHa A' . IIoaTOMy OTpaatemie caMOMy ce6e o6paTHO. 

TeopeMa 3. Ompaotcenue coxpanfiem paccmosmusi. 

/I,OKa3aTejiBCTBO. IlycTB OTpaatemie npoiicxo^HT b njiocKOCTii a. 
BBe^eM npHMoyrojiBHbie KOopflimaTBi Tax, hto6bi a 6bijia njiocKOCTbio 
z = 0. Toiyja OTpaateHiie npeflCTaBjiaeTca KaK nepeMeHa 3HaKa 2 : TOHKe 
A{x, y, z) conocTaBjiaeTCH ToaKa A'(x, y, —z). B BBipaaceHiie paccToamia 
bxo^ht KBa^paT pa3HOCTi-i KOopfliiHaT; oh He H3MeHaeTCH npu nepeMeHe hx 
3HaKa. IIoaTOMy h paccTOHHiie He iOMeHaeTca, hto ii TpeSoBajiocB ^OKa- 
3aTB. 

B cjiyaae OTpaaceHiia OTHOCHTejiBHO npaMoii a Ha njiocKOCTH bbo,z];iim 
KOopflimaTBi, npri KOTopnix 3Ta a 6bijia 6bi npaMolt y = 0 (t. e. ocbio x), h 
noBTopaeM npe;i,hi;iyrri;ee paccyHc^emie. □ 

OTpaacemie 3a,n,aeTCH napofi cooTBeTCTBeHHBix ToaeK. IIjiockoctb ot- 
paaceHiia npoxofliiT aepe3 cepe/pray coepimaiomero hx OTpe3Ka nepneH- 
pHKyjiapHO eMy. 

OTpaacemie cjanrypBi b paHHOH njiocKOCTii oaeBMpHbiM o6pa30M pac- 
npocTpaHaeTCH Ha Bee npocTpaHCTBO. 

TeopeMa 4. HcuiocuceHue npocmpancmea, npu KomopoM ece mouKU 
nenomopou nAOCKoemu nenodeu^K-HU, jiejifiemcji au6o ompaoKenueM om- 
HocumeAbHO smou nAOCKoemu, au6o mocHcdecmeeHHUM omoCpaoKenueM. 

/JoKasaTejitCTBO. Hanoxcemie OTo6pa»caeT npaMBie Ha npaMBie 
h coxpaHaeT yrjibi. IIosTOMy ecjni Bee tohkii njiocKOCTH HenopBiDKHBi, to 
npaMBie, efi nepneH/piKyjiapHBie, OToSpaacaiOTca Ha ce6a. OTCiopa cjiepyeT 
CKa3aHHoe. (KaK?) □ 

CoBepmeHHO Tax ace HajiojKemie njiocKOCTii, npu kotopom Bee toh- 
KH HeKOTOpOH npaMOH HenOflBICKHBI, HBJIHeTCH JIIl6o OTpajKeHIieM OTHOCH- 
TejiBHO 3 toh npaMOH, J11160 TOJK^ecTBeHHBiM OToSpaacemieM. 

CKO.n, r h3,Hm t u.M, ornpaoiceHue.M, easeii-tacTCM komho3hh;hh OTpaaceHna 
b njiocKOCTH c nepeHOCOM, napajuiejiBHBiM stoii hjiockocth. Ha njiocKO- 
cth CK0JiB3Hm,ee OTpaacemie — sto komho3iih,iih OTpaaceHiia OTHOCHTejiBHO 
npHMoii h nepeHoea b^ojib stoii npaMoit. nopapoK, b KaKOM npoiraBopaTca 
OTpaacemie h nepeHoe, 6e3pa3jiiiHeH: stii OTo6pajKeHiia nepecTaHOBOHHBi 
(kslk jierKO HenocpepcTBeHHO ySepiiTBca). 

CnMMeTpHH (oTpaacemie) OTHOCHTejitHO npHMofi b npocTpaH- 
CTBe. 3 to OTo6pa?KeHHe onpepejiaeTca pocjiobho TaK ace, KaK OTpaacemie 
OTHOCHTejiBHO npaMOH Ha njiocKOCTii. Toana A! ciiMMeTpnaHa Ha Toane A 
OTHOCHTejiBHO npaMOH a, ecjni 0Tpe30K AA' nepneH/piKyjiapeH npaMOH a 



h pejniTca eio nonojiaM (pnc. 10). Tohkii npaMofi 
a cnMMeTpHHHbi caMH ce6e. OTpaacemie b npaMofi 
a COCTOIIT B TOM, HTO KaHCpOH TOHKe A CTaBHTCH 
b cooTBeTCTBiie TOHKa A' , CHMMeTpnHHaa A otho- 
CHTejibHO npaMofi a. 3to OTo6paaceHHe coxpaHaeT 
paccTOHHiia. ^Jia poKa3aTejibCTBa BBepeM Kooppn- 
HaTBi c ocbk) 2 no npaMofi a. Torpa OTpaacemie b 
npaMoii a H3o6pa3HTca nepeMeHon 3HaKOB y x h 
y : tohkh (x, y, z ) nepexopaT b (— x, —y, z), n n3 
cjjopMyjiBi pjia paccToamia cjiepyeT, hto oho coxpaHaeTca. 

B Kaatpoft njiocKOCTii a, nepneHpriKyjiapHoii ocn a, nponcxopriT peH- 
TpaabHaa CHMMeTpua OTHOCHTejiBHO tohkh nepecenemia a it a. IIoaTOMy 
Kax peHTpajibHaa cnMMe r rpna b njiocKOCTii ecTb noBopoT Ha 180° BOKpyr 
peHTpa, Tan CHMMeTpua OTHOCHTejiBHO npaMoft b npocTpaHCTBe ecTb no- 
BopoT BOKpyr Hee Ha 180°. 



§ 2. IIOBOpOTM 

IIoBopoT b njiocKOCTH. Bbipaacaa HarjiapHoe npepcTaBjieHiie o no- 
BopoTe BOKpyr tohkh, ero onpepenaiOT cjiepyrorpuM o6pa30M. IIobopot 
cjnirypbi F BOKpyr tohkh O coctoht b tom, hto ee TOHKaM X conocTaB- 
JIHIOTCH TOHKH X' TaK, HTO 

1) o r rpe3KH OX, OX ' paBHbi; 

2) yrjibi Meacpy OTpe3KaMH OX , OX' paBHbi pjia Bcex ToneK X h ot- 
KjiapbiBaiOTCH ot OX k OX' b oppy h Ty ace CTopoHy (no nacoBoit CTpejiKe, 
pnc. 11, a, hjih npoTHB nacoBofi CTpejiKH, pnc. 11, 6 ). 



Phc. 11 


Ecjih tohkh O npHHapjie>KHT F, to OHa conocTaBjiaeTca caMa ce6e. 
ToHKa O Ha3biBaeTca vfinmpoM noBopoTa. 

OpHaKO, KaK yace roBopimocb, b reoMeTpini hct nacoBbix CTpejiOK, no- 
3TOMy paHHoe onpepeaenne Hyaoio ponojiHHTb onpepejieHiieM Toro, hto 


3HaHHT «noBopoT b oflHy CTopoHy». 3 to HyjKHO onpe^ejiHTb fljia noBopo- 

Ta Ha yroji, MeHbrrniH 180°. 

PaccMOTpiiM ^Ba OTpe3Ka OX, OY, kotopbim conocTaBjieHbi OTpe3- 
kh OX' , OY' , o6pa3yiomHe c hiimii Hepa3BepHyTbie yrjibi. Ty nojiynjioc- 
koctb , orpaHHHeHHyio npaMofi OX, rp,e jiejKiiT 0Tpe30K OX' , o6o3HanHM 
Px ; flonojiHHTejibHyio nojiynjiocKOCTb o6o3HaHHM Qx ■ Tot jkb cmbicji ^jih 
OT pe3Ka OY hmciot o6o3HaHemiH Py, Qy. 


X’ 


V 
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Phc. 12 


^aeM onpe^ejiemie. OTpe3KH OX, OY, «nepexo,nH» b OX', OY', no- 
BopaHiiBaiOTCH b odny cmopcmy, Kopua BbinojiHeHO cjie^yiomee: 

1) ecjin OY c Px, to OX c Qy (puc. 12, a, 6), 

2) ecjin >Ke OY C Qx, to OX C Py (pnc. 13, a, 6). IlepBoe 03HanaeT: 
ecjm 0Tpe30K OY jieacHT c toh ace ctopohbi ot OX, hto ii OX' , to OTpe3KH 
OY' h OX jieacaT c pa3Hbix ctopoh ot OY . (HarjiHflHO sto 03HanaeT, hto 
OT pe30K OY noBopaniiBaeTCH b HanpaBjieHiin ot OX.) Bo btopom cjiynae 
cooTHomcHiie o6paTHoe. 

Xoth b ^aHHOM onpe^ejieHiiii OTpe3Kii OX, OY' BHemHe nrpaiOT pa3- 
Hyio pojib, oho Ha caMOM ,n,ejie coBepnieHHO CHMMeTpiiHHO. Ilpri nepeMeHe 
X h Y MecTaMH nojiynaeM to ace caMoe. 



a 


6 


Phc. 13 


(Hanpi-mep, noMeiraeM pojihmh X n Y b ycjiobhh 1), Tax hto nycTb 
OX C Py. Torpa He mohcct 6mtb OY C Px, noTOMy hto b stom cjiynae 
no 1) 6 bijio 6bi OX c Qy. CTajio 6 bitb, ecjin OX c Py, to OY c Qx-) 

OnpepejniM eipe noBopoTbi c noMOipbio nojiapHbix KOoppimaT. 

3th KOopflHHaTbi 3aflaiOTCH HanajiOM O, HanajibHbiM jiynoM h HanpaB- 
jiemieM OTcneTa yrjiOB. A oho 3a,paeTCH yKa3aHneM nojiynjiocKOCTH, orpa- 
HM'ieHHott jiynoM a (t. e. npaMoit, copepHcaipeii jiyn a); ecjin CTopoHa 
b yrjia ab jiejKHT b stoh nojiynjiocKOCTH, yroji CHHTaeTCH nojiojKHTejib- 
HblM, B npOTHBHOM CJiyHae OH CHHTaeTCH OTpiIH,HTejIbHbIM (iIJIH CBepXTy- 
nbiM) . 

OnpepejiaeM noBopoT. IlycTb O — peHTp noBopoTa; npiiMeM ero 3a Ha- 
najio nojiapHbix KOoppimaT r, 9. IIobopot <J>Hrypbi BOKpyr O Ha yroji a 
b tom »ce HanpaBjieHiiii, b KaKOM OTCHHTbiBaeTCH yrjiOBaa KOop/pmaTa, 
coctoht b tom, hto Ka>KpoH TOHKe X (r, 9 ) cjjnrypbi F conocTaBjiaeTCH 
tohkb X'(r, 9 + a). IIobopot b o6paTHyio CTopoHy conocTaBjiHeT TOHKe 
X(r, 9) TOHKy X'(r, 9 — a). (Ecjiii yrjiy a 
npimucbiBaTb 3 hbk tot nee, hto ii 9 , to mox- 
HO CHIITaTb, HTO TOHKe X (j\ 9) COnOCTaBJIH- 

eTca X'(r, 9 + a); puc. 14.) 

3to onpepejiemie He 3aBHCHT ot bm6o- 
pa HanajibHoro jiyna cucTeMbi KOoppHHaT r, 

9. Ilpn 3aMeHe HanajibHoro jiyna a yrjiOBaa 
KoopflHHaTa 9 3aMeHHeTca Ha = 9 + 9q. 

IIoaTOMy noBopoT, conocTaBjiaa yrjiy 9 yroji 
9 + a, conocTaBjiaeT yrjiy 9' = 9 + 9q yroji {9 + a) + 9q = 9' + a. 

IIobopot. TaxiiM o6pa30M, noBopoT coctoht b tom, hto yrjiOBaa ko- 
op^HHaTa H3MeHaeTCH Ha yroji noBopoTa. OTCiopa oneBppHO cjiepyeT, hto 
KOM no3HpiiH noBopoTOB BOKpyr opporo pempa npepcTaBjiHeTca cjiojKemi- 
eM yrjiOB sthx noBopoTOB (kohciho, c yneTOM 3HaKa h c tohhoctbio po 
cjiaraeMbix, KpaTHbix 2ir). 06paTHbilt noBopoT nojiynaeTCH npri nepeMeHe 
3naKa yrjia. 

TeopeMa 1 . Iloeopom eoKpye mouKU coxpanfiem paccmosinuH. 

/],OKa3aTejibCTBO. IlycTb npn noBopoTe BOKpyr tohkii O tohkh 
X, Y nepemjiii b X' , Y' . BBepeM nojiapHbie KOoppimaTbi c pernpoM O. 
Ilpn noBopoTe yrjiOBbie KOoppimaTbi 9 1 9\ tohck X, Y nojiynaiOT oppo h 
to nee cjiaraeMoe — yroji noBopoTa a. IIosTOMy ecjin 9' , 9[ — KOoppHHaTbi 
ToneK X ' , Y' to 

9' -9[=9-9 1 . 

3th pa3HOCTH — 3 to yrjibi Mencpy OX h OY, OX' ii OY', ohh, CTajio 



6[>rn>. paBHbi. A Tax k;ik OX = OX', OY ' = OY , to Tax ace X'Y' = X Y , 
hto h Tpe6oBajiocb ,xi,OKa3aTb. □ 

IIOBOpOT B IipOCTpaHCTBe. IlOBOpOT B npocTpaHCTBe npOHCXOflHT 
BOKpyr npHMoii, Ha3biBaeMoii ocbw noBopoTa, h, kopotko roBopa, coctoht 
B TOM, HTO B njIOCKOCTHX, nepneHflHKyjIHpHbIX OCH, npOHCXOflHT nOBOpOT 
Ha o^iih h tot ace yroji b o^Hy CTopoHy BOKpyr tohkii nepecenemiH njioc- 
KOCTH C OCblO (pHC. 15). 

ToHHee, noeopom cjDiirypbi F eoKpye npuMou a — sto OTo6paacemie, 
npn kotopom KajKfla a tohkh X £ F OTo6paacaeTca b TOHKy X' Tax, hto 
1) rrpoeKipia Toneic X, X' Ha npaMyio a o^Ha h Ta ace; 2) ecjin sto TOHKa 
O, to OTpe3Kii OX, OX' paBHbi; 3) yrjibi, o6pa3yeMbie OTpe3KaMH OX, 
OX' paBHbi fljia Bcex A'; 4) Bee 0Tpe3KH OX, nepexo^a b OX' , noBopaHH- 
BaiOTca b Oflny CTopoHy. IIocjie^Hee 03HanaeT, hto iipoeKnnn jhoSbix ,n,Byx 
OTpe3KOB OX, 0\X\ Ha njiocicocTb, nepneHflHKyjiapHyio npaMofi a, noBO- 




paniiBaiOTca b o/piy CTopoHy (3,n,ecb 0\ — npoeicpiia tohkpi Xi Ha a). 3 to 
mojkho npe^CTaBHTb eipe Tax. Hepe3 Kaac^yio TOHKy A', He jieacamyio Ha 
npaMoii a, npoxo^HT nojiynjiocKOCTb Rx , orpaHHHeiiHaa stoii npaMoii. Ta- 
xaa nojiynjiocKOCTb nepeceKaeT jno6yio njiocicocTb a, nepneHfliiKyjiapHyio 
a, no jiyny c HanajiOM b Tonne O, b KOTopoft a nepeceicaeTCH c a. IIoBopoT 
b njiocKOCTH a onpe^ejiaeT noBopoT nojiynjiocKOCTen Rx- H Tax bo Bcex 
njiocKOCTHx a nponcxo^aT corjiacoBaHHbie noBopoTbi; o hiix roBopiiTca, 
hto ohh nponcxo^HT e oOhom nanpaeAenuu (pnc. 16). 

TeopeMa 2. Iloeopom eonpyz npfiMou coxpantienn paccmosmusi. 

floKasaTejibCTBO. IlycTb npn noBopoTe BOKpyr npaMoii a tohkii 
A, B nepenijiii b A', B' . Ecjiii ohii jieacaT b o^hoh njiocicocTii, nepneH- 
^.HKyjiapHoft a, to AB = A' B' , nocicojibKy b Kaacfloii Taxon njiocKOCTH 
npoiicxo^HT noBopoT. 


IlycTb tohxh A, B jieacaT b pa3Hbix njiocxocTax a, P, nepneH/pixy- 
jiapHbix a, h nepexo^HT b tohkh A', B' . IlycTB C — npoexrpiH tohxh A Ha 
njIOCKOCTb /?. MoJKHO, XOHeHHO, CHHTaTb, HTO TOHXa C TaKJKe <<nOBOpaHH- 
BaeTCH» BMecTe c flpyniMH b njiocxocTii P h nepexo^HT b C' . Tor^a xax 
AC||a, Tax h A'C'\\a, Tax hto AC h A'C nepneHfliixyjiflpHbi o6ei-iM njioc- 
xocthm a, p. CTajio 6 bitb, A'C' = AC (Tax xax a\ \ P, to 0Tpe3xn AC, A'C' 
paBHbi xax o6m,He nepneHflnxyjiHpbi na- 
pajuiejibHbix njiocxocTeft) . IIosTOMy ecjin 
C coBna^aeT c B, to A'B' = AB. 

^(onycTHM, C He coBna^aeT c B. Tor^a 
BC _L AC (puc. 17) (Tax xax AC _L P). 

TpeyrojibHiix ABC npaMoyrojibHbiH h 

AB 2 = AC 2 + BC 2 . 

TpeyrojibHiix A' B'C' roxe npaMoyrojib- 
Hbiii, Tax xax A'C' _L p. KpoMe toto, 

A'C = AC h B'C' = BC, nocxojibxy b 
njiocxocTii P npoiicxofliiT noBopoT. H 3 Bce- 
ro 3Toro cjie^yeT, hto 

A'B ' 2 = A'C ' 2 + B'C ' 2 = AC 2 + BC 2 = AB 2 . 

HTax, A'B' = AB, hto h Tpe6oBajiocb ^oxa3aTb. □ 

O npeo6pa30BaHHHx roBopaT, hto ohii k oMMymupyfoui/ue ( nepecmano - 
eounue), ecjin hx xomho3iih,hh: ne 3aBHCHT ot nopa^xa, b xotopom ohii 
npOII3BOflHTCH. IIOBOpOTbl BOXpyT 0,H,H0H OCII XOMMy Tlipy IOT ; HX X0Mn03H- 
h,hh cooTBeTCTByeT cjioJxeHiiio yrjiOB noBopoTa (co 3HaxoM). 




Phc. 18 


KoMno 3 HH,HH AByx noBopoTOB Boxpyr nepecexaroiipixcH oceii, xax 6y- 
,ii,eT ,noxa 3 aHO, npe^CTaBjiaeT C06010 noBopoT Boxpyr TpeTbeii och, npo- 
xo^ameii nepe 3 Tonxy nepeceneHiiH flaHHbix ocelt. Ho noBopoTbi Boxpyr 


pa3Hbix oceft, BOo6m,e roBopa, He KOMMyTiipyiOT. Ecjiii R\, R 2 — noBopo- 
tbi BOKpyr nepecexaiomiixca oceft, to, BOo6m;e roBopa, noBopoTbi R2R1 11 
R 1 R 2 npoiicxo^HT BOKpyr pa3HBix oceft. Ha piic. 18 iraoSpaaceHBi noBopo- 
tbi Ky6a BOKpyr oceft a\, 0.2- 

BnHTOBoe uajio>KCHMC. BunmoeuM naAootceHueM Ha3biBaeTca kom- 
no3iiri,iia noBopoTa h nepeHOca b^ojib ocii noBopoTa (t. e. Ha BeKTop, eft 
napajijiejibHbift) . 

nopaflOK nepeHOca h noBopoTa npii stom 6e3pa3jniHHBi: ohii KOMMyTH- 
pyiOT. 

BnHTOBoe HajiojKeHiie, KaK KOMno3Hipia HajioaceHini, ^.eftcTBiiTejiBHO 
aBjiaeTca HajioaceHi-ieM . 

nepeHOC h noBopoT mojkho paccMaTpimaTB KaK nacTHBie cjiynaii biih- 
TOBoro HajiOHcemia: c HyjieBbiM noBopoTOM h c HyjieBbiM nepeHOCOM. 

3cpKajiL.nr.iii noBopoT. 3epKa.abHUM noeopomo.u Ha3BiBaeTca kom- 
no3iiri,iia noBopoTa h OTpaacemia othochtcjibho njiocKOCTH, nepneH/piKy- 
jiapHoft ocii noBopoTa. 

KaK KOMno3ini,iia Hajio»ceHini 3epKajiBHBift noBopoT aBjiaeTca Hajioate- 
HiieM. 

nycTb a — ocb noBopoTa, a — njiocKOCTb, b KOTopoft nponcxo^HT OTpa- 
aceHiie, O — hx TOHKa nepeceaeHiia. npii OTpaaceHiiii Bee tohkii njiocKOCTH 
a HenoflBicKHbi, Tax hto b hcii npoiicxofliiT tojibko noBopoT BOKpyr toh- 
kii O. H oh onpeflejiaeT noBopoT BOKpyr ocii (xaK OTMeaeHO Bbiine). Ot- 
ciofla, Meacfly nponiiM, hcho, hto nopaflOK noBopoTa h OTpaacemia b 3ep- 
KajiBHOM noBopoTe 6e3pa3JinaeH: ohii KOMMyTiipyiOT. 

Yroji noBopoTa, Bxoflainiift b 3 epKajiBHBift noBopoT, Ha 3 biBaeTca yz- 
aom SToro 3 epKaAbHozo noeopoma. OTpaaceHiie mohcho paccMaTpiiBaTb 
KaK 3epKajiL.HL.111 noBopoT c HyjieBbiM yrjiOM noBopoTa. 

npoTHBonojio>KHL.ni cjiyaaft — 3epKaAbnuu noeopom c Haii6ojiL.miiM 
B03MOJKHBIM yrjiOM, t. e. c noeopomoM na ece 180°, npedcmaeAAem co6om 
yeumpaAbHym cuMMempuw c yenmpoM O. 

^eftcTBHTejiBHO, B03BMeM KaKyio yroflHO TOHKy A, h nycTB B, C — 
ee npoeKHHH Ha njiocKOCTH a h ocb a, TaK hto OA = OB + OC . npii 
noBopoTe Ha 180° b njiocKOCTH a BeKTop OB nepexo^HT b OB' = —OB, 
a OC He H3MeHaeTca . Ho npii OTpaaceHini OTHOCiiTejiBHO njiocKOCTH a 
BeKTop OB' yace He ii3MeHaeTca , a bcktop OC nepexofliiT b OC' = —OC. 
noaTOMy b pe3yjiBTaTe OA nepexo^HT b OA' , Tax hto 


OA' = OB' + OC' = -OB - OC = -OA. 



3to h 03HanaeT, hto nponcxo^HT ciiMMeTpiia OTpaiKemie OTHOCiiTejibHO 

peHTpa O. □ 

SaMenaTejibHO, hto 3^ecb pacnojKWKeHiie iuiockoctii OTpancemiH h ocii 
noBopoTa He iirpaeT pojni, jiiihib 6bi ohii 6bijih nepneH^HKyjiapHbi h ne- 
peceKajincb b tohkb O. IIpn jik>6om TaKOM hx pacnojiojKeHiiii nojiynaeTCH 
peHTpajibHaa: CHMMeTpiiH. 

ITpHMep. IIpiiMep (Jmrypbi, coBMeiiunoipeiicM caMa c co6oft 3epKajib- 
hhm noBopoTOM, npeflCTaBjiaeT MHororpaHHiiK, Ha3biBaeMbift «aHTimpH3- 
Moit». Oh ctpohtch Tax. 

Bo3bMeM npaBHjibHbifi n-yrojiBHiiK Pi h npoBe^eM nepe3 ero peHTp 
npHMyro a, nepneH/i,HKyjiHpHyio ero njiocKOCTH a.\. Bo3bMeM jno6yio njioc- 
KOCTb a||ai h npoii3BefleM 3epKajibHbin noBopoT, coctohhi,iih h 3 OTpasce- 
hkh OTHOCiiTejibHO njiocKOCTH a h noBopoTa BOKpyr npHMOii a Ha yroji 
ip = 2n/2n (b jno6yio CTopoHy). TaKolt 3epKajibHbiii noBopoT / nepeBO^HT 
MHoroyrojibHiiK Pi b MHoroyrojibHiiK P 2 , jiejKamnii b njiocKOCTH o^Hon h 
HM eroiipni peHTp b TOHKe ee nepeceHemui c ocbio a. 

Bepimiiibi MHoroyrojibHHKa P 2 6ynyT pacnojioiKeHbi Ha,n jiynaMii, iifly- 
ih;hmh h3 O Hepe3 cepefliiHbi ctopoh MHoroyrojibHHKa Pi (puc. 19). Co- 
eflHHHH BepiHIIHbl MHOrOyrOJIbHIIKa P 2 C KOHpaMII COOTBeTCTByiOmilX CTO- 





Phc. 19 


Phc. 20 


Puc. 21 


poH Pi , nojiynaeM ceTb pe6ep MHororpaHHiiKa. 3tot MHororpaHHiiK — «aH- 
THnpii3Ma» — nepeBOfliiTCH caM b ce6n 3epKajibHbiM noBopoTOM /, b neM 
Henocpe^CTBeHiio y6e>KflaeMCH 113 Toro, hto ero ocHOBamiH nepeBO^piT- 
ca APy r B APyra sthm 3epKajibHbiM noBopoTOM. Ho stot MHororpaHHiiK 
coBMemaeTCH caM c C06010 noeopomoM tojibko Ha yroji 2 ip. 3to, Mem/iy 
npoHiiM, cjiyiKHT ocHOBaHiieM paccMaTpriBaTb 3epKajibHbiii noBopoT xaK 
o^ho npeo6pa30BaiiHe, He pa3Jiaran ero Ha noBopoT h OTpanceHiie. 


npocTeilmi-m cjiynaii «aHTimpii3Mbi» nojiyaaeM, Koryja P± — TpeyrojiB- 
hiik; TyT «aHTimpii3M0ii» HBjiaeTca OKTas^p (pnc. 20). 

Mojkho CKa3aTb, em,e npoipe, KOiyja P\ — « r nByyrojibHiiK», t. e. 0Tpe30K, 
Torfla nojiyaaeM TeTpaa^p (pnc. 21). yOe^HTecb! 

Bojiee HarjiaflHO Ha3BiBaTB aHTiinpn3My «CKpyHeHHaa npii3Ma». 

§ 3. OcHOBHtie TeopeMti o najio>KCiui>ix. 

Hx KJiaCCM(})MKail,M>l H K0Mn03HU,HH 

<&opMyjinpoBKa TeopeM. 

TeopeMa 1. BcAKoe naAootcenue e npocmpancmee npedcmae.asiem co- 
6om odno U3 mpex: 

a) eunmoeoe naAootcenue, eKAwnaA uacmnue c.nyuau nepenoca u no- 
eopoma; 

6 ) CK0Ab3fim,ee ompaotcenue, eKAwnaA uacmnuu cjiyuau ompaotcenuA; 

b) 3epKa./ibHuu noeopom, e uacmnocmu yenmpaAbnyw cuMMempuw. 
3to 3HaHiiT, hto jnoGbie ,n,Be paBHBie (J)iirypBi coBMeipaiOTCH oflHa c 

^pyroft oflraM H3 yKa3aHHBix HajioaceHnn. Hjih em,e: kbkhm HajiOHceHH- 
hm hh no^BepraTB (Jairypy, KaK ee he ^BiiraTB, he Kpy ti-itb , he OTpa- 
»caTB b njiocKOCTax, a pe3yjiBTaTOM 6yn,eT o^ho ii3 Tpex yKa3aHHBix Hajio- 

>K6HHH. 

B iuiaHiiMeTpim BBinojiHaeTca cxo^Haa 

TeopeMa 2. BcAKoe naAootcenue e n.tiocKOcmu npedcmaeAAem co6om 
odno U3 mpex: 

a) nepenoc ; 

6) noeopom; 

b) ckoa t > 3 Aiu,ee ompaotcenue, e uacmnocmu odno ompaatcenue omnocu- 
meAuno npfiMou. 

3Ta TeopeMa HBjiaeTca npaMBiM cjieflCTBiieM npeflBmymeft, noTOMy hto 
BcaKoe HajioJKeHiie b njiocKOCTH mojkho paccMaTpiiBaTB xax HajiojKemie b 
npocTpaHCTBe . ,ZIpcTaTOHHO npe^CTaBHTB njiocKOCTB norpy»ceHHon b npo- 
CTpaHCTBO n i-i3 HajiojKeHiifi. bo3mojkhbix b npocTpaHCTBe, bbi^cjiiitb Te, 
KOTopaie coxpaHHiOT njiocKOCTB — OToSpaacaiOT ee caMy Ha ce6a. □ 

TeopeMBi 1 , 2 o kohkpcthom Bii^e HajiojKemni ^onojiHaiOTCH TeopeMa- 

MII O K0M[I03HII,HH. 

TeopeMa 3. B npocmpancmee ecAKan KOMno3uu,uA nepenocoe u noeo- 
pomoe ( u , cma.no 6umu, eoo6iu,e eunmoeux najiootcenuu) npedcmaeAAem 
co6ou eunmoeoe najiootcenue. BnATOuenue wee e nee ompawcenuA daem 
,nu6o 3epKa.m>nuu noeopom, jiu6o ckoa u3Aui,ee ompaotcenue. 



TeopeMa 4. Ha ruiocKocmu KOMno3uv,usi nepenocoe u noeopomoe 
npedcmae.afiem co6ow jiu6o nepenoc, ,au6o noeopom. BnAWHemie otce e 
nee ompaotcenufi daem CKO.ai>3Jiiu,ee ompaoKenue. 

,K,ajibme mm yToamiM sti-i TeopeMbi, yKa3aB b KaKiix cjiyaaax nojiyaa- 
eTCH to hjih HHoe HajiojKeHiie. TeopeMBi 3, 4 (c hx ynoMHHyTMMii yTOHHe- 
hhsimh) OKa3t>iB aiOTCH cjieflCTBiiaMii cjieflyromeii 3aMenaTejibHOH TeopeMbi. 

TeopeMa 5. Bcmcoe najiootcenue fiejwemcfi KOMno3uv,ueu ompacuce- 
huu: e npocmpaHcmee — omnocume./i'bno ruiocKOcmeu, na nAOCKoemu — 
orrmocume.abHo npsiMux. nepenoc u noeopom ( odunaKoeo na njiocKoemu u 
e npocmpancmee) ne.ruimmcfi K0Mn03uv,UHMU deyx ompaotcenuu. Bunmo- 
eoe HaAomcemie — KOMno3uv,ueu nemupex ompaotcenuu. CK0Jit>3fnu,ee om- 
pacHcenue u 3epKa.abHuu noeopom — KOMno3uv,ueu mpex ompaotcenuu 1 . 

OTCiofla cjie^yeT: 

KoMno3iiD,iiH neTHoro ancjia OTpaxcemm npeflCTaBjraeT co6oi“i nepeHOC, 
noBopoT hjih BHHTOBoe HajiojKemie; KOMno3Hipisi HeaeTHoro ancjia OTpa- 
>k6hhh npe^CTaBjiaeT co6oio CKOjib3HiH,ee OTpaxcemie hjih 3epKajibHbiit no- 
bopot. OTCio^a jierKO nojiyaiiTb h Tanoe cjieflCTBHe. 

06o3HaanM ^jih KpaTKOCTii HajiojKemiH nepeancjieHHbix b TeopeMe 1 
Tpex TnnoB ipi<J>paMH I, II, III h hx KOMno3iiH,HH o6o3HaaiiM Kax nporoBe- 
fleHHH I x I h t. n. Tor^a mojkho yTBepjKflaTb: komho3hh,hh I x I, II x II, 
III X III, II X III /UIIOT I, a K0Mn03HH,HH I X II, I X III .IrUOT II HJIH III. 

Hajio>KeHHH nepeoro h BToporo po;yi. Ha,io>KenuM jiejiMTCM Ha 
^Ba Kjiacca: nepeHOCbi, noBopoTbi h BiiHTOBbie HajiojKemifl Ha3biBaiOTCH 
HajiojKeHiiHMii nepeozo poda; h aj \ o>Ke hhsi m h emopozo poda Ha3biB aiOTca 
CKOjib3Hm;He OTpajKeHiiH h - b npocTpaHCTBe — eipe 3epKajibHMe noBopo- 

TM. 

HajiOHtemie nepBoro po/i,a mojkho ocymecTBHTb HenpepbiBHbiM flBiDKe- 
HiieM, t. e. nycTb, HanpiiMep, ,a,aHO BHHTOBoe HajiojKemie S, cjiararomeeca 
ii3 nepeHOca b^ojib och a Ha BexTop c h noBopoTa Boxpyr och a Ha yroji 
a. Mbi npe^CTaBjiaeM ce6e buhtobmc HajiojxemiH St, cooTBeTCTByiomne 
3HaaeHiiHM napaMeTpa t ot 0 p,o 1, c toh ate ocbio a, nepeHOcaMii Ha ct 
h noBopoTaMii Ha yrjibi at (b Ty »ce CTopoHy). Koiyja t H3MeHaeTCH ot 0 
flo 1, to mm nojiyaaeM HenpepbiBHoe buhtoboc flBicxemie, npiiBOflamee k 

^.aHHOMy HajiojKeHHio S. 

HanpoTiiB, OTpanceHiie uejib3fi ocymecTBHTb HenpepbiBHbiM pa,zi,OM 
HajiojKeHiiH. IIosTOMy HajiojKemiH BToporo po^a HejiB3H ocymecTBHTb 
HenpepbiBHbiM flBiuxeHHeM. 


1 Ha njiocKOCTH HeT hh BHHTOBoro HajiojKeHHB, hh 3epKajiBHoro noBopoTa, Tax ito 
K HeH OTHOCHTCH 3^eCb TOJIbKO CKOJIb3HIIl,ee 0T06pa>KeHHe. 



PaccMOTpiiM HajicoKemiH b npocTpaHCTBe. IIpii onpeflejieHini BexTop- 
Horo h CMemaHHoro npoii3Be,zi,eHiiH BexTopoB 6bijio BBefleHO noHHTne opii- 
eHTauHH TpexBCKTopHiiKa. HarjiaflHO pa3jniHaiOTCH npaBbie h jieBBie Tpex- 
BeKTOpHIIKH. H HarjIHflHO OHeBIIflHO, HTO HenpepBIBHBIM flBIKKeHIieM HejIB- 
3a npeBpaTiiTb npaBbift TpexBexTopmix b jieBbift hjih Hao6opoT: jieBbiii — 
b npaBbift. Ho npii OTpaaceHim TaKoe «npeBpain;eHrie» xax pa3 h nponcxo- 
fliiT. CTporo opHCHTapiia TpexBeKTopmiKa onpeflejiaeTca no OTHomemiio k 
, a,aHHOH ciiCTeMe xoop/pmaT 3HaKOM CMemaHHoro npori3Be,zi,eHiiH. npn Ha- 
jioJKeHHH a6cojnoTHaa BejiiiHima CMemaHHoro npoii3BefleHiia, oneBn^HO, 
He i-i3MeHaeTca (Tax xax OHa paBHa oSteMy napajuiejieniine^a, nocTpoeH- 
Horo Ha TpexBeKTopHiiKe) . npn HenpepbiBHOM flBHaceHHH 3Hax, oneBHflHO, 
He MOJxeT H3MeHiiTbca, a npn OTpaaceHini oh H3MeHaeTca Ha o6paTHbift! 
B aacTHOCTH, ecjrn BexTopbi a, b pacnojioixeHbi b njiocxocTii, b xoTopoft 
npoiicxo^HT OTpaacemie, a TpeTiift BexTop c eft nepneHfliixyjiapeH, to npn 
OTpaaceHiHi oh 3aMeHaeTca Ha — c h npoii3BefleHiie ( abc) MeHaeT 3Hax. 

TaxiiM o6pa30M, Hajiojxemia nepBoro h BToporo po^a pa3JiHHaiOTCH 
TeM, hto nepBbie coxpaHHiOT opiieHTapiiio, a BTopwe ee hsmchhiot. Kpo- 
Me toto, nepBbie MoryT ocymecTBjiaTbca HenpepbiBHbiM pa^OM Hajioate- 
HHft - HenpepbiBHbiM flBiDKemieM, ,h,jih BTopbix sto HeB03MOJKHO. Hajiojxe- 
hhh nepBoro po,n,a eooTBeTCTByiOT peajibHbiM nepeMememiaM Tea, Hajio- 
jxemia BToporo po,n,a eooTBeTCTByiOT OTpaaceHino b 3epxajie, xoiyja npaBoe 
MeHaeTca Ha jieBoe. 

Ha njiocxocTii pa3JiHHHe HajioJxeHHft nepBoro h BToporo po^a aHajio- 
rilHHO. 

Ao KasaTC JI b CT HO OCHOBHOH l'CO])CMbI O IiajlOKCHIlMX b npo- 
CTpaHCTBe . 3^ecb Mbi floxajxeM TeopeMy, H3 xoTopoft TeopeMa 1 BbiTexa- 
eT Henocpe^CTBeHHO 6jiaro^,apa TeopeMe 3 o xoMno3HH,iiax. A 3Ta TeopeMa 
6yu,eT floxa3aHa b cjieflyiomeM naparpa<|>e. 

TeopeMa 6. HcuioMcenue odno3Hav,HO 3adaemcA HaAoatceHueM uemu- 
pex moueit, ne Jieotcamux e odnou n.tiocKocmu. no,npo6Hee: 

nycTb b npocTpaHCTBe flaHbi neTbipe tohxii A, B , C, D, He jiejxanpie 
b o^hoii njiocxocTii, h eipe Taxue tohxii A' , B ' , C' , D' , hto A' B' = AB, 
B'C' = BC h t. fl., Tax hto OTo6pajxeHiie Tonex A Ha A' , B Ha B' n t. fl. 
npe^CTaBjiaeT co6oio Hajiojxemie. Tor^a ,h,jih jho6oii 4>nrypbi, co^epacameft 
tohxh A, B , C, D , h, b nacTHOCTii, fljia Bcero npocTpaHCTBa cyipecTByeT, h 
npiiTOM efliiHCTBeHHoe. Hajiojxemie, npn xotopom nponcxo^HT yxa3aHHoe 
HajiojxeHiie Tonex A, B , C, D. 

9mo HdAOMcenue mochcho no.nyHunvb KOMno3uv,ueu nepenoca, deyx no- 
eopomoe u, Moofcem 6urm>, eu^e ompaxtcemisi. 

floxasaTejibCTBO. nycTb flaHbi tohxii A, B, C , D, He jiejxamne 



b o^hoh njiocKOCTH, n TaKiie tohkii A' , B' , C' , D' , hto A'i?' = AB n t. fl. 
Byn,eM nepeBOfliiTb tohkh A , . . . , Z? b A', . . . , Z£ HajicoKemraMH Bcero 
npocTpaHCTBa. 

1) IIpon3BefleM nepeHOC, KOTopbiii nepeBe^eT TOHKy A b A! . OcTajib- 
HBie tohkii nepefl^yT b HexoTopbie tohkii B\, C i, D\, npiineM paBeHCTBa 
0Tpe3K0B coxpaHHTca: A' B\ = AB , B\C\ = BC h t. ,zi,. 

2) Tenept nepeBe^eM Bi b B' noBopoTOM BOKpyr och, npoxoflinpeii 
nepe3 TOHKy A 1 . Ocb 6epeTCH, iiohhtho , nepneH/piKyjiHpHOii njiocKOCTH 
A'B'Bi (pire. 22). (Ecjiii B\ h 6e3 Toro coBna^aeT c B ' , to noBopoT He 
HynceH ri jiii , (JiopMajibHO, — oh TOiK/jecTBCHHbni.) 




Ilpii 3 tom noBopoTe tohkii C\ 1 D\ nepeimyT b KaKHe-TO C2, D 2. Pa- 
BeHCTBa OTpe3KOB COXpaHHTCH. 

3) Tenept nepeBOflHM C 2 b C ' , ocTaBjiaa A ' , B' Ha MecTe. ^jih stoto 
npOH3BOflIIM nOBOpOT BOKpyr npHMOII A'B' , KOTOpblH nepeBOflHT C ‘2 b C' 
(puc. 23). 3to bo3mo>kho, Tax kslk TpeyrojiBHiiK A' B'C 2 paBeH Tpeyrojib- 
HiiKy A'B'C no TpeM CTopoHaM. 

ToHKa D2 nepeit^eT b HexoTopyio TOHKy ZZ3. PaBeHCTBO OTpe3KOB co- 
xpamiTCH, Tax hto 6 yn,eT D3A' = D'A D3B 1 = D'B', D3C' = D'C 1 
(puc. 24). IIoaTOMy fljia tohkii D3 ecTb tojibko ,n,Be bo3mojkhoctii: jiii6o 
OHa coBna^aeT c D' (pnc. 24, a), jih6o pacnojioiKeHa no flpyryio CTopoHy 
ot njiocKOCTH (A'B'C 1 ) 11 ciiMMeTpiiHHa D' OTHOCiiTejibHO stoii njiocKOCTH 
(puc. 24 ,6). (IlHane roBopa, ecjni ^Ba TeTpaa^pa A'B'C' D' h A'B'C'D 3 
c paBHbiMii pe 6 paMH HMeiOT o 6 m;yio rpaHB, to ohii CHMMeTpiiHHbi othocii- 
TejiBHO njiocKOCTH (A'B'C 1 ). 3to yTBepjK/jeHiie HiiTaTejib ^oxaiKeT caM.) 
Bo BTopoM cjiynae TOHKa ZZ 3 nepeBOfliiTca b D' OTpaaceHiieM. 

IPraK, mbi nepeBejni tohkii A, B, C, D b tohkii A ' , B' , C' , D' ne- 
peHOCOM, ^ByMa noBopoTaMii h, MoaceT 6biTb, eipe OTpaiKemieM. Tax Kax 
Bee 3 TH OTo6pajKeHiiH npeflCTaBjiaiOT HajioJKemie npocTpaHCTBa Ha ce6a 


D' 



Phc. 24 


h KOMno3iiD;iiH HajiojKeHiia: ecTb onaTb HajioiKeHiie, to, 3HaHiiT, poKa3aH0, 
hto tohkii A, B, C, D nepeBopuTCH b A', B' , C , D' HajiojKemieM Bcero 
npocTpaHCTBa. 

OcTaeTca poKa3aTb, hto Tanoe HajiojKeHiie epiiHCTBeHiioe. A sto BbiTe- 
KaeT H3 cjiepyroipero npocToro yTBepjKpeHiiH. 

JleMMa. IIo.aocHceHue mounu e npocmpancmee odno3HauHo onpedejia- 
emca ee paccmojmufiMu om uemupex mouen, ne jieatcamux e odnou tiaoc - 
Kocmu. 3nauum, ecjiu mouKu A 1 B , C, D nepeuuiu e onpedejieHHue mourn 
A ' , B ' , C', D' , mo u ece mouKu npocmpancmea 30 M.hau onpedejieHHoe no- 
Aooicenue — HajiomceHue onpedeneno odno3HauH0. 

floKa3aTenbCTBO jieMMbi npocTO. To'ikii, pacnojioiKeHHbie Ha 
paHHbix paccTOHHHHx ot Kancpoii H3 TOHeK A, B , C , D jiexcaT Ha cifiepax 
c peHTpaMH b 3thx TOHKax. ^Be ccjaepbi c ueHTpaMH A , B nepeceKaiOTCH 
no OKpyjKHOCTii. TpeTbH ctfiepa c peHTpoM C nepeceKaeT 3Ty OKpyjKHOCTb 
B AByX TOHKaX, CIIMMeTpiIHHblX OTHOCHTejIbHO njIOCKOCTH (ABC). PaCCTO- 
aHiie po neTBepTOH tohkii Bbi6npaeT H3 sthx pByx ciiMMeTpiiHHbix tohck 
opHy. □ 

TaKiiM o6pa30M, TeopeMa 6 nojmocTbio poKa3aHa. □ 
no TeopeMe 3 o KOMno3iipHHx, KOMno3iipiiH nepeHOca h pByx noBO- 
POtob ecTb BiiHTOBoe pBicKeHiie, a c poSaBjiemieM OTpaiKeHim — 3epKajib- 
Hbiii noBopoT jiii6o CKOjib3Hin;ee OTpancemie. TaxiiM o6pa30M, Mbi nojiyna- 
eM TeopeMy 1 o KOHKpeTHOM Biipe BCHKoro HajiojKeHiiH. □ 

HajioiKcnmi b iijiockocth. 3pecb mbi pokhjkcm TeopeMy o na.jio>Ke- 
hhhx b njIOCKOCTH, aHajioniHHyio TeopeMe 6, H 3 Hee TeopeMa 2 o Biipe Ha- 
jiOHceHHfl b njIOCKOCTH BbiTeKaeT HenocpepcTBeHHO 6jiaropapa TeopeMe 4 o 
KOMno3iiu;HHx. CaMy *e 3Ty TeopeMy mbi poKanceM pajibinc b cjiepyioipeM 
naparpatjie. 


TeopeMa 7. Ha.nooK.eHue n.nocKou (jmzypu odno3nau,Ho onpedeAfiemcH 
HaAOOKenueM mpex mouei z, ne JieoKam,ux na odnou npjiMou. no,zipo6Hee: 

IlycTb Ha njiocKOCTH a flaHbi Tpii tohkii A, B , C, He jie»cam,He Ha o^- 
hoh iipHMOH, h eipe TaKiie tohkii A' , B' , C' , hto A' B' = AB, B'C' = BC, 
C A! = CA, Tax hto OTo6pa»ceHiie tohck A Ha A', B Ha B' , C Ha C' npe,n,- 
CTaBjiaeT co6oio HajiOHteHiie. Tor^a cyipecTByeT, h npiiTOM eflimcTBemioe, 
HajiojKeHiie Bceii njiocKOCTH a Ha ce6n, npii kotopom npoiicxofliiT yKa3aH- 
Hoe HajiojKeHiie tohck A, B , C . 

9mo HaAooKenue mookho no./iynumu KaK K0Mn03uu,uw nepenoca, no- 
eopoma u eiu,e, MOOKem 6urm>, ompaoKenusi omnocumeAhHo npsiMou. 

^OKa3aTejibCTBO. IlycTb Ha njiocKOCTH flaHbi tohkii A, B, C, He 
jiejKamne Ha o^hoii npsiMOH, h Tanne tohkii A! , B' , C' , hto A'B' = AB, 
B'C' = BC, C'A' = CA. Byn,eM nepeBOfliiTb tohkii A, B, C b A', B', C' 

HajiojKeHiiHMii Been njiocKOCTH. 

1) IIpoH3BefleM nepeHOC, kotopbim nepeBe^eM TOHKy A b A'. Tohkii 
B, C nepeftflyT npii stom b KaKiie-TO tohkii B\, C\, npuneM paBeHCTBO 
OTpe3KOB coxpamiTCH, TaK hto A’ B\ = AB, B\Ci = BC, A'C± = AC\. 

2) IIoBopoTOM BOKpyr tohkii A! nepeBe^eM TOHKy B \ b B' . 

ToHKa Ci nepeimeT b HeKOTopyio TOHKy C 2 , npiineM paBeHCTBO OTpe3- 
kob coxpamiTCH, TaK hto 6yn,eT A' C 2 = A'C\ = A'C , B'C 2 = B'C 1 = 
B'C . BBHfly 3Tnx paBeHCTB TpeyrojibHHKH A' B'C' h A' B' C 2 paBHbi. IIo- 
3TOMy ,h,jih tohkii C 2 bosmojkhh tojibko /i;Ba nojioJKeHiiH: jih6o OHa cob- 
na^aeT c C , jih6o ciiMMeTpiiHHa C' OTHOCiiTejibHO npuMOii A'B' . B no- 
cjieflHeM cjiynae HyiKHO em,e npoii3BecTH OTpanceHiie OTHOCiiTejibHO stoii 
npHMoit. 

JAtslk, ^OKa3aHO, hto tohkii A, B, C nepeBOflHTCH b A' , B' , C' kom- 
no3iiH,iieii nepeHOca, noBopoTa h, bo3mojkho, OTpaxcemiH. EfliiHCTBeHHOCTb 
HajiojKeHiin njiocKOCTH, nepeBO,n,HHi,ero tohkii A, B, C b A' , B' , C' , cjie^yeT 
H3 toto, hto nojioiKeHiie tohkii Ha njiocKOCTH onpeflejraeTCH paccTOHHiia- 
mii ot Tpex ToneK, He jiejKamiix Ha o/pioii npuMOii. ^0Ka3aTejibCTB0 stoto 
OH eBHflHO. (Cp. c npeflbiflymefi jieMMOii.) TeopeMa 7 ,n,OKa3aHa. □ 

no TeopeMe 4 o komho3hh,hh HajioJKeHiiii. Ha njiocKOCTH KOMno3ini,HH 
nepeHOca h noBopoTa ecTb noBopoT hjih nepeHOC, a c flo6aBjieHiieM ot- 
paiKeHiiH KOMno3Hii;HH ,n,aeT CK0Jib3Hiii,ee OTpaxcemie. TaraiM o6pa30M, Mbi 
eipe pa3 nojiynaeM TeopeMy 2 o HajioiKeHiiHx njiocKOCTH. □ 

BapnaHT /;o Kas ar e j 1 b ct 1 1 a TeopeMbi 1. nycTb, KaK h paHbine, toh- 
kh A, B, C, D He jie»caT b o^hoii njiocKOCTH h tohkii A' , B' , C , D' 
TaKOBbi, hto A'B ' = AB, B'C' = BC h t. n. noKa»ceM, KaK nyTeM OTpa- 
Hcemiii nepeBecTii A, B, C, D b A' , B' , C , D' . 

npoii3Be^eM OTpaiKeHiie ta , nepeBOflaipee Ab A' (OTHOCiiTejibHO KaKOii 



njiocKOCTi-i?) . Tohxii B , C, D nepeipuyT b HeKOTopbie B i, C\, D\. (Ecjiii 
tohxii A ii A' coBna^aiOT, to mojkho npoii3BecTii OTpaixemie othociitcjibho 
jiio 6 oi"i npoxoflaipeii nepe3 hhx njiocKOCTii. Tax jkc fleitcTByeM h ^,ajiee.) 

IIpoii3BefleM OTpaxcemie rs, nepeBOflamee B\ b B. Oho nponcxofliiT ot- 
HOCHTejiBHO njiocKOCTii, npoxo,n,HiH,eii nepneHflHKyjiapHO B' B\ nepe3 toh- 
xy A' h 6ncceKTpncy yrjia Menc^y A' B' h A'B i, nocKOjiBKy A'B' = A' B\. 
ToHxa A' ocTaHeTca Ha MecTe, B\ nepefi^eT b B ' , a C\, D i nepefi^yT b 
H exoTopbie C2, D 2. 

Ilpoii3BefleM OTpajxemie rc , nepeBOflaipee C 2 b C' . Oho npoiicxo^iiT 
OTHOCHTejiBHO njiocKOCTii, npoxo^ameit nepe3 0Tpe30x A' B' , Tax hto toh- 
xii A! h B' ocTaioTca Ha MecTe (y6e^HTecb!). 

Hiax, b pe3yjiBTaTe Tpex OTpaxcemni ta, tb, tc tohxii A, B, C oto 6- 
pa3iijiiiCB Ha A' , B' , C . IIpii stom ,h,jih tohxii D ecTB ,npe bo 3 mojxhoctii: 
1) TOHxa D OTo6pa3HjiacB Ha Ty CTopoHy ot njiocxocTii ( A! B' C ), r^e jie- 
jxiit D ' , h Torfla OHa coBnajia c D' ; 2) Tonxa D OTo6pa3iuiaci> b Tonxy 
D 3 , jiesxainyio c flpyroii ctopohbi ot njiocxocTii (A' B'C'). 

B nepBOM cjiynae mbi nojiyHiijiii HyjKHoe Hajiojxemie. Kax xoMno3HD,HH 
Tpex OTpa>X6HHH TA, Tb, TC, OHO HBJIHeTCH 3epxajIbHbIM nOBOpOTOM hjih 
cxojib3hih;iim OTpaxcemieM. 

Bo BTopoM cjiynae, hto 6 bi nepeBecTii tohxii A, B , C, D oxoHnaTejib- 
ho b A ' , B ' , C ' , D' , Hy»cHO npoii3BecTii eipe OTpaxcemie ro b njiocxocTii 
( A'B'C ). B stom cjiynae Hajiojxemie npeflCTaBjiaeTCH xoMno3nu,iieii ne- 
Tbipex OTpajxeHiiii h, cjieflOBaTejibHO, npe^CTaBjiaeT C06011 bhhtoboc abii- 
jxemie (b nacTHOCTii, nepeHOC hjih noBopoT). □ 

§ 4. XcOpCMbl O K0Mn03HU,HH 

KoMno3HH,HH Hajio>KeHHH Ha njiocKOCTH. 3flecb Mbi floxajxeM Teo- 
peMy 4 H3 § 3 CHanajia b Hecxojibxo HenojiHOM Bii^e. 

TeopeMa 1 . KoMno3uv,iui nepenoca u noeopoma ecrm> nepenoc ujiu no- 
eopom, a c do6aejieHueM ompaotceHusi — cKOAt>3fiiu,ee ompaotcenue (b Teo- 
peMe 4 § 3 roBopiiTCH o jno6bix xoMno3iiii,HHx nepeHOca h noBopoTOB; ,h,jih 
hhx ^oxa3aTejibCTBO 6yn,eT ,a,aHO flonojimiTejibHo) . 

BMecTe c stiim 6yn,eT ycTaHOBjieHa nacTb TeopeMbi 5, § 3 o xoMno3inj,H- 
hx OTpajxeHiiii, OTHOCHipaHCH x njiocxocTii. 

HanHeM c npeflCTaBjieHiiH nepeHOca h noBopoTa komiioshuhhmh OTpa- 
jxemni. ,Il,oxa3aTejibCTBO cooTBCTCTByiomiix yTBepjKfleHini He cocTaBjiaeT 
oco6oro Tpyn,a h npe^jiaraeTCH HiiTaTejiio b xanecTBe iiHTepecHbix ynpanc- 
HeHHH. 



JleMMa 1. KoMno3uv,ufi deyx ompaotcenuu orrmocumeMHo napaMejit>- 
hux npsiMux npedcmaejuiem co6om nepenoc e nepnenduKyjuipHOM um na- 
npaejienuu. Ecjih OTpajKemie npoHCxo^HT CHanajia OTHOCHTejibHO npHMoii 
a, noTOM — OTHOCHTejibHO b h paccToamie Me^K^y a h b paBHO d , to nepe- 
hoc npoHCxo^HT b HanpaBjieHHii ot a k b nepneHfliiKyjiapHO stiim npHMbiM 
Ha paccTOHHue 2d (puc. 25) * 2 . OTCiOfla cjie^yeT: 



Puc. 25 



а) IIpaMbie, OTpaxceHiiH OTHOCHTejibHO KOTopbix /i,aiOT nepeHOC, mojkho 
napajuiejibHO nepeHOCHTb (coxpaHaa paccToamie Meatfly hhmh) , a nepeHOC 
6ya,eT nojiynaTbca o^ih ii tot ate. 

б) Bchkhh nepeHOC npeflCTaBHM KaK komho3hh,iih OTpaacemrii othoch- 
TejibHO flByx npHMbix, nepneHflriKyjiapHbix HanpaBjieHiiio nepeHOca. 

JleMMa 2. KoMno3uti,uji ompaotcenuu orrmocume.ai>Ho deyx nepecena- 
wipuxcfi npjiMux npedcmaejuiem co6ow noeopom eonpya mourn ux ne- 
peceuenuji. IIpiiHeM ecjni OTpaateHne nponcxofliiT CHanajia OTHOCHTejibHO 
npHMoii a, a noTOM — OTHOCHTejibHO npaMoii b h yroji Meatfly hiimh paBeH 
a, to noBopoT nponcxoflHT b HanpaBjieHHii ot a k b Ha yroji 2 a (pnc. 26) 3 . 
Oiciofla cjieflyeT: 

а) Bchkhh noBopoT npeflCTaBHM KaK komho3hh;hh OTpaatemni othoch- 
TejibHO flByx nepeceKaionp-ixcH npaMbix. 

б) IIpaMbie, OTpaateHiia OTHOCHTejibHO KOTopbix flaiOT flaHHbiii noBO- 
poT, mojkho noBopamiBaTb BOKpyr tohkii hx nepeceneHiia, coxpaHaa yroji 
Meatfly hhmh. IIoBopoT 6yfl,eT nojiynaTbca oahh h tot nee. IIosTOMy oflHy 
H3 hhx Bcerfla mohcho Bbi6paTb npoH3BOjibHO (jramb 6bi OHa npoxofliuia 
nepe3 h,chtp noBopoTa). 


~ ri[>e>K;],e Bcero 3aMeTHM, bto tom km npaMofi a npn nepBOM OTpftjKeHHH ocTaioTca 

Ha MecTe, a npn btopom KaK pa3 nepeMeiu,aiOTCH Ha 2d. 

3 E[peHc r z] 1 e Bcero 3aMeTHM, hto npaMaa a KaK pa3 noBopaHHBaeTCH Ha 2c*. 


^],OKa3aTejibCTBO TeopeMti 1. ^OKaxeM nepByio nacTb Teope- 

Mbi 1: 

KoMno3uv,uJi noeopoma (ne mootcdecmeennozo) u nepenoca daem no- 
eopom. 

/JoKasaTejibCTBO. IlycTb CHanajia npoiicxofliiT noBopoT BOKpyr 
tohkii O, a noTOM nepeHOC. IIpeflCTaBHM (corjiacHO jieMMe 1) nepeHOC ot- 
pa>Ke hhh m ii CHanajia OTHOCHTejibHO npaMOii a, npoxoflameft nepe3 O , a 
noTOM OTHOCHTejibHO flpyrofi npaMOii b. IIobopot npe^CTaBiiM (corjiacHO 
jieMMe 2) OTpajKeHiiHMii Tax, hto BTopoe OTpaixemie npoiicxofliiT othoch- 
TejibHO npaMOii a, nepBoe — OTHOCHTejibHO HexoTopoii npuMoii c. Tor^a 113 
3Tiix OTpajKeHiiii OTHOCHTejibHO c, a, a h b — ocTaHyTca tojibxo OTpanceHiia 
OTHOCHTejibHO c h b, t. e. noBopoT. 

Ecjih CHanajia npoiicxo^HT nepeHOC — noTOM noBopoT, paccyiKflaeM 
aHajioniHHO (npoBCfliiTe sth paccyHc^eHiiJi) . 

Tenepb ^oxaixeM BTopyio nacTb TeopeMbi 1: 

KoMno3uv,uJi nepenoca ujiu noeopoma c ompaotcenueM daem CK0Jie>3fi- 
vu,ee ompaoKenue (e uacmnocmu, odno ompaotcenue) . 

floxasaTejibCTBO. ^oxaixeM sto CHanajia ,h,jih komhoshuhh nepe- 
Hoca H OTpajKeHiiH. /^jia 3Toro pa3jiojKHM nepeHOC b xoMno3iinino flByx: 
0,H,HH H3 HIIX npOH3BOflHTCH BflOJIb npaMOII, OTHOCHTejibHO XOTOpOH npOIIC- 
xo^ht OTpancemie, flpyroft — eft nepneHfliixyjiJipHO. 3 tot nocjie^HHft BMe- 
CTe c OTpaiKeHiieM ,n,aeT OTpaixemie OTHOCHTejibHO napajijiejibHoft npHMoft 
(xan Henocpe^CTBeHHO BbiBOfliiTca H3 jieMMbi 1 ) . 

Tenepb ^oxaixeM, hto komho3hh;hh noBopoTa h OTpaxcemiH Toace ,n,a- 
eT CKOJib3Hiu,ee OTpaxcemie. IlycTb CHanajia npoiicxofliiT noBopoT, a noTOM 
OTpaaceHiie OTHOCHTejibHO npaMOii a. IIpeflCTaBHM noBopoT xoMno3iiu,Heft 
OTpaaceHiiH othochtcjibho flByx npaMbix, H3 KOTopbix BTopaa b napaji- 
jiejibHa a. Komiioshuhm OTpajxeHiift OTHOCHTejibHO npuMbix a h b ,n,aeT ne- 
peHOC, Tax hto Mbi nojiynaeM yixe paccMOTpeHHyio xomho3hh,hio nepeHOca 
h OTpajxeHiia. ripn /i,pyroM nopn^xe: CHanajia OTpajxemie, noTOM noBopoT, 
BbiBO,H, 6yn,eT tot ixe caMbift. 

PlTax, TeopeMa 1 floxa3aHa, a BMecTe c TeM 3aBepmeHO ^,oxa3aTejibCTBO 
TeopeMbi 2, § 3 o BH,n,ax OTpajxemift Ha njiocxocTH. □ 

Komiio3hij,hh orpaiKCHiiii b npocTpaHCTBe. HajiojxeHiia, 3a,n,aH- 
Hbie Ha njiocxocTH a, nepeHOCHTCH b npocTpaHCTBO no nepneHfliixyjiHpaM, 
h BCHxne HajiojxeHiiH b npocTpaHCTBe, coxpaHHiomHe xaxyio-jHi6o njioc- 
xoctb h orpaHHHHBaeMbie eio nojiynpocTpaHCTBa, nojiynaiOTCH TaxiiM ny- 
TeM. OTpaixeHHio othochtcjibho npaMOii a cooTBeTCTByeT npn stom ot- 
panceHiie OTHOCHTejibHO njiocxocTH (nepneH/pixyjiHpHoft a h npoxo/pimeft 
nepe3 npHMyio a). IlepeHOcy OTBenaeT nepeHOC, napajijiejibHbift njiocxocTH 



a. IIoBopoTy — noBopoT BOKpyr och, nep- 
neHfliiKyjiHpHofi njiocKOCTii a b peHTpe no- 
BopoTa (piic. 27). 3th cbh3h no3BOjiHK>T ne- 
pecKa3aTb BbiBOflbi npeflbiflymero nyHKTa 
npiiMeHiiTejibHO k npocTpaHCTBy. Tax, nojiy- 
naeM 

1 . KoMno3uv,ufi deyx ompacHcenuu omno- 
cumeA'bHo napajuiejimux njiocKocmeu nped- 
cmaejiAem co6ou nepenoc e nepnenduny- 
jifipHOM um HanpaeJieHuu. Ecjih OTpaatemie 
nponcxoflHT CHanajia othochtcjibho njiocKO- 
cth a, noTOM — /?, to nepeHOC nponcxoflHT ot a k (3 (Ha yflBoeHHoe pac- 
CTOHHHe Meatfly cih/3). 

Bchkhh nepeHOC mojkho npeflCTaBHTb KaK komho3hh;hio OTpaateHHH 
OTHOCHTejibHO flByx napajijiejibHbix njiocKOCTeii. IIppineM 3 tii njiocKO- 
cth mohcho napajijiejibHO nepeHOcriTb, coxpaHHH paccTOHHiic Meatfly hh- 
mh; OTpaateHHH OTHOCHTejibHO rax 6yn,yT flaBaTb oflim h tot ate ne- 
peHOC. 

2. KoMno3uv,uji ompacHcenuu orrmocumeMHo deyx nepecenammuxcA 
njiocKocmeu npedcmagjiJiem co6ow noeopom eonpye npfiMou ux nepece- 
neHUH. Bchkhh noBopoT npeflCTaBjineTCH KaK komho3iih,hh OTpaatemm ot- 
HOCHTejibHO flByx njiocKOCTeii; nepeceKaiomuxcH no och noBopoTa. IIpHneM 
3 th njiocKOCTH MoatHO noBopaniiBaTb BOKpyr och, coxpaHHH yroji Meatfly 
hhmh, h noBopoT 6yfleT ofliiH h tot ate. 

^(jih Tpex njiocKOCTefi ecTb flBe B03MoatHOCTH pacnojioatemiH: ohii jih6o 
nepeeeKaiOTCH b oahoh Tonne, jih6o napajuiejibHbi oflHoii npHMoii. 3TOMy 
cooTBeTCTByiOT flBa yTBepatfleHHH o komiioshuhm Tpex OTpaateHiin. 

3. KoMno3uv,uji ompaotceHuu orrmocumeJibHo mpex njiocKocmeu, na- 
pajuiejibHMX odnou npfiMou, npedcmaejiHem co6ou ckoa t>3Ainee ompacHce- 
uue (b nacTHOCTH, oflHO OTpaatemie) . H BCHKoe CKOJib3Hin,ee OTpaate- 
HHe MoatHO npeflCTaBHTb KaK komho3hd;hio Tpex OTpaateHHH. 3to cbo- 
flHTCH k cooTBeTCTByromeMy yTBepatflemno fljiH HajioateHHH b njiocKO- 
cth, nepneHflHKyjiHpHOH TpeM flaHHbiM hjiockocthm. Jlp& OTpaateHHH fla- 
H3T nepeHOC hjih noBopoT, h noTOMy flaHHoe yTBepatflemie paBHOCHjib- 
ho TOMy, hto b njiocKOCTH komho3hhhh noBopoTa hjih nepeHOca c OT- 
paateHneM ecTb CK0Jib3Hin,ee OTpaateraie. (IToflpo6HOCTH ocTaiOTCH miTa- 
Tejno.) 

Ha 3tom npHMbie cjieflCTBiin yTBepatfleHHH, KacaiomuxcH HajioateHHH 
B njIOCKOCTII, KOHHaiOTCH. 

4 . KoMno3uv,uA mpex ompaafcenuu omnocumeAbHo nAOCKOcmeu, ne- 



peceKamxyuxcH e odnou mouKe, npedcmaeMem co 6 ou 3 epKa,Jit>nuu noeo- 
pom. 

^OKa 3 aTejibCTBO. IlycTb OTpajxeHiin nocjie,n,OBaTejibHO npoiicxo- 
^ht OTHOCHTejibHO njiocxocTeii a, ( 3 , 7, nepecexaiomuxcH b o,h,hoh Tonxe. 
noBepHeM njiocKOCTH a, (3 Boxpyr npaMOii hx nepeceHCHiia Tax, hto6bi 
njiocxocTb (3 nepemjia b f 3 ' _L 7 (a nepeftfleT b Hexyro a'). Tenepb no- 
BepHeM j 3 ' 11 7 Boxpyr npuMoit hx nepeceneHHH Tax, nTo6bi 7 nepemjia b 
7' _L a ' (/ 3 ' nepefl^eT b ( 3 "). Mbi nojiymijiii a ' _L 7' 11 ( 3 " _L 7'. TyT y»ce 

BH^HO, HTO X0Mn03IID;iIH OTpajXeHIIH OTHOCHTejibHO 3TIIX njIOCXOCTeft eCTb 
3epxajibHbiii noBopoT (puc. 28). 

KoMno 3 Hn,HH Hajio:sceHHH b npocTpaHCTBe. 3 ;i,eci) mbi ;k)k;)>kcm 
TeopeMy 3, §3 o xomho 3 iih,hhx, xoth ii He b nojiHOM o6T>eMe, ho HMeH- 


ho Tax, xax OHa iicnojib3yeTCH b ^oxa3a- 
TejibCTBe TeopeMbi 1 , § 3 o Bimax najiojxe- 
hhh b npocTpaHCTBe. TaM HajiojxeHiie 6buio 
npe^CTaBjieHO nepeHOCOM h /i,ByMH noBopo- 
TaMii Boxpyr nepecexaiomuxca oceli c B03- 
mojxhbim flo6aBjieHiieM OTpajxeHiiH. Bot mbi 
h floxa>xeM: 



TeopeMa 2. yKa3aHuasi KOMno3uv,uH 
HdJiocHceHuu 6 e 3 ompacnceHusi, npedcmaejia- 
em co 6 ok> eunmoeoe Ha/iootcenue, a c do- 
6 a 6 JienueM ompacHcenufi — cK 0 Jit> 3 fnu,ee om- 
paotcenue ujiu 3 epKajibnuu noeopom. 


Phc. 28 


))oxa3aTejibCTBO pa36iiBaeTCH Ha ,n,oxa3aTejibCTBa Tpex yTBep- 
jK/ieHnii. 

1 . Ko.unosuyuji deyx noeopomoe eoKpye nepeceKdKnyuxcJi oceu nped- 
cmaeAaem co6ou noeopom ( eoKpyz ocu, npoxodsiipeu uepe3 mouny nepe- 
ceneHUA oceu). 

/Joxa3aTejibCTBO. IlycTb ^Ba noBopoTa npoiicxo^HT nocjie^OBa- 
TejiBHO Boxpyr nepecexaiomuxca oceft. IlycTb a — njiocxocTb, npoxo^Hmaa: 
nepe3 sth och. Toiyja mbi mojkcm npeflCTaBiiTb xajxflbift H3 noBopoTOB xom- 
no3HH,Heii flByx OTpajxeHiiii Tax, hto6bi y xajx^oro o^ho h 3 OTpaixemiii 
npoiicxo^Hjio OTHOCHTejibHO njiocxocTii a . IlepBbiH noBopoT npe,n,CTaBjiH- 
eM Tax, hto6bi sto OTpajxeHiie 6 bijio btopbim, a BTopoit — Tax, hto6bi oho 
6bijio nepBbiM. IlepBbiH noBopoT npeflCTaBjiaeTCH OTpaaceHiinMii CHana- 
jia OTHOCHTejibHO no^xoflHHi,eH njiocxocTii ( 3 , a noTOM — a; BTopoit — CHa- 
najia OTHOCHTejibHO a , noTOM OTHOCHTejibHO no^xo^Hmeii njiocxocTii 7. 
Ilpn nocjie^OBaTejibHOM ocymecTBjieHini stiix OTpajxeHini OTpajxeHHH ot- 
HOCHTejiBHO njiocxocTH a B3aiiMHO xoMneHCiipyiOTCH. IIoaTOMy ocTaHyTca 


tojibko OTpa»ceHiiH OTHOCiiTejibHO njiocKOCTeii (3 h 7. Ohh ^aiOT hcko- 
Topbift noBopoT, KOTopnift, tbri-im o6pa30M, h npeflCTaBjiaeT komho3hh;iho 
7,ByX flaHHBIX nOBOpOTOB. □ 

2 . KoMno 3 uv,UH nepenoca u noeopoma npedcmaejisiem co 6 ow eunmoeoe 
naAOOfceHue. 

floKasaTejitCTBO. IlycTB npoHCxo,zpiT nocjieflOBaTejibHO nepeHOC 
h 3aTeM noBopoT. Pa3Jio»aiM nepeHOC Ha flBa: o^hh T\ B^ojib och noBopo- 
Ta, Tpyroft T 2 — nepneHfliiKyjiapHO eft. B njiocKOCTii, nepneH7,iiKyjiHpHoft 
och, nepeHOC T 2 11 noBopoT npe^CTaBjiaeTCH (corjiacHO cbh3ii HajiojKemift 
b njiocKOCTii h b npocTpaHCTBe) Kax nepeHOC h noBopoT. IIo ^OKa3aHHOMy 
Bbime, hx KOMno3iiH;iiH npeflCTaBHT noBopoT b njiocKOCTii, a oh, b cboio 
onepeflb, onpeflejiaeT b npocTpaHCTBe noBopoT BOKpyr och, nepneH/piKy- 
jiapHOii njiocKOCTii h, TeM caMbiM, - napajijiejibHOii och iicxo^Horo noBO- 
poTa. 

IIoaTOMy ocTaBHiiiftcH nepeHOC T \ , napajuiejibHbift ocii, ,n,aeT b coneTa- 
hhh c 3THM noBopoTOM BiiHTOBoe HajiojKemie, hto ii Tpe6oBajiocb. □ 

Ecjih CHanajia npoH3BOfliiTCH noBopoT, noTOM — nepeHOC, to bmbot, tot 
»ce. 

3 . KoMno 3 un,usi eunmoeozo Ha.aootceHusi u ompaoiceHUJi npedcmae.tifiem 
co 6 ou 3 epKaJit>Huu noeopom ujiu CK 0 Jib 3 fivu,ee ompaotceHue. 

/],OKa3aTejibCTBO. IlycTb nponcxoflHT komho3iih,hh buhtoboto Ha- 
jionceHHH c OTpajKeHiieM OTHOCiiTejibHO njiocKOCTH a, nepeceKaiomeft ero 
ocb b HeKOTopoft tohkc O . IIpeflCTaBHM nepeHOC, Bxo/pnip'ift b ,n,aHHoe biih- 
TOBoe HajiOHceHiie, OTpajKemiHMH OTHOCiiTejibHO flByx njiocKOCTeii (3, (3\, 
H3 KOTOpbIX (3l np 0 X 07 ,IIT Hep63 TOHKy O . IIOBOpOT, BXOflHIH,Hft B flaHHOe 
BiiHTOBoe HajiojKeHiie, npe^CTaBiiM nan komho3hh,iho OTpancemift othoch- 
TejibHO flByx njiocKOCTeii; o6e ohh npoxo^HT nepe3 och h 3HaHHT — nepe3 
TOHKy O . 

TaKHM o6pa30M, y Hac nojiynaiOTCH OTpanteHiiH OTHOCiiTejibHO h6tbi- 
pex njiocKOCTeii, npoxo,n,Hii],Hx nepe3 TOHKy O, h eipe OTpaxcemie othocii- 
TejibHO njiocKOCTH (3. 

Coe7,iiHHH nonapHO OTpaxcemiH OTHOCiiTejibHO njiocKOCTeii, npoxo^a- 
ih,hx nepe3 TOHKy O , nojiynujiH ppa noBopoTa, a hx KOMno3HH,H5i npe,n,- 
CTaBjiaeT co6oft o/ihh noBopoT, t. e. ppa , OTpaxcemiH. 

BMecTe c OTpaiKem-ieM b njiocKOCTH (3 sto ,a,aeT Tpn OTpanceHiiH. A no 
yTBep>K/i,eHHio 4 npeflbmymero nyHKTa ohii ^aiOT 3epKajibHbift noBopoT 
hjih CKOjib3HHi,ee OTpaxcemie. □ 

TaKHM o6pa30M, TeopeMa 2 nojiHOCTbio ,n,OKa3aHa, a BMecTe c stum 
3aBepmaeTCH ,n,OKa3aTejibCTBO TeopeMbi 1 , § 3 0 Bi-max HajiojKemiH b npo- 
CTpaHCTBe . □ 



3aBepmeHHe / 1 , 0 Ka3 ar c j 1 1. ct 1 5 a TeopeM o komiio3HI],hhx Hajio- 

Tax xax ,n,oxa3aHbi TeopeMbi o Bimax HajiojxeHiin Ha njiocxocTH 
11 b npocTpaHCTBe , to tcm caMbiM ,n,oxa3aH0, hto komiio3iih,hh HajiojxemiH 
MoryT flaBaTb jiiihib HajioJxeHiiH sthx bii,h,ob. A CBe^eHiie Hajiojxemni k 
KOMno3imHHM OTpajKeHiiii BbiTexaeT H3 flOKa3aHHoro bbihic. 

Be3 ccbijikh Ha TeopeMbi o BH^ax xomho3hh,hh mojkho paccyzpiTb Tax. 
Kax floxa3aHO, b njiocxocTH noBopoT c nepeHOCOM ,n,aeT noBopoT. IIosTOMy 
noBopoT mojxho npe^CTaBHTb xax komiioshhiifo noBopoTa Boxpyr jno6oro 
,n,pyroro pempa c nepeHOCOM. B npocTpaHCTBe sto no3BOJiaeT nepeHOCiiTb 
ocb noBopoTa, xoMneHCiipyn sto poGaBjieHiieM nepeHOca, nepneHpiixyjiup- 
hoto och noBopoTa. IIosTOMy ecjin paHbi flBa biihtobbix pBroxemiH, to 
mojxho flo6aBjieHHeM nepeHOca npimecTH x TOMy, hto iix och 6ypyT ne- 
pecexaTbca. 3to paeT o^hh noBopoT b xoMno3im,iiri c nepeHOcaMii. A sto 
npiIBOflHT X BIIHTOBOMy HajIOJXeHIIIO. 

Tax jno6yio xoMno3imino biihtobbix HajioixeHiiH, oGtepiiHUH hx nonap- 
HO, MOJXHO npiIBeCTII X BIIHTOBOMy HajIOJXeHIIIO. 

^I,o6aBjieHHe OTpajxemiH paeT, xax yixe ,poxa3aHO, cxojib3Hiii,ee OTpa- 
jxeHiie hjih 3epxajibHbiii noBopoT. □ 

§ 5. CHMMeTpHH 

06iu,ee noHHTHe CHMMeTpHH. CuMMempueu (|)Mryp[,i BOo6in;e Ha3bi- 
BaeTCH cbohctbo cjjiirypbi, cocToarpee b tom, hto cyipecTByeT ee (hctojx- 
^.ecTBeHHoe) HajioixeHiie caMoit Ha ce6n. CaMO cjiobo «ciiMMeTpHir» npo- 
hcxo,h,ht ot rpenecxoro h 03HanaeT b nepeBope copa3- 
MepHOCTb. 

IIpHMepbi ciiMMeTpiiii njiocxHx (Jinryp paiOT npa- 
BHjibiibie MHOroyrojibHiixii. IIpHMepbi CHMMeTpHH npo- 
CTpaHCTBeHHbix tfniryp paiOT npaBHjibHbie npH3Mbi 
11 nupaMHflbi: ohii coBMerpaiOTCH caMii c co6oli, Ha- 
npiiMep, noBopoTaMH Boxpyr och, nepneHflHxyjrapHOH 
njiocxocTH ocHOBaniiH h npoxopHipeii nepe3 ero pemp 
(puc. 29). 

IIoHHTHe CHMMeTpHH noHiiMaiOT Hepepxo b 6ojiee 
y3X0M CMbicjie, BxjnoHan b Hero Ha njiocxocTH TOjibxo ciiMMeTpino otho- 
CHTejibHO npHMOii h peHTpajiBHyio ciiMMeTpino, a b npocTpaHCTBe — ciim- 
MeTpino OTHOCiiTejibHO njiocxocTH, OTHOCiiTejibHO npHMOii h peHTpajibHyio 
CHMMeTpuio . CooTBeTCTByKHipHe HajiojxeHiiH caMii ce6e oSpaTHbi, 11 b (Jih- 
rype c Taxon ciiMMeTpiieii xajxpoii Tonxe A cooTBeTCTByeT CHMMeTpiiHHan 
TOHxa A', npuneM caMa A ciiMMeTpiiHHa A'. CiiMMeTpHH OTHOCHTejibHO 




Phc. 29 


npHMoii a b npocTpaHCTBe 03HanaeT, hto 4>iirypa coBMeipaeTCH caMa c 
co6oh npii noBopoTe Ha 180° BOKpyr ocii a. Ka*yi,OH tohkc A conocTaBjis- 
6 tch npii 3 tom TaKaa TOHKa A' , hto 0Tpe30K A A! nepneH/piKyjiHpeH ocii 
h ^.ejiHTCH eio nonojiaM. 

0,a,HaKO Mbi 6yn,eM noHiiMaTB ciiMMeTpino b o6meM CMbicjie, KaK OHa 
onpe^ejieHa b Hanajie h KaK ee nomiMaiOT, b nacTHOCTii, Kor^a roBopaT o 
CHMMeTpi-ni KpiiCTajijiOB. IIpn 3TOM HajiojKemia (Jmrypbi Ha ce6a Ha3biBa- 
iotch npeo6pa3oeanuMHU cuMMempuu . 

Hx ocHOBHoe cbohctbo BbipaxcaeT 

TeopeMa 1 . KoMno3uv,usi Hcuiootcenuu (fiuzypu na ce6fi, ma,K o nee KaK u 
omo6pacnceHue, o6pamnoe HaJiocuceHwo cfiuzypu na ce6si, sie.ifiemcsi onsirm> 
ee HajiocuceHueM na ce6si. 

/JoKasaTejitCTBO. Komho3hh;hh HajiojKemiH, KaK h OToGpajKCHiie, 
o6paTHoe HajiojKeHino, hbjihctch Hajio HceHiieM . BMecTe c tcm, ecjin oto 6- 
pa»ceHiiH S, S' OTo6pa»caiOT cjanrypy F Ha ce6 h, to, npoii3BeflH CHanajia 
OTo6pa>KeHiie S, a 3 a him S', OTo6pa3iiM F Ha ce6a. Tohho TaK »ce, ecjin 
S OTo6pa»caeT F Ha ce6a h o6paTiiMO, to o6paTHoe OTo6pa»ceHiie, bo 3- 
BpaipaH «Bce Ha npexanie MecTa», TeM caMbiM OTo6pa3HT tfairypy F Ha 
ce6a. 

H 3 3thx 3aMeHaHiiH oaeBHflHO cjie^yeT CKa3aHHoe b TeopeMe. □ 

Cjie,a,CTBne. Bee HaJiocuceHUH KaKOu 6u mo hu 6 ujio (fiuzypu na ce6fi 
o6pa3ywm zpynny — ee zpynny cum.m, ernpuu. 

3to cjieflyeT 1-13 toto, hto coBOKynHOCTb OToSpaxceHini KaKoro-jm6o 
MHOJKecTBa Ha ce6a npeflCTaBjraeT co6oio rpynny TOiyja h tojihko Tor^a, 
Kor^a BxoflHm;iie b Hee OToSpaacemiH o6paTHMbi, BMecTe co bchkiim oto 6- 
panceHiieM 3Ta coBOKynHOCTb co^epjKiiT ei/iy oSpaTHoe, a BMecTe c ^ByMH 
OTo6pa»ceHiiHMH — co^epjKHT hx komho3hh,hio (b jho6om nopa^Ke). Tojk- 
^.ecTBeHHoe OTo6pajKemie, cjiyxcamye ejimmpeti (HeiiTpajibHbiM sjieMeH- 
tom) rpynnbi, npiraafljieJKHT coBOKynHOCTH , KaK komho3hh,iih jno6oro H3 
bxo^hh],hx b Hee OTo6pa5KeHiiii c eMy o6paTHbiM. □ 

B3aHMHO 0,a,H03HaHHbie HJIH, HTO paBHOCIIJIbHO , o6paTI'IMbie OTo6pa»ce- 
hi-ih MHoacecTBa Ha ce6>i Ha3biBaiOT 'hik/kc ero npeo6pa3oeanusiMU. Tax, 
b nacTHOCTH , roBopar o npeo6pa30BaHiiax cnMMe'rpnn. 

3aMenaHHe. /^OKa3aHHaa TeopeMa h ee cjie^CTBiie HMeiOT coBepmeH- 
ho o6mee ocHOBaHiie. Boo6m,e, ecjin B3aiiMHO op,H03HaHHbie OToSpaateHria 
KaKoro-jin6o MHoacecTBa Ha ce6a HTO-Hii6yn,b coxpaHaiOT, to iix KOMno3H- 
Hhh h ofipaTHbie OToSpaacemia Toace sto coxpaHaiOT (KaK, Hanpi-iMep, Ha- 
jiojKemia coxpaHHiOT paccToamia, Bpamemia ocTaBjiaiOT Ha MecTe peHTp 
HJIH OCb h t. n.). 



3jieMeHTM chmmctphh orpaHHMeHHtix cjjuryp. cpurypa tcm ciim- 
MeTpHHHeft, neM oSiniipHee ee rpynna CHMMeTpnn. CaMaa ciiMMeTpunHaa 
cjairypa — Bee npocTpaHCTBo: ero rpynna chmmctphh -sto rpynna Bcex 
BOo6m,e HajioJKemiH. Ho Mbi paccMOTpiiM CHanajia cnMMeTpnio orpami- 
neHHbix (fraryp. 

Ecjiii (Jnirypa flonycxaeT KaKoe-jni6o HajiojKemie R Ha ce6a, to OHa 
flonycKaeT (corjiacHO TeopeMe 1) n ero komiio3mhmm caMoro c co6oii: R ■ R , 
— npoii3BOjibHoe micjio pa3. OTCio^a hcho, hto Hajioace- 
hi-ih oi paHH'ieHHon tfnirypbi Ha ce6a He MoryT BKjnonaTb hii nepeHOCOB, 
hh BiiHTOBbix HajiojKeHiiH, hh ckojib3hhi,hx OTpaHcemiH. nosTOMy rpynna 
chmmctphh orpaHiineHHOii (frarypBi mojkct BKjnonaTB TOjibKO noBopoTbi, 
OTpaacemia n 3epKajibHbie noBopoTbi; nocjieflmie — tojibko ^jih npocTpaH- 
CTBeHHbix 4>nryp: Ha njiocKOCTH nx HeT. 

Ocb, BOKpyr KOTopon npoiicxoflHT noBopoTbi, coBMemaiomne (Jnirypy 
caMy c co6on, nasbiiiaeTCM ee ocbto cuMMempuu . Han6ojibmee hiicjio 
noBopoTOB BOKpyr Hee, coBMemaronpix (Jnirypy c co6on, BKjnonaa tojk- 
^ecTBeHHbin noBopoT, Ha3BiBaeTca nopsidKOM ocn. Tax, y npaBHjiBHon 
n-yrojiBHon npii3MBi ecTb ocb cnMMeTpnn n- ro nopaflKa, npoxoflaipaa ne- 
pe3 peHTpbi ocHOBamni. Ocb (JnirypBi Bpamemia — sto ee ocb cnMMeTpim 
6ecKOHenHoro nopa^Ka. 

njiocKOCTb, OTpaacemie OTHOCHTejibHO KOTopon coBMeipaeT (frnrypy ca- 
My c co6oii, Ha3biBaeTca ee n.nocKocmMO cu.M,.M,em,puu . Ocb noBopo- 
Ta, Bxo^mero b 3epKajiBHBii“i noBopoT, KOTopBin coBMem;aeT (Jnirypy ca- 
My c co6on, Ha3BiBaeTca ee 3epKajibHou ocbw cuMMempuu. IlopsidKOM 
3Ton ocn TaKace Ha3BiBaeTca Han6ojiBinee hiicjio CBa3aHHBix c Hero Ha- 
jioaceHHn — 3epKajiBHBix n o6bihhbix noBopoTOB, BKjnonaa ToayjecTBeH- 
hbih. 

Bee BMecTe sti-i ocii n hjiockocth chmmctphh Ha3BiBaiOT aneAieHma- 
mu cujMAtempuu (fiusypu. K him npHCoeflimaeTca peHTp chmmctphh b 
KanecTBe oco6oro sjieMCHTa chmmctphh (noTOMy hto, xoth peHTpajiBHaa 
chmmctphh — 3to 3epKajiBHBiH noBopoT BToporo nopa^Ka, ocb ero Heonpe- 
^.ejieHHaa) . 

3epKajiBHBii“i noBopoT BOKpyr flaHHOfi ocn a cjiaraeTca H3 noBopoTa 
BOKpyr ocn a Ha HeKOTopBiii yroji p h OTpaacemiH othochtcjibho nep- 
neHfliiKyjiapHOH eft njiocKOCTH a. TonKa nepeceneHiia och a h hjiockocth 
a cjiyjKHT npn stom HenoflBiuKHBiM h,chtpom. noBTopeHiie flaHHoro 3ep- 
KajiBHoro noBopoTa npiiBOfliiT k noBopoTy Ha yroji 2 ip, ho 6e3 OTpaacemia 
b njiocKOCTH a, nocKOJiBKy noBTopemie OTpaxceHiia b /i,aHHOH hjiockocth 
^aeT TOJKflecTBCHHoe npeo6pa30BaHiie. 

B cjiynae MHororpaHHHKa noBTopemie 3epKajiBHBix noBopoTOB BOKpyr 





3epKajibH0H och ciiMMeTppiri poaacHO npiiBecTii k ToacpecTBeHHOMy npeo6- 
pa30Bamiio — k noBopoTy Ha «Bce» 360°, 6e3 OTpaacemia. IIosTOMy hiic- 
jio 3tiix 3epKajibHbix noBopoTOB neTHoe. 3epicaabHaa ocb Bcerpa neTHoro 
nopapica 2 n h aBaaeTca BMecTe c TeM ocbio ciiMMeTpini n - ro nopapica c 
noBopoTaMii Ha 2 tp. 

y Ky6a ecTb 3epKajiHHaa och 6-ro nopapica, npoxopaipaa no pnaroHann 
nepe3 npoTiiBonoaoacHbie BepmiiHbi; OHa ace ocb 3-ro nopapica (pnc. 30). Y 
npaBiiabHoro TeTpasppa ecTb 3epicanbHaa ocb 4-ro nopapica, npoxopaipaa 
nepe3 cepepimbi npoTHBonoaoacHbix pe6ep (pnc. 31). 

IIpii HaaoaceHiiii tfrarypni Ha ce6a ee aaeMeHTbi ciiMMeTpini, oneBiipHO, 
nepexopaT b Taicne ace saeMeHTbi CHMMeTpmi. 

Bee 9/ieMeHmu cuMMempuu oepaHunemou cfimypu nepeceKammcn e 
odnou moHne. 

Ecjih ecTb peHTp ciiMMeTpini, to oh ii aBjiaeTca stoii tohkoh. Ecan 6bi 
KaKaa-aii6o ocb hjih naocicocTb CHMMeTpmi He npoxopnaa nepe3 penrp, to 
noBopoT BOKpyr TaKofi och hjih OTpaacemie b naocicocTH paBaan 6bi erpe 
opim peHTp. A KOMno3iipiia ciiMMeTpini b flByx peHTpax paeT nepeHOC. 
Onrypa He Moraa 6bi 6biTb orpaHiiHeHHOii. Moamo Taicace 3aicniOHiiTb, 
hto ecaii 6bi, HanpiiMep, pBe och He nepeceicaniicb, to cjanrypa He 6biaa 
6bi orpaHimeHHOH . (,ZIpKa3aTenbCTBO mhi ocTaBaaeM HiiTaTeaaM.) 

KoHeaiibie rpynnbi ciiMMeTpini — sto rpynnbi CHMMeTpiin npaBiiabHbix 
npii3M h npaBiiabHbix MHororpaHHiixoB (icoTopbie mbi paccMOTpHM b cae- 
pyioipeM naparpatfie) , ppyrae KOHemibie rpynnbi ciiMMeTpini — sto nop- 
rpynnbi stiix rpynn. 

y (Jiiiryp BpaipeHiia HMeeTca ocb SecicoHCHHoro nopapica. Ecan ace iix 
pBe, to ohh nepecexaiOTca, h Bcaicaa npaMaa, npoxopaipaa nepe3 Ty ace 
Tonxy, 0Ka3biBaeTca ocbio CHMMeTpini 6ecKOHenHoro nopapica, icaic y niapa. 

H 3 BbiBopoB npepbipyipero naparpac|>a o KOMno3iipini noBopoTOB bo- 
xpyr nepeceKaioipiixca oceii caepyeT, hto KOMno3iipiin noBopoTOB bo- 


Kpyr flByx oceft CHMMeTpmi nopojKflaiOT noBopoTbi BOKpyr TpeTbeft ocn. 

CHMMeTpra HeorpaHHHeHHHX c|)Hryp. y neoipami'ieimux c)>uryp 
MoryT 6 bitb ajieMeHTbi ciiMMeTpmi, CBH3aHHbie c nepeHOcaMii. IIpocTeit- 
inne npriMepbi npeflCTaBjunoT tohkii Ha npHMoii Ha paBHbix paccTOsmiuix 
o,n,Ha ot flpyrofi, KBa/ipaTHaH ceTKa Ha njiocKOCTii iijih b npocTpaHCTBe 
Ky6nHecKaH «pemeTKa» (puc. 32 ). Onrypa MOxceT Taitsce iimctb biihto - 
Byro CHMMeTpuio , t . e. coBMemaTBCH caMa c co 6 oh bhhtobbim HajiojKemieM 
(puc. 33 ), hjih CHMMeTpuio CKOjib3Hm;ero OTpaacemra (puc. 34 ). 
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IIpeflCTaBjiHiOT oco6bih iiHTepec npaBiuibHbie CHCTeMbi cjanryp (b nacT- 
hocth, Tonex) Ha njiocKOCTii h b npocTpaHCTBe — TaKiie, b kotopbix Ka>K- 
p,a,si (Jrarypa mojket 6biTb coBMeipeHa c KajK^oft HajiojKemieM, coBMem,a- 
lonpiM bck) CHCTeMy caMy c co6oii. Oco6oe 3HaHeHiie npaBHjibHbix cucTeM 
coctoht b tom, hto ohh cjiyxcaT reoMeTpriHecKiiMii MOflejiHMH pacnojioJKe- 
hrh aTOMOB b KpiiCTajuiax. B KpucTajijie aTOMbi iijih iix KOMnjieKCbi o6pa- 
3yiOT KpucTajijiHHecKyio pemeTKy, KOTopaa h H3o6pa>KaeTCH npaBHjibHOii 
CHCTeMOii (Jairyp. 

Ha njiocKOCTii npiiMepoM npaBiijibHofi CHCTeMbi MoaceT cjiyaaiTb «nap- 
KeT» — CHCTeMa paBHbix MHoroy ro jibHHKOB , noKpbiBaiomiix bcio njioc- 
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KOCTb , npiuieraa flpyr k flpyry no CTopoHaM. IlapKeTbi 113 npaBHjibHbix 
MHoroyrojibHiiKOB cocTaBjiaiOTca tojibko h 3 TpeyrojibHiiKOB, KBaApaTOB 11 
mecTnyrojibHHKOB (puc. 35) (AOKa3biBaeTca, HanpiiMep, 113 noAcneTa yr- 
jiob) . IlapKGTBi H3 paBHBix BbinyKjibix MHoroyrojibHiiKOB c hhcjiom ctopoh 
6ojn>me 6 HeB03M0HCHbi (mojkho Taicace AOKa3aTb n3 noAcneTa yrjiOB) . 

CHMMeTpHH B IipnpOAC. B HCKyCCTBe H T. A- IIOMIIMO KpHCTajIJIOB, 
ciiMMeTpna b npupoAe Ha6jnoAaeTca y hchbmx opraHH3M0B. noAaBjiaiomee 
6ojiBmimcTBO >KHBOTHbix, no KpaimeH Mepe co CTopoHbi BHenmero CTpo- 
emia, irneiOT BepTiiKajibHyio njiocKOCTb CHMMeTpHH; coBceM oco6eHHyio 
ciiMMeTpino hmgiot MopcKiie 3Be3At>i (pnc. 36). Y pacTemiii Ha6jnoAaeT- 
ca ciiMMeTpna n,BeTOB, cnMMeTpua jniCTbeB (pnc. 37), b nacTHOCTn biih- 
TOBaa ciiMMeTpna. KoHeano, penb MoaceT hath jninib o KOHeaHOM ancjie 
jniCTbeB; orpamiaeHHaa tfnirypa He MoaceT HMeTb, CTporo roBopa, bhh- 
TOByio ciiMMeTpino Kan caMOCOBMemaeMOCTb bhhtobbim ABiiacemieM. Ho 
moxcho o6o6iahtb noHaTiie cnMMeTpra, CBa3aHHOii c nepeHOCOM, caiiTaa 
cjinrypy ciiMMeTpnaHOH, ecjni ee aacTii AonycxaiOT nepeHOC hjih bhhtoboc 
ABHaceHne, coBMemaiomee iix c APyrHMH aacTHMii cjairypbi Tan, hto npn 
6ecKOHenHOM npoAOjiacemni (Jnirypa HMejia 6bi ciiMMeTpino b iicxoahom 
onpeAejieHHii. 

B TaKOM ace CMbicjie MoacHO roBopiiTb o nepeHOCHOft CHMMeTpnn Kpn- 
CTajijiHnecKOH peineTKii iijih ayryHHOli peineTKii (pnc. 38), 6opAiopa hjiii 
opHaMeHTa (pnc. 39). 



Phc. 40 


B apxiiTeKType CHMMeTpHH sabhiih h cjaacaAOB nrpaeT cymecTBeHHyio 
pojib, Kan reoMeTpunecKaa ocHOBa npeKpacHoro (pnc. 40). 


6. IIpaBHJibHBie MHororpaHHHKH 


Bh^j,bi npaBHJiBHBix MHororpaHHHKOB. MHororpaHHiiK Ha3biBaeT- 
ca npaeuAbHUM, ecjni y Hero Bee pe6pa paBHbi, Bee njiocKiie yrjiti Ha rpa- 
hhx paBHbi, Bee flByrpaHHbie yrjiBi paBHbi. 

H 3 paBeHCTBa pe6ep h njiocKiix yrjiOB cjie^yeT, hto rpami npaBiuib- 
Horo MHororpaHHi-iKa npe^CTaBjiaiOT co6oii paBHbie npaBiuibHbie MHoro- 
yrOJIBHHKH. 

AHajioniHHO H3 paBeHCTBa njiocKiix a flByrpaHHbix yrjiOB caeflyeT, hto 
Bee MHororpaHHBie yrjiBi npn Bepinimax paBHbi. MHororpaHHbiM yraaM 
cooTBeTCTByiOT c(J)epHHecKiie MHoroyrojibHiiKii Ha e^HHH'iHoii ccjiepe. B 
,n,aHHOM cjiynae y sti-ix MHoroyrojibHiiKOB CTopoHbi h yrjibi paBHbi. IIo- 
3TOMy OHH paBHbi H HBJIHIOTCH npaBHJIbHblMII COBepHieHHO aHajioniHHO 
njiocKriM MHoroyrojibHiiKaM . Ohii BbinyKjibie, KaK h njiocKiie npaBi-uibHbie 
MHoroyro jibHHKH . 

IIpaBiijibHbie MHororpaHHHKH onpe^ejiaiOT Hepe^KO HecKOJibKO imane 
(b HiKOjibHbix yHe6m-iKax). MHororpaHHiiK npaBHJiBHBifi, ecjin oh BbinyK- 
jibiii, Bee ero rpami — paBHbie flpyr Apyry npaBiuibHbie MHoroyrojibHiiKii 
h bo Bcex BepiniiHax cxoahtch OAimaKOBoe hiicjio rpaHeit. 3 to onpe^eae- 
Hiie paBHOCiuibHO npeflbiflymeMy, ho to onpeflejieHi-ie hcho noKa3biBaeT, b 
KaKOM CMbicjie MHororpaHHiiK npaBHjiBHBiii: Bee ero cooTBeTCTBeHHbie sjie- 
MeHTbi — pe6pa h yrjibi — paBHbi (nofloGHO npaBiuibHOMy MHoroyrojiBHH- 
Ky). KpoMe Toro, npn btopom onpeflejieHiiii paBeHCTBO Bcex AByrpaHHbix 
yrjiOB TpeSyeT oco6oro flOKa3aTejibCTBa 4 (o neM b HiKOjibHbix Kypcax He 
roBopaT) . 

H 3 niKOjibHoro Kypca iisbcctho, hto ecTb naTb a tojibko naTb TimoB 
npaBiuibHbix MHororpaHHHKOB : 

1) TeTpaa^p (b nepeBO^e c rpenecKoro 4-rpaHHiiK, pi-ic. 41); 

2) Ky6 (reKcas^p — 6-rpaHHiiK, piic. 42); 

3) OKTasflp (8-rpaHHiiK, piic. 43); 

4) ^.o^eKaaflp (12-rpaHHiiK, pnc.44); 

5) iiKOcaaflp (20-rpamniK, piic. 45). 

Bonpoc cocTOHT b tom, hto6m: (I) yKa3aTb nocTpoeHiie sthx mhoto- 
rpaHHiiKOB h tcm caMbiM ySefliiTbca, hto Tam-ie npaBiuibHbie MHororpaHHii- 


5 Bi.mOjinMercn o6m.au TeopeMa: y Bi.myKjn.ix MHororpaHHHKOB, oflHHaKOBO cocTaB- 
jieHHBix H3 cooTBeTCTBeHHO paBHBix rpaHeii, cooTBeTCTBeHHbie yiByrpaHHBie yrjibi paBHBi 
(TeopeMa 6tijia .lOKaaana Koihh h ,m>Ka3aTejiBCTBO ee HenpocTo). Mojkho cocjiaTBCH Ha 
3Ty TeopeMy. 9to, O'leBiyuio. HyxcHO tojibko b cjiynae, KOi/yi b BepuiHHax cxoflHTCH 
6ojiee 3-x rpaHeii. 
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kii fleftcTBHTejibHO cymecTByiOT; (II) ,zi,OKa3aTb, hto flpyrnx npaBiuibHbix 
MHOrorpaHHiiKOB HeT 5 . 

PaccMOTpiiM o6a Bonpoca coBMecTHO. Mbi ycTaHOBiijin, hto MHororpaH- 
Hbie yrjibi npaBHjibHoro MHOrorpamniKa BBiny kjibi . 

CyMMa njiocKHx yrjiOB BbinyKjioro MHororpaHHoro yrjia MeHbine 360°. 
Yroji npaBHjibHoro n-yrojitmiKa paBeH 180° — 360°/n. IIosTOMy ecjni bbi- 
nyKjibiit MHororpaHHbifi yroji cocTaBjieH H3 m Taxiix yrjiOB, to aojijkho 
6bITb 

180m ,^1 — — ^ < 360, t. e. m^l — — ^ <2, 

OTKyn,a 

1 1 1 

77i n 2 

KpoMe toto, oneBnflHO m ^ 3 h 77 ^ 3. IIosTOMy m 11 n < 6, n ecTb tojibko 
cjieflyiomi'ie bo3mojkhocth: 


5 PaccMaTpHBaioT em,e «npaBHjiBHBie MHororpaHHHKH» b /cpyroM cMBicjie: TaKne, 
y KOTopbix «rpaHH» — njiocKHe 3aMKHyTbie jiOMaHbie, — t. e. «3Be3^HaTbie». Ho sto — 
MHororpaHHHKH b ^pyroM CMBicjie. 



Tpn cjiynan TpeyrojibHbix rpaHefi, o^he — neTbipexyrojibHbix n oflHH — 
nHTiiyrojibHbix . 

TpeyrojibHHKii, cxopHipnecH b opHoft BepmiiHe, 06- 
pa 3 yK)T 6oxoByio noBepxHOCTb npaBiuibHoft mipaMii- 
pbi. TeTpaapp npepcTaBjraeT co6oio npaBiuibHyio Tpex- 
rpaHHyio mrpaMnpy co BceMii paBHbiMii rpaHHMH. 

OxTaapp cocTaBjiaeTca H3 ppyx nupaMim c xBap- 
paTHbiM ocHOBaHneM . ^pyrofi bo3mohchoctii pjih Toro, 
hto6h b Bepimme cxopiuiocn no 4 TpeyrojibHiixa, hot. 

(Ecjih B3aTb Tpi-i xBappaTa, jieacamne b Tpex B3aiiMHO 
nepneHfliiKyjiapHbix njiocKOCTax, c nonapHO o6m,HMn 
piiaroHajiHMii, to iix CTopoHbi papyT pe6pa oxTaappa.) 

Hxocaapp cocTaBjiaeTca H3 pByx npaBiuibHbix na- 
TnyrojibHbix nupaMim, npiuieraiomiix ocHOBamiaMH k 
«CKpyneHHOii npn3Me» c naTiiyrojibHbiMii ocHOBami- 
aMii n c 10 npaBHjibHbiMii TpeyrojiBHbiMii Soxobbimii 
rpaHaMH (pnc. 46). (BnponeM, eipe HyacHO y6e,n,iiTbCfl, 
hto Bee MHororpamibie yrjibi 6yn,yT paBHbi.) 

Ky6 CTpoiiTca oneBiiflHbiM o6pa30M. 

JXjir nocTpoemia popexaappa cxjiapbiBaeM ,n,Ba npaBiuibHbix naTii- 
yrojibHiiKa no CTopoHe Tax, hto6m k hiim no pByM CTopoHaM mojkho 6mjio 
npiuioaciiTb eipe opim Taxon ace naTiiyrojibHiix. 3toto, oneBHpHO, MoacHO 
PoOhtbch, ecjni, cjioaciiB pBa naTiiyrojibHiixa, yBejinnnBaTb 3aTeM p,By- 
rpaHHbin yroji Meacpy hiimii. IIo CHMMeTpiin naTiiyrojibHiix Tax ace Moac- 
ho 6ya,eT npiuioaciiTb x pByM ppyniM CTopoHaM (y ppyroro xoHpa o6in;eii 
CTopoHbi; pnc. 47). Tax cxjiapbiBaa naTiiyrojibHiixii, nocTpoiiM iix noac bo- 
xpyr opHoro 113 hiix. 3to pacT nojiOBimy popexaappa, ppyran nocTpoiiTca 
Tax ace. Yrjibi 6ynyT cxo^HTbca no poxa3aHHOMy — 113 ciiMMeTpim. 

Meacpy npaBHjibHbiMii MHororpaHHiixaMii ecTb pBoftcTBeHHOCTb. IJ,eH- 
Tpbi rpaHefi opHoro cjiyacaT BepinimaMH ppyroro, h o6paTHO. 

TeTpaapp pBoftCTBeHeH TeTpaappy (pnc. 48) , oxTaapp — xy6y n xy6 — 
oxTaappy (pnc. 49), uxocaapp — popexaappy h popexaapp — iixocaappy 
(pnc. 50). IIoaTOMy, nocTpoiiB popexaapp, mohcho no pempaM ero rpaHefi 
nocTpoHTb uxocaapp. 



Phc. 46 



Phc. 47 


Phc. 48 
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Phc. 49 



Phc. 50 


H 3 nocTpoemia flOfleKas^pa hcho, hto flpyroro BbinyKjioro, h TeM 60 - 
jiee npaBiijibHoro, MHororpaHHiiKa, cocTaBjieHHoro 113 npaBiijitHbix iihth- 
yrojiBHiiKOB, 6 biTb He mcokbt. MHororpaHHiiK, y KOToporo no naTb Tpe- 
yrojiBHiiKOB cxo^htch b Bepnnme, flBOHCTBeHeH MHororpaHHiiKy c iihth- 
yrojiBHbiMi-i rpaHHMii, t. e. .apAeKasflpy. Cjie^OBaTejibHO, oh HKOcas/ip. 

CHMMeTpHH npaBHJIBHBIX MHOrOrpaHHHKOB. 

TeopeMa 1. PaccMompuM dannuu npaeu/iunuu MHOzozpamuK P. 
Ilycrm> A — ezo eepmuna, a — pe6po c kohv,om A, a — zparn co cmopo- 
hou a. /f.tui ak>6ux dpyzux aHa.tiozuv.Hux ezo ojieMenmoe A' , o', a' cyuifi- 
cmeyem Ha/iocuceHue MHOzozpanHUKa P na ce6fi, nepeeodjnyee A! e A, a' 
e a, a' e a. 

/(oKasaTejibCTBO. IlepeHOCOM MHororpaHHiiKa nepeBe^eM Bepimi- 
Hy A' b A. IIoBopoTOM MHororpaHHHKa BOKpyr A nepeBe^eM nepeHeceHHoe 
pe6po a' b a. IIobopotom MHororpaHHiiKa BOKpyr pe6pa a npiiBefleM (ne- 
peHeceHHyio h noBepHyTyio) rpaHb a' b coBnaflemie c rpaHbio a. Tan kslk 
rpaHii paBHbi, to rpaHb a' nojiHOCTbio coBMecTiiTCH c a. 

Tax xaK ^ByrpaHHbie yrjibi paBHbi, to ^jih rpaHeii (3 h (3' , CMenaibix 
can a' , ecTb TOJibKO ,a,Be bo3mojkhocth: 1) (3 ' coBnaflaeT c /3; 2) (3' He 
coBnaflaeT c /3, ho ciiMMeTpiiHHa (3 OTHOCHTejibHO njiocKOCTii rpami a. B 
TaKOM cjiynae OTpaxcemieM b stoii njiocKOCTii nepeBe^eM f3' b (3. 

PlTaK, HajiojKeHiieM Bcero MHororpaHHiiKa P mbi coBMecTHjin BepmuHy 
A! c A, pe6po a 1 — c a, rpami a 1 , (3' , CMexiHbie no pe6py a 1 , — c rpaHHMii 
a, (3, CMejKHbiMii no pe6py a. 

y 6 e,a,i'iMCH, hto npn stom MHororpaHHiiK OKa3biBaeTCH coBMemeHHbiM 
caM c co6oi1. ^Be rpami MHororpaHHoro yrjia npn BepimiHC A coBnajni 
(i a ' c a, (3' c (3). nepeit^eM k rpaHHM 7 11 7 ', coce^HiiM c f3. ,ZI,ByrpaHHbie 
yrjibi, KOTopbie ohh o6pa3yiOT c ( 3 , paBHbi h pacnojiojKeHbi c o^hoii cto- 
poHbi — c toh see, c KaKOii jiesciiT rpaHb a. IIosTOMy rpaHb 7 ' coBnaflaeT 
c 7 . Tax y 6 e,a,i'iMCH, hto MHororpaHHbie yrjibi npn BepimiHe A coBnajni. 
IlepexoflH k flpyroii Bepimme, coeflimeHHOii c A pe 6 poM, aHajioriiHHO y 6 e- 
7,1-imch, hto ii npn 3TOH BepimiHe MHororpaHHbie yrjibi coBna^aiOT. H tslk 
npoftflH no BceMy MHororpaHHiiKy, y6e^HMCH, hto oh coBnaji caM c co 6 oii, 
hto h Tpe 6 oBajiocb ,ii,OKa3aTb. □ 

Cbohctbo npaBiijibHbix MHororpaHHiiKOB , ycTaHOBjieHHoe fl0Ka3amioii 
TeopeMoit, 03HanaeT, hto ohh o6jia,a,aiOT, Tax CKa3aTb, M.a.KCUAtaji'bHou 
MbicjiUAtou cuMMempueu . HajioJKemie, coBMememie MHororpaHHiiKa 
caMoro c co6oio, HeH36eiKH0 coBMein,aeT Kaxyio-To Bepimmy A! c A, pe6po 
a' — c a, rpaHb a! — c a 11 npiiMbiKaiomyio rpaHb f3' — c (3. HajioJKemie 
3thm BnojiHe onpeflejieHO, oho tojihko o,hho. IIosTOMy MaKCiiMajibHoe hiic- 
jio B03MOiKHbix HajiojKeHiiii Sy^eT Tor,zi,a, Kor^a Kasyiyio coBOKynHOCTb A, 




a 

Phc. 51 


a, a, (3 mojkho nepeBecTii b Kaatflyio. A sto TaK y npaBiuibHbix MHoro- 
rpaHHHKOB . 

OneBiiflHO, BepHO n o6paTHoe. Ecjih MHororpamniK ofijiaflaeT TaKolt 
MaKcriMajiBHOH ciiMMeTpiien, to oh npaBiuibHbni (Tax KaK pe6po a coBMe- 
ipaeTca c a' , yroji Ha rpami a' npii Bepnnme A coBMeipaeTca c TaxiiM ate 
yrjiOM, h flByrpaHHbift yroji Meatfly a' h (3 ' coBMeipaeTca c yrjiOM Meatfly 
a ii f3 — Tax hto Bee pe6pa n yrjibi paBHbi) . 

Hiicjio HajioateHnn, coBMeiparomux npaBHjiBHBiit MHororpaHHiiK caM c 
co6oio, paBHO 2 me, rpe m — hiicjio pe6ep, cxoflaipiixca b o,ii,hoii BepniiiHe, 
h e — hiicjio BepimiH; me HajioateHnn nepBoro popa h me — HajioateHnn 
BToporo popa. Ohii h o6pa3yiOT rpynny ciiMMeTpim npaBiuibHoro mhoto- 
rpaHHHKa. 

Epynnbi ciiMMeTpiiii y Ky6a h OKTaaflpa coBnaflaiOT BBiifly hx aboh- 
CTBeHHOCTii . Tax ate coBnaflaiOT rpynnbi ciiMMeTpiiii y flOfleKaaflpa h iiko- 
caappa. Tpynna TeTpaappa HBjiaeTca noflrpynnon rpynnbi Ky6a, KaK Biifl- 
ho H3 bo3mo>khoctii BjiojKiiTb TeTpaaflp b Ky6 (piic. 51, a). 

Hai-i6ojiee iiHTepecHbie ajieMeHTbi cnMMeTpnn — bto 3epKajibHbie och: 
4-ro nopaflKa y TeTpaappa, 6-ro nopaflKa — y Ky6a, 10-ro nopaflKa — y , 11 , 0 - 
flexaaflpa (piic. 51, 6). y6efliiTecb, hto bto TaK, onpeflejniB, KaK pacnojio- 

ateHbi 3TH OCII. 

Och ciiMMeTpiiii h njiocKOCTii cnMMeTpnn Ky6a ii3o6paateHbi Ha 
piic. 51,6, a. P accMOTpHTe ajieMeHTbi cnMMeTpnn ppyriix npaBiuibHbix 
MHOrorpaHHiiKOB . 

PjiaBa II 

nO^OBHfl H HHBEPCHH 

§ 1. IIpeo6pa30BaHHH no^o6HH 

06m,He CBoficTBa iio,zj,o6hh. Oto6[);i.>kchh(' cjanrypbi Ha3biBaeTca 
omo6pacHceHueM nodoSua (hjih nodoSueM,), ecjin npii hcm OTHomeHiia pac- 
ctohhhii Meac^y TOHKaMii coxpaHaiOTca, Tax hto Bee paccToamia ii3MeHa- 
iotch b oflHO h to ate hhcjio pa3; BbipaateHHbie b KaKOM-jin6o MacnrraGe, 
ohii yMHoataiOTCH Ha OflHO h to ate hiicjio — K09<fi<fiuv i ueHm nodo6usi. 

BcHKoe HajioateHiie — bto noflo6iie c KoacjatfrapneHTOM efliiHiipa. IIpo- 
CTeiimee noflo6iie, OTjniHHoe ot HajioateHiia, npeflCTaBjiaeT roMOTeTna. 

roMomemuM c peHTpoM O h KoacjatfmpiieHTOM k ^ 0 — bto Taxoe 
OTo6paatemie, npii kotopom Bcanaa TOHKa M nepexoflHT b Taxyio M' , hto 
OM 1 = k ■ OM (pnc. 52, a, 6 fljia k > 0, k < 0). B nacTHOCTii, npii k = — 1 
roMOTeTiia npeflCTaBjiaeT C06011 peHTpajibHyio c h m m e r rp h fo . 
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IIpu zoMomemuu c K09(fi(fiuv,ueHmoM k ece eenmopu yMuoatcammca 
na k. 

^efiCTBHTejibHO, ecjiH npii roMOTeTi-m c peHTpoM O h xoscfxJiiipHeHTOM 
k tohxh X, Y nepeiiijiii b X ' , Y', to (puc. 52) 

OX' = kOX , OY' = kOY. 

A Tax K a K XY = OY ~OX n X'Y' = OY' - OX', to 

X'Y' = kXY. □ 

IJoamoMy zoMomemua c KOsefkfjimueHmoM k npedcmaejiaem co6ou nodo6- 
noe npeo6pa3oeanue c KoacficfiuyueHmoM |fe|. 

TeopeMa 1. Bcnnoe nodo6ue HBAaemca KOMno3uv,ueu zoMomemuu c 
meM cnee KoacficfiuyueHmoM u HajiootceHua. 

^OKa3aTejibCTBO. IlycTb cjjnrypa F nyTeM nopo6ira OTo6pa»ceHa 
Ha F' c K03(J)(|3HH,HeHT0M noflo6iiH k. IIoflBeprHeM cjoiirypy F roMOTeTHii 
c TeM me Koscjxjj h nneH r roM h c jiioGhm peHTpoM. OHa nepeftpeT b cjiiirypy 
F"\ h Tax xax Bee paccTOHHiiH yMHOixaiOTCH Ha k, to ohm CTaHyT Taxn- 
mh jxe, xax b (Jiiirype F' . IIosTOMy (Jmrypy F" mojxho OTo6pa3HTb Ha 
F' HajioixeHiieM. TaxiiM o6pa30M, F OTo6paixaeTCH Ha F' b pe3yjibTaTe 
roMOTeTHii h HajiojxeHiia, hto h Tpe6oBajiocb poxaaaTb. □ 

TeopeMa 2. KoMno3uv,ua nodo6uu c KoacficfiuyueHmaMu k±, &2 ecrm> 
nodo6ue c KOdfifiuyuenmoM kik^- Omo6paotceHue nodo6un oSpamuMo, 
npuueM omoSpazHcenue, o6pamnoe nodo6uw c K09(fkfjuu,ueHmoM k, abaa- 
emcM nodoSueM c KoatfxfiuyueHmoM 1/k. 


^0Ka3aTejibCTB0 OHeBiipHO. □ 

TeopeMa 3. IIpu nodo6noM omoSpaMcemm ompe3KU omoSpawcawmcn 
na ompe3KU, npuueM paeencmeo ompe3Koe coxpaHfiemcsi, yzjiu omo6pa- 
xtcawmcji na paenue, rviocKOcmu omo6paotcammc^i na ruiocKocmu; ece — 
k aK npu HajioaweHusix (cm. §1.1). 

/(oKasaTenbCTBO coBepineHHO aHajioniHHO ,n,oxa3aTe,jibCTBy aHa- 
JIOI'H'IHblX CBOHCTB HajIOJKeHIIH (§1). □ 

IIocKOJibKy npn npeo6pa30BaHiin noflo6iia: njiocxocTH, KaK h npocTpaH- 
CTBa, OTpe3Kii nepexo^HT b OTpe3xn h paBeHCTBO OTpe3KOB coxpaHseTCH, 
a b npocTpaHCTBe njiocxocTH Taxnce nepexopaT b njiocxocTH, to Bee ot- 
HOineHiiH, onpepejiaeMbie axcuoMaMH, coxpaHjnoTCH. IIpu stom no,n,o6Hbie 
npeo6pa30BaHHH xax iuiockoctii, Tax h npocTpaHCTBa, b CHjiy TeopeMbi 2, 
o6pa3yroT rpynny. IIosTOMy mojkho cxasaTB, hto Bee CBOiiCTBa (fniryp eB- 
KjuiflOBOH reoMeTpmi iiHBapnaHTHbi (HeH3MeHHbi) OTHOCHTejiBHO rpynnbi 
nopoGnii. 

Otmcthm b flonojiHemie HHTepecHoe cbohctbo iio;i;o6)hh. 

Bcsxoe noflo6Hoe npeo6pa30BaHHe njiocxocTH, xax h npocTpaHCTBa, 
OTjinaHoe ot Hajio jKemiH , iiMeeT oppy HenopBiDKHyio Tonxy. Oho npep- 
CTaBHMO nosTOMy xax komho3hii,hh roMOTeTiiii c noBopoTOM (mojkct 6biTb, 
TO»{/],ecTBeHHbiM) , iijiii c 3epxajibHbiM noBopoTOM Boxpyr och, npoxopHipeii 
nepe3 peHTp roMOTeTHii, hjih c OTpajxemieM b njiocxocTH, npoxopinpeli 
nepe3 peHTp roMOTeTini (BnponeM, OTpajxemie mojkho CHHTaTb nacTHbiM 
cjiynaeM 3epxajibHoro noBopoTa, xorpa caM noBopoT TOJxpecTBeHHbiii) . 

§ 2. HHBepCHH 

OnpepejieHne. Hneepcueu (njiocxocTii) othociitcjibho oxpyjxHOCTH c 
peHTpoM O h papnycoM R Ha3biBaeTCH Taxoe OTo6pa>xeHiie, npn xotopom 
xa>xpa h TOHxa M , OTjinHHaa ot O, OTo6pa»caeTcn b Taxyio Tonxy M' , hto 



to HHBepciiK) Ha3biBaiOT Taxjxe npeo6pa3oeaHu- 
eM o6pamnux paduycoe. 

II 3 (1) hcho, hto ecjin OM = R, to OM' = OM, 11 Tax xax Tonxa 
M' jiejxiiT Ha tom >xe Jiyne, npyipeM H3 O, hto h Tonxa M , to b paHHOM 


cjiynae M' npocTO coBnapaeT c M . To ecTb Bee tohkii OKpyjKHOCTii K c 
peHTpoM O h papnycoM R ocTaiOTCH Ha MecTe. 

Ecjiii »ce OM < R, to OM' > R, h ecjni OM > R, to OM' < R. 
To ecTt BHyTpoHHOCTB Kpyra c OKpyjKHOCTBio K OTo6pa:acaeTCH Ha ero 
BHeiHHOCTB, a BHeiHHOCTb — Ha BHyTpeHHOCTb . IIpiIHeM TOHKII OCTaiOTCH 
Ha Tex nee jiynax, paynpix 113 O. IIosTOMy HHBepciiH npepcTaBjineT co6ofi 
KaK 6bi OTpaiKemie b OKpyjKHOCTii. Ee Tax h mojkho Ha3BaTb: OTpaacemie 
B OKpyjKHOCTH. 

ToHxa O — peHTp HHBepcHii — HiiKypa He OTo6pa>KaeTCH. Korpa TOHxa 
M npn6jmjKaeTCH k O: OM — > 0, to OM ' — > oo. IIosTOMy ecTecTBeH- 
ho CHiiTaTb, hto peHTp O OTo6pa»caeTCH b 6ecKOHen- 
HOCTb. ^onojiHHH njiocKOCTb 6ecKOHenHO ypajieHHOii 
tohkoh, mojkho cxa3aTb: npn iiHBepciiii peHTp OTo6pa- 
jxaeTCH b 6ecKOHenHO ypajieHHyio TOHKy, a 6ecKOHeHHO 
ypajreHHaM Tonxa — b pempe 6 . 

^onojiHHB njiocKOCTb 6ecKOHenHO ypajieHHOii toh- 
Kolt, 6ypeM CHHTaTb, hto npHMan — sto «OKpyiKHOCTb, 
npoxoflarpaa nepe3 6ecKOHenHO ypajieHHyio TOHKy». 
IIoKa mm ycjiOBjiHBaeMCH 06 stom hi-icto cjiopMajibHo; 
xoth HarjiapHO oneBiiflHO, hto npii 6ecKOHenHOM yBe- 
jiHHeHHH papnyca OKpyiKHOCTb, npoxopHipan nepe3 p,Be 
Phc. 54 parabie TOHKii, «pacnpHMjineTCH» h b npepejie nepexo- 

piiT b npHMyio (puc. 54). 

IIpiIHHB BBepeHHOe yCJIOBHe O npHMBIX, MbI oSTjeflllHiieM B nOHHTHe 
ododmfiHHan OKpyotcHocmb HacTOHipne OKpyjKHOCTii n npHMbie. 3 to 
no3BOJiaeT ccjiopMyjnipoBaTb BajKHoe cbohctbo HHBepcim oneHb kopotko. 

TeopeMa 1 . Hneepcuji nepeeodum o6o6inennue OKpyoKuocmu e 0606- 
ipenHue oKpywcHOcmu. 

B pa3BepHyTOM Biipe sto 03HanaeT, hto HHBepciiH nepeBopiiT: 

a) BCHKyio HacToaipyio OKpyjKHOCTb, He npoxopnipyio nepe3 peHTp iih- 
Bepcim, — b OKpyjKHOCTb TaKoro nee popa; 

6) BCHKyio HacTOHipyio oxpy jkhoctb , npoxopnipyio nepe3 pemp iiHBep- 
chh, — b npHMyio; 

b) BCHKyio npHMyio, He npoxopHipyio nepe3 pemp, — b OKpyxcHOCTb, 
npoxopnipyio nepe3 peHTp; 

r) BCHKyio npHMyio, npoxopHipyio nepe3 peHTp, — caMy b ce6n. 

IIpn stom b cjiynanx 6), b), r) HyiKHO iimctb b Biipy to ycjiOBne, hto 



6 Tax >Ke bbo/iht PiecKOiie'iiif) yzjajieHHyio ro'ixy Ha KOMnjieKCHoii njiocKOCTH b TeopnH 
(J)yHKD,HH KOMnjieKCHOH nGpGMeHHOH . 


n,eHTp nepexofliiT b 6ecKOHenHO ypajieHHyio TOHKy, a OHa — b pemp; 6e3 
3Toro HyjKHO oroBapiiBaTB , hto pemp He HMeeT he o6pa3a, he npoo6pa3a, 
TaK HTO OH pOJIJKeH 6bITB IICKJHOHeH. 

/JoKasaTejitCTBO. IlycTB r = OM, r 1 = OM' papnyc-BeKTopbi 
tohkii M h ee o 6 pa 3 a npn imBepcrm b OKpyjKHOCTii K c peHTpoM O h 
papiiycoM a. H 3 onpepejieHiiH HHBepcmi 


r = 


r 1 

jJ'2 ' 


B npaMoyrojiBHBix KOoppimaTax c HanajiOM O nojiynaeM 


x = 


a 2 x' 

x ' 2 + y' 2 


2 1 2 

x +y = 


a 2 y' 

y /2 1 /2 ■ 

X _|_ y'* 

a 2 


(2) 


x' 2 + y' 2 


PaccMOTpiiM KpiiByio, npepcTaBjiaeMyio ypaBHeHiieM 


b(x 2 + y 2 ) + cx + dy + e = 0. 


(3) 


HcKjHOHaa cjiynan, Korpa 3 to tohkh hjih nycToe MHO»cecTBO, KpiiBaa c 
TaKEM ypaBHeHiieM — OKpyjKHOCTb, ccjih 6^0, hjiii npaMaa, ecjin 6 = 0. 
IIoflCTaBjiJiH x h y H 3 (2) 11 H 36 aBjiHHCb ot 3 HaM 6 HaTejiH, nojiyniiM 

a A b + a 2 ex' + a 2 dy' + e[x' 2 + y' 2 ) = 0, (4) 


t. e. ypaBHem-ie Toro nee Biipa, h, CTajio 6 bitb, npepcTaBjunoipee OKpyjK- 
hoctb, ecjin e/0, 1 npHMyio, ecjin e = 0. 

TeopeMa poKa 3 aHa, h ocTaeTCH tojibko npocMOTpeTb, xorpa nojiyna- 
eTca KajKpBiii H 3 HeTbipex cjiynaeB, yKa 3 aHHbix b pa 3 BeppyTOii (JiopMyjiH- 
poBKe. HiiTaTejib caM jierKO sto cpejiaeT. □ 

HHBepcHH coxpaHaeT yrjibi. I loppofmo noHSTHe kphboh ii yrjia 
MejKfly KpHBbiMH o 6 cy»cpaeTCH b nacTii IV. 

JleMMa. Ilpu uneepcuu, conocmaejisiwmeu dpyz dpyzy uiouku A, A', 
OKpyxKHoemb, npoxodjnpaji uepe 3 amu mouKU, omo 6 paxtcaemcsi na ce 6 fi. 

,HoKa 3 aTejibCTBO. Ecjih HHBepcnsi OTHOCiiTejibHO HeKOTopofi 
OKpyjKHOCTii C conocTaBjiaeT ppyr ppyry tohkii A, A! , to, 3 HanHT, OHa 
npoxopHT Mencpy hhme, Tax hto opHa H 3 Tonex A, A! HaxopiiTCH BHyTpn 
xpyra c oxpyjxHOCTbio C, a ppyraa — BHe. IIosTOMy ecjin oxpyjxHOCTb K 
npoxopiiT nepe 3 tohkii A, A', to OHa nepecexaeT oxpyjxHOCTb C . Tonna 



nepeceacHiia B , KaK npiiHapjieataipaH C, nepexopuT caMa b ce6 a. Cjiepo- 
BaTejiBHO, OKpyjKHOCTb K nepexopuT b oxpyaoiocTb, npoxopaipyio aepe3 
Te ace tohxii A, A' , B. Ho aepe3 Tpii tohxii MoaceT npoxopHTb tojibxo 
opHa OKpyjKHOCTb. Cjie^OBaTejibHO, oxpyaoiocTb K OTo6paacaeTca caMa 
Ha ce6a, hto h TpeSoBajiocb poxa3aTb. □ 

TeopeMa 2. Ilpu uneepcuu yzAU Mextcdy KpueuMu coxpannwmcA, 
m. e. dee npueue, nepeceKawu^uecA nod neKomopuM yzjioM, nepexodam 
npu uneepcuu e k pueue, nepecenarou^uecA e coomeemcmeennou moune 
nod maKUM cnee yzAOM. 

floKasaTejiBCTBO. nycTb xpiiBbie L i, L 2 nepecexaiOTca b Hexo- 
Topoii TOHKe A h npu iiHBepciiii nepexopaT b xpiiBbie L[, L' 2 , nepecexa- 
roipiieca b cooTBeTCTByiorpefi Toaxe A'. nocTpoHM oxpyaoiocTii K\, K 2 , 
npoxopaipue aepe3 tohxii A, A! 11 HMeroirpre b Toaxe A Te ace xacaTejib- 
Hbie, aTO xpiiBbie L\, L 2 - CorjiacHO poxa3aHHOii jieMMe stii oxpyaoiocTii 
nepeftflyT npu paHHOii imBepciiii b ce6a. A yroji, xoTopbiii ohii o6pa3y- 
H3T ppyr c ppyroM b Toaxe A! , paBeH yrjiy, xaxofi ohii o6pa3yiOT b toh- 

xe A. CTajio 6biTb, h xpiiBbie, xoTopbix ohii xa- 
caiOTca, o6pa3yiOT Te ace yrjibi. □ 

Caepyioipaa TeopeMa ycTaHaBjiiiBaeT Taxoe 
cbohctbo HHBepcHH, xoTopoe no3BOjiaeT CTpoiiTb 
pjia Bcaxoii paHHOii tohxii ee o6pa3 npu iiHBep- 
CHH OTHOCI'ITejIbHO paHHOii OXpyaCHOCTII. 

TeopeMa 3. Ilpu uneepcuu omnocumeAuno 
oKpycHcnocmu Kpyza K mouKu M , M' , Komopue 
nepexodnm dpyz e dpyza, ceA3anu cAedyww,uM o6pa30M. Ecau mourn M' 
Aerncum enympu Kpyza u CAyotcum cepedunou xopdu AB , mo M Aeoicum 
ene Kpyza, u npuMue MA, MB CAycncam ezo KacameAunuMu (piic. 55 ). 

floxasaTejibCTBO. nycTb O — pemp xpyra K . T peyrojibHiix 
OAM npaMoyrojibHbifi; OA — ero xaTeT, h ecjni M' — cepepHHa xoppbi 
AB, to AM' _L OKI. nosTOMy, corjiacHO H3BecTHOMy CBOiiCTBy BbicoTbi 
npaMoyrojibHoro TpeyrojibHiixa, OM ■ OM' = OA 2 , hto h poxa3biBaeT 
yTBepacpeHHe TeopeMbi. □ 

HHBepcHH b npocTpaHCTBe. B npocTpaHCTBe iiHBepciia onpepejia- 
eTca 6yxBajibHO Tax ate, xax Ha njiocxocTii: 3apaeTca Toaxa O — peHTp 
HHBepcHH h pjnraa R — papuyc HHBepcmi, h xaacpoii Toaxe M CTaBHTca b 
cooTBeTCTBiie Toaxa M' , jieacaipaa Ha tom ace jiyae c HaaajiOM O h Taxaa, 
hto OM' ■ OM = R 2 . 

Bee tohxii ccjaepbi papiiyca R c pempoM O ocTaiOTca Ha MecTe. Kaac- 
paa njiocxocTb, npoxopaipaa aepe3 O, OTo6paacaeTca Ha ce6a, h b Hefi 
npoiicxopHT HHBepciia c pempoM O h papiiycoM R. 



Ecjiii flonojiHiiTb npocTpaHCTBO SecKOHeaHO yAajieHHoii tohkoh h chii- 
TaTb njiocKOCTb «o6o6m,eHHOi"i c(J)epoii», npoxo^ameft aepe3 3Ty TOHKy, to 
mojkho BMCKa3aTb TeopeMy: 

TeopeMa 4 . IIpu uneepcuu «o 6 o 6 ui,eHHue afiepu» nepexodam e << 0606 - 
iu,eHHue ccf>epu». 

3Ta TeopeMa noApoSHO paocpBiBaeTca hoao6ho TeopeMe 1. ,H,OKa3a- 
TejiBCTBO ee aHajioniHHO. □ 

H 3 TeopeMBi 4 cjie^yeT, hto ii b npocTpaHCTBe «o6o6m;eHHBie OKpyjK- 
hocth» nepexoflHT b «o6o6m,eHHBie OKpyjKHOCTii». 

TeopeMa 5 . Hneepcusi coxpansiem yejiu Meotcdy KpueuMU. 

^OKa3aTejiBCTBO aHajioniHHO A0Ka3aTejiBCTBy TeopeMBi 2. □ 

3aMenaHHe 1 . IlycTB M, M' — tohkii, cooTBCTCTByiomiie flpyr flpy- 
ry npn HHBepcHH othociitcjibho OKpyjKHOCTH C pa^nyca R, h nycTB h, 
h! — nx paccToamia ot C co 3HaKOM (caiiTaeM h> 0 rjisi tohkii BHyTpii 
OKpyjKHOCTH C H h! < 0 AJIH TOHKII BHe OKpyjKHOCTIl) . ToTAa BBinOJIHHeTCH 
paBeHCTBO 

1 1 _ 1 
h + h/ ~ R' 

KorAa OKpyacHOCTB C, «paciHiipaHCB», nepexoAHT b npeAejie b npaMyio c 
npn R — > 00 , TorAa b! — > —h, t. e. b npeAeae iiHBepciia AaeT OTpaacemie 
OTHOCiiTejiBHO npaMofi c. 

3aMenaHHe 2. OTo6pa»ceHiie, coxpaHaiomee yrjiBi MeacAy kpiibbimii, 
Ha3BiBaeTca KoncfiopMnuM. Ha iuiockocti-i cyipecTByeT Hpe3BBiHaimo mho- 
ro KOHcjaopMHBix OTo6pa»ceHiiii. Tax, BHyTpeHHOCTB xpyra AonycxaeT koh- 
(JiopMHoe OTo6pa»ceHiie Ha jno6yio OAHOCBH3Hyio oSjiacTB (t. e. Taxyio, b 
KOT opoii BCHKaa 3aMKHyTaa KpiiBaa MoaceT 6 bitb CTaHyTa b TOHKy). 3 to 
T eopeMa PiiMaHa. KoHcjjopMHBie OTo6pa>KeHiia Ha njiocKOCTii npeACTaBjia- 
IOTCH aHajIHTHHeCKIIMII 4)yHKH,IIHMII KOMnjieKCHOH nepeMeHHOH, II BCHKaa 
Taxaa (J)yHKH,iia 3aAaeT KOHcjjopMHoe OToSpaacemie. 

Ho b npocTpaHCTBe BcaKoe KOHcjaopMHoe OToSpaaceHiie jho6oii o6jia- 
cth HBjiaeTca KOMno3iin,iieH iiHBepcnii h OTpaaceHiifi othochtcjibho njioc- 
KOCTeft - « HHBepcHH » OTHOCiiTejiBHO ccjiep 6ecKOHeaHoro paAiiyca. (3to 
TeopeMa <JipaHHy3CKoro MaTeMaTiixa Hv. JIiiyBiijuia (1809-1882).) 



FjiaBa III 


AO>OHHHbIE nPE0BPA30BAHHH 
H A0>0>HHHA5I TEOMETPHil 


§ 1. IlapajiJiejitHoe npoeKTHpoBaHHe 


ByfleM CHiiTaTb BCHKyio npaMyio napajuiejibHoft caMoii ce6e 7 . 

AHajioniaHO, 6yneM caiiTaTb OTpe3KH, jiejKamne Ha oflHoii npaMoft, 
napajijiejiBHbiMii. 

Onpe/j,ejieHHe. IIapcui.ae.ai>HUM npoeKmupoeanueM na nAOCKocmb a 
edoJit> npjiMou a, nepeceKaiomeft a, Ha3biBaeTCH OTo6pajKeHiie, conocTaB- 

jraiomee TOHKe X Ty TOHKy X ' , b koto- 
poii npoxoflHm;aH aepe3 X npaMaa, na- 
pajuiejiBHaa: a, nepecexaeT njiocKOCTb a 
(puc. 56). O npaMoft a tobopht, hto OHa 
3aflaeT nanpaeAenue npoeKmupoeanusi. 

OcHOBHbie CBOiicTBa napajijiejibHoro 
npoeKTiipoBamiH BbipajKaiOTCH cjie,nyK>- 
rpeft TeopeMoii, H3BecTHOft em;e H3 hikojib- 
Horo Kypca. 

TeopeMa 1 . IIpu napajuieAwoM npo- 
eKmupoeaHuu djin npsiMux u ompe3Koe, 
ne napaJuieJibHux nanpaeJieHuw npoeumu- 
poeanuji, eunojinawmcsi CAedywiyue ceou- 
cmea. 

1 . IIpoeKyuA npsiMou ecmt> npjiMCui , npoeKyun ompe3Ka — ompe30K. 

2 . IIpoeKyuu napajuiejibHux npjiMux napajuieM>HU. 

3 . OrrmouieHue Sauh npoeKyuu napaAJieJimux ompe3Koe paeno om- 
HouieHuw 3 auh caMux 3mux ompe3Koe. flpyzuMU cAoeaMu , npu napaA- 
AeAmoM npoeKmupoeanuu omnoiueHUA napaA.neA'bHux ompe3Koe coxpa- 
HAWrriCH. 

Mbi ^OKaxceM 3Ty TeopeMy, paccMOTpeB, hto npoiicxo^HT npu npoex- 
THpOBaHHII C BCKTOpaMH. 

O ro 6p a>KC h M m BeKTopoe. IIpu OToCpavKeim ii KaKOH-jinGo (})m ypi,[ 
F TOHKaM conocTaBjunoTCH tohkh, h cooTBeTCTBeHHO c|)HrypaM, coflepjKa- 



Phc. 56 


7 3to Fieo6xfvi.HMO. Kor;i,a paccMaTpHBaeTca KaKoe-jm6o MHOxcecTBO napajuiejiBHBix 
npaMBix a, b, c n t. H3BecTHO, hto ecjm a \ \ b u b||c, to a||c. I IoaTOMy ecjin a||6, b\\c, 
to c||a, h mbi ./lorn'iecKM npuxo/piM k TOMy, tto a||a. Koiyya mbi roBopnM o npuMBix, 
napajuiejiBHBix ^amion npuMOH a, to ecTecTBemio BKjnonaTB b hhx ee caMy n roBopHTB , 
tto Bee ohh flpyr ,'i,pyry napanjiejiBHBi. 


rpiiMCH b F, conocTaBjiaroTCH cjanrypti. A 
HTO npOHCXO^HT npil 3TOM C BeXTOpaMI-I — 

HanpaBjieHHbiMH OTpe3xaMH? /JaeM onpe- 

pejiemie. 

Ecjiii npii HexoTopoM OTo6pajxeHini 
tohxii X, Y OTo6pa>KaioTca Ha X', Y ' , 
to BeKTopy XY conocTaBjiaeTca BeKTop 
X'Y' . To ecTB o6pa30M paHHoro BexTopa 
CHiiTaeTCH BeKTop, Hanajio h xoHep koto- 
poro hbjishotch o6pa3aMii Hanajia h xoHpa 
paHHoro BeKTopa XY (puc. 57). 

(Hto nponcxopHT npii stom c Tonxa- 
mh, jiejKaiipiMH Ha OTpe3Ke XY, He nrpaeT pojm; c hums MOixeT hii- 
nero ne npoiicxopHTb, ecjin OTo6pa>xeHiie Ha mix He pacnpocTpaHaeT- 
ch, Kax, HanpuMep, npii OToSpajxemiii (oxaTirn) oxpyixHOCTH b ajuiimc 
h t. n.) 

3aMeaaHHe. Bboph noiiMTue BeKTopa, mbi pa3JiHHajin KOHKpeTHbie 
h aScTpaKTHBie — CBo6opHbie — BexTopbi. KoHxpeTHbiii BeKTop H3o6pajKa- 
eTCH HanpaBjieHHBiM OTpe3KOM, ho cjaaKTHHecKii b iroHMTHii o HeM nrpaiOT 
pojib TOJibKO ero Hanajio h xoHep. «KoHxpeTHbin bcktop» — sto ynopapo- 
HeHHaa napa Tonex, a He cjanrypa, h 0Tpe30K c Hero CBH3biBaeTCH jiimib 
pjia HarjIHpHOCTII. 

^jih KOHKpeTHbix BeKTopoB onpepejiaeTCH paBeHCTBO (paBHbie BexTO- 
pbi npepcTaBjiaiOT opira a6cTpaxTHbiii, CBo6opHbift, BexTop); onepapim c 
BexTopaMii onpepejiaiOTCH Ha ocHOBe nepeHecemiH BexTopa x jiio6oMy Ha- 
najiy; t. e. bchxhh paHHbiii xoHxpeTHbili BexTop mojxho 3aMemiTb paBHbiM 
BexTopoM. IIoaTOMy paccMaTpiiBaTb Taxiie OTo6pajxeHiiH BexTopoB, npn 
xoTopbix HapymaeTCH ex paBeHCTBO, HMeeT Majio CMbicjia. 

BeKTopti npn napajuiejitHOM npoeKTHpoBaHHH. 3aMeTiiM, hto 
ecjin mm xothm, nojib3yacb BexTopaMH, poxa3aTb, hto npn napajijiejibHOM 
npoexTiipoBaHiiii OTpe3xn npoexTiipyiOTCH b OTpe3xn, to paccMaTpiiBaTb 
BexTopbi xax HanpaBjieHHbie OTpe3xn Hepejiecoo6pa3HO (pa3 eipe HyixHO 
poxa3aTb, hto 0Tpe30x OTo6pa>xaeTCH Ha 0Tpe30x). Eipe h nosTOMy BexTO- 
pbi HyixHO paccMaTpiiBaTb xax ynopapoHeHHbie napbi tohcx ii nommaTb 
OTo6pa>xeHiiH BexTopoB, xax 6bijio tojibxo hto onpepejieHO. 

Umax, paccMOTpiiM npoexTripoBamie Bpojib npHMOii a Ha njiocxocTb a. 

Kax 6bijio poxa3aHO, xavxpbiii BexTop opH03HanHO pa3JiaraeTCH Ha co- 
CTaBjunoipiie: opHy — napajijiejibHyio njiocxocTH a, ppyryio — napajuiejib- 
Hyio npHMOii a. 



TeopeMa 2. Ilpu pa3AootceHuu eeKmopa XY na cocmaeAAWu^ue, na- 

pajiaejibnue ruiocKocmu a u npAMou a, cocmaeAAwu^ue na n.nocKocmu a 

noAyuawmcA napaJiaejimuM npoeKmupoeamieM edoAU npAMou a. To ecmt 

> 

ecjiu X' , Y' — npoeKV,uu moueK X, Y, mo eeumop X'Y' u ecmt> cocmae- 
.tifuoipafi eeumopa XY na riAOCKOcmu a (puc. 57). 

/JoKasaTejiBCTBO. A- 1151 A0Ka3aTejibCTBa floCTaTOHHO BcnoMHiiTb, 
KaK ctpohtch cocTaBjiaiomne BCKTopa, napajijiejibHbie flaHHOft njiocKOCTH 
h ,n,aHHOH npaMoft. 

IlycTb flaH BeKTop HanpaBjieHHbift OTpe30K XY , — ctpoiim ero co- 

CTaBjiaiomne B^ojib npaMoft a n iijiockocth a. 

Hepes Haaajio BeKTopa XY npoBO/piM njiocKOCTb /3, napajuiejibHyio 

a, h H3 KOHpa BeKTopa npoBcypiM npaMyio b, napaxuiejiBHyio npaMoft a. 

> 

Toaxa Y" ee nepeceaemia c njiocKOCTBio (3 n ^aeT KOHeu, BeKTopa XY " , 
cjiyiKaipero cocTaBjiaiomeft BCKTopa XY Ha iijiockocth f3. IIpoBO^pi aepe3 
X h Y npuMbie, napajijiejibHbie a, flo nepeceaeHiia c njiocKOCTBio a, nojiy- 
naeM b Heft tohkii X', Y'. Ilpu stom, KaK oaeBimHO 8 , 6yn,eT X'Y’ = XY" . 
Hthk, X'Y' — 3to cocTaBjiaiomaH BeKTopa XY Ha njiocKOCTH a iipn ero 
pa3Ji0JKeHiiii Bflojib npuMOii a ii b^ojib njiocKOCTH a. BMecTe c TeM npoBe- 
^.eHHoe nocTpoeHiie stoii cocTaBjiaiomeft npe^CTaBjiaeT co6oft He hto iraoe, 
KaK napajuiejibHoe npoeKTiipoBaHiie tohck X, Y Ha njiocKOCTH a b/i,ojib 
npuMoft a. TeopeMa 2 ^,OKa3aHa. □ 

H 3 3Toft TeopeMbi cjie^yeT 

TeopeMa 3. Ilpu napaJiaejiunoM npoeKmupoeanuu coxpansiwmcsi jiu- 

Heunue coomnouienusi Meotcdy eenmopaMU, m. e. ecjiu AB = pCD + qEF, 

> > > 

mo A'B' = pC' D' + qE'F' . TeM comum paenuM eeKmopaM omeeuamm 
paenue ( nanpuMep p = 1, q = 0), cyMMe — cyMMa, npou3eedeHuw na 
hucjio — npou3eedenue na mo cuce hucao. 

floKasaiejibCTBO. OcHOBHoe cboiictbo cocTaBjiaiomiix jno6bix 
BeKTOpOB COCTOIIT B TOM, HTO JIIIHeilHblM COOTHOHieHIIHM MeJK^y BCKTOpa- 
mii cooTBeTCTByiOT TaKiie ace cooTHOHiemia Meacfly hx cocTaBjiaiomiiMii. 
3to 3aKjiioHaeT b ce6e CKa3aHHoe b TeopeMe 3. □ 

Tenepb CBOiiCTBa, yKa3aHHbie b TeopeMe 1, BbiTexaiOT H3 TeopeMbi 3 
6jiaro/i,apa cjieflyiomeMy npefljioJKeHino. 

JleMMa. Ecau npu neKomopoM omoOpaoKenuu coxpaHAwmcA Auneu- 


s 1 1 pwMi.ie XX’, YY' napajuiejibHBi h, CTajio 6 bitb, jie^KaT b o/i,hom njiocKOCTH 7 . 
3'i’a. njiocKOCTB nepeceKaeT a h 3 no napajuiejiBHWM npn mi.im, Htslk XX'\\Y"Y' , 
XY"\\X'Y'. IIoaTOMy OTpe3KH XY" n X'Y' — CTopoHbi napajuiejiorpaMMa, n, 3HaiHT, 


XY" = X’Y' . 



Hue coorrmoiuenuji eeumopoe, mo npu smoM omoOpaotcenuu euno.tinsi- 
mmcA ceoucmea, yKa3 annue e meopeMe 1, d./isi ompe3Koe u npsiMUX, ne 
omo6paotcamui,uxcA e mouKy. 1 ) ompe3KU ( npuMue ) omo6paotcaH)mcfi na 
ompe3KU ( npsiMue ), 2 ) napa.ruieAbHue — na napcui.aeji'bnue , 3 ) omnomeHUA 
napa,Ji,/ie.m>Hux ompe3Koe coxpaHtnomcji. 

floKasaTejitCTBO. OTpe30K AB 3anojiHHeTcn KOHipaMii bcktopob 
AX = pAB c p £ [0, 1], IlapajijiejiBHBie OTpe3Kii cooTBeTCTByioT napaji- 

JiejIBHBIM (KOJIJIIIHeapHBIM) BeKTOpaM. OTHOineHI'ie TaKIIX OTpe3KOB — 3T0 
OTHOinemie stiix BeKTopoB, TOHHee — ecjin AB = pCD, to AB = \p\CD. 
IIoaTOMy BMecTe c coxpaHemieM jumeinibix cooTHomeHini Mejxpjy BeKTO- 
paMii 0Tpe3Kii OTo6pajKaiOTCH Ha OTpe3Kii, napajijiejiBHBie - Ha napaji- 
JiejIBHbie, H OTHOHieHIIH OTpe3KOB COXpaHJHOTCH, HTO H TpeSoBajIOCB flOKa- 
3aTb. □ 

BMecTe c stiim ,n,OKa3aHa h TeopeMa 1. □ 

IIpOeKTMpOBaHHe C njIOCKOCTH Ha iijiockoctb. 

TeopeMa 4. IIpu napa.tuieJibHOM npoenmupoeaHuu c nAocKocmu na 
ruiocKocmb Jiimeunue coomnoiueHUfi MeoKdy eeKmopaMU coxpanfimmcfi u 
noeue ne noHBAHwmcsi (no,npa3yMeBaeTCH, kohchho, hto npuMan, b^ojib 
KOT opoii npoiicxoppiT npoeKTiipoBaHiie, nepecexaeT o6e njiocKOCTii). 

^OKa3aTejibCTBO. IIpoeKTiipoBaHiie c oppHOii njiocKOCTii a Ha pipy- 
ryio (3 b HanpaBjieHiiii npHMOii a, nepeceKaiomefi o6e njiocKOCTii, ycTa- 
HaBJII-IBaeT B3aiIMHO 0,H,H03HaHH0e COOTBCTCTBHe MCJKfly TOTKaME 3TIIX 
njiocKOCTeft, TaK hto Kax njiocKOCTb a npoeKTiipyeTCH Ha (3 b^ojib npa- 
Moit a, Tax h f3 npoeKTiipyeTCH Ha a b^ojib toh »ce npHMOii. IIosto- 
My, corjiacHO TeopeMe 3 , jiimeiiHBiM cooTHomeHHHM Mexyiy BCKTopaMii 
Ha o,h,hoh njIOCKOCTH cooTBeTCTByioT TaKiie »ce cooTHomeHHH Ha flpyrolt, 
h o6paTHO. 

CTajio 6 bitb, ecjin 6 bi npn npoeKTiipoBaHiiii c njIOCKOCTH ana/J noHB- 
JIHJIHCB HOBbie JIHHeHHbie COOTHOHieHIIH MCJKfly BCKTOpaMI'I, to npu o6paT- 
hom npoeKTiipoBaHiiH — c (3 Ha a — ohii ,h,ojckhbi 6bijih 6bi ppaTb jiimeimBie 
cooTHomeHHH Ha njiocKOCTii a, ho, 3HamiT, ohii hc 6buiii «hobbimii». Cjie- 
flOBaTejIBHO, HIIKaKHX HOBbIX JIHHeHHBIX COOTHOHieHIIII MCJKfly BCKTOpaMII 
npu npoeKTiipoBaHiiii c oppHofi njiocKOCTii Ha flpyryio He noaBjineTCH, hto 
h TpeSoBajiocb ppoKasaTB. □ 

3aMenaHHe. IlycTb u a — BeKTop Ha njiocKOCTii a (napajuiejiBHBiii a). 
IIpoeKTHpyH Bppojib npnMOii a Ha njiocKOCTb (3, mbi pa3JiaraeM ero Ha co- 
CTaBjiHiomne: up — Ha (3 n u a — Bppojib a, Tax hto u a = up + u a . OTCio/pa 
up = u a - u a , t. e. mbi Tax »ce pa3jiaraeM BeKTop up Ha njiocKOCTii (3 
(pnc. 58) H Tax »ce, npoeKTiipyn b^ojib a c /? Ha a, pa3JiaraeM jiio6oh 



BeKTop vp njiocKOCTH (3 : vp = v a + v a ■ 5Icho, hto stii pa3Jio>KeHna paB- 

HOCHJIBHBI. 


CnpoeKTPipoBaB njiocKOCTb a Ha (3 
B^ojib npHMoit a, mokho 3aTeM cnpoeK- 
THpoBaTb (3 Ha a BflOJib KaKOH-jni 6 o npa- 
moh b , hjih cnpoeKTiipoBaTb (3 Ha 7 , a 
noTOM — 7 Ha a, 11 t. n. Tan KOM 6 iiHiipyH 
npoeKTiipoBaHHH c oflHoii njiocKOCTH Ha 
APyryio, mojkho nojiynaTb OTo 6 pa>KeHHH 
^amion njiocKOCTH a Ha ce 6 a. IIpii stom, 
nocKOjibKy npii KajKflOM npoeKTiipoBaHHH 
c njiocKOCTH Ha njiocKOCTb He ncnesaiOT h 
H e noHBjunoTCH jiHHefiHbie 3aBiiCHMOCTH BeKTopoB, to ii npii nojiynaiomeM- 
ch OTo 6 pajKeHHii njiocKOCTH Ha ce 6 a jnmeimbie cooTHoniemiH BeKTopoB 
coxpaHsnoTCH ii HOBbie He hohbjihiotch:. 

OTo6pa»ceHHH, o6jia^aioiH,He thkhm cboiictbom, Ha3biBaiOTCH acfiifiuH- 
humu. Hx mm ^ajibine 11 paccMOTpHM. 



§ 2. AcJxJiHHHMe OTo6pa>KeHHH h acJxJiHHHaH reoMeTpra 

Onpe;;cjieHii>i. ()To6pa>Kei[ne KaKoii 6bi to hii 6bijio npocTpaHCTBeH- 
Hoii hjih njiocKoft 4>nrypbi b npocTpaHCTBO Ha3biBaeTCH acficfjuHHUM, ecjin 
oho coxpaHaeT jiimeirabie cooTHOineHHH Menyiy BeKTopaMii h He bbo,ii,ht 
hobbix. 

IlepBoe ycjiOBiie 03HanaeT, hto ecjin b cjinrype ecTb Taxue tohkii A, B, 
. . . , G, H , hto npii HexoTopbix nucjiax p, . . . , s 

pAB + . . . + sGH = 0, 

to fljia o6pa30B 3 thx TOHeK A ! , B ' , . . . , G", H' 

pAB' + . . . + sG'H' = 0. 

BTopoe ycjiOBne 03HanaeT, hto h o6paTHo: ecjin b tfnirype F', nojiy- 
neHHOH H3 F acjKjiHHHbiM OTo6pa»ceHiieM, ecTb TaKiie tohkii P 1 , Q ' , . . . , 
X ' , Y ' , hto npii HeKOTopbix nucjiax k, . . . , n 

kFQ' + . . . + nX'Y' = 0, 

to h b hcxo,i3jioh tjnirype F pji a eooTBeTCTByiomiix Tonex P, Q, . . . , A', Y 
(npoo6pa3QB P', Q' . . . 11 t. ,n,.) BbinojiHHeTCH aHajioniHHoe paBeHCTBO. 


Cbohctbo cjjHrypbi Ha3biBaeTCH a<fi<fiuHHUM, ecjrn oho coxpaHHCTca npii 
jik>6bix acJjcJjiiHHBix OTo6pa»ceHiiHx. 

AcficfiuHHOu zeoMempueu Ha3BiBaeTCH Ta nacTB reoMeTpmi, b KOTopofi 
H3yHaiOTCH acjscJniHHBie CBOiiCTBa cjanryp. 

H 3 onpe^ejieHHH a<|xf)HHHoro OTo6panceHiiH Henocpe^CTBeHHO cjie^,y- 
eT, hto BCHKoe cbohctbo (Jmryp, KOTopoe MonceT 6bitb BbipajKeHO nepe3 
JIHHeHHbie COOTHOIHeHIIH MCJKfly BeKTOpaMH, HBJIHeTCH a<J>(|>HHHbIM. 

H 3 TeopeMBi 4 npeflBiflymero naparpatjia cjieflyeT, hto napajuiejiBHoe 
npoeKTiipoBaHiie c njiocKOCTii Ha njiocKOCTb hbjihctch a<JxJ>HHHMM OTo6pa- 
ncemieM. Kaic otmchcho b kohhp npeAbmymero naparpatfia, BCHKoe oto6- 
pancemie, nojiynaiomeecH b pe3yjiBTaTe pa^a npoeKTiipoBamiH c njiocKO- 
CTH Ha njIOCKOCTb, HBJIHeTCH a<|)(f)HHHBIM. OHO OTHOCHTCH K njIOCKHM <J)H- 
rypaM, ho, kohchho, bo3mohchbi pa3HOo6pa3HBie a<JxJ>HHm>ie OToSpancemiH 
npocTpaHCTBeHHBix 4>iiryp. 

IIpOCTBIM npHMepOM acJjcjDIIHHOrO CBOHCTBa 4>I'irypBI MOHCeT CJiyHCIITB 
HajiiiHiie y Hee peHTpa chmmctphh. II,eHTp chmmctphh O xapaKTeproyeTCH 
TeM, hto ajih bchkoh tohkh M ctmrypBi ecTB Tanaa M' , hto OM' = —OM. 
3to cbohctbo BBipaaceHO nepe3 jiiiHefiHoe cooTHomemie BexTopoB h, CTajio 
6bITb, a(J><|>HHHO. 

06lH,He CBOHCTBa acJjcjjHHHBIX OTo6pa>KeHHH. 

TeopeMa 1. FIpu acficfiuHHOM omo6paotceHuu ompe3KU omoCpaMcamm- 
ca na ompe3Ku, npuneM napaji.ae.ai>nue — na napa.ruieMHue c coxpaneHU- 
eM omnomeHuu; nAocKue (fiuzypu omoOpawcawmcA na n.aocKue (fimypu; 
npsiMue — na npsiMue, n.nocKocmu — na nAocKocmu, no.ayn.aocKoemu — na 
no.uyn.tiocKOcmu. 

/JoKa3aTejitCTBO. To, hto npn atfxJmHHOM OTo6panceHiiii OTpe3Kii 
OTo6pancaiOTca Ha OTpe3Kii, napajuiejiBHBie Ha napajuiejiBHBie c coxpa- 
HeHiieM OTHonieHHH, cjieAyeT H3 onpeflejieHHH acJxjHiHHoro OTo6paHeemia 
b ciijiy jieMMBi, ^,OKa3aHHOfl b npeflbmymeM naparpatfie. 

ITjiockoctb ecTb mhohccctbo kohh,ob BexTopoB, otjiohcchhbix ot oahoii 
tohkh h BBipancaiomuxca Hepe3 flBa HeKOjijHiHeapHBix BeKTopa. IIosTOMy 
njiocKOCTb OTo6pancaeTca Ha hjiockoctb h, aHajioniHHO, njiocKiie cjairy- 
pti- Ha njiocKHe (fnirypti. (Cp. c TeopeMOii 2 mince.) □ 

To, hto OTHomemiH napajuiejiBHBix OTpe3KOB coxpaHaioTca, 03HaHaeT, 
hto y Bcex napajuiejiBHBix flpyr Apyry OTpe3KOB ajiiihbi H3MeHaiOTca b 
oaho h to nee hhcjio pa3; APyniMH cjiOBaMH, Bee 3th OTpe3KH npeTepneBa- 
k)t OAHHaKOBoe pacTancemie rum cncaTHe. TamiM o6pa30M, npu aifiifiunHOM 
npeo6pa3oeaHuu e KaotcdoM nanpaeAenuu npoucxodum paenoMepnoe pac- 
msiatceHue uau cotcamue. 



H 3 ^OKa3aHHOi"i TeopeMbi cjie^yeT, hto Bee CBOiicTBa cjanryp, ocHOBaH- 
HBie Ha OTHOHiemrax napajuiejiBHBix OTpe3KOB (b nacTHOCTH, OTpe3KOB, 
jie»caHi,Hx Ha oflHoii npuMofi), hbjijhotch acJxJwHHBiMM. TeopeMBi, hx bbi- 
pantaiomHe, npimafljiejKaT acJxjjiiHHOfi reoMeTpim. IIpiiMepoM MO»ceT cjiy- 
5khtb TeopeMa o MefliiaHax TpeyrojiBHHKa, no KOTopoft ohii nepecexaiOTCH 
b oflHoit Tonne h ^ejiHT Apyr flpyra b OTHomeHim 1:2. 

TeopeMa 2. AcfiifounHoe omoSpaotcenue bcakou cfmzypu momcho pac- 
npocmpaHumt) na ece npocmpancmeo, npuueM eduHcmeemuM o6pa30M, 
ecjiu e (fjusype ecrm> mpu neKOMruianapHux eeumopa. Ec.au otce ece eeitmo- 
pu e neu KOMnAanapHu, ho ecrm> HeKOA.auHeapnue, mo acficfiuHHoe omo6- 
paotcenue odH03Hau,Ho pacnpocmpanfiemcsi na onpedeAfieMym umu tiaoc- 
Kocmt>. 

/],OKa3aTejiBCTBO. IlycTB b cjmrype G ecTB Taraie tohkii A, 

F, hto BeKTopti AB, CD, EF HeKOMnjiaHapHBi. Tor^a BCHKyio TOHKy M 
b npocTpaHCTBe mojkho 3a,n,aTB bcktopom 

AM = xAB + yCD + zEF; 

x, y, z — KOopflimaTbi tohkii M othochtcjibho TpexBeKTopHiiKa c HanajiOM 
A h BeKTopaMi-i, paBHbiMii AB, CD, EE . 

IIpii acJxJjiiHHOM OTo6pa>KeHrHi tfnirypBi G sth BeKTopti OTo6pa3HTCH 
b He3aBHCiiMbie bcktopbi, ii 6yfleT 

A'M' = xMB' + yCD' + zETF'. 

3tiim 0/i,H03HaHH0 onpeflejieHO OToSpanceHiie Bcero npocTpaHCTBa Ha ce6a. 
B nacTHOCTii, bcktopbi XY b caMoft (Jnirype G BBipaacaiOTCH nepe3 AB, 
CD, EE . To ecTB (frarypa G npeo6pa3yeTCH BMecTe c npocTpaHCTBOM. 

Ecjiii b 4>iirype hct Tpex He3aBiiciiMBix BeKTopoB, t. e. OHa co^epjKiiTCH 
b HeKOTopofi njiocKOCTii a, to npn atfxjDiraHOM OTo6pa»ceHiiH sto cboiictbo 
coxpaHHeTcn ; o6pa3 cJnirypBi 6yn,eT coflepncaTBCH b HeKOTopofi njiocKOCTii 
/ 3 . Hto6bi pacnpocTpaHiiTB OToSpajKemie Ha Bee npocTpaHCTBO, mojkho 
^o6aBHTB k (frarype TOHKy, He jiejKamyio b njiocKOCTii a, h 3a,n,aTB ee o6pa3, 
jihhib 6bi oh He jieacaji b hjiockocth (3 . □ 

TeopeMa 3. KoMno3uu,usi a<fi<fiuHHUx omoOpaotceHuu ecmu acfiifiuHHoe 
omoSpaotcenue. BcsiKoe atfxfmHHoe omoOpaotceHue o6pamuMO, u omo6pa- 
otcenue, o6pamnoe atfxfiuHHOMy, acfkfiuHHO. 

/JoKasaTejiBCTBO. IlepBoe yTBep:»c,zi,eHiie oneBiiflHO, Tax KaK ecjiu 
OTo6pajKeHIIH HTO-TO COXpaHHIOT, TO II K0Mn03IIH,HH IIX 3TO COXpaHHeT. IIpH 
acJxJiHHHOM OTo6pa»ceHHH HHKaKne flBe tohkii He OTo6pa>KaiOTCH Ha o^Hy, 



noTOMy hto ecjin ,n,Be tohkh A, B OTo6paacaiOTCH Ha o^,Hy A' , to, 3HanHT, 
BeKTop AB OTo6paacaeTca Ha HyjieBoft, a sto HCKjiiOHeHO onpe^ejieHrieM 
acJ)(J)HHHoro OTo6pa»;eHHH. CaeflOBaTejibHO, at^cjaraHoe OToSpaacemie B3a- 
IIMHO 0flH03HaHH0 H TeM CaMbIM oSpaTIIMO. 

Ecjih 6m npii oSparaoM OTo6paaceHiin iicnesajia KaKaa-HH6yn,B jiimefi- 
Haa CBa3B Me»cfly BeKTopaMH, to sto 3HaHiijio 6bi, hto npii npaMOM oto 6- 
paaceHHH OHa noaBjiaeTca. A sto npoTiiBopeaiiT BTopoMy ycjiOBino b onpe- 
flejieHHH atJ)4)HHHoro OToSpaacemia. A ecjin 6 bi npii oSpaTHOM OTo6paace- 
hhh noaBjiajiacb KaKaa-Hii6yn,b jiimeriHaa CBH3b BeKTopoB, to sto 03Hana- 
jio 6bi, hto npn npaMOM OTo6pa»ceHiiii OHa iicnesaeT BonpeKii onpeflejie- 
hhk) a(J)(J)HHHoro OToSpaacemia. TeopeMa 3 flOKa3aHa. □ 

AcjscjaiHHoe OTo6paaceHiie njiocKOCTii Ha ce6a, KaK h npocTpaHCTBa Ha 
ce6a, Ha3biBaeTca a<fi<fiunHUM npeo6pa3oeanueM njiocKOCTii, h cootbct- 
CTBeHHO - npocTpaHCTBa. 

H3 TeopeMbi 3 HenocpeflCTBeHHO cjie^yeT 

TeopeMa 4. AcfkpuHHue npeo6pa3oeanuA nAocKocmu, KaK u acfkfiuHHue 
npeo6pa3oeaHUA npocmpancmea, o6pa3ymm zpynny. □ 

06 oiipc/iyMiciiMM acl)c})i4Hiibix oro6pa>KCHi4M. Onpe^eneHiie ac}>- 
cjjiiHHoro OTo6paaceHiia mojkho HecKOjibKO ynpocTHTb. IlepBoe ero Tpe6o- 
Bamie — coxpaHemie jiiraeimbix CBH3efi BeKTopoB — ocTaeTca, ho BTopoe — 
to, hto He noaBjiaeTca hobhix Taxiix CBH3eft, — Moaoio 3aMemiTb 6ojiee 
npocTbiM: coxpaHaeTca He3aBHCiiMOCTb bcktopob, t. e. o6pa3bi HeKOjunme- 
apHbix BeKTopoB HeKoajHiHeapHbi, HeKOMnjiaHapHbix — HeKOMnjiaHapHbi. 
To, hto 3to ycjiOBiie BbinojiHeHO, ecjin BOoSipe He noaBjiaeTca hobhix jih- 
HefiHbix CBH3efi, OHeBiiflHO. To, hto BepHO Tanace o6paTHoe, flOKa3biBaeT 
cjieflyiomaa jieMMa. 

JleMMa. Ecau npu omodpaatcenuu, coxpaHAwiyeM Auneunue coorrmo- 
menuA Meotcdy eenmopaMU, coxpanfiwmcA HeKOAAUHeapHocrm> u hckom- 
nAanapHocmt) eenmopoe, mo eoo6iu,e ne noASAAemcA noeux Aimeunux 
coomnowemiu. 

/],OKa3aTeiibCTBO. IlycTb, HanpnMep, b OTo6paacaeMoii cjairype F 
ecTb BeKTopbi a, ft, c, d. npnneM a, ft, c He3aBiiciiMbi h 

pa + qb + rc + sd = 0 . 

IIpii OTo6pa»;eHHH no nepBOMy ycjiOBino nojiymiM BeKTopbi c TaKofi ace 
3aBHCIIMOCTbIO 

pa' + qb' + rc' + sd! = 0 . ( 1 ) 

^onycTHM, noaBHjiacb Tanace flpyraa 3aBiiciiMOCTb 

Pi a' + qi b' + n c' + si d = 0 . 


(2) 



YMHOJKaH 3 to paBGHCTBO Ha s, a npeflbiflym,ee - Ha Si h BbiHiiTaa:, iickjho- 
naeM BeKTop d! h nojiynaeM 4>opMyjiy BH^a 

p ‘2 a + q 2 b' + r 2 d = 0, 


rfle p 2 = ps i - pis h t. a. 

Ecjiii BeKTopti a' , b' , d h es a b hc h m hi , KaK h a, b, c, to aojekho 6 bitb 
P2 = <72 = r 2 = 0, 

t. e. 

Pi : p = Si : s, qi : q = s 2 : s, n : r = Si : s. 

A 3to 3HaHiiT, hto paBeHCTBO (2) paBHOCHjiBHO (1), t. e. BOBce He npefl- 
CTaBjiaeT HOByro 3aBHCHMOCTb BeKTopoB. 

CTajio 6 bitb, ecjiH HeKOMnjiaHapHbie BeKTopbi ocTaiOTCH HeKOMnjiaHap- 
HblMH, TO HOBbIX 3aBHCHMOCTeit He nOHBJIHeTCH. 

B cjiynae njiocKOCTii Bee BCKTopbi KOMnjiaHapHbi. Toiyja aHajiorHHHO, — 
paccMaTpiiBaa 3aBHCHMOCTb Biifla pa + qb + rc = 0, — flOKa3biBaeM, hto 
ecjrn HeKOjijiiiHeapHbie BeKTopbi ocTaiOTCH HeKOJijiiiHeapHbiMii, to hobbix 
3aBHCiiMOCTeH He noHBjiaeTCH. □ 

Xoth mm h ynpocTHjin HecKOjibKO onpeflejieHiie aiJxfniHHoro OTo 6 pa- 
HceHiia, oho, TeM He MeHee, ocTaeTCH flOBOjibHO cjiokhmm, TaK Kax oc- 
HOBaHO Ha noHHTiiax BeKTopHofi ajire 6 pbi h HeflOCTaTOHHO reoMeTpiiHHO. 
IIosTOMy cymecTBeHHO onpe^ejinTb a(J)(J)HHHbie OTofipaxcemifl 6 ojiee reo- 
MeTpi-iHHbiMii h MeHee cjiojKHbiMii ycjioBiiHMii. 3 to mojkho c^ejiaTb, ecjin 
paccMaTpiiBaTb acJxJniHHbie OToSpajKemiH He jno 6 bix tfniryp. 

C(|)opMyjHipyeM flBa po,a,a Taxiix ycjiOBim; nepBbie othochtch k TaKOMy 
cjiynaio, Kor^a OToSpaaceHino no^BepraeTCH oSjiacTb, bo btopom penb ii^eT 
06 OTo 6 pa>KeHHH Been njiocKOCTii hjih Bcero npocTpaHCTBa. 

TeopeMa 5. Omo6paotcenue ruiocmu u.au npocmpaHcmeennou o6jia- 
cmu, npu KomopoM napaji.ae.amue ompe3KU omo6paotcaK>mcH na napa.a- 
jiejimue ompe3Ku, nejisiemcfi atfocfjuHHUM. 

TeopeMa 6. Omo6paotcenue njiocKoemu uau npocmpancmea na ce6fi 
acficfiuHno, ecjiu npu neM ecsiKue mpu moHKU, Jiewcaipue na odnou npjiMou, 
nepexodam e mouKu, onjmw jieotcavque na odnou npsiMOu. 

Hjih: B3anMHO o,n,H03HaHHoe OToSpajKemie njiocKOCTii hjih npocTpaH- 
ctbh, npu kotopom npHMbie OToSpaxcaiOTCH Ha npaMbie, acJxjH-iHHO. 

n P n TaxoM OTo 6 pa»ceHiiii nepeceKaronpiecH npHMbie nepexo^HT b nepe- 
ceKaioin,HecH, h nosTOMy, Kax mojkho ^0Ka3aTb, njiocKOCTb OTo 6 pa»caeTCH 
Ha njiocKOCTb. nosTOMy napajijiejibHbie npaMbie OToSpancaiOTCH Ha napaji- 
jiejibHbie (b ciijiy B3anMHoit oflHOSHaHHOCTii) . Ho hto 6 m cbccth BbiBOfl k 



TeopeMe 5, Hy>xHO ,poxa3aTb, hto OTpe3Kn OTo6pajxaiOTCH Ha OTpe3Kii, a 
3 to He npocTO. 

TeopeMbi 5 h 6 mm ,n,oxa3biBaTb He 6yneM. □ 


i 3. Pa3Jio>KeHHe acj)c})nnnbix OTo6pa»ceHHfi 
Ha npocTefimHe 


B 


D 


Hajio>KeHMe Kax acJjcJjHHHoe OTo6pa>xeHHe. 

TeopeMa 1. BcsiKoe HcuiocHcemie ecmt aifiifiuHHoe omoSpaotceHue. 

floKasaTejibCTBO. Hajiojxemie jik>6oh tfHirypbi mojkho pacnpo- 
CTpaHiiTb Ha Bee npocTpaHCTBo; nosTOMy mojkho paccMaTpimaTb Hajioixe- 
Hiie, onpe^ejieHHoe bo BceM npocTpaHCTBe. 

CorjiacHO onpepejiemno acjxJiHHHbix OTo6pajKemiH mm pojrmibi y6e- 
piiTbCH b tom, hto HajionceHiie coxpaHaeT jiHHeftHbie coothohichiih Mexfly 
BeKTopaMH h He bbo^ht hobmx. ITpH 3tom pocTaTOHHO orpaHiiHiiTbca npo- 
BepKofi toto, hto JiHHeftHbie cooTHomemiH eoxpaHjnoTCH. Torpa b tom, hto 
hobmx cooTHOHieHiiii He noHBHTCH, yGencpaeMca , npHMeHHH ^0Ka3aHH0e k 
o6paTHOMy HajioJxeHino. 

^OKa3aTejibCTBO pa36iiBaeTCH Ha Tpn nacTH. CHa- 
najia mm npoBepiiM, hto o6pa3M paBHbix HanpaBjieH- 
hmx OTpe3KOB paBHbi. 3aTeM — hto npoiOBepeHiie Bex- 
Topa Ha hhcjio nepexopiiT b Tanoe jxe npoiOBepeHiie. 

H, HaKOHep, hto o6pa3 cyMMM BeKTopoB paBeH cyMMe 
hx o6pa30B. 

BeKTopHoe paBeHCTBO AB = CD paBHOCHjibHO 
TOMy, hto y OTpe3KOB AD, BC cepepima o6m,a a 
(puc. 59). Ilpn Hajiojxemni cepepima nepexopHT b cepepimy, noaTOMy h 
paBeHCTBO BeKTopoB coxpaHHeTca. 3to no3BOjiaeT 3aMeHHTb BeKTop jho- 
6bim paBHMM — o6pa3 ero Taioxe 3aMeHaeTCH paBHMM. 

B paBeHCTBe pAB = CD mojxho bcktop CD 3aMeHiiTb paBHMM, ot- 
jio>KeHHbiM ot tohkh A, Tax hto pAB = AE . 3to paBeHCTBO 03HanaeT, 
BO-nepBMx, hto |p||AB| = |AE|; a cooTHomeHiie pjihh npn HajiojxeHiiii 
coxpaHHTca. Bo-BTopbix, ecjiH p < 0, to TOHKa A jie>KHT Ha 0Tpe3Ke BE', 
ecjm nee 0 < p < 1, to Tonxa E jiexniT Ha OTpe3Ke AB, h ecjni p > 1, to 
B Ha AE. Bee 3th cooTHomemiH npn HajiojxeHim coxpaHJHOTCH, Tax Kax 
OTpe3KH OTo6pa?KaiOTCH Ha OTpe3XII H flJIIIHbl HX COXpaHHIOTCH. 

B cyMMe AB + CD = EF mojkho 3aMeHHTb CD h EF paBHMMii Bex- 
TopaMH, OTjio>xeHHbiMH ot TOHex B h A, Tax hto 6yn,eT AB + BC = AG. 
A Taxoe paBeHCTBO OHeBHpHMM o6pa30M coxpaHHeTca BOo6in,e npn jho6om 



OTo6pa»ceHiiii, Tax KaK oho He BbipaxcaeT minero 6ojibmero, KaK to, hto 
HM eiOTca tohkh A, B , G. □ 

Hpe,u,CTaB.jieHne acjxjjmmoro o ro6pa>Kemi>i nepe3 pacTH»ceHHH 
h Hajio>KeHHH. IIpocTeiimHM ;].(])(|)nii[n,i.\i npeo6pa30BaHHeM njiocKofi (]hi- 
rypni, He CBOflamiiMca k Hajio>KeHHio, hbjihctch paBHOMepHoe pacTHJKeHiie 
hjiii cjKaTiie k npaMOH no nepneHpiiKyjiHpHOMy en HanpaBjiemno. T. e. sto 
T aKoe npeo6pa30BaHne, npn kotopom Bee paccTOHHHH ot paHHOii npaMofi: 
H3MeHHK)TCH B OflHO II TO JKe HIICJIO pa3 H KajKfla H TOHKa OCTaeTCH npil 3TOM 
Ha tom ace nepneHfliiKyjiHpe k stoii npaMOH c toii nee ot Hee CTopoHbi. Ec- 
jiii 9Ty npHMyio npiiHHTb 3a ocb x npHMoyrojibHoii cucTeMbi KOoppimaT, to 
npeo6pa30BaHiie npepcTaBHTCH Tax, hto Kancpan TOHKa ( x , y) nepexopHT 





B TRKyiO TOHKy (x',y'), HTO 


x' = x, y ' = ky , (1) 

rpe k > 0 OflHO n to ace pjia Bcex ToneK. 3to k — « ko3(|x|j h piiem’ pacTH- 
jKeHiiH», npnneM ecjin k > 1, to nponcxo/piT b caMOM pejie pacTJKKemie 
b k pa3, ecjin jk6 k < 1, to oxaTne b 1 /k pa3 (cjiynafi k = 1, KaK sto 
npiiHHTO, (JiopMajibHO He iiCKjnonaeTCH) . Cm. puc. 60, a, 6, e. 

HeTpya,HO p,OKa3aTb, hto Tanoe npeo6pa30BaHiie b caMOM pejie a<J>- 
cJjhhho, t. e. coxpaHaeT jiimeimbie cbh3ii BeKTopoB h He bbo,h,ht hobbix. 
fleiicTBHTejibHO, npeo6pa30BaHiie (1) oneBiiflHO coxpaHaeT no OTpejibHO- 
cth jiimeiiHbie cbh3ii KOoppHHaT x h KOop/pmaT y (x BOBce He MeHneTCH, 
a y Bcex y o6npiii MHOJKHTejib, KOTopbin coKpaTHTCH bo bchkoii cjaopMyjie 


U3 = XlVl + X2IJ2) ■ JlHHeftHbie ace CBH3H BeKTOpOB paBHOCHJIbHbl TEKHM JKe 
JIHHeflHblM CBH3HM HX XOOpflHHaT. TaXIIM o6pa30M, 3TI-I CBH3II COXpaHHIOT- 
ca. 06paTHoe npeo6pa30BaHiie HMeeT Taxoft ace Biifl: x = x'\ y = \y' ■ 
IIosTOMy oho Taxace coxpaHaeT jiiiHeirabie cbh3ii bcxtopob. A sto 3HaaiiT, 
hto npaMoe npeo6pa30BaHiie ho bbo^ht hobhx jnmeftHbix CBa3eft. Unax, 
npeo6pa30BaHne (1) acJxJjHHHO. 

Pojib texhx npocTelimiix npeo6pa30BaHiiii noKa3biBaeT cjieflyiomaa 
TeopeMa. 

TeopeMa 2. Bcmoe atfjtfjuHHoe npeo6pa3oeaHue na ruiocKOcmu nped- 
cmaeAaem co6ou KOMno3uv,uw Ha.aoQK.eHUA u deyx pacmACHceHuu eo 03 a- 
umho nepnenduKyAApHux Hanpaenenunx om deyx 63 qumho nepnenduny- 
JlfipHUX TipAMUX. 

IIocKOJibKy HajioaceHiie He H3MeHaeT hii cjiopMbi, hh pa3MepoB cjairy- 
pbi, to TeopeMa 03HanaeT, hto H3MeHCHiie iix, Bbi3biBaeMoe a<]x}.)HHHbiM 
npeo6pa30BaHHeM (pnc. 61), cbo/pitch k 
^ByM cacaTHHM hjih pacTaaeemiaM (npiineM, 

KOHeHHO, OflHO H3 HIIX MOJKBT OTCyTCTBO- 
BaTb). 

Ecjih och x, y HanpaBjieHbi no nanpaBjie- 
hhhm pacTaacemia (cacaTna) , to npeo6pa30- 
Baroie, cjiaraiomeeca H3 stiix flByx pacTaace- 

HIIII, COCTOHT B TOM, HTO BCHKaH TOHXE (cC, y ) 

nepexoflHT b TOHKy (x 1 ,y') c 

x' = kix, y' = k, 2 X. (2) 

TeopeMy MoaeHO Tax h (JsopMyjinpoBaTb: npu bcakom acficfiuHHOM npeodpa- 
306anuu moqkho eu6pama> npAMoyzoMHue Koopdunamu x, y man, umo 
npeo6pa3oeaHue npedcmaeumcA (fiopMyjiaMu (2) c nocAedyioui,UM h ajio- 
OKenueM (BnponeM, MoaeHO CHanajia npoH3BecTH Heo6xoflHMoe Hajioacemie, 
a noTOM pacTHacemia (caeaTiia)). 

B npocTpaHCTBe npocTeftimiM acJxJiHHHbiM npeo6pa30BanHeM, He cbo- 
^amiiMca k Hajioacemno, aBjiaeTca pacTaacemie hjih cacaTHe k njiocxo- 
cth no nepneHflHKyjiapHOMy eft HanpaBjiemno. Bee paccToamia ot ^aHHOft 

njIOCKOCTII H3M6HHIOTCH B OflHO H TO ace HIICJIO pa3, H XaaC,H,aH TOHKE OCTa- 

eTca npu 3 tom Ha tom ace nepneHfliixyjiape k stoii naocKOCTii c toii ace ot 
H ee ctopohm. Ecjih bbccth npaMoyrojibHbie xoopflimaTbi Tax, hto6bi 3Ta 
njiocxocTb 6bijia njiocxocTbio xy ( z = 0), to yxa3aHHoe npeo6pa30BaHHe 
npe^CTaBiiTca Tax, hto xaac^aa Tonxa ( x , y, z) nepexofliiT b Taxyio Tonxy 
(x r , y\ z'), hto 



X 


x, y' = y, z' = kz. 


(3) 


To, hto TaKoe npeo6pa30Bamie b caMOM ^ejie atJxJraHHO, ,n,oxa3biBaeTca 
6yKBajiBHO TaK xe, KaK b cjiyaae iijiockocth, ii aHajioniHHO TeopeMe 2 
BbinojiHHeTca. 

TeopeMa 3. BcaKoe acfitfiuHHoe npeo6pa3oeanue e npocmpancmee 
npedcmae.tifiem co6ou KOMno3uv,uw naAoencenufi u mpex pacmAxcenuu 
( cotcamuu ) eo 63ciumho nepnenduKyAApnux nanpaeAenuAX om mpex 63a- 
umho nepnenduKyjisipHux nAocKocmeu. 

Ecjii-i och x, y, z HanpaBjieHbi no HanpaBjiemiaM yKa3aHHbix b TeopeMe 
pacTHacemift, to npeo6pa30Bamie, cocToaipee H3 stiix pacTaaceHiift, npe,n,- 
CTaBjiaeTca xax Taxoe, npu kotopom xaacflaa Toaxa (x, y, z) nepexo^HT 
b Taxyio TOHKy (x' , y' , z'), hto 

x' = k\x, y' = k 2 y , z = k 3 z. (4) 

TeopeMy mojkho Tax n cjsopMyjnipoBaTb: npu bcakom acficpunnoM npeo6pa- 
306anuu e npocmpancmee mookho eeecmu npjiMoyzoAmue Koopdunamu 
man, umo npeo6pa306anue npedcmaeumcti (fiopMyjiaMU (4) «c mounocmbw 
do naAootcenuA» , m. e. c do6aejienueM naAootcenuA. 

^J,OKa3aTejitCTBa TeopeM 2, 3. Kax 6 bijio yxa3aHO b np<vii>i;i.ym,eM 
naparpaijie, npu a(Jx|)iiHHOM OToSpaacemni b xajx^OM HanpaBjieHini nponc- 
xo^ht paBHOMepHoe pacTaacemie. ^jiiihbi Bcex napajuiejibHbix ,apyr 4Py r y 
0Tpe3X0B H3MeHaiOTca b o^ho h to ace micjio pa3, yMHoacaiOTca Ha o^ho 
h to ace niicjio — xo3(J)(|)imiieHT pacTaacemia (bo3mojxho, < 1). 

TeopeMy 2 moxho .npnojimiTb: 

TeopeMa 2a. PacmAotcenuJi e deyx 63auMno nepnenduKyAApnux na- 
npasAenuAX, Komopue cozAacno meopeMe 2 , damm e.uecme c naAocucenueM 
dannoe atfxfiuHHoe npeo6pa3oeanue, npoucxodfim e me x nanpaeAenuAX, e 
Komopux K09<fi<fiuv,ueHm pacmAOKenusi uMeem nauMemiuee u naudoAmuee 
3Hav,eHUA. 

C yxa3aHHbiM sxcTpeMajibHbiM cboiictbom stiix pacTaacemift ii CBH3a- 
ho ^oxa3aTejibCTBO TeopeMbi 2. Oho ocHOBaHO Ha cbohctbc HaiiMCHbrnero 
pacTHHcemia, BbipaaceHHOM b caeflyiomeft jieMMe. B Heft iiMeeTca b Bii^y 
a(JxJ)HHHoe npeo6pa30BaHiie njiocxocTii. 

JleMMa 1. IlpjiMue, nepnenduKyAnpnue nanpasAenuio nauMemmezo 
pacmsiotcenuA, ocmawmcA eMy nepnenduKyAApnuMU. 

/Joxa3aTenbCTBO. IlycTb HMeeTca HexoTopoe a(Jx|)HHHoe npeo6- 
pa30BaHne. B HanpaBjieHrni xaac,n,oft npaMoft nponcxoflHT paBHOMepHoe 
pacTaacemie. IlycTb a — npoxoflamaa aepe3 Toaxy O npaMaa, pacTaace- 
Hne Bflojib xoTopoft HaiiMeHbHiee (puc. 62 ). Bo3bM6M Ha Heft xaxyK)-Hii6yzi,b 
Toaxy A, OTjii-iHHyio ot O, h npoBe^eM aepe3 Hee npaMyio 6, nepneH/pi- 
xyjiapHyro a. B pe3yjibTaTe npoH3Be,n,eHHoro atJxJiHHHoro npeo6pa30BaHiia 



TOHKa O nepeimeT b O' , npaMaa a nepeimeT b Kanyio-TO npaMyio a' , Tonica 
A — b Tonicy A', npaMaa b — b npaMyio b' . ,ZI,OKa}K:eM, hto b' _L a'. 




Phc. 62 Phc. 63 

^onycTHM npoTHBHoe, h nycTB d — npaMaa, npoxoflaipaa nepe3 O' 
nepneHfliiKyjiapHO b' , a c — Ta npaMaa, KOTopaa nepeinjia b d npn pac- 
CMaTpuBaeMOM npeo6pa30Bamni. IlycTB C — Tonica nepecenemia npaMoii 
c c npaMoii 6, n C — o6pa3 stoh tohkii — Tonica nepecenemia npaMoii d c 
npaMoii b' . (puc. 63). 

TaKiiM o 6 pa 30 M, O' C' _L b' , n, CTajio 6bitb, 

O'C' < O' A'. 

BMecTe c TeM OA _L b 1 ii noTOMy 

OC > OA. 

H 3 stiix flByx HepaBeHCTB cjie^yeT, hto 

O'C' _ O' A' 

OC < OA ‘ 

3to HepaBeHCTBO 03HanaeT, hto pacTaaceHiie b HanpaBjieHiiii npaMoii 
c MeHbnie, neM b HanpaBjieHiiii npaMoii a. Ho sto npoTiiBopeniiT Bbi6opy 
npaMoii a kslk TaKoii, b HanpaBjieHini KOTopofl pacTaacemie HaiiMeHbmee. 
Cjie^OBaTejiBHO, npeflnojiojKemie, hto npaMaa b' , b KOTopyio nepeinjia b , 
He nepneHflHKyjrapHa npaMoii a', HeBepHO, h, 3HaHHT, b' J_ a' , hto h Tpe- 
6oBajiocb ^,OKa3aTb. □ 

Tenepn ynaaceM KpaTKO ,n,OKa3aTejn>CTBO TeopeMBi 2. 
nycTB flano HenoTopoe acJxJiHHHoe npeo6pa30Bamie njiocKOCTn. ,Zlp- 
6aBiiB k HeMy noflxoflanpiii nepeHOC, oGecneniiM, hto HenoTopaa TOHKa 
6yn,eT HenoflBiiJKHon. 3aTeM, flo6aBHB noflxoflamiiii noBopoT, o6ecnemiM, 


hto npHMaa a, npoxo^amaa nepe3 O b HanpaBjieHini HaiiMeHbmero pac- 
THJKemiH, ocTaeTCH Ha MecTe, khk h ee jiynii c HanajiOM O (npHMaii He 
nepeBopaHiiBaeTca) . Toiyja corjiacHO flOKa3aHHOii jieMMe npuMaa b, nep- 
neHfliiKyjiHpHaa: a, Tome ocTaHeTca Ha MecTe, h ecjin ee jiynn c HanajiOM 
O MeronoTCH MecTaMH, to, ,n,o6aBiiB OTpaaremie b npHMoii a, o6ecneHHM, 
hto ohh ocTaioTCH Ha MecTe. 

PlTaK, /i,o6aBHB k ,a,aHHOMy acJxjDiimiOMy npeo6pa30BaHino noflxo^HHi,ee 
HajiojKeHiie, Mbi nojiynaeM aiJxfniHHoe npeo6pa30Bamie, npri kotopom npa- 
Mbie a h b h hx jiyHH nepexo^HT b ce6a. IIpii acjxJraHHOM npeo6pa30BaHiin 
napajijiejibHbie npaMbie nepexo^HT b napajijiejibHbie, nosTOMy npaMbie, na- 
pajuiejibHbie npHMbiM a 11 b, ocTaiOTCH hm napajijiejibHbiMii h tojibko nepe- 
Mem,aiOTCH corjiacHO pacTHHceHiuiM B^ojib stiix npaMbix. A sto ii 3HaHi-iT, 
hto acJxJjiiHHoe npeo6pa30BaHiie coctoiit h 3 pacTHJKeHiifi b^ojib npaMbix 
a h b. 

TeM caMbiM ncxoflHoe npeo6pa30Bamie HBjiaeTCH KOMno3inineii stiix 
pacTHHceHHH c HajiojKemieM (o6paTHbiM TOMy, KamiM mm npnBejin k Heno- 
flBiiJKHOCTii npaMbie a 11 6). TeopeMa 2 floxasaHa. □ 

H3 ^,0Ka3aTejibCTBa cjie^yeT, hto o,h,ho h 3 pacTanceHHH, H3 kotopmx 
cjiaraeTCH 3^ecb acJxJwHHoe npeo6pa30BaHiie, — sto pacTJKKemie c Han- 
MeHbiHHM K03t|)4)Hii,HeHT0M, Kax h CKa 3 aHO b TeopeMe 2a. B tom, hto ,npy- 
roe pacTHHceHiie OKa3biBaeTCH Haii 6 ojibHiiiM, mojkho y 6 e,n,iiTbCH, Bbipa3iiB 
pacTHHceHiie b jho6om flaHHOM HanpaBjieHini nepe3 pacTHHcemie no A B Y M 
B 3 HHMH 0 nepneHfliiKyjiHpHbiM npaMbiM a h b. Ho mojkho cocjiaTbcn Ha 06 - 
paTHoe OTo 6 pajKeHiie. npn oSpaTHOM OTo 6 pajKeHini npaMbie an b 6ya,yT 
TaK»ce ocTaBaTbca Ha MecTe, ho HaiiMeHbmee pacTHHcemie eooTBeTCTByeT 
Haii 6 ojibHieMy b npaMOM OTo 6 pa>KeHiin. CjieflOBaTejibHO, sto Haii 6 ojibmee 
pacTHHceHiie nporicxofliiT nan pa3 b^ojib npHMoii b. □ 

TeopeMa 3 06 acjxJniHHOM npeo6pa30BaHiiii npocTpaHCTBa ,n,OKa3biBa- 
eTCH aHajioniHHO. HammaeM c toto, hto ho,ho6ho flOKa3aHHOii jieMMe 1 
^0Ka3biBaeM: 

JleMMa 2. Ilpu aifiifiuHHOM npeo6pa3oeaHuu npocmpancmea see njioc- 
Kocmu, nepnenduKyAfipHue nanpaeAenuto HauMemiuezo pacmumceHUA, 
ocmawmcH eMy nepnenduKyAsipHUMu. 

/],OKa3aTejibCTBO coBepmeHHO aHajioniHHO ^0Ka3aTejibCTBy jieMMbi 1 . □ 

,Zl,ajiee 3aMenaeM, hto b napajuiejibHbix njiocKOCTax npoii3BefleHbi opjz- 
HaKOBbie atjxjniHHbie npeo6pa30BaHHH. B njiocKOCTii, nepneH/piKyjiHpHOii 
npHMoii a, BflOJiB KOTopoii npoiicxofliiT HaiiMeHbmee pacTJDKemie, acjxJiHH- 
Hoe npeo6pa30Bamie npe^CTaBjiaeTCH corjiacHO TeopeMe 2. 

Tax npii^eM k ^,OKa3aTejiBCTBy TeopeMbi 3. HiiTaTejib caM npoBe^eT 
sto ^OKa3aTejibCTBO. □ 



3aMenaHHe. B ^0Ka3aTejibCTBax TeopeM 2, 3 ^onymeH nponycK: Hy>K- 
ho 6bijio flOKa3aTb, hto npn acjxJraHHOM npeo6pa30BaHiin Bceiyja ecTb Ha- 
npaBjieHiie HaiiMeHbinero pacTHJKemia. 3 to flOKa3biBaeTca o6biHHbiM npn- 
eMOM aHajiii3a, ecjni flOKa3aTb, hto ko 3 c.}x|d h p h e ht pacTaaceHiia b KaacflOM 
HanpaBjieHiiri aBjiaeTca HenpepbiBHOii cjjyHKipieH HanpaBjieHiia. Ha flOKa- 
3aTejibCTBe mm He ocTaHaBjniBaeMca. 

§ 4. Hpe/;cTafiJieiine acJ)cl)iiHiibix OTo6pa»ceHHH 
H HajIOJKeHHH b KOop,a,HHaTax 

TeopeMa 1. A<fi<fiuHHoe npeo6pa3oeanue npedcmaejifiemcsi e acfi- 
cfiuHHUx KoopduHamax AuneunuMU (fiopMyjiaMU c onpedejiumejieM, om- 
auhhum om nyAM. To ecrm> e CAyuae nAOCKoemu Koopdunamu moHKU 
M' (x' , y 1 ), na Komopyw omoOpaotcaemcA mourn M(x, y), eupaotcamm- 
ca cfiopMyAaMu euda 

x' = aux + a 12 y + h, ail ai2 
y’ = a 2 ix + a 22 y + b 2 , °2i o 22 

B npocmpancmee cuce, ecAu mouna M(x, y , z) omoOpaotcaemcA na 
M'(x', y', z'), mo 


x' x = ai\X\ + a 12X2 + 013X3 + b\, 

On 

Ol 2 

Ol3 


x ' 2 = a 2 ixi + a 22 x 2 + 023X3 + b 2 , 

a 2 i 

o 22 

023 7^ 0. 

(2) 

x ' 3 = a 3 ia;i + a 32 x 2 + 033X3 + 63, 

031 

032 

^33 



floKasaTejibCTBO. /fyiH njiocKOCTii. nycTb Ha njiocKOCTi-i BBe^eHa 
CHCTeMa KOopfliiHaT c HanajiOM O h ochobhbimii BeKTopaMii ei , e 2 . nycTb 
npoii3BefleHO atfxJaiHHoe npeo6pa30Bamie, npn kotopom Hanajio O oto 6- 
pa3Hjiocb Ha TOHKy 0 ’(b\, b 2 ), a BeKTopbi ei, e 2 — Ha e \ . e 2 . Bo3bMeM 
npoii3BOjibHyio TOHKy M(x i, x 2 ), h nycTb ee pafliiyc-BeKTop 6ya,eT 

OM = eiXi + e 2 x 2 . (3) 

n P H acJxJjiiHHOM OTo6pa»ceHHH jnmeHHbie cooTHomeHiia coxpaHaiOTCH. no- 
3TOMy ecjni x ' 2 ) — Ta TOHKa, Ha KOTopyio OTo6pa3iuiacb tohkh M, 

to j, 

O'M' = e[xi + e 2 x 2 . (4) 

BMecTe c TeM pafliiyc-BeKTop stoii tohkii M' b ochobhbix BeKTopax npe,n,- 
CTaBjiaeTca cjjopMyjion 


^0. (1) 


OM' = e\x\ + e 2 x 2 . 


(5) 



H TaK Kax 


OM' = OO' + O'M'-, OO' = b= e 1 b 1 + e 2 b 2 , 
to H3 (4) n (5) nojiynaeM 


OM' = e\x\ + e 2 x ' 2 = e[xi + e! 2 x 2 + e\bi + e 2 b 2 . (6) 

BeKTopai e \ , e ! 2 BtipancaioTca nepe 3 BexTopbi ei, e 2 : 

e[ = anei + 02162, = 01261 + 02262- 

IIOflCTaBI-IB 3TH BBipajKeHIIH B (3), nOJiyHIIM 


eix'i + e 2 x 2 = (a\iX\ + a\ 2 x 2 + b\)e\ + . . . . 


Tax xax pa3JiojxeHiie BexTopa no flByM HG3 a b nc h m bi m BexTopaM e\, e 2 
efliiHCTBeHHoe, to MHOixi-iTejni npri e\ h e 2 b o6enx nacTax paBHbi, nosTOMy 
nojiynaeM cjtopMyjibi 


x\ = auXi + a\ 2 x 2 + b\, 

x' 2 = a 2 \X\ + a 22 x 2 + b 2 . (7) 

AcJxJn-iHHoe OTo6pajxeHiie o6paTHMO, nosTOMy xax x[, x 2 BbipancaiOTca 
nepe3 Xi, x 2 , Tax i-i o6paTHo: x\, x 2 flOjnxHbi BbipancaTbca aepe3 x'-y, x 2 ; t. e. 
ypaBHemia ( 1 ) flOJuxHBi 6bitb 0flH03HanH0 pa3penniMbi othochtcjibho x \, 
x 2 . Heo6xo,a,i'iMbiM ycjiOBiieM Taxon pa3peniHMOCTi-i cncTeMbi ypaBHemin 
HBjineTcn HepaBeHCTBO Hyjno ee onpeflejniTejia; Tax hto onpe^ejinTejiB b 
(7) OTjnineH ot Hyjia, hto ii TpeSoBajiocB floxa3aTt>. 

^oxa3aTejn>CTBO fljia npocTpaHCTBa OTjinnaeTca ot npiiBefleHHoro ,n,o- 
xa3aTejiBCTBa fljia njiocxocTii tojibxo tcm, hto noaBjiaeTca TpeTta xoop- 
^,1-iHaTa BMecTe c tpctbhm 6a3i-icHt.iM BexTopoM. HiiTaTejit. caM h3jiojxht 
.zyia ce6n nojiynaromimca Taxi-iM o6pa30M BbiBOfl. □ 

ripcyaci’aiiJieHnc najio^KCHtia b iipaMoyi ojibnnix KOop^tmaTax. 
Hajiojxemie npe^CTaBjiaeT co6oio acJxfraHHoe npeo6pa30Bamie, noaTOMy 
oho npeflCTaBjiaeTca b xoopflimaTax TaxiiM >xe o6pa30M. OflHaxo ec- 
jih nojiB30BaTbca npaMoyrojit.Ht.iMii xoop/pmaTaMn, to koscJxJj h piieHT bi b 
(J jopMyjiax (1), (2) o6jia^aiOT oco6bimh cbohctb aMii , Taxi-iMii ace, xax b 
npeo6pa30BaHiiii npaMoyrojibHbix xoopfltmaT. Hmchho b MaTpupe (Ta6jin- 
n,e) sti-ix xoscJxJjimiieHTOB cyMMa nx xBa^paTOB b xancflon CTpoxe, xax i-i b 
xa>x,zi;0M CT0Ji6n,e, paBHa e;(HHnri;e, a cyMMbi iipoH3Be;i;eHHH oflHOHMeHHbix 



ko9(}x}) h r ine hto b i-i3 flByx pa3Hbix ctpok, KaK a pByx pa3Hbix ctoji6e,ob, 
paBHa Hyjno. flByx aepeMeanbix — (JjopMyjibi (1) -cxa3aaaoe Bbipa- 
»caeTca Tax: pjia CTpox 


a ll T a 12 — a 21 T a 22 — 1) OH021 + 012 O 22 — 0 

h aHajiornnao pjia ctoji 6 d;ob. ^jia Tpex nepeMeaBbix — 4 >opMyja>i ( 2 ) — 
pjia nepBbix CTpox 

a 11 + a \ 2 + O13 = 1, O11O21 + 012O22 + 013O23 = 0 

h aaajiornaBO pan ppyrax CTpox a pjia ctoji 6 d;ob. 

MaTpnpa c t3kemh CBoncTBaMn aa3biBaeTca opmozonajimou, a apeo6- 
pa30BaHiie nepeMeaBbix c Taxon MaTpapeii Ha3biBaeTca opmozcma.ai>nuM. 

3 to cbobctbo MaTpiipbi xostfxJaipaeBTOB o 6 ycjiOBjieao nx reoMeTpa- 
aecxiiM cmbicjiom, xoToptia mbi ceaaac BbiacaaM, poxa 3 aB cjiepyioipyio 
TeopeMy. 

TeopeMa 2. Hcuiocucenue npedcmae.afiemcsi e npjiMoyzoAbHux Koop- 

dimamax opmoeoHaJibHUM npeo6pa3oeaHueM. Eeo KOdcfxfiuyueHmu — 3mo 

Kocunycu yzjioe Meatcdy ucxodnuMU 6 ci3uchumu eenmopaMU u meMU, e 

KaK ue ohu npeo6pa3ywmctt npu HaAoxtcenuu. 

/],oxa 3 aTejitCTBO. IIpoBefleM ero pjia cjiyaaa apocTpaHCTBa. B 

> 

apocTpaacTBe cJiopMyjia ( 6 ) pjia papayc-BexTopa OM' apaivreT Bap 

e\x\ + e 2 x 2 + e 3 a ;3 = e[xi + e' 2 x 2 + e 3 x 3 + e\b\ + e 2 6 2 + e 3 b 3 . (8) 

BexTopti e*, xax a e(, epaaaaBbie a B 3 aaMH 0 opToroaajibBMe: 

ef = e 2 = e§ = 1, eie 2 = e 2 e 3 = e 3 ei = 0. 

IIosTOMy, yMBoacaa (8) aa ei, e 2 a e3, aojiyaaM 

x[ = (eiei)xi + {e 1 d 2 )x 2 + (ei 63)2:3 + 61, 
x 2 = (e 2 ei)xi + (e 2 e 2 )x 2 + (e 2 e' 3 )x 3 + b 2 , 
x 3 = (e 3 ei)a;i + (e 3 e2)x 2 + (6363)0:3 + b 3 . 


CToaapie 3peci> cxajiapHbie apoa3BepeanH a ecTb xoscjscjinpneBTbi a-ij b 
cjiopMyjie. Tax xax BexTopti e( epaaaaabie a B3anMao opToroaajibabie, 
to cxajiapatie apoa3Bepeaaa eie(, e 2 e(, e 3 e( cyTt ae bto aaoe, xax xo- 
oppaaaTbi BexTopoB ei, e 2 , e 3 OTHOcaTejibao BexTopoB e( , e 2; e 3 . A Tax 



KaK caMi-i e ±, e2, e3 e/piHHHHbie h B3aiiMHO opToroHajibHbie, to fljra hiix 
cyMMa KBa,a,paTOB xoop,n,HHaT paBHa efliiHiipe, a cyMMa npoiOBefleHirii hx 
o^HOHMeHHbix KOopfliiHaT, t. e. hx cxajrapHoe npoii3BefleHHe, paBHa Hyjno. 

AHajIOniHHO BIIflHO, HTO KOScJxJ) H Hue H'P hi npil X± — 3T0 XOOpflHHaTbl 
BeKTopa e\ OTHOCHTejiBHO BeKTopoB e' 1; e' 2l 63 , h tot see cmbicji hmciot 
K03f|x}) a r me ht hi npn X 2 11 x 3 . A Tax xax BexTopbi e\ , e', 2 , e 3 eflHHHHHBie 
h B3aiiMHO opToroHajibHbie, to ii ,h,jih koscJxJ) m 1 me h to b no CTOjiSpaM no- 
jiynaeTCH to nee: cyMMbi xBa,n,paTOB paBHbi e/pimme, a cyMMBi nonapHbix 
npoii3BefleHiii“i H3 pa3Hbix ctoji6u,ob paBHBi Hyjno. 

PlTax, flOKa3aHO, hto MaTpupa K03<JxJ> h r me hto b a,fc opToroHajibHaa. 

Tax xax BexTopbi e-i, e' k e^HHH'iHbie, to cxajiapHoe npoiiSBe^emie hx — 
3to xociiHyc yrjia MCJXfly hiimii: 

aik = e*e^ = cosZ(e;, e' k ), 
hto h Tpe6oBajiocB ,noxa3aTb. □ 

3aMenaHHe o rjia^KHx OTo6pa>Kenn>ix. A<|)(])i[m[bie OTo6pa>xeHHH 
iirpaiOT BancHyio pojib He tojibxo caMii no ce6e, ho h noTOMy, hto Bcaxoe 
«He cjihhixom cxBepHoe», «rjia^,xoe» OTo6pa>xeHHe hbjihctch acJxJsiiHHBiM 
«b 6ecxoHenHO MajiOM», t. e. bo bchxoii Majiofi oSjiacTii c tohhoctbk) ^,0 
BejiiiHHH, npeHeSpejxiiMO Majibix b cpaBHeHiiii c pa3MepaMi-i caMoft o6jia- 
cth. Tax, Bcaxaa ynpyraa ^,e(|)opMaH,HH npe^CTaBjiaeT ,h,jih Majioro xyc- 
xa fle4>opMiipyeMoro Tejia ero acjxjDHHHoe OTo6pajxeHiie c tohhoctbio TeM 
6ojibHieft, neM MeHbme xycox. IIosTOMy ,h,jih Taxoro xyexa fletfjopMaipiH 
npe^CTaBjiaeT co6oii, b corjiacnH c TeopeMofi 3, § 3, coneTaHiie nepeMem,e- 
hi-ih c pacTHJxeHiieM no TpeM BsariMHO nepneHfliixyjiHpHbiM HanpaBjieHii- 
hm, TeM TOHHee, neM MeHbme paccMaTpiiBaeMbift xycox. IIpii ynpyroft fle- 
cjDopMapHii cxaixeM, njiocxoft njiacTHHxn hjih njieHxn H3 pe3HHbi xajx,ii,bifi 
Majibiit ee xycox ncnbiTbiBaeT b cooTBeTCTBiiii c TeopeMofi 2, § 3 HexoTO- 
poe nepeMem,eHiie h pacTJKxemie no flByM B3aiiMHO nepneH^nxyjiHpHbiM 
HanpaBjieHiiHM (onaTb-Taxii, TeM TOHHee, neM MeHbme xycox). 

IlepeMemeHiie He npiiBO^iiT x ,Tec]x>pMannn, Tax hto flecjDopMapiiH b 
co6cTBeHHOM CMbicjie cjiOBa Bceiyja CBOfliiTCH b Majibix nacTax ,a,ec|3opMHpy- 
eMoro Tejia x pacTajxeHiiHM hjih oxothsim no TpeM hjih flByM B3aiiMH0 nep- 
neHfliixyjiHpHbiM HanpaBjieHiiHM. O/m 0 h3 hiix - HanpaBjieHne HanMeHb- 
rnero pacTHJxeHiiH, flpyroe- HanpaBjieHne Han6ojibmero pacTHJxemiH. 

MaTeMaTHHecxii sto npe^CTaBjiaeTCH ,h,jih njiocxnx (Jmryp Tax. 

IlycTb G — o6jiacTb Ha njiocxocTii a, h nycTb 3a,n,aH0 ee OTo6pajxeHiie / 
b njiocxocTb / 3 (MOJxeT 6biTb, coBnaflaiomyio c a). IlycTb b njiocxocTHx a , (3 
BBefleHbi xoopfliiHaTbi x, y h u, v — npaMoyrojibHbie hjih, BOoSipe, ac}x]>MH- 
Hbie. OTo6pajxeHiie / npe^CTaBjiaeTCH Tax, hto xajxfloii Tonxe M(x, y) 



H3 oSjiacTii G CTaBHTCH b cooTBeTCTBi-ie TOHKa N(u, v): 

■u = u(x, y), v = v(x, y). 

06 paTHoe OTo 6 pa?KeHrie npeflCTaBjiaeTCH aHajioniHHo: 

x = x(u,v), y = y(u , v). 

IlycTB cjiiirypiipyKimne 3^ecB (])vhkhhh /ip(|)c|.>epeH i aipyeivi hi . Toiyja 
o6o3HaHaH Hepe3 u x , ..., v y nacTHBie npoii3BO,n,Hbie ot u, v no x h y, 
nojiynaeM fln<J)(J)epeHLi;najibi: 


du = u x dx + u v dy , dv = v x dx + v v dy , 


(9) 


h aHajioniHHO dx, dy BbipascaiOTCH nepe3 du, dv. IIosTOMy cjsopMyjibi (9) 
oSpaTHMBi, TaK hto onpeflejuiTejib He paBeH Hyjno: 


Vj X Uy 

V X Vy 


^ 0 . 


(10) 


VX Vy | 

Bo3BMeM TOHKy (xo, yo) 113 oGjiacTii G h nojiojKiiM 

u 0 = u(x 0 , y 0 ), v 0 = v(x 0 , y 0 ), 
u — uq = A u, v — vq = Av, x — xq = Ax, y — yo = Ay. 


CorjiacHO i-i 3 BecTHbiM BbiBO^aM flHtJxJjepeHpHajibHoro hchhcjichiim npii- 
paipeHiie (J>yHKii;niT u, v 6 yu,eT 

A u = u x Ax + u v Ay + e\ \J Ax 2 + Ay 2 , 

Av = v x Ax + v y A y + Ax 2 + Ay 2 , 

r,n,e u x , . . . , v y — nacTHbie npoiOBOflHBie b tohkc (xo, yo), t. e. HeKOTopbie 
Hiicjia, a £i, £2 — * 0 npii 


\J Ax 2 + Ay 2 — > 0. 

Ecjii-i npeHeSpenb HjieHaMH c £ i, £ 2 , to cjjopMyjibi (11) BBHfly ycjiOBiia (10) 
npe^CTaBjiaiOT acJxjjiiHHoe OToOpaxcemie. 

B TpexMepHOM cjiynae bbibo/i, Sy^eT aHajioniHHbiM. 



r ji a b a IV 


IIPOEKTHBHA2 ITEOMETPHH 

§ 1. IIpoeKTHBHaH njiocKOCTt h npoeKTHBHaa reOMeTpHH 

IIpoeKTHBHaa: reoMeTpiia B03HiiK.ua H3 royHeHiia npoeKTiipoBamiH (Jjh- 
ryp Ha njiocKOCTb 113 KaKoft-jiii6o tohkh — peHTpa iipoeKUHH. Ilpn npoeK- 
TupoBaHHH c njiocKOCTH a Ha njiocKOCTb a' H3 peHTpa O TOHKe M € a 
conocTaBjiaeTCH TOHKa M' £ a' , b KOTopoft npsMaa OM nepeceKaeT njioc- 

koctb a ! . ripe^nojiaraeTCH, hto njiocKO- 
cth a, a' He npoxo^HT nepe3 peHTp O 
(puc. 64). 

CBOHCTBa njiocKiix tfniryp, coxpaHH- 
romnecH npn npoeKTHpoBamni, Ha3biBa- 
K)tch npoeKmuenuMu , yneHne o hiix ii 
cocTaBjiaeT npe^MeT npoeumueHou zeo- 
Mempuu na ruiocKOcmu. 

O^HaKO TyT ecTB cymecTBeHHaa 
TpynpocTb. OHa coctoiit b tom, hto ecjin 
njiocKOCTb a' He napajuiejitHa njiocKO- 
cth a, to npHMaa OM MOxeT 0Ka3aTb- 
ch napajuiejibHoft njiocKOCTH a' . Tor^a 
tohkh M' He cymecTByeT: tohkh M He HMeeT npoeKipni. Hto6bi o6oh- 
th sto, CHHTaiOT, hto Tanaa npaMaa OM «nepeceKaeT» njiocKOCTb a', ho 
TOJibKO b «6ecKOHeHHO yuajieHHOii tohkc ». Kor^a TOHKa M, ^Buraacb no 
npHMoii b njiocKOCTH a, npnGjiHacaeTca k TaKOMy nojioaceHino, to npa- 
Maa OM CTaHOBHTCH napajuiejibHoft njiocKOCTH a! , npoeKuyia tohkh M — 
TOHKa M' — yn,ajiaeTca b 6ecK0HCHH0CTb. Ho Tenepb mbi CHHTaeM, hto OHa 
npn6jiH}KaeTCH: k cooTBeTCTByiomefi 6ecKOHenHO yuajieHHoii TOHKe (KaK Ha 
puc. 68). 

CnHTaeTCH, hto Bee 6ecKOHeHHO yn,ajieHHbic tohkii njiocKOCTH o6pa3y- 
K)T Ha Hefi o^Hy «6ecKOHCHHO yuajieHHyio npaMyio». 3to oSocHOBbiBaeTca 
H3 CBOIICTB npOeKTiipOBaHHH. ^Jia 3TOTO paCCMOTpiIM iipoeKUHH npHMbIX 
h flOKaxceM, hto iipoeKUHH npHMOfi, BOo6m;e roBopa, npeflCTaBjiaeT co6oh 
npHMyro. 

fleiiCTBHTejibHO. Bo3bMeM b njiocKOCTH a KaKyio-HH6yzp> npaMyio a. 
Hepe3 Hee h nepea u,eHTp npoeKpuii O npoxo^HT njiocKOCTb (pnc. 65). 3ia 
njiocKOCTb (3 coflepjKHT Bee npaMbie, B^ojib KOTopbix npoeKTiipyiOTca toh- 
kh npHMOit a. nosTOMy npoeKHHH Bcex sthx tohck, o6pa3ya npoeKipno 



npHMoii a, o6pa3yiOT BMecTe c TeM nepecenemie njiocKOCTH (3 c njiocKO- 
CTbK) iipoe KiiH H a' . A nepecenemie ,a,Byx njiocKOCTeii npe^CTaBjiiieT co6oio 
npaMyio a' . 3HamiT, npoexipia npaMofi ecTb npaMaa. KpoMe o^Horo cjiy- 
naa! 



Phc. 65 


Phc. 66 


Ecjiii njiocKOCTb (3 napajijiejibHa iijiockocth a' , to HiiKaKoii TaKOii npa- 
Moit a' HeT. 

Ho npaMBie, npoxo^amne nepe3 peHTp O h jieacamiie b njiocKOCTH (3, h 
T eM caMbiM napajijiejibHbie iljiockoctii a ' , no ycjiOBino «nepeceKaiOT» ee b 
6ecKOHenHO yuajieHHbix Tomcax. CooTBeTCTBeHHO , Mbi cniiTaeM, hto njioc- 
KOCTb (3 «nepeceKaeT» njiocKOCTb a' no «6ecKOHenHO yuajieHHon npaMoii», 
KOTopaa o6pa3yeTca bccmh 6ecKOHenHO yuajieHHbiMii TonKaMii njiocKOCTH 
a' (pnc. 66). 

KpoMe toto, mojkho 3aMeTiiTb, nTO y Bcex npaMbix njiocKOCTH a , 
nepeceKaronpix npaMyio a , Tomai nx nepecenemia c a npoeKTiipyiOT- 
ca b 6ecKOHenHO yuajienHbie to'ikh. nosTOMy cmiTaTb, hto npoeKpna 
npaMoii ecTb npaMaa, mojkho, tojibko ymiTbiBaa 6ecKOHenno yuajieHHbie 
TOHKII. 

Hmchho HMea b Bimy Bee 3 tii oroBopKH, mbi ii CKa3ajin, nTO npoeic- 
n,na npaMoii, «BOo6in;e roBopa», npe^CTaBjiaeT co6on npaMyio. Ho Tenepb 
mojkho yTBepjKflaTb: 

IIpoeKyua ecanou npaMou npedcmaejiaem co6ou npaMyw, nocKOJi'bKy k 
npjiMUM npucoedunaemca 6ecKOHev,HO ydajiennaa npaMaa, o6pa3oeanHaa 
eceMU SecKoneuno yda/iennuMu mounaMu naocKocmu. 

Ha njiocKOCTH a tojkb BBO^HTca 6ecKOHenHO y^ajieHHaa npaMaa, Tax 



Phc. 67 





Phc. 68 


hto h eft npiimicbiBaeTCH npocKpus. 
3 to Ta npsMas b , no KOTopoii njioc- 
koctb a' nepecenaeTCH njiocKOCTbio 7 , 
npoxopsipeft nepe3 pemp O napaji- 
jiejibHO njiocKOCTi-i a (pnc. 67; njioc- 
koctb 7 n «nepeceKaeT» a no 6 ecKO- 
HenHO ypajieHHOft npsMoft). 

Ha BCHKon npsMoft ecTb opHa 6 ec- 
KOHenHO ypajieHHas Tonna, b KOTopoft 
OHa nepecenaeT SecKOHenHO ypajieH- 
Hyio npsMyio. napajijiejibHbie npsMbie 
cxopsTCs — «nepeceKaiOTCH» b 6ocko- 
HenHO ypajieHHOft Tonne. 3to cootbct- 
CTByeT TOMy, nTO norpa Tonna, pbh- 
rancb no npsMoft, ypajiseTCs b 6 ecKO- 
HenHOCTb, nepeceKaroipiiecs b Hen nps- 
Mbie «npn 6 aiDKaiOTCH k napajuiejibHO- 
cth» (pnc. 68 ). 

To ace nojiynaeTCs npii npoeKTiipo- 
Bamin. nycTb A — Tanas Tomca njioc- 
koctii a, sto npsMas OA napajuiejibHa 
naocKOCTii npoeKpmi a ! , Tan hto Tonne 
A cooTBeTCTByeT 6ecKOHenHO ypajieH- 
Has Tonna A! . npsMbie, npoxopsipue 
Ha njiocKOCTH a nepe3 Tonny A, b npo- 
eKHHH yace He nepecenaiOTCH, Tan nan y 
TO’tKH A HeT npoeKpmi, t. e. b npoen- 
pini nojiynaiOTCs napajijiejibHbie nps- 
Mbie. Ho TaK KaK Tonne A' conocTaB- 
jieHa GecKOHenno ypajieHiias Tonna A', 
to Mbi pojiacHbi cmiTaTb, hto 3th napajijiejibHbie npsMbie nepecenaiOTCH b 
Tonne A' (pnc. 69). 

HiaK, naocKOCTb ponojiHseTCs 6ecKOHeHHO ydajieHHUMU mouKaMu; 
ohm o6pa3yiOT SecKoneHHo ydaJieHHym npsiMyw; Kantpas ppyras (o6bin- 
Has) npsMas copepaniT opHy GecKOHcnHO ypajieHHyio Tonny, h Bee napaji- 
jiejibHbie ppyr ppyry npsMbie nepeceKaiOTCs b opHoft 6ecKOHenHO ypajieH- 
HOft Tonne. TeM caMbiM ecHKue dee npsiMue nepecemiomcM: napajuiejib- 
Hbie — b 6ecKOHenHO ypajieHHOft Tonne, a 6ecKOHenHO ypajieHHas npsMas 
nepecenaeTCs co bcskoh npsMoft b ee GecKOHenHO ypajieHHOft Tonne. 

n P H STiix ycjiOBiisx (yace 6e3 bcskhx otobopok) npuMbie npu npoen- 



mupoeanuu omoGpaotcammca, na npuMue , h tohkii, jiejKaiipie Ha oflHoii 
nps-iMOH, OTo6pa»caK)TCH b tohkh, jie>Kamiie Ha o^hoii npaMoit. 

IIpaMaH, ^onojiHeHHaa 6ecKOHeHHO yzjajieHHOii tohkoii, Ha3BiBaeTca 
npoeKmueHou npsiMOU. Y npHMoii GecKonciiio yflajieHHaa tohkh 0 , 1 - 
Ha, h Korfla TOHKa abidkctch no npHMOii b SecKOHenHOCTB b o^Hy hjih 
Apyryio CTopoHy, OHa b o6ohx HanpaBjieHiiax «CTpeMiiTCH» k 6ecKOHen- 
ho ya,ajieHHOii tohkc. 3to 3HaniiT, hto npuMan 3aMBiKaeTCH b 6ecKOHenHO 
yuajieHHOii Tomte. IIpoeKTiiBHaH npuMaa npe^CTaBjiaeT co6oii 3aMKHyTyro 

JIHHHK). 

IIjiockoctb, flonojiHeHHaa 6ecKOHenHO yflajieHHBiMii TOHKaMii h BMecTe 
c HiiMii — SecKOHCHHO yaajiemioii npsiMOH, Ha3BiBaeTCH npoeKmuenou 
njiocKocmbK) npn ycjiOBrni, hto stii tohkii npii3HaiOTCH paBHonpaBHBiMii 
c o6bihhbimii TOHKaMii h 6ecKOHenHO yflajieHHaa npuMaa — paBHonpaBHoii 
c o6bihhbimii npMMbiMH. PaBHonpaBHOCTb 3Ta npoHBjiaeTCH b tom, hto Bee 
tohkii h npHMbie nepexoflHT o^he b flpynie npii npoeKTiipoBaHiiii. Kohch- 
ho, 3to noHHTiie «paBHonpaBHOCTii» hockojibko Heonpeflejiemio; CTporoe 
ero onpeflejieHiie 6ya,eT ,n,aHO ^ajiBHie. 

CnpoeKTi-ipoBaB njiocKOCTB a Ha a', mojkho 3aTeM cnpoeKTiipoBaTB a' 
Ha a ii3 flpyroro peHTpa hjih napajuiejitHbiM npoeKTiipoBaHiieM. B pe3yjn>- 
TaTe nojiynaeTCH npoeKTHBHoe OToGpajKemie npoeKTiiBHOii njiocKOCTii a 
caMoii Ha ce6a. IIoflo6Hyio onepapino mojkho noBToparB. npii stom KaK 
npn KajKflOM npoeKTiipoBaHHii , TaK h npii hx komho3hh,hh, npaMBie 6ya,yT 
OTo6pa»caTBC5i Ha npHMBie. 

Boo6m,e npoenmueHUM npeo6pa3oeaHueM npoeKTiiBHOii njiocKOCTii Ha- 
3BiBaeTCH ee OTo6pajKeHiie caMoii Ha ce6a, npii kotopom npuMBie OTo6pa- 
acaiOTCJi Ha npaMBie. (IIpeo6pa3yeMOCTB Oflrax npuMBix b yipyrne h onpe- 
^.ejiaeT hx «paBHonpaBiie».) 

IlpoeKmuenuM Ha3BiBaeTCH cboiictbo, coxpaHHiomeecH npii jho6bix 
npoeKTHBHBix npeo6pa30BaHHHx. 

IIpoeKmuGHasi zeoMempua na n.aocKocrnu mynaer npoeKTiiBHBie 
CBOHCTBa (fraryp Ha npoeKTiiBHOii njiocKOCTii, He BBi^ejiaa 6ecKOHenHO yn,a- 
jieHHBie 3jieMeHTBi; /yin Hee Bee tohkii h Bee npaMBie oyp-iHaKOBBi . OiirypBi, 
npeo6pa3yeMBie OflHa b flpyryio, HMeiOT o^hh ii Te nee npoeKTiiBHBie cboh- 
CTBa; ohh c tohkii 3peHiiH npoeKTiiBHOii reoMeTpiiii 3kbi-ib ajieHTHBi . 

Ilepexo/t ot npoeKTHBHoii njiocKOCTH k acjxJjHHHofi. TeopeMa 
,U,e3apra. ^HonojiHeHiie o6bihhoii hjiockocth 6ecKOHenHO yuajiemioii npn- 
Moii no3BOjiaeT b ii,ejiOM pa^e cjiynaeB He OTjuinaTB napajijiejiBHBie npa- 
MBie ot nepeceKaiomiixcH h sthm npimaeT e/i,HHOo6pa3He cjjopMyjiiipoBKaM 
ii ^,0Ka3aTejiBCTBaM TeopeM. 

C .npyroii ctopohbi, nocKOjiBKy npoeKTiiBHaa njiocKOCTB nojiynaeTCH 



H3 o6biHHOft npn6aBjieHneM npaMofi, to, nprmaB KaKyio-jiii6o npHMyio Ha 
npoeKTHBHOii njiocKOCTH 3a 6ecKOHCHHO yuajieHHyro, nojiynaeM o6biHHyio 

a(J)(|)HHHyK) njiocKOCTb. Toiyja Teope- 
Ma npoeKTHBHOfi reoMeTpiiii cbo^htch 
k TeopeMe a(J)(J)iiHHOH reoMeTprai, h ee 
MOJKHO flOKa3bIBaTB, nOJIb3yHCb a(J)cJ)HH- 
hoh h flaxce eBKjniflOBOH reoMeTpueii. 

IIpiiMep, fleMOHCTpiipyromiiH nojib- 
3y o6ohx cflejiaHHbix 3aMeHamift, npe,n,- 
CTaBjiaeT TeopeMa ^e3apra. OopMyjiH- 
pyeM ee fljia npoeKTHBHOfi njiocKOCTH 
(puc. 70). 

TeopeMa 1 (,He3apr) . Ilycmb y deyx 
mpeyzojibHUKoe eepmunu u, coomeem- 
cmeenHO, cmoponu npueedenu e coom- 
eemcmeue. Tozda ecjm npu amoM 0Ka3ueaemcJi, umo npAMue, npoxoda- 
ipue uepe3 coomeemcmeennue eepmunu, nepeceKawmcA e odnou moune, 
mo moHKu nepecenenusi npsiMux, npoxodfim,ux edojiu coomeemcmeennux 
cmopon, Aeotcam na odnou npuMou. 

H o6paTHo: ecAU mouKu nepeceuenusi npAMUx, npoxodfim,ux edoAb co- 
omeemcmeennux cmopon, Aeotcam na odnou npAMOU, mo npAMue, npoxo- 
dtivu,ue nepe3 coomeemcmeennue eepmunu, nepeceKawmcn e odnou mou- 
Ke. 

06o3HaHiiM, Kax o6bihho, cooTBeTCTByiomHe BepmiiHbi TpeyrojibHHKOB 
A, B , C h A', B' , C' . Tohkh nepeceHemisi npaMbix AB h A'B BC 11 
B’C , CA h C' A! o6o3HaHiiM D, E, F. Toiyja TeopeMa BbirjumHT Tax. 

Ecjiii npHMbie AA! , BB' , CC nepeceicaiOTCH b o,a,Hofi Tonxe, to tohkii 
D , E, F jieacaT Ha o^hoii npHMOft, h o6paTHo: ecjrn D , E, F — Ha o,h,hoh 
npHMoii, to AA! , BB ' , CC' nepeceKaiOTca b o^hoh tohkc. 

3aMeTHM, hto b npoeKTHBHOfi reoMeTpiiii npaMaa — 3aMKHyTaa jihhhh, 
nosTOMy 0Tpe30K ne onpe^ejiaeTCH cboiimh KOHpaMii: ecTb ^Ba OTpe3xa c 
OflHHMII H TeMH >Ke KOHH,aMII. CoOTBeTCTBeHHO , TpeyTOJIbHIIK ABC He HB- 
jiaeTCH onpeflejieHHbiM b oSbiHHOM CMbicjie. IIoaTOMy, mojkct 6biTb, jiynnie 
roBopHTb o ABy x TpofiKax Tonex A, B , C 11 A! , B' , C' , He jiejKanpix Ka*- 
^,aa Ha o^Hoft npaMofi. 

IlepeBefleM Tenepb TeopeMy ,ZJe3apra Ha H3biK eBKjuiflOBOfi reoMeT- 
Phh. Torfla fljia npHMbix, npoxo^amux nepe3 cooTBeTCTBeHHbie Bepniii- 
Hbi, naflo pa3JiHHaTb ^Ba cjiynaa:: 1 ) jhi6o ohii nepeceKaiOTca, 2 ) jih6o ohm 
napajijiejibHbi. npaMbix, npoxo/pnipix b^ojib cooTBeTCTBeHHbix cto- 

poH, npn^eTCH pa3jiHnaTb Tpn cjiynaa:: 1 ) ohm nepeceKaiOTca b tohkhx o^,- 



Hoii npHMoii, 2 ) ohh napajijiejibHbi (rpri napbi napajuiejibHbix npsMbix), 
3 ) irpsMbie o^hoh napbi napajijiejibHbi, npaMbie ,a,Byx flpyrux nap nepece- 
KaiOTca b TOHKax, jieacamnx Ha npaMon, napajijiejibHon npHMbiM nepBoii 
napbi. 

Htoto, b TeopeMe npii ee cjaopMyjinpoBKe fljia o6binHon njiocKOCTn 6y- 
^,eT 2x3 = 6 cjiynaeB. 

C flpyroli CTopoHbi, mojkho npeBpaTiiTb ^aHHyio TeopeMy b TeopeMy Ha 
o6biHHoii njiocKOCTn, npiiHaB npaMyio, Ha KOTopofi jieacaT tohkii nepece- 
nemia npaMbix, imynpix B^ojib ctopoh, 3a 6ecKOHCHHO yuajieHHyio. Tor^a 
TeopeMa npiiMeT TaKon bud,. 

TeopeMa 2. Ilycrm> eepuiunu u coomeemcmeenno cmoponu deyx 
mpeyzojibHUKoe npueedenu e coomeemcmeue. 

Ilycmb npu amoM 0Ka3ueaemcA, umo 1) np.HMue, coeduunmiyue coom- 
eemcmeennue eepuiunu, nepeceKammcsi e odnou mom ee uau napajuiejiu- 
hu, 2 ) coomeemcmeennue cmoponu e deyx napax napajuiejimu. Toeda u 
cmoponu mpemueu napu napajuiejiunu. 

06pamno: ecAU coomeemcmeennue cmoponu napajuiejibnu (e kclok.- 
dou U3 mpex nap), mo npjiMue, npoxodmyue uepe3 coomeemcmeennue 
eepmunu, nepecemwmcA jiu6o napaAJiejiunu. 

B 3tom BHfle o6e nacTii TeopeMbi, npaMaa h o6paTHaa, BnojiHe ^ocTyn- 
Hbi ,n,0Ka3aTejibCTBy Ha ypoBHe HiKOjibHoro xypca. ^OKaaceM, HanpiiMep, 
BTopyio nacTb. 



Phc. 71 Phc. 72 

IlycTb AB\\A'B', BC\\B'C' , CA\\C A' . npoBe^eM npaMbie AA! , BB' . 
flonycTHM, ohh nepeceKaiOTca b HeKOTopofl TOHice O. 

Tan xaK AB\\A' B' , to 


OA/OA' = OB/OB'. 


(1) 


TyT B03M0JKHBI pBa cjiynaa: 1) tohki-i A, A! KaK h B , B' jieacaT c opHoii 
CTOpOHBI OT O (pile. 71 ), 2 ) OHH C pa3HBIX CTOpOH OT O (pile. 72 ). IIpOH3- 
BefleM roMOTeTHio c pempoM O, KOTopaa nepeBepeT Toaxy A! b A. Ecjii-i 
3TH TO'IKH C pa3HBIX CTOpOH OT O, TO KOScjxJlIipiieHT TOMOTeTHH OTpiipa- 
TejIhHhlH. 

BBiipy nponoppiiOHajibHOCTii OTpe3KOB (1) TOHKa B' nepeiipeT b B. 
IIpaMBie A'C' h B'C' , Kax napajijiejiBHBie npaMbiM AC, BC, nepen- 
pyT b 3th npaMbie. BMecTe c sthm TOHKa hx nepecenemia C' nepexo- 
piiT b C . 

CjiepoBaTejibHO, stii tohkh C , C jiejKajiii Ha oppoii npaMoii, npoxo- 
paipeft aepe3 O. 

Ecjii-i AA'\\BB' , to tot ace pe3yjiBTaT paeT napajijiejibHbm nepeHOC, 
coBMeipaioipirii A c A' . (Y6e,zpiTecb!) 

HTaK, BTopaa nacTb TeopeMbi poKa3aHa. 

IlepBaa ee aacTb poKa3biBaeTca cxoppbiM npiieMOM, a aiiTaTejib caM 
npopejiaeT sto poKa3aTejibCTBO. □ 

nepeiiTii ot poKa3biBaeMOii thki-im o6pa30M TeopeMbi H3 sjieMeHTapHOii 
reoMeTpiiii k TeopeMe ,He3apra b ee o6ipeM Biipe mojkho coBceM npocTO h 
H e ccbijiaacb Ha npoeKTHBHyio reoMeTpuio. 

IlycTb Ha njiocKOCTii a paHbi TpeyrojibHiiKii ABC, A! B'C . Bocnojib- 
3yeMca BBepeHHbiMii Bbirne o6o3HaaeHiiaMii (piic. 70 ). IlycTb D, E — tohkh 
nepeceHemia npaMbix AB, A' B' ii BC, B'C' . (Ecjiii, CKaaceM, BC\\B'C , 
to 6epeM npaMbie C A, C' A' , ecjni ace CA\\C'A' hjih AB\\A' B' , to sto 
cjiyaaii, KOTopbiii yace paccMOTpeH b poKa3aHHOii TeopeMe.) IIpoBopHM 
npaMyio DE. BepeM TOHKy O — pemp npoeKpim BHe njiocKOCTH a h npo- 
BopiiM njiocKOCTb /? aepe3 O h npaMyio DE. IIpoBopHM njiocKOCTb y || (3 h 
npoeKTiipyeM Ha Hee njiocKOCTb a. Tax xax y| \/3, to npaMaa DE cnpoeKTii- 
pyeTca b 6ecKOHeaHO ypajieHHyio npaMyio, t. e., nonpocTy roBopa, npaMbie 
AB, A'B' h BC, B'C' cnpoeKTiipyiOTca b napajijiejibHbie. Mbi nojiymiM, 
TaKiiM o6pa30M, KOHcjuirypapino, paccMaTpiiBaeMyio b TeopeMe 2 . 3Ta Teo- 
peMa poKa3aHa, a 3HaniiT, — B03Bpaipaacb Ha njiocKOCTb a, — p,OKa3aHa h 
T eopeMa ^e3apra. □ 

CopepacaipiiHca b H3Ji0JKeHini npneM CBepemia TeopeM h nocTpoeHiiii 
npoeKTHBHOii reoMeTpiiii k sjieMeHTapHOii reoMeTpini npopyKTiiBHO pa6o- 
TaeT ii b ppynix cjiyaaax. PaccMOTpiiM HecKOjibKO npiiMepoB b xanecTBe 
3apan. 

TeopeMa 3 (IlacKajib). IIpsiMue, npoxodjupue edoAt npomueonoAootc- 
hux cmopoH wecmuyzoji'bHUKa, enucannozo e KonuuecKoe ceuenue, nepe- 
ceKawmca e mounax, Jiecucaipux na odnou npsiMou. 

IlepeBepHTe b TeopeMy sjieMeHTapHoii reoMeTpiiii h poKaaaiTe. 



TeopeMa 4. Ec.au mouKa A jieatcum ewe kohuhcckozo ceuenusi , mo 
uepe3 nee npoxodam dee Kacame.aunue k He.uy. Ilycmb p(A) — npsiMasi, 
npoxodniyafi uepe3 mourn Kacanusi. TeopeMa ymeepwedaem: Sjisi monen 
A, jieotcaipux na npsiMou, ne nepeceKawiyeu KonuuecKoe ceuenue, npHMue 
p(A) npoxodsim uepe3 odny mouny. 

HcTopn^ecKHe aaiiciaiiHu. [I'iy'K'iiiK' pern paabiioro npoeKTiipoBa- 
hiih B03HHKJI0 b CBH3ii c noTpeSHOCTbio npaBiijibHoro iraoSpaaceHiia npep- 
MeTOB, KaK MBI HX BHpHM, — B IiepCneKTIIBe, MOJKHO CKa3aTb, B npoex- 
ii,hh Ha njiocKOCTb 3pemiH (ynpomeHHO mojkho cniiTaTb, hto ii3o6pa>KeHiie 
npepMeTOB Ha ceTnaTKe rjia3a nojiynaeTca npoeKTiipoBaHiieM no jiynaM 
CBeTa c peHTpoM npoeKpnn b pempe 3panKa). IlepcneKTHBHbiM (jniHeft- 
hoii nepcneKTHBOii) h Ha3MBaeTca cnoco6 iraoSpaaceHiia npocTpaHCTBeH- 
Hbix cjairyp Ha njiocKOCTH nocpepcTBOM peHTpajibHoro npoeKTiipoBamia. 
Ejiapa Bpajib, mbi bhphm napajijiejibHbie jhihiih cxopaipiiMuca b o6ipyio 
TOHKy: njiocKOCTb paBHHHbi, npocTiipaioipeftcH nepep B3opoM, npoeKTiipy- 
eTca Ha njiocKOCTb 3pemia. 

Teopua nepcneKTHBbi B03HiiKjia 113 noTpe6HOCTeft apxnTeKTypbi n *h- 
Boniicii. HeKOTopbie ee 3aKOHbi 6mjih H3BecTHbi eipe ppeBHerpenecKHM reo- 
MeTpaM. Eio 3aHHMajincb KpynHeftnnie xypoaoniKH Bo3pojKpeHiia Jleo- 
Happo pa Biihhh (1452-1519) h Ajib6pexT ,Z(iopep (1471 1521); iimii 6bijih 
HamicaHbi khhth o nepcneKTHBe. 

Ochobbi npoeKTHBHOfi reoMeTpiiii 3ajiojKiui 4>paHpy3CKiift iiHaceHep, 
apxHTeKTop h MaTCMaTiiK >Kepap ,I(e3apr (1591-1661). EMy nprmapjie- 
xht npiiHpiimiajibHaa 3acjiyra - noHHTiie o 6ecKOHeHHO ypajieHHbix toh- 
Kax, oh ate OTKpbiji h poKa3aji opHy H3 ochobhmx TeopeM npoeKTHBHoft 
reoMeTpiiii — TeopeMy ,Z(e3apra, KOTopyio mm tojihko hto poKa3ajni. 

IIpoeKTHBHaa reoMeTpiia 6 buia pa3BHTa h ocjjopMiuiacb Kan oco 6 aa 06 - 
jiacTb reoMeTpiiii b pa 6 oTe 4>paHpy3CKoro imaceHepa h reoMeTpa JKaHa 
BnKTopa IloHcejie (1788-1867) «TpaKTaT o npoeKTHBHbix CBOftcTBax <J)h- 
ryp», BMHiepnieH b 1822 r. IloHcejie 6mji ocjaiipepoM HanojieoHOBCKolt ap- 
mhh, nonaji b njieH h Hamicaji cboii TpaKTaT b 1813-1814 rr., Haxopacb b 
njieHy b CapaTOBe. 

^Hoctohho BHHMamiH, hto 3Ta o6jiacTb reoMeTpiiii He TOjibKO B03HHKjia 
H3 noTpe6HOCTeft npaKTiiKii, ho ii 6buia o6a3aHa cboiim pa3BHTiieM xy- 
poxHHKaM. apxi-iTeKTopaM h imaceHepaM. TojibKO no3»ce eft 6mjio paHO 
caMOCTOHTejibHoe aKciioMaTiiHecKoe o6ocHOBamie. 



§ 2 . IIpOeKTHBHaH njIOCKOCTB KaK CBH3Ka npHMBIX. 
KoOp^HHaTBI 


Korpa njiocKOCTb ponojiHeHa 6ecxoHenHO yuajieHiibiMii TOHxaMii, to 
MejKfly ee TOHKaMii h npuMbiMii, npoxopHipiiMH nepe3 pemp npoexpim O, 
ycTaHaBjiiiBaeTCH B3aiiMHO opH03HaHHoe cooTBeTCTBiie. IIpaMbie, napaji- 
jiejiBHbie njiocxocTH, Toxce «nepeceKaiOT» ee, ho b 6ecxoHenHO ypajieHHbix 
TOHKaX. 

MuoxcecTBO Bcex npuMbix, npoxopinpiix nepe3 opHy Tonxy O, Ha3biBa- 
eTCH CBH3KOU npSlJHblX C V,eHmpOM O. yCTaHOBJieHHOe B3aiIMHO o^ho- 
3HanHoe cooTBeTCTBiie Tonex ponojiHeHiioft njiocxocTH h npuMbix cbh3xii 
no3BOjiaeT paccMaTpimaTb bmccto Tonex — npaMbie cbh3xii, bmccto po- 
nojiHeHHOii njiocxocTH - CBH3xy npuMbix. (Bbiropa coctoht b tom, hto b 
CBH 3xe Bee npaMbie paBHonpaBHBi, Ha njiocxocTH >xe HyjxHO eipe ycjiOBHTb- 

ca CHHTaTb 6ecxoHenHO ypajieHHbie toh- 
xh paBHonpaBHBiMii c o6bihhbimii ii 
onpepejiiiTb, b xaxoM CMbicjie ohii chii- 
TaiOTCH paBHonpaBHBiMii.) 

IlpjiMbie, npoxopaipue nepe3 pemp 
O 11 tohxii npuMOii Ha npoexTiipyeMofi 
njiocxocTH (BxjHOHan SecxoHCHHO ypa- 
jieHHyio TOHxy), noxpbiBaiOT njiocxocTb, 
npoxopaipyio nepe3 pemp O (pnc. 73 ). 
IIoaTOMy ecjin Mbi BMecTO Tonex ponoji- 
HeiiHOii njiocxocTH paccMaTpiiBaeM npa- 
Mbie cbh3xh c peHTpoM O, to pojib npa- 
Mbix 6yn,yT nrpaTb njiocxocTH, npoxopa- 
ipue nepe3 O , — «njiocxocTii cbh3xii». 

Tax mm npiixopiiM x onpepejiemno. IIpoeKmueHou ruiocKOcm/bio 
Ha3biBaeTca CBa3xa npaMbix b eBxjippoBOM (hjih acjxjiiiHHOM) npocTpan- 
CTBe npii ycjiOBim, hto npaMbie cbh3xii cmiTaiOTca ToaxaMii, a njiocxocTH 
CBH3XII — npHMbIMII. 

Ilpn TaxoM B3rjinpe CTpoeHiie caMiix npaMbix He nrpaeT pojin. Bbi- 
CTynaa xax tohxh, ohii CTaHOBaTca TeM, hto, no onpepejieHiiio EBxjnipa, 
«He HMeeT HacTeft». Kaacpaa 113 hiix cJnirypnpyeT xax neHTO pejioe. Ta- 
xon B3rjiap cjiyiKHT npexpacHOii iijunocTpapiiefi: OTBjieneHHoro noHiiMaroia 
reoMeTpHH, xorpa OHa othociitch x oSbexTaM «npoii3BOjibHOii npiipopbi». 
B paHHOM cjiynae pojib Tonex nrpaiOT npaMbie cbh3xii b eBxjippoBOM npo- 
CTpaHCTBe . 

Tenepb Mbi MOixeM no-HOBOMy onpepejniTb, hto nomiMaeTca 



nop npoeKTiiBHbiMii npeo6pa30BaHiiaMii h npoexTiiBHofi reoMeTpnen. 

npoeKmuenou zeoMempueu na npoeKmuenou n.nocKocmu Ha3biBaeTca 
acjacjaimHaa reoMeTpiiH cbh3kii npaMbix. IIpn stom npaMbie cbh3xii pac- 
CMaTpiiBaiOTca KaK tohxii stoii reoMeTpmi 6e3 Bcaxoro BHiiMamia k hx 
BH yTpeHHeft CTpyxType. 

IIpoeKmueHUM npeo6pa3oeaHueM npoeKmuenou njiocKOcmu Ha3biBaeT- 
ca a<J)4)iiHHoe npeo6pa30Bamie cbh3xii (coxpaHaiomee ee peHTp), Tournee: 
OTo6paaceHiie MHoacecTBa npaMbix CBa3Kii Ha ce6a, npoHCxopaipee npn xa- 
kom-jih 6 o a<J)4)iiHHOM ee npeo6pa30BaHim. (3to onpepejieHiie paBHoaijib- 
ho paHHOMy BBirne, rjiacaipeMy, hto npoexTHBHbie npeo6pa30Bamia — Te, 
KOTopbie OTo6pajKaiOT npaMbie Ha npaMbie, t. e. njiocxocTii cbh3kii — Ha 
njIOCKOCTI-I CBa3KII . ^OKajKHTe!) 

Xoth npeflCTaBjieHiie npoexTiiBHofi njiocKOCTH b Biipe cbh3kii npaMbix 
no3BOjiaeT paTb TOHHbie onpepejiemia 6e3 oco6bix oroBopox o 6ecxoHenHO 
yuajieHHOii npaMoit, Bee ace 3aMeHa njiocxocTii CBa3xoii pejiaeT Harjiap- 
Hbie npe^CTaBjieHiia 6ojiee cjiojkhbimii. IIoaTOMy paccyacpaiOT oGmhho Ha 
njiocKOCTH h pucyiOT cooTBeTCTByroiipie phcvhkm. OpHaxo xajxflbiii cnoco6 
paccMOTpeHiia HMeeT cboii npenMyipecTBa, h hmii mojkho nojib30BaTbca 
coBMecTHO. B cjieflyiomeM nyHXTe mm paccMOTpiiM c stoii tohxii 3pem-iH 
KOHiiaecKiie ceneHiia. 

Koiih'icckmc cchciimm. Mokbt 6 biTb, caMbifl apxrifi npiiMep, noac- 
hhmihiih npoeKTHBHyio Tonxy 3pemia, no xoTopoft 4>nrypbi, npoexTHBHO 
npeo6pa3yeMbie ppyr b ppyra, npepcTaBjiaiOT He 6ojiee xax pa3Hbie ax- 
3 eMnjiapbi o,h,hoh ii toii »ce (Jairypbi, paiOT xomiHecxiie ceaem-ia. C npo- 
exTHBHOii tohxii 3peHiiH Meacpy hhmii Majio pa3HHD;bi. Pa3HHii;a Mejx,ny 
hhmh o6ycjiOBjieHa Tojibxo TeM, xax ohii pacnojiaraiOTca OTHOCHTejibHO 
6 ecxoHenHO ypajieHHoft npaMOii. 3jijiimc He HMeeT c Heio minero o6mero, 
napa6ojibi OHa xacaeTca, a nmep6ojiy OHa nepecexaeT. Ho b npoexTiiB- 
hom CMbicjie oco6ofi 6ecxoHenHO ypajieHHOii npaMOii npocTO HeT. Bepn Bee 
npaMbie paBHonpaBHbi. nosTOMy He pa3jniHaiOTca h xomiHecxiie ceneHna. 

PacxpoeM 3 th xpaTxiie 3aMeHaHiia 6ojiee tohho. Bocnojib3yeMca npep- 
CTaBjiemieM npoexTiiBHOii njiocxocTii cbh3xoii npaMbix. 

B CBa3xe npaMbix c pempoM O xpyroBoii xoHyc c BepimiHOH O, boo 6- 
ipe xoHyc BToporo nopapxa c BepimiHOH O, npepcTaBjiaeT C06011 BnojiHe 
onpepejieHHyio cjanrypy, a ero ceneHiia pa3HbiMii njiocxocTHMii — sto xo- 
HiiHecxiie ceneHiia. B neM hx pa3JiHHiie? 

nycTb xoHimecxoe ceneHiie I\ nojiyneHO b nepeceHeHim xoHyca C c 
njiocxocTbio a (puc. 74). njiocxocTb (3, npoxopaipaa nepe3 pemp O na- 
pajuiejibHO a, npepcTaBjiaeT b cbh3xc Ty npaMyio, xoTopaa oxa3biBaeTca 
6ecxoHenHO ypajieHHOii Ha njiocxocTii a (npaMbie, jieacaipiie b njiocxocTii 



( 3 , napajuiejibHbi iijiockoctii a). Cjie^OBaTejibHO, 
KOHHHecKiie ceneHiia pa 3 JiiiHaiOTca TeM, Kaxaa 
njiocKOCTb cbh3kh nrpaeT b Heft pojib 6ecK0Hea- 
ho y/i,ajreHHOH npaMoft. 

HTaK, Konn'iecKne ceaemia — KBII, He bm- 
poxt^aromHeca h He pacna^aioinHeca na npa- 
Mbie, — npe^CTaBjiaiOTca b CBa3Ke KOHycaMH 
BToporo nopa/pca. Bee stii KOHycni npeo6pa3y- 
K>Tca ofliiH b ppyroft a<J)(J)HHHbiMH npeo6pa30Ba- 
H1HMH CBa3KII. Il03T0My C TOHKH 3peHIIH npOeK- 
THBHOii reoMeTpiiii ohii 3KBiiBajieHTHbi - «npo- 
eKTiiBHO paBHbi». HiiKaKiix KOHiiaecKiix ceaeHuft 
pa3Hbix TiinoB b npoeKTHBHOft reoMeTpiiii hct. 
Pa3Hbie KOHiiaecKiie ceneHiia ecTB Ha o6bihhoh (eBKjinpoBoft hjih acjacJaiH- 
hoh) njiocKOCTH. 3ia njiocKOCTb B03HiiKaeT 113 npoeKTHBHoft, Korpa bm- 
peaaeTca npaMaa, KOTopaa caiiTaeTca 6ecKOHenHO yn,ajieHHoft. B CBa3iee 
3to cooTBeTCTByeT TOMy, hto b Heft BbipejiaeTca njiocKOCTb CBa3KH, npep- 
CTaBjiaromaa b CBa3Ke BbmejiaeMyio npaMyro. B 3aBHCHM0CTii ot pacno- 
jicoKemia 3T0ft njiocKOCTH OTHOCHTejibHO KOHyca h nojiyaaiOTca pa3HHie 
cjiyaan cooTBeTCTBemro pa3HbiM KominecKHM cenemiaM. Cjiynaft, Korpa 
njiocKOCTb He imeeT c KOHycoM o6ih;iix ToneK, KpoMe BepmiiHbi, cootbct- 
CTByeT sjuinncy; ecjin njiocKOCTb xacaeTca KOHyca — 3to cooTBeTCTByeT 
napa6ojie, a Korpa njiocKOCTb nepecexaeT KOHyc — rmiep6ojie. 

Korpa b eBKjiH^OBOM npocTpaHCTBe KOHyc nepeceKaeTca pa3HbiMii 
njiocKOCTHMH, nojiyaaiOTCH, CKaxceM, pa3Hbie ajuiuncbi. Ho Bee sjijnmcbi 
acJxfniHHO SKBHBajieHTHBi. Hx pa3jiHHne noaBjiaeTca tojihko b eBKjmpo- 
boh — MeTpiiaecKOii reoMeTpiiii. 

To ate BepHO pjia ppyrnx TiinoB KominecKiix ceneHiift. 

O/piopo/pibic KOop^HHaTti. Bne;i,eM b npocTpaHCTBe ac|>(|)iiHHbie ko- 
oppimaTbi x\, X2, X3 c HanajiOM b pempe cbh3kh O. Ecjih a — npaMaa 
CBa 3 Kii h A(a±, a 2, 03) — KaKaa-jin6o ee TOHKa, OTjiHHHaa ot O, to ko- 
oppimaTbi jiio6oh tohkii X(xi, X2 , £3), otjihhhoh ot O, Ha npaMoft a 
npe^CTaBjiaiOTCH b Biipe 



x\ = ta±, X2=td2, X3 = ta,3, 0. 

TaKHM o6pa30M, Kaxcpaa npaMaa cbh3kii 3aflaeTca KOoppimaTaMH 
X\, X 2 , X 3 , He paBHbiMH oflHOBpeMeHHO Hyjno h onpeflejieHHbiMH c toh- 
HOCTbK) flO npon3BOjibHoro oSipero mho acHTejia , otjihhhoto ot Hyjia. 3 to 
B bipaacaiOT, roBopa, hto npaMyio 3aflaeT OTHoniemie sthx KOoppiraaT: 


(. X\ : x 2 ■ X 3 ). Tax onpepejiaeMbie c tohhoctbio ,0,0 MHOJKHTejia koop#h- 
HaTbi Ha 3 biBaiOTCH odnopodnuMU. H TaK k&k npaMaa cbh 3 kh — 3 to TOHKa 
npOeKTIlBHOIl IUIOCKOCTH, TO 3 TII JKe OpHOpOflHbie KOOp^IiHaTBI CJiyJKaT KO- 
oppimaTaMH ToneK npoeKTUBHOft njiocKOCTH. 

YpaBHeHHe njiocKOCTH, npoxopaipeft nepe3 Hanajio, HMeeT bh^ 

aiXi + a 2 x 2 + CI 3 X 3 = 0 {a\ + a\ + Og ^ 0). (1) 

3to xe npeflCTaBjiaeT ypaBHeHHe npHMOft Ha npoeKTUBHOft njiocKOCTH b 

O^HOpOflHBIX KOOpflHHaTaX. 

IIocKOJibKy o,a,HopoflHBie KOopprmaTbi onpepejieHBi c tohhoctbio po 
MHOJKHTejia, to cooTHomemie MejKfly hiimii MOxceT hmctb cmbicji tojibko, 
ecjrn oho caMO opHopoppo, t. e. coxpaHaeTCH npri yMHOJKemni BxoflHiipix 
b Hero KOopflHHaT Ha jno6oft MHOJKHTejib, otjiiihhbiii ot Hyjia. Hanpimep, 
paBeHCTBO X\ + x 2 = 1 b opHopopHBix KOopflHHaTax GeccMbicjieuHO, Tax 
KaK He coxpaHaeTCH npn yMHOJKeHini x\, x 2 Ha KaKoe-jmGo t 7 ^ 0 ( 7 ^ 1). 

CBH3B C o 6 bIHHMMH KOO IV l,M I laTHM H Ha njIOCKOCTH. Bbihchiim 
CBH 3 B OflHOpOpHBIX KOOpflHHaT C 06BIHHBIMII acJxJ)HHHBIMH HJIH npHMO- 
yrOJIBHBIMH KOOpflI'IHaTaMH Ha njIOCKOCTII. 

PaCCMOTpiIM CBH 3 Ky npHMBIX C peHTpOM O. Bo 3 bMeM KaKyK)-HH6yHb 

njiocKOCTH a, He npoxopHipyio nepe 3 O, 11 BBepeM Ha Heft KOoppiiHaTBi 
x , y. (Papn npocTOTBi mojkho npepcTaBjiHTB hx npHMoyrojiBHBiMii, a Ha- 
najio hx O a — pacnojiojKeHHbiM b oc- 
HOBaHHii nepneHpHKyjiapa, onyipeHHO- 
ro H 3 O Ha njiocKOCTb a (puc. 75).) 

BBepeM b npocTpaHCTBe KOoppimaTBi 
X\, x 2 , X 3 c HanajiOM b pempe cbh3kii 
O. Ocb .i 1 3 HanpaBHM H3 O nepe3 O a , a 
och X\, x 2 npoBepeM napajuiejitHO ochm 
x, y. Torpa njiocKOCTB X3 = 0 napaji- 
jiejiBHa njiocKOCTH a, h mbi MOxeM chii- 
TaTB, hto njiocKOCTb a npepcTaBjiaeT- 
ch ypaBHemieM X 3 = 1. B njiocKOCTH 
X 3 = 0 KOoppiraaTBi xi, x 2 bbo^hm Tax nee, KaK x, y — Ha njiocKOCTH a, 
t. e. nepeHOCHM hx 3HaHemiH no npHMBiM, napajuiejiBHBiM och X 3 . Torpa 
TOHKH njIOCKOCTH OL HMeiOT KOOppHHaTBI X\ = x, x 2 = y, X 3 = 1. 

Tenepn nepeftpeM k opHopopHbiM KOoppimaTaM, t. e. BBepeM npoii 3 - 
BOJiBHBift MHOJKHTejiB t 7 ^ 0, Tax hto pnsi TOHeK njiocKOCTH 6 ypeT 



x\ = tx, x 2 = ty, X3 = t (t 7^ 0). 


(2) 


OTCiopa 


( 3 ) 


Xi X 2 

x = — , y = — ■ 

X3 x 3 

IIpaMbie CBH3KH, napajuiejiBHbie njiocKOCTii a, «nepeceKaiOT» ee b 6ec- 
KOHenHO yflajieHHbix TOHxax. Ohii jieacaT b njiocKOCTii x 3 = 0. IIoaTOMy 
x 3 = 0 npeflCTaBjiaeT ypaBHemie toii npaMOH, KOTopaa Ha njiocKOCTii a 
OKa3BiBaeTca 6ecKOHeaHO ypajieHHOfi. 

3to h cooTBeTCTByeT TOMy, hto no cjiopMyjiaM (3) npn x 3 = 0, rpy6o 
roBopa, KOoppimaTBi x h y CTaHOBHTca 6ecKOHeaHbiMii. Hjih, BBipaaca- 
acb 6ojiee KoppexTHO, 3 HaaeHiie x 3 HeponycTiiMO, a sto ii SHamiT, hto Ha 
njiocKOCTii a HeT SecxoHenHO ypajieHHOii npaMoft. OHa npucoepiiHaeTca k 
a BBepemieM opHopopHBix xooppimaT c ponymemieM x 3 = 0. 

OopMyjiBi (3) 3 aflaiOT nepexop ot atfxJniHHbix xooppimaT x, y k o,h,ho- 
popHBiM. ^ocTaTOHHO b (JsopMyjibi c x, y nopcTaBHTB bmccto hhx x\/x 3 , 
X2/x 3 h pjia ya,o6cTBa H 36 aBiiTBca ot 3 HaMeHaTejia. 3tii ace tfiopMyjiBi 
3 a,n,aiOT nepexop ot opHopo/pibix xooppiiHaT x\, X2, x 3 k acjxjiHHHbiM x, 
y (xorpa ncxjiiOHaeTca 3 HaaeHiie x 3 = 0, cooTBeTCTByiomee 6ecxoHenHO 
yuajieHHOii naocxocTn) . 

TeopeMa 5 . IIpoeKmuenoe npeo6pa3oeanue npoeKmuenou ruiocKOcmu 
npedcmae.tifiemcsi e odnopodnux noopdunamax AuneunuM (odnopodnuM) 
npeo 6 pa 3 oeaHueM euda 


x[ = auXi + ai 2 X2 + <2132:3, 
x ' 2 = a 2 1X1 + CI22X2 + a 23 x 3 , 
x 3 = a 3 \Xi + a 32 x 2 + a 33 x 3 , 


Oil 

021 

012 

a 2 2 

013 

023 

^0. 

( 4 ) 

031 

032 

033 




,HoKa3aTejitCTBO. IIpoexTriBHoe npeo6pa30Bamie npoexTiiBHOii 
njiocKOCTii, xorpa OHa npepcTaBjieHa xax CBH3Ka npaMbix, HBjiaeTca, no 
onpepenemno, acjxfniHHbiM npeo6pa30BamieM cbh 3 kii, coxpaHaiomiiM ee 
peHTp. Ecjih Hanajio atfxJaiHHbix xooppimaT nojioaceHO b pempe cbh 3 kii, 
to acJxjuiHHBie npeo6pa30BaHiia npepcTaBjiaiOTca b xooppiraaTax cjiopMy- 
jiaMii Bnpa (4). AcjxJiHHHbie xooppimaTbi c HanajiOM b peHTpe cbh 3 kii hb- 
JiaiOTCH OpHOpOpHBIMII KOOppHHaTaMM Ha npoeKTiiBHOfl njIOCKOCTH (npep- 
CTaBjieHHOH cbh 3 koi“i npaMbix) . 3 tiim TeopeMa 5 poKa3aHa. □ 

TeopeMa 6. IJpoeKmueHoe npeo 6 pa 3 oeanue ruiocKOcmu npedcmaejifi- 
emcsi e acficfiuHHUx Koopdunamax ko,k dpo 6 no-jiuHeuHoe, m. e. 


, _ aiix + any + 013 
<2312: + a 32 y + a 33 ’ 

, 0212: + Q22V + «23 

<2312: + a 32 y + a 33 ’ 


an 

021 

031 


«12 

022 

032 


Ol3 

023 

033 


^0. 


y 



^OKajKHTe! 

IIpoeKTHBHoe ac})cl)HHnoe OTo6pa>KeHHe o6jiacTH. Ecjiii paccMaT- 
piiBaTb OTo6pa»ceHiie orpamiHeHHBix o6jiacTeii Ha orpaHiiHeHHbie o6jiacTH, 
Tax hto HiiKaKaa 6ecKOHeHHO yflajieHHaa TOHKa He BMeimiBaeTCH, to npo- 
eKTHBHoe OTofipaxcemie mojkho onpeflejniTb ohchh npocTO. 

IIpoeKmueHoe omoSpacHcenue ozpanuHeHHOu o6jiacmu — smo maKoe ee 
63auMHo odno3nauHoe omo6pacnceHue, npu uomopoM ompe3KU omo6paMca- 
mmcfi na ompe3KU. 

AcJscjjiiHHoe OTo6pa?KeHiie, HanoMHiiM, no/pniHaeTCH ^onojiHHTejiBHOMy 
TpeSoBaHino, hto napajijiejiBHbie OTpe3KH OTo6pajKaiOTCH Ha napajijiejit- 
Hbie (TeopeMa III.2.5). 

/],OKa3aTejibCTBO mbi He npriBO/piM. 

KBII Ha npoeKTHBHofi njiocKOCTH. KpiiBbie BToporo nopa^Ka 3a- 
^.aiOTCH B OflHOpOflHBIX KOOpflHHaTaX OflHOpOflHBIMII ypaBHeHIIHMII BTOpOit 
CTeneHH (sto hcho no CBOiiCTBy oflHopoflHBix KOop/pmaT h h 3 nepexopa b 
ypaBHeHiiri KBIT ot npaMoyrojiBHBix KOopprmaT k opHopopHBiM Koop/pi- 
HaTaM); t. e. b tbkom ypaBHemm cjieBa ctoht KBappaTiiHHaH 4>opMa: 

a\\x\ + 022^2 + a 33®3 + 2012X1X2 + 2a 2 3X 2 X3 + 2031X3X1 = 0. 

ITo TeopeMe, ,n,OKa3aHHOii b § 2 tji. V h. 1, KBappaTiiHHyio cjaopMy mojkho 
jiHHefiHbiM npeo6pa30BaHiieM npiiBecTii k «cyMMe KBappaTOB», t&k hto 
ypaBHeHiie npiiMeT Blip: 

onXi + 022X3 + 033X3 = 0. 

IIpoH3BefleM em,e jnmeiiHoe npeo6pa30BaHiie 

x'i = \/\an\xi, x' 2 = V / |«22|X2, Xg = 

Torpa ypaBHeHiie npiiMeT bh^ 

eix^ 2 + e 2 x 2 2 + e 3 Xg 2 = 0, 

rfle ei, e2, e3 paBHM +1 hjiii — 1 , iijih 0 , b 3aBHCHM0CTii ot 3Haxa on, 
022 , 033- y m h o>kc h h e Ha —1 He HapymaeT ypaBHemiH, nosTOMy mojkho 
CHIIT aTb, HTO HIICJIO nOJIOJKIITejIBHBIX KBaflpaTOB He MeHBHie HHCJia OTpH- 
paTejiHHbix h, pa3yMeeTca, nepeMeHHMe mojkho o6o3HanaTb npoH3BOJii>HO. 
B pe3yjiHTaTe nojiynaeM naxB bo 3 mojkhmx cjiynaeB: 

1) x 2 + x 2 + x 2 = 0, 2) x\ + x 2 — x\ = 0, 

3) x 2 + x 2 = 0, 4) x 2 — x 2 = 0, 5) x\ = 0. 



IlepBoe ypaBHemie npe^CTaBjiaeT nycToe mhojkcctbo, t. k. Bee oflHopo^,- 
HBie KOopflimaTbi He MoryT paBHHTbcn Hyjiio. BTopoe npe^CTaBjiaeT kohii- 
necxoe ceneHiie — KOHyc b cbh3kc npsiMbix. 

TpeTbe ypaBHeHiie, x\ + x\ = 0 , npeflCTaBjineT b CBH3xe o^Hy npa- 
Myio — ocb £ 3 , t. e. TOHKy ( 0 , 0 , £ 3 ) Ha npoexTiiBHOii njiocxocTii. 

Cjie^yiomee ypaBHeHiie 4) npeflCTaBjiaeT Ha npoexTiiBHOii njiocKOCTH 
napy nepecexaiomuxca npHMbix 


X\ + X 2 = 0, X\ — x 2 = 0. 

IIocjie^Hee ypaBHeHiie 5) npeflCTaBjiaeT b CBH3xe njiocxocTb x\ = 0, 
t. e. npaMyio Ha npoexTiiBHOii njiocKOCTH. 

Te Hte cjiynaii nojiynaiOTCH H3 bbibo,h,ob § 7 tji. II h. 1, r,ii,e paccMaTpn- 
Bajiiicb KBII Ha eBxjiH,n,OBOfi njiocxocTii: Tpii xoHiiHecxiix ceneHiiH Tenepb 
oG'be^HHeHbi, Taxxce o6i>eflHHeHbi nepecexaiomnecsi h napajijiejiBHBie npa- 
Mbie; napajijiejibHbie nepecexaiOTCH b SecKOHeHHO ya,ajieHHon Tonxe. 

3aMeHaHne. O^piaxo TyT ecTB oco6eHHOCTb. PaccMOTpiiM BTopoe 
ypaBHeHiie, oho npe^CTaBjiaeT xomiHecxoe cenemie. B HeM 3HaHeHiie X 3 = 
0 HeB03MO>KHO , Tax xax ecjin X 3 = 0, to x\ + x\ = 0, h aojijxho 6bitb 
X\ = X 2 = 0, t. e. Bee Tpn xoopfliraaTbi — Hyjni, hto ncxjiiOHeHO. HTax, 
X 3 ^ 0, a noTOMy mojxho pa3,n,ejiHTb Ha X 3 11 nojiyniiTb H3 (JiopMyjibi 2) 

x 2 + y 2 = 1. 

3 to oxpyjxHOCTb hjih sjijiimc b no^xo^Hmiix atJxJiiiHHbix xoop/pmaTax. 
A iyi,e mnep6ojia c napa6ojioii? Pa3,n,ejiHB Ha X 2 h nojiojxriB x = X 3 /X 2 , 
y = x 1/X2, nojiy hhm : 

x 2 — y 2 = 1, t. e. y 2 + 1 — x 2 = 0. 

3to rnnep6ojia. Ho ncxjiiOHeHO 3HaHemie X 2 = 0, xoTopoe b caMOM ypaB- 
HeHHH x 2 + x\ — x 2 = 0 bo3mo>xho . HcxjnoHaa 3HaHeHiie X 2 = 0, mbi fle- 
jiaeM npaMyio X 2 = 0 6ecxoH6HHO yzjajieHHOii, a Tax xax 3HaHeHiie #2 = 0 
bo3mojxho, to xpimaa nepecexaeT 6ecxoHeHHO ya,ajieHHyio npaMyio. A r^e 
ixe Bce-Taxii napa6ojia? Hojioixhm 


X3~X2=X 2 , X 3 + X2 = X 3 . 


Tor^a ypaBHeHiie 2) CTaHeT 


x 


2 

1 


X2X3 = 0 . 



Hjih, nojiaraa y = X1/X3, x = X2/X3, 

y 2 = x. 

3aMeTiiM eipe, hto b § 1 rji. I, h. 1, paccMaTpiiBaa KBIT Ha eBKjnipoBoft 
njiocKOCTii, mbi nojiyHiijiii nycToe MHOxcecTBO npn ppyx ypaBHeHiiax 

x 2 +y 2 + 1 = 0 , x 2 + 1 = 0. 

IlepBoe cooTBeTCTByeT ypaBHemno 1). A BTopoe? 

B o.a.HopoflHBix KOopflimaTax, nojiaraa x = x\/x3 , nojiyniiM x 2 +x 2 = 0 . 
3to TOHKa ( 0 , X2, 0 ), a He nycToe mhojkcctbo! OpHaico 3Ta tohkh jiencHT 
Ha 6ecKOHenHO ypajiCHHOft npaMOii X3 = 0 . IIoaTOMy ee Ha eBKjnmoBoft (h 
Ha acjscJniHHOft) njIOCKOCTII HeT. 

06biHHaa TOHKa nojiynaeTCH OKaTiieM OKpyjKHOCTii (hjih sjunmca) k 
peHTpy. ToHKa Ha 6ecKOHeHHO ypajieHHOft npaMOii nojiynaeTCH, ecjin «pa3- 
pBiiraTb» rimep6ojiy, 6epa ee BeipecTBeHHyio nojiyoct a — > 00 h MHHMyio 
nojiyocB b = const, HanpiiMep 6=1. 9to mojkho nomiMaTB khk cncaTHe k 
6ecKOHeHHO ypajieHHOft Tonne. 

§ 3. IIpHHll,Hn pBOHCTBeHHOCTH 

B CBH3Ke Me»cpy npuMbiMi-i h hjiockocthmii iiMeeTCH npocToe B3aiiM- 
ho op,H03HaHHoe cooTBeTCTBiie: Kancpoft npHMOft cooTBeTCTByeT nepneH/pi- 
KyjiapHaa eft njiocKOCTB, h Kancpoft njiocKOCTii - nepneHpHKyjiHpHaa eft 
npHMaa. flpyrHMH cjiOBaMH, mojkho CKa3aTi>: b CBH3Ke iiMeeTCH B3anMHO 
op,H03HaHHoe cooTBeTCTBiie npnMBix h njiocKOCTeft no hx B3aiiMHoft nep- 
neHpiiKyjiHpHOCTii (puc. 76). 

Ecjiii npHMan a jieiKHT b njiocKOCTii (3, to nepneHpiiKyjiHpHaH eft njioc- 
koctb a npoxopiiT nepe3 npaMyio 6, nepneHpiiKyjiHpHyio njiocKOCTii (3. 9to 
3HanHT, hto ecjin a h a cooTBeTCTByiOT ppyr ppyry no nepneHpiiKyjiHp- 
hocth h a copepjKHTCH b njiocKOCTii (3, to a npoxopi-iT nepe3 npaMyio 6, 
cooTBeTCTByioipyio njiocKOCTii f3 (puc. 77). TaKHM o6pa30M, ynasaHHoe co- 
nocTaBjieHiie npaMBix h njiocKOCTeft ycTaHaBjniBaeT cooTBeTCTBiie Mencpy 
TeM, hto npHMaa jienciiT b njiocKOCTii, h tcm, hto njiocKOCTB npoxopHT 
nepe3 npaMyio. 

toto hto6bi BBipa3HTb sto cooTBeTCTBne 6ojiee hctko, bbo^ht Tep- 
MHH « IIHpiipeHTHOCTB ». IIpHMaH UHV,udeHmHa njIOCKOCTI'I, eCJIH JiejKI'IT B 
Heft; njiocKOCTB unyudenmna npaMOii, ecjin copep>KiiT 3Ty npaMyio. Ta- 
khm o6pa30M, ohh ppyr ppyry iiHpiipeHTHbi. OTHOHiemie iimpmeHTHOCTH 


B3aHMHO. 





3to no3BOjiaeT BMpa3iiTb OTMeaeHHoe cbohctbo cooTBCTCTBiia npaMbix 
h njiocKOCTefi oaeHb npocTo: coomeemcmeue npjiMux u rviocKOcmeu no 
nepnenduKyjisipHOcmu coxpaHnem umi ) udeHmHocm'b. 

Ecjiii ot cbh3kii nepefiTii k npoeKTiiBHoii iijiockocth — ecjni to jikob aTB 
CBH3Ky KaK npoeKTiiBHyio njiocxocTb, to npaMbie cbh3xii npe^CTaBHT toh- 
kh, a njiocKOCTii cbh3xii - npaMbie. CooTBeTCTBiie npaMbix ii njiocKOCTeit 
CBS3KH 6yn,eT eooTBeTCTBneM Tonex h npaMbix npoexTHBHOii njiocxocTH. 
HmpmeHTHOCTb 6y^eT imipmeHTHOCTbio Tonex ii npaMbix, h OHa coxpa- 
HaeTca npn flaHHOM cooTBeTCTBim: TonxaM, jieixamiiM Ha npaMofi, coot- 
BeTCTByiOT npaMbie, npoxo^amne nepe3 Tonxy, h oSpaTHO. Taxoe coot- 
BeTCTBHe Ha3biBaiOT KoppeJinmuenuM , iijiii noJiapHUM, — nojisipHocmbto . 
IIpaMaa, cooTBeTCTByx)nj;aa Tonxe, — sto ee nojinpa ; Tonxa, cooTBeTCTBy- 
roipaa npaMoit — ee no.nwc. IIpi-i stom mojxho hmctb b Bimy jiio6oe coot- 
BeTCTBiie Toaex ii npaMBix, coxpaHaroiu,ee unpiifleHTHOCTB, He o6a3aTejn>HO 
ycTaHaBjiHBaeMoe Tax, xax sto mm c^ejiajiii, conocTaBjiaa b CBH3xe npa- 
MBie ii njiocxocTH no B3aiiMHon nepneH/pixynapHOCTii. Mbi tojibxo yxa3ajin 
xoHxpeTHbifi Biifl nojiapHoro cooTBCTCTBiia h, hto caMoe rjiaBHoe, floxa- 
3ajra 3tiim, hto Taxoe CooTBeTCTBiie cymecTByeT. (KcTaTii, Ha o6bihhoh 
njiocxocTH ero hct!) 

CymecTBOBaHiie nojiapHoro eooTBeTCTBiia npiiBOfliiT x 3aMenaTe.jibH0- 
My BMBO^y, Ha3MB aeMOMy npunpuncuw deouemeeHHoemu. Bc.HKo.My 
eepnoMy ymeepcncdeHuw o mouKax u npuMux npoeKmuenou njiocKocmu, 
KacamipeMycH ux uHyudenyuu, coomeemcmeyem maKoice eepnoe ymeep- 
CHcdenue, e KomopoM mourn u npuMue MeHMomcn MecmaMu c coxpane- 
HueM unyudenipiu. Kopone: xaayjpft TeopeMe OTBeaaeT ^BOHCTBeHHaa eft 
no nojiapHOCTii TeopeMa. ^oxa3aB o^Hy, mbi «^apoM» nojiynaeM BMecTe c 
Hero h Apyryro — eii flBOiiCTBeHHyro. 


IIpi-iMep TOMy flaeT TeopeMa ,ZJe3apra. CcjaopMyjnipyeM ee - nepByio 113 
^Byx flOKa3aHHbix Bbirne, cm. TeopeMy 1, § 1. 

IlycTb flaHbi ^Be Tpoincn tohck A, B, C h A' , B ' , C', He jieacamux 
KajK^aa Ha o^hoii npaMOii - He iiHipmeHTHbix Kaac^aa c o^hoii npaMOii, — 
npiineM tohkii Tpoex nocTaBjieHbi b cooTBeTCTBi-ie: A c A' h t. ,a,. IlycTb 
npHMbie AA', BB' , CC' nepeceKaiOTca b o^hoii TOHKe, imane roBopa, npa- 
Mbie, impiifleHTHbie c TOHKaMii A ii A', B h B' , C h C' , inniymeHTHbi c 
OflHOii tohkoii P. Tor,n,a, yTBep»cflaeT TeopeMa, tohkii nepeceHemia Tpex 
npHMbix: AB c A'B', BC c B'C, CA c C A! jieacaT Ha oflHoft npaMOii. 
IlHane roBopa, Tpii tohkii, iiHipmeHTHbie c npaMbiMii AB, A'B' h t. 
IIHipmeHTHBI C OflHOII npaMOii. 

C(|)opMyjiHpyeM flBOHCTBeHHoe yTBepjK^eHiie. 

IlycTb flaHbi flBe tpohkh npaMbix a, b, c n a ' , b' , c ' , He HHiijmeHTHbie 
Kaac/i;aH c o^hoh tohkoii (t. e. He npoxoflaiipie Kaac^aa nepe3 o,n,Hy TOHKy ) , 
npiineM npaMbie TpoeK nocTaBjieHbi b cooTBeTCTBiie : a c a' h t. IlycTb 
tohkii nepeceneHiia npaMBix a c a', b c b’ , c c c' jieacaT Ha o^hoii npa- 
moh (HHpiifleHTHbi c oflHOii npaMOii p) . Toiyi,a Tpii npaMbie, npoxoflaiipie 
nepe3 tohkii nepeceneHiia npaMbix a c b i-i a' h b' h t. ,n,. , npoxo^aT ne- 
pe3 OflHy TOHKy — imane roBopa, 3tii Tpii npaMbie iiHipmeHTHbi c o^hoii 
tohkoii. 

Hi-iTaTejib y3HaeT b stoii (JiopMyjiHpoBKe TeopeMy, o6paTHyio npe^bmy- 
meft, — BTopyio nacTb TeopeMbi /Je3apra. IIo npiiHipiny /^bohctbchhocth 
OH a yace flOKa3aHa, Kor^a ,n,OKa3aHa npe^biflymaa TeopeMa. ^0Ka3biBaa ee, 
mm «3pa CTapajiiicb», He 3Haa em;e npiiHipina flBOHCTBeHHOCTH. 

06m,ee nojiapiioe cooTBeTCTBHe. Mbi onpeflejinjiii nojiapHOCTb, ot- 
npaBjiaacb ot cootbctctbiih npaMbix h njiocKOCTeii CBa3Kii no B3aiiMHOii 
nepneHfliiKyjiapHOCTii. Ho 3 to mojkho o6o6miiTb, npiiMeHaa k ,n,aHHOH no- 
jiapHOCTii jno6oe npoeKTiiBHoe npeo6pa30BaHiie. ^eiiCTBHTejibHO, npoeK- 
THBHoe npeo6pa30BaHiie coxpaHaeT iiHipmeHTHOCTb, nepeBO^a tohkii b 
tohkii h npaMbie b npaMbie. Ecjiii ero flo6aBHTb k nojiapHOMy npeo6- 
pa30BaHiiio, to nojiyHHTca npeo6pa30BaHiie, onaTb coxpaHaiomee iihh,ii- 
^.eHTHOCTb h conocTaBjiaiomee TOHKaM npaMbie, a npaMbiM — tohkii, t. e. 
nojiynaeTca nojiapHOCTb. 

B CBH3Ke 3 to cooTBeTCTByeT TOMy, hto k conocTaBjieHino npaMbix h 
njiocKOCTeii no B3aiiMH0ii nepneHfliiKyjiapHOCTH npiiMeHaeTca acfxJuiHHoe 
npeo6pa30BaHiie . 

^I,onojiHeHHe k npHHipny /piohcthchhoctii. CooTBeTCTBiie mc>k- 
,n,y npaMbiMii h njiocKOCTHMii CBH3KH no hx B3aiiMH0H nepneH/piKyjiap- 
hocth OHeBiiflHbiM o6pa30M B3aiiMHO HenpepbiBHO. (npocTO yroji Meayny 
njiocKOCTHMii paBeH yrjiy Meayny nepneH/piKyjiapHbiMii iim npaMbiMii, Tan 



HTO KOiyja OflllH I-I3 HIIX CTpeMI-ITCH K HyjIIO, TO H flpyrofi CTpCMHTCH K 
Hyjno.) 

Korfla npaMaa CBa3KH omiCbiBaeT njiocxiift yroji Me:*Ay flByMa npa- 
mbimh a, b , to nepneHfliiKyjiapHaa eft iuiockoctb saaepaiiBaeT A B yrpaHHbift 
yroji Meatfly cooTBeTCTByionpiMH njiocKOCTaMn a, (3 (a BepHee, A Ba B3a- 
iimho BepTi-iKajiBHBix ^ByrpaHHBix yrjia) . 

Ha npoeKTiiBHOft njiocxocTii njiocxoMy yrjiy OTBenaeT 0Tpe30K c koh- 
paMii b Tonxax A, B , cooTBeTCTByromnx npaMbiM o, b. ^ByrpaHHOMy yrjiy 
OTBeaaeT yroji Meayiy npaMBiMii — nacTb iijiockoctii, saaepaiiBaeMaa npa- 
Moft, noBopaaiiBaiomeftca BOKpyr /i,aHHOft tohkii ot oahoto nojioaceHiia k 
ApyrOMy. 

flBOHCTBeHHOCTb rjia/i,Kiix xpiitsbix. DiaAKaa xpimaa irneeT b k;i>k- 
Aoft Tonxe KacaTejiBHyio npaMyio h aBjiaeTca oni6aioiii;eft ceMeiiCTBa cbo- 
hx KacaTejiBHbix. Ee mojkho paccMaTpiiBaTb abohko: xax onpeAejiaeMyio 
cboiimh TOHKaMn hjih KaK onpeAejiaeMyio npaMBiMii. KacaTejiBHaa — sto 
npaMaa, «npoxoAam,aa aepe3 a b g 6ecKOHe r mo 6jiH3xiie tohkii kphboi"i», 
a TOHKa orn6aiomeft ceMeiiCTBa npaMbix — sto Tonxa «nepeceHeHiia A B y x 
6ecKOHeaHO 6jiii3kiix npaMbix ceMeftcTBa». Bojiee tohho, KacaTejibHaa k 
KpiiBoft b Tonne A — 3to npaMaa, cjiyacaipaa npeAeJiOM npaMbix, npoxo- 
AA^hx nepe3 Tonxy A n Apyryio Tonxy xpiiBoft — M, KorAa M «CTpeMiiT- 
ca» k A. TonKa oni6aioiii,eft KpiiBoft Ha npaMoft a ceMeiiCTBa — sto Tonxa, 
cjiyacaipaa npeAejiOM Tonex, jiejxamiix Ha npaMoft a n APyroft npaMoft m 
ceMeiiCTBa, xorAa m CTpeMHTCa x a. B stiix onpeAeaemiax acHO BiiAHa 
hx A B oi"iCTBeHHOCTb, Tax hto no iipiiHnmiy aboiictbchhocth mojkho nepe- 
xoAHTb ot oahoto B3rjiaAa Ha xpiiBbie x APyroMy — A B oftcTBeHHOMy. 3to 
BOBce He 3HaniiT, hto jno6aa rjiaAKaa xpiiBaa caMa ce6e ABoftcTBeHHa b tom 
CMbicjie, hto nojiapHoe npeo6pa30BaHiie nepeBOAHT ee tohki-i b xacaTejib- 
Hbie, h oSpaTHO. Ho sto 3HaHiiT, hto nojiapHOCTb conocTaBjiaeT Bbinyxjioft 
xpiiBoft Bbinyxjiyio xpiiByio, MeHaa pojiaMii tohkii h xacaTejibHbie. 

npocTeftinnft npiiMep A B °ft CTBeHH0CT i' 1 xpiiBbix npeACTaBjiaiOT 

BmicaHHbie h omicaHHbie MHoroyrojibHiixii. BmicaHHbift MHoroyrojibHiix 
3aAaeTca BepniHHaMn — ToaxaMH, jie>xarnnMH Ha xpiiBoft; omicaHHbift mho- 
royrojibHiix 3aAaeTca CTopoHaMii npaMBiMii, xacaiomiiMHca A B oftcTBeH- 
Hoft xpHBoft. no A B °HCTBeHHOCTii CTopoHaM h A H aroHajiaM BmicaHHoro 
MHoroyrojibHiixa cooTBeTCTByiOT tohkii nepeceneHiia ctopoh omicaHHoro 
MHoroyrojibHiixa, h o6paTHO. 

PaccMOTpiiM pjisi npiiMepa TeopeMy nacxajia. y iuecmuyzojit>HUKa, 
enucaHHOzo e KOHunecKoe ceuenue, moHKU nepeceuenuji npHMUX, npoxo- 
djnnux edojib npomueonoJiootcHux cmopon, Jiewcam na odnou npsiMou. 

^BoftcTBeHHoft eft SyAeT Taxaa TeopeMa. y uiecmuyzoM>HUKa, onucan- 



nozo eonpyz Kpueou, deoucmeennou KomiuecKOMy ceuenum, duazoHCuiu, 
coedunsiKnpue npomueono./iooKHue eepmunu, nepecettawmcsi e odnou mou- 
Ke. (Hi-iTaTejit npoBepiiT ,zi,BOHCTBeHHOCTb stoto yTBepayipHiia TeopeMe 
IlacKajiH IV. 1.3.) 

OKa3tiBaeTca, KaK mbi cefinac flOKaaceM, hto Kpimaa, flBOHCTBeHHaa 
KOHiiaecKOMy ceneHino, caMa aBjiaeTca KOHiiaecKiiM cenemieM. TeopeMa, 
^BoiicTBeHHaa TeopeMe IlacKajia, Ha3BiBaeTca TeopeMofi BpiiamnoHa (no 
iiMemi ^OKa3aBmero ee MaTeMaraKa). Ee floCTaTOHHO (J)opMyjiiipoBaTi> .zyia 
OKpyjKHOCTii (nocKOjiBKy Bee KOHimecKiie cenemia b OKpyacHOCTb npoen- 
thbho npeo6pa3yiOTca) : 

y mecmuyeojitiHUKa, onucannozo okojio oKpyoKHoemu, duazonajiu, co- 
eduHtiwu^ue npomueono.nooKHue eepmunu, nepecenawmcfi e odnou monne. 

AisTOiiojinpiiocTL) koilh'icckmx cc'ieuMM. KoiiH'iecKHc cenemia He 
tojibko ^BoiicTBeHHbi flpyr flpyry, ho 6ojiee toto: 

TeopeMa 1. Kaowdoe KonunecKoe ceuenue noAsipno caMo.uy ce6e, ko- 
poue, aemonojifipno, m. e. cyiu,ecmeyem noAApnoe npeo6pa3oeanue, Komo- 
poe conocmaejwem naoKdou mouKe KonuuecKOZO ceuenusi ezo KacameAb- 
Hym e omou moune, u o6pamno. 

floKasaTejitCTBO. PaccMOTpiiM b CBa3Ke npaMBix KpyroBoft KOHyc 
Kq, y KOToporo npaMolt yroji pacTBopa — yroji Meacfly npoTiiBonojio>KHbi- 
mh o6pa3yK>m,HMii, t. e. jie>KaiuHMn b o^hoh njiocKOCTii c ocbio KOHyca. 
IIjiockoctb, npoxoflamaa nepe3 Bepimmy nepneH,n,HKyjiapHO o6pa3yK>m,eii, 
xacaeTca KOHyca no npoTHBonojiojKHOH o6pa3yioin,eH. CTajio 6biTb, coot- 
BeTCTBi-ie npaMBix h njiocKOCTeft no B3aiiMHon nepneHfliiKyjiapHOCTn cono- 
CTaBjiaeT o6pa3yrom,HM KOHyca ero KacaTejiBHMe njiocKOCTii; oneBii^HO n 
o6paTHoe: KacaTejiBHMM njiocKOCTHM conocTaBjiaroTca o6pa3yK)m,ne. 

TyT o6pa3yK)inen conocTaBjiaeTca njiocKOCTb, Kacaiomaaca KOHyca 
B^ojib flpyron o6pa3yioni,eH — npoTiiBonojiojKHon. Ho ecjin 3aMemiM b 
CB a3Ke Bee npaMbie Ha CHMMeTpiiHHbie iim othochtcjibho ocn KOHyca, to 
o6pa3yioni,iie KOHyca 3aMeHHTca Ha npoTiiBonojiojKHbie. B pe3yjibTaTe no- 
jiymiM cooTBeTCTBHe npaMBix h njiocKOCTefl, npn kotopom Kaacflofi o6pa- 
3yiomeH KOHyca cooTBeTCTByeT njiocKOCTb, KacaTejiBHaa k KOHycy b^ojib 
toh ace o6pa3yioineH. 

,Z],ajiee mojkho acJxjDHHHbiM npeo6pa30BamieM Been cbh3kii npeBpaTHTb 
KOHyc Kq b jho6oh ^aHHbiii KOHyc BToporo nopa^Ka K . 9 B pe3yjiBTaTe 
nojiym-iM nojiapHoe cooTBeTCTBHe, npii kotopom Kaacfloft o6pa3yK>ineft ko- 

Kouyc Kt) , y KOToporo yroji pacTBopa npuMofi, 3ajiaeTCH b [i<vi t xO/iJnnMx KOOfyiH- 
HaTax ypaBHemieM x 2 + y 2 — z 2 = 0. YpaBHeHHe x 2 /a 2 + y 2 /b 2 — z 2 /c 2 = 0 3a^aeT 
KOHyc BToporo nopa/pca o6in,ero Biifla. IIpeo6pa30BaHHeM x' = x/a, y' = y/b, z' = z/c 
oh nepeBOflHTCH b Kq. 



Hyca K cooTBeTCTByeT ero KacaTejiBHaa iijiockoctb, Kacaiomaaca b,h,ojib 
3Toit o6pa3yromefi. 

PaccMaTpiiBaa CBH3Ky KaK npoeKTiiBHyio n.aocKOCTb, mbi nojiynaeM Ha 
Heft nojiapHoe cooTBeTCTBiie tohck ii npaMBix, npri kotopom KOHyc K npe,n,- 
CTaBjiaeT KOHiinecKoe ceneHiie, y KOToporo nojiyHeHHaa nojiapHOCTB cono- 
CTaBjiaeT Kaacfloft TOHKe KacaTejiBHyio npaMyio b stoii ace TOHKe. 

Tax KaK KOHyc K — jno6oft KOHyc BToporo nopa^Ka, to oh npe^CTaB- 
jiaeT jno6oe KOHiinecKoe ceneHiie. 

TaKHM o6pa30M aBTonojiapiiocTB jno6oro KOHiinecKoro ceneHiia ,n,OKa- 

3aHa. □ 

riojiapiIOCTb. CB>I3ainia>l C KOHHHeCKHM Ce'ICHllCM. BbIHCHHM, 
KaK npn flaHHOM kohhhcckom ceHemni K ycTaHOBHTb Ha Bceft njiocKOCTii 
to nojiapHoe cooTBeTCTBiie, npii kotopom TOHKaM flaHHoro kohiihcckoto 
ceaeHHM K cooTBeTCTByiOT KacaTejiBHbie b hiix ace. 

IlycTb K — ,n;aHHoe KOHiinecKoe ceneHiie . Ero KacaTejiBHbie b tohkhx A, 
B nepeceKaiOTca b HeKOTopoft tohk6 P. Tslk kslk tohkh A, B cooTBeTCTBy- 
K)t npaMBiM a, b, to TOHKa P, rfle nepeceKaiOTca stii npaMbie, cootbct- 
CTByeT npaMoft p , npoxo^ameft nepe3 A ii B. ToHKa P — sto nojimc npa- 
moh p , a npaiviaa p — nojisipa tohkii P (puc. 78). fljisi Harjia^HOCTii mojkho 
npe^CTaBjiHTB ce6e, hto KOHiinecKoe cenemie K — OKpyaaiocTB. TaK KaK 




nepe3 Ka>Kflyio TOHKy P BHe KOHiinecKoro ceHeima — BHe ero BHyTpeHHelt 
o6jiacTH (KaK bhc Kpyra) — npoxo^HT ^Be KacaTejiBHbie k HeMy, to flaHHoe 
nocTpoernie conocTaBjiaeT Kaacfloft BHemneii TOHKe P npaMyio p, nepece- 
Kaiomyio KOHiinecKoe ceneHiie. 

Ecjiii Pi, P 2 — flee tohkii BHe KOHiinecKoro cenemia 11 q — npoxo^amaa 
nepe3 hiix npaMaa, to eft cooTBeTCTByeT tohkh Q , r^e nepeceKaiOTca nojia- 
pbi pi, P 2 ToneK Pi, P 2 . 3Ta tohkh jieaaiT BHyTpri KOHiinecKoro ceneHiiH. 
IIpaMaa q 6yu,eT ee nojiapoft. 

Ecjiii tohkh P flBiiaceTca no npaMoft q, to ee nojiapa Bparn,aeTca BOKpyr 
tohkii Q (puc. 79). 


B HTore KajKflofl Tonne — BHe hjih BHyTpi-i KomiaecKoro ceaemia — co- 
nocTaBjiaeTCH nojiapa, h Kaacpoft npaMOil - nojuoc. 

nOJIHpHOCTB OTHOCHTejIfaHO OKpyJKHOCTM. MojKHO CHHTaTb Ka- 
KyK>-jin6o npaMyro, ne nepeceKaiomyio KomiaecKoe ceaemie, 6ecKOHeaHO 
yuajieHHOii npaMofi, a caMO KomiaecKoe ceacHiie — OKpyjKHOCTbio. Torpa 
ycTaHOBjieHHoe nojiapHoe cooTBeTCTBHe CBH3aHO c OKpyjKHOCTbio n bbi- 
paacaeT (fmKTbi sjieMeHTapHoii reoMeTpim. npeaype Bcero mojkho 3aMe- 
thtb, hto KacaTeabHBie k OKpyacHOCTH, nepeceKaiomneca b 6ecKOHeaHO 
y/iajreHHOH tohkb, t. e. napajijiejibHbie, KacaiOTca OKpy>KHOCTH b pna- 
MeTpajibHO npoTHBonojioJKHbix ToaKax. IIpaMaa, npoxopaipaa aepe3 mix, 
npoxopiiT aepe3 u,eHTp — sto pnaMeTpajibHaa npaMaa, hjih, Kan npima- 
to kopotko roBopiiTb b Teopiiii KpiiBbix BToporo nopapica, — ypiaMeTp. 
TaKHM o6pa30M, nojiapolt p 6ecKOHeaHO ypajieHHOii tohkii P cjiyaaiT 
pnaMeTp. 

Korpa 6ecKOHeaHO ypajieHHaa Toaica P pBioKeTca no SecKOHeaHO ypa- 
jieHHOfi npaMofi, t. e. Kor^a HanpaBjieHHe napajuiejiBHbix npaMbix noBopa- 
aiiBaeTca, pnaMeTp p BpaipaeTca BOKpyr peirrpa. IIosTOMy peHTp OKpyac- 
hocth HBjiaeTca nojnocoM 6ecKOHeaHO ypajieHHOH npaMofi. 

Tenepb o6paTHMca k o6biaHbiM ToaicaM BHe Kpyra. IIojiapHoe cooTBeT- 
CTBiie 03HaaaeT cjiepyiomee. 

TeopeMa 2. Kacucdou mow) ce P ene npyza conocmaeuM npsiMyw p, 
npoxodmuyw uepe3 me mourn, zde Kacamejimue, npoeedennue uepe3 P , 
k acammcsi oKpyotcHocmu npyza. Tozda ecjiu 
mourn P 3 auepuueaem KaKym-Hu 6 ydb npa- 
Myw q , mo coomeemcmeymipaA npuMan p 
epaiyaemcA eonpyz odnou mourn Q (coBep- 
inaa nojiHbifi o6opoT; pnc. 80). TeM caMbiM 
BbinojiHaeTca h oOpaTHoe: ecjiu KaKan-AU- 
60 npAMafi, p epaiqaemcA eoKpyz neKomo- 
pou 3 apanee euSpaHHou mouKu Q, mo coom- 
eemcmeywipaA omou npAMOu mowna P 3 a- 
uepuueaem npAMyw q , coomeemcmeymu^ym 
mowne Q. □ 

g T y TeopeMy mojkho caiiTaTb npeacpe Bcero TeopeMoft o KacaTejib- 
hmx k OKpyjKHOCTH, Tax KaK OHa roBopHT o npaMbix, npoxopaipiix ae- 
pe3 tohkii Kacamia. Ctoiit BHiiMaTejibHO paccMOTpeTb paHHyio TeopeMy 
h nonbiTaTbca poxasaTb ee «b jio6» — cpepcTBaMH ajieMeHTapHoft reoMeT- 
pim, BOBce He ccbijiaacb Ha coo6pajKeHiia pBOHCTBeHHOCTii H3 npoeKTiiBHOli 
reoMeTpim. 



§ 4. IIpOeKTHBHOe npOCTpaHCTBO 


IIpoeKTiiBHoe npOCTpaHCTBO mojkho nojiymiTb, nonojiHaa eBKjinflOBO 
npOCTpaHCTBO SecKOHenHO yflajieHHbiMii ToaKam, KOTopbie o6pa3yiOT 6ec- 
KOHenHO yflajieHHyio njiocKOCTb: KajK^aa flpyraa njiocKOCTb nepeceKaeT ee 
no CBoeft SecKOHCHHO yflajieHHon npsMoii. ITapajijiejibHbie njiocKOCTn ne- 
peceKaiOTCH no 6ecKOHenHO yuajiCHHOii npaMOii — OHa y rax o6m;aH, tslk 
ace nan napajuiejiBHbie npaMbie nepecenaiOTCH b iix o6m;eH 6ecKOHenHO 
yuajieHHoft tohrc. 

IIpocTpaHCTBO, nonojiHeHHoe TaKHM o6pa30M 6ecKOHenHO yzjajieHHOH 
njiocKOCTbio, CTaHOBHTca npoeKTHBHbiM npocTpaHCTBOM , Korfla 6ecKOHen- 
ho ya,ajieHHbie ero ajieMeHTbi — tohkii, npHMbie, tuiockoctb — nojiaraiOT- 
ca «paBHonpaBHbiMii» c cooTBCTCTByioniiiMH oSbiHHbiMii ero 3 jieMeHTaMii . 
Tohho 3to mojkho onpeflejniTb c noMom,bio npoeKTiiBHbix npeo6pa30Ba- 

HIIII. 

IIpoeKmueHUM npeo6pa,3oeaHueM nonojmeHHoro npocTpaHCTBa Ha3bi- 
BaeTca TaKoe ero B3an mho 0flH03HanH0e OToSpaacemie Ha ce6a, npn koto- 
poM npaMbie OTo6pa»caiOTCH Ha npaMbie, njiocKOCTn - Ha iijiockocth, 6e3 
pa3JIHHHH MCJKfly o6bIHHbIMII H SeCKOHeHHO ya,ajieHHbIMI'I. 

Bjiaro^apa TaKHM npeo6pa30BamiHM nonojmeHHoe npOCTpaHCTBO n 
CTaHOBiiTca npoeKTHBHbiM , r^e yace HeT oco6bix GecKOHenHO ya,ajieHHbix 
3jieM6HTOB. IIosTOMy mojkho flaTb TaKoe ero onpeflejiemie. 

IlpoeKmuenuM npocmpancmeoM Ha3biBaeTca npOCTpaHCTBO, nonoji- 
HeHHoe 6ecKOHenHO yflajieHHbiMii sjieMeHTaMii, ecjin b HeM BBefleHbi npo- 
eKTHBHbie npeo6pa30BaHHH. 

Cbohctbo <J)Hryp Ha3biBaeTca npoenmueHUM, ecjin oho coxpaHaeTca 
npn jho6bix npoeKTiiBHbix npeo6pa30Bamiax — iiHBapnaHTHO OTHOCHTejib- 
ho 3thx npeo6pa30BaHHi“i. 

IIpoeKmueHou eeoMempueu e npocmpancmee Ha3biBaeTca Teopua — 06- 
jiacTb reoMeTpiiH, — b KOTopoft iraynaiOTCH npoeKTHBHbie CBOHCTBa (Jniryp. 

IIo,ii,o6ho TOMy KaK npoeKTHBHyio njiocKOCTb mojkho npeflCTaBiiTb cbh3- 
koh npaMbix, Tax h npoeKTHBHoe npOCTpaHCTBO mojkho npeflCTaBHTb cbh3- 
koh npaMbix, ho y>Ke b neTtipexMepHOM npocTpaHCTBe. IIpaMbie cbh3kii 
cjiyacaT npn stom TOHKaMi-i npoeKTiiBHoro npocTpaHCTBa. 

IIpoeKTHBHbiM npeo6pa30BaHiieM HBjiaeTca OTo6pajKeHiie cbh3kii Ha 
ce6a — ee npHMbix Ha npaMbie, — Bbi3biBaeMoe jho6bim atfxJiHHHbiM npe- 
o6pa30BaHH6M o6 r beMjHOiH,ero eBKjnmoBa npocTpaHCTBa, coxpaHjnoiH,HM 
H,eHTp CBH3KII. 

npaMbie npoeKTiiBHoro npocTpaHCTBa npeflCTaBjiaiOTCH (flByMepHbi- 
mh) njiocKOCTHMii CBH3KH, t. e. npoxoflHiii,HMH nepe3 ee peHTp, a njiocKOCTb 



npe^CTaBJIHCTCH TpeXMepHBIMH IIJIOCKOCTHMH CBH3XII. B Ka>K;i,Oii H3 
hex co^epjKiiTCH TpexMepHaa CBH3xa, xoTopaa n npeflCTaBaaeT ee — 3Ty 
npoeKTiiBHyio njiocKOCTB. 

CoBepineHHO Tax ace, KaK npri n3o6pa>KeHHK npoexTHBHofi njiocKOCTn 
CBH3xoft npaMBix, bbo,h,htch oflHopo/pibie xoop/pmaTbi; TenepB hx aeTbi- 
pe: x\, X2, X3, X4. Ohh onpe^ejieHbi c tohhoctbio fljia jno6oro OTaiiHHoro 
ot Hyaa o6mero MHOJxiiTeaa. Kax roBopaT, onpe^eaeHO hx OTHomem-ie 
( x\ : X2 '■ X3 : X4). Oho 3a,a,aeT npaMyio cbh3kh h tcm caMbiM — Toaxy 
npoexTiiBHoro npocTpaHCTBa. (B o6beMaioiii;eM npocTpaHCTBe, coflepaca- 
rn,eM CBH3xy, xi, X 2 , X 3 , X 4 — 3to xaxiie-aiiSo atJxJaiHHbie xoop/pmaTbi c 
HaaaaoM b pempe cbh3xii. Ha npaMoft cbh3xii ohii OTanaaiOTca Toaxxo 
o6ih,hm MHOJXHTeaeM.) 

AcjacjaiHHoe npeo6pa30Bamie oGbeMaiomero npocTpaHCTBa, coxpaHaro- 
n;ee peHTp CBH3XH. npe^CTaBaaeTca b xoop/pmaTax aimeftHbiM npeo6pa- 
30BaHH6M (c onpeflejiHTejieM, OTaiiHHbiM ot Hyaa). 3to aimeimoe npeo6- 
pa30BaHne, b xotopom xoop/pmaTbi x\, X2, X3, X4 paccMaTpimaiOTca xax 
o^HopoflHbie xoopfliiHaTbi Toaex, h npe^CTaBaaeT npoexTHBHoe npeo6pa- 
30BaHiie npoexTiiBHoro npocTpaHCTBa. 

Kax ot npoexTiiBHOH naocxocTii mojxho nepefiTii oSpaTHO x atfxJiHH- 
hoh, (Jnixcupya xaxyK)-Hii6ya,b npaMyio b xaaecTBe 6ecxoHeaHO yzjaaeH- 
hoh, Tax h ot npoexTiiBHoro npocTpaHCTBa mojxho nepefiTii x acfxfniHHOMy, 
cjuixciipya xaxyio-Hii6yflb naocxocTb n npimaB ee 3a 6ecxoHeaHO yn,aaeH- 
Hyio. AiJxJiiiHHbie npeo6pa30Bamia npocTpaHCTBa — sto ero npoexTiiBHbie 
npeo6pa30BaHiia, npn xoTopbix HexoTopaa naocxocTb OToSpaacaeTca caMa 
Ha ce6a b xaaecTBe SecxoHeaHO yflaaeHHOii. 

Tax ace xax b cayaae npoexTiiBHOH naocxocTii, sto flaeT cpeflCTBO ,n,o- 
xa3aTeabCTBa TeopeM npoexTiiBHOH reoMeTpim o cjjiirypax, He nepecexa- 
K>iu,Hx Bee naocxocTii npocTpaHCTBa. 

nycTb (Jnirypa F He HMeeT c naocxocTbio a o6ihi-ix tohbx. npiiMeM 3Ty 
naocxocTb 3a 6ecxoHeaHO yflaaeHHyio; (Jairypa F oxaaceTca b aiJxJiHHHOM 
npocTpaHCTBe , h ee no^aeacamee fl0xa3aTeabCTBy cboiictbo oxaaceTca ee 
aiJxJiHHHbiM CBOficTBOM. Mojxho ^aace npiiHHTb npocTpaHCTBO 3a eBxan- 
flOBO, BBe^a b HeM cooTBeTCTByiomee paccToamie. CBoficTBO (fnirypbi F 
mojxho 6y^eT Bbipa3iiTb h ,n,oxa3aTb b stiix ycaoBiiax - - b eBxaiiflOBOM npo- 
cTpaHCTBe. Ho Tax xax sto cboiictbo no ero (JiopMyanpoBxe npoexTHBHoe, 
to oho h 6yn,eT floxa3aHO b stom ero xaaecTBe. npoexTHBHoe — 3HaanT, He 
H3MeHaeTca npn aio6bix npoexTHBHbix npeo6pa30BaHiiax; 3HaaiiT, ,a,oxa3aB 
ero b ^.onoaHHTeabHbix ycaoBiiax, mbi floxa3aaii ero bo bcch o6ih;hocth. 

B npoexTiiBHOM npocTpaHCTBe mojxho paccMOTpeTb noBepxHOCTb bto- 
poro nopaflxa, Tax ace xax Ha npoexTiiBHOH naocxocTii paccMOTpeHbi 



KBII. 1 fpone;i,nTe caMii npoeKTiiBHyio Kjiaccn(f>nKannio IIBn. 06paTH- 
Te BHHMamie Ha to, hto sjuiimcoim, flBynojiocTHbift rnnep6ojioim h sji- 
jiHnTiiHecKiiH napa6ojioiifl nona,a,aiOT b o^hh Kjiacc — npeflCTaBjiaiOT o^h- 
HaKOBbie noBepxHOCTii, tojibko no-pa3HOMy pacnojio>KeHbi OTHOCirrejib- 
ho njiocKOCTH, npiiHHToft 3a 6ecKOHeHHO y^ajieHHyio. ^pyroft ninep6ojio- 

— oflHonojiocTHbifi — h ninepGojniHecKiiii napa6ojiOH,n, Tosce nonaflaiOT 
b oflirn Kjiacc. OneBHflHO, HajniHiie npaMOjiimeimbix o6pa3yioiii;iix ecTb 
npoeKTiiBHoe cbohctbo. LpijiMH/ipbi — sto KOHycti c 6ecKOHenHO yuajieH- 
hoh BepmiiHoii. . . 

Pa36epHTe Bee cjiynaii b 3aBHCHMOCTH ot pacnojioiKeHiiH 6ecKOHenHO 
yuajieHHOft iuiockocth. 

TeopeMa /Jcaapra. ^OKaaceM TeopeMy ,Z[e3apra b npoeKTHBHOM npo- 
CTpaHCTBe . Ch’jiH’iHe ot oGbihhoii CTepeoMeTpnii TOjibKO b tom, hto flBe 
npaMbie, jie»caiii,iie b o^hoh njiocKOCTH, Bcer^a nepecexaiOTca. 

IlycTb y flByx TpeyrojitmiKOB Bepinimbi nocTaBjieHbi b cooTBeTCTBiie, 11 
TeM caMbiM nocTaBjieHbi b cooTBCTCTBiie n CTopoHbi. TeopeMa yTBepjK^aeT: 
ecjiH npaMbie, coeflimaiomiie cooTBeTCTBeHHbie BepniHHbi, nepeceKaiOTca b 
o^hoh TOHKe, to tohkii nepeceHemia npaMbix, coflepacamux cooTBeTCTBeH- 
Hbie ctopohm, jiexcaT Ha o^Hoii npaMoii, h o6paTHo: ecjiH tohkii nepecene- 
hhh npaMbix, coflep>Kaiii,Hx cooTBeTCTBeHHbie ctopohm, jiencaT Ha o^hoh 
npHMoii, to npaMbie, npoxo^amne nepe3 cooTBeTCTBeHHbie BepmiiHbi, ne- 
pecexaioTca b oflHoft TOHKe. 

Co6cTBeHHO roBopa, TpeyrojibHHKH 3^ecb hii npii neM, a penb n^eT o 
^Byx TpoiiKax tohck h npoxo^anpix nepe3 mix npaMbix; Tax h ccjiopMy- 
juipyeM TeopeMy. 



TeopeMa (^e3apr). nycrm> mou- 
rn A, B , C ne jieoK.am na odnou npji- 
mou, KaK u mouKu A' , B ' , C' . Toeda 
ecjiu npaMue AA' , BB ', CC' nepe- 
ceK awmcx, e odnou monne, mo mouKu 
nepeceuenuA nptiMux AB c A'B ' , AC 
c A'C' , BC c B'C' JieoKam na odnou 
npHMou. H o6pamno: ecAU mourn ne- 
peceuenuH npuMux AB c A' B ' , AC c 
A'C', BC c B'C' Aeotcam na npsiMOu, 
mo npjiMue AA ' , BB ' , CC' nepecem- 
wmcA e odnou moHKe. 

/],OKa3aTejibCTBO npii ycjio- 
BHH, HTO TOHKII A , B, C II A' , B' , C' 
jieiKaT b pa3Hbix njiocKOCTax a, a! . 


^OKajKeM nepBoe yTBepjK^eHHe TeopeMBi. IlycTB npHMbie AA' , BB' 
nepeceKaiOTCH b TOHKe O. Toiyja ohii jiexcaT b o/pioii njiocKOCTH h b toh 
» ce njiocKOCTH jiexcaT npHMbie AB, A! B' . Cjie^,OBaTejiBHO, ohii nepece- 
KaiOTCH. Ho 3 th npHMbie jiexcaT b njiocKOCTHx a, a! , a nosTOMy hx TOHKa 
nepeceneHiiH jie>KiiT Ha npuMOH, no KOTopoft stii njiocKOCTH nepeceKaiOTCH 
(puc. 81). 

Tot »ce BbiBOfl Bepen ^jih npHMbix AC, A'C' n BC, B'C' . nepBasi 
nacTb TeopeMbi ,n,OKa3aHa. 

nycTb npHMbie AB h A' B' nepeceKaiOTCH. Cjie^OBaTejibHO, ohii jie- 
»caT b oflHoii njiocKOCTH, a noTOMy npHMbie AA! , BB 1 jiexcaT b toh nee 
njiocKOCTH h, CTajio 6biTb, nepeceKaiOTCH b HeKOTopoii TOHKe O. 

CoBepnieHHO Tax nee y6e,n,HMCH, hto npHMbie AA' , CC Tonce nepece- 
KaiOTCH b o^hoh Tonne 0\, a npHMbie BB', CC' — b KaKoii-TO tohk6 Oi- 
Toiyja npHMan AA! npoxoflirr nepe3 tohkii O, 0\, BB' — nepe3 O, O 2 , 
CC' — nepe3 0 1 , C? 2 - noaTOMy ecjin 6 bi tohkh O, Oi, O 2 He jie>Kajiii Ha 
o,h,hoh npHMofi, to ohh onpe^ejinjin 6bi njiocKOCTb 11 BMecTe c hiimh Bee 
tohkii A, . . . , C' jiejKajni b oflHOii njiocKOCTH BonpeKii ycjiOBino. CjieflO- 
BaTejibHO, tohkii O, 0 1 , O 2 JiencaT na oflHoii npHMOii. 

Ho O, 0\ jiencaT Ha npHMOii AA! , 
a noTOMy O 2 Tome jie>KiiT Ha npHMOii 
AA! . A Tax Kax b Oi nepeceKaiOTCH 
npHMbie BB' , CC' , to BbixoflHT, hto 
B ee Tpii npHMbie AA! , BB' , CC nepe- 
ceKaiOTCH b o/i;hoii TOHKe, hto h Tpe6o- 
Bajiocb flOKa3aTb. 

CjiynaH, Korfla tohkii A, B, C, 

A! , B’ , C' jiencaT b o^hoii hjiockocth, 

6biji paccMOTpeH paHbine nyTeM cbc- 
^,emiH k sjieMeHTapHoii reoMeTpiiii no- 
cpe^cTBOM BBe^eHiiH SecKOHenHO ya,a- 
JieHHOII npHMOii. Ho MOJKHO o6oHTHCb 
6e3 3 toto c noMOipbio BcnoMoraTejibHO- 
ro nocTpoeHiiH. /J,OKa>KeM thkhm npneMOM nepByio nacTb TeopeMbi ,ZI,e3ap- 
ra b cjiynae, Kor^a tohkii A, B, C , A! , B' , C' jiencaT b o,h,hoh hjiockocth. 

HTaK, nycTb 3 tii tohkii jiencaT b hjiockocth a, h nycTb npHMbie AA' 
BB' , CC' nepeceKaiOTCH b tohkc O (puc. 82). 

npoBefleM nepe3 Hee npHMyio l, nepecexaiomyio njiocKOCTb a, h bo3b- 
MeM Ha Heii ,n,Be tohkii 0±, 02- npHMbie 0\A, O 2 A! jiencaT b njiocKO- 
cth, npoxo/ynpeii nepe3 npHMbie l 11 AA! . noaTOMy ohh nepeceKaiOTCH 
b HeKOTopoii TOHKe A" . CoBepnieHHO Tax nee y6efliiMCH, hto npHMbie 



0\B, 0 2 B' h 0±C, 0 2 C nepecexaiOTca b HexoTopbix Tonxax B" , C" . 

Tax mbi nojiynaeM flBe Tpoiixn Tonex A, B 1 C i A" , B " , C" , a Taxjxe 
A', B' , C' h A " , B" , C" , jieacamne b pa3Hbix njiocxocTax, /yia xoTopbix 
BbinojiHeHO ycjiOBiie TeopeMbi (npaMbie AA" , BB" h A' A" , B'B" nepece- 
xaiOTca b Toaxax 0\ h 0 2 ). 

IIjiocxocTb a nepecexaeTca c njiocxocTbio Tonex A" , B " , C" no Hexo- 
Topoii npaMoit a. 3Ty npaMyio npaMaa A" B" nepecexaeT b HexoTopon 
Tonxe Cq. Ho no ,n,oxa3aHHOMy npaMbie AB, A' B' nepecexaiOTca c A" B" 
Ha npaMoii a. TeM caMbiM ohii nepecexaiOTca flpyr c /i,pyroM b toi"i ace toh- 
xe Cq. AHajioi H'iHO, Ha npaMoii a jieacaT Tonxa Ho nepecenemia npaMbix 
BC n B'C' h Tonxa Bq nepecenemia npaMbix AC 11 JVC . 

TaxiiM o6pa30M, Bee Tpn napbi npaMbix AB, A' B' n t. p ,. nepecexaiOTca 
b Tonxax, jieacaiipix Ha oflHon npaMoii, hto ii Tpe6oBajiocb ,n,oxa3aTb. 

^oxa3aTejibCTBO BTopoii nacTii TeopeMbi ,I(e3apra fljia toto ace cjiynaa 

Mbi ocTaBHM nnTaTejno. □ 


F jiaBa V 

MHOrOMEPHAfl EBKJIH^OBA TEOMETPH5I 

§ 1. Akchomm n-MepHoro npocTpaHCTBa. 

BeKTopti h KOop/j,miai bi 

H^ea MHoroMepHoro eBxjniflOBa npocTpaHCTBa ohchb npocTa. Ha npa- 
Moit Tonxa 3 a,n,aeTca o^hoii xoop/piHaTon; Ha njiocxocTii — flByMa xoop/pi- 
HaTaMii, b o 6 binHOM (TpexMepHOM) npocTpaHCTBe — TpeMa xoopfliiHaTaMii. 
^ajibine Moamo mbicjiiitb neTbipexMepHoe npocTpaHCTBO, iyje Tonxa 3 afla- 
eTca neTbipbMa xoop/pmaTaMii, n BOo 6 m,e n-MepHoe npocTpaHCTBO, r,ii,e 
Tonxa 3 a^aeTca n KOop;inHa r raM h , a HaTypajibHoe hiicjio n MoaceT 6 biTb 
JIK) 6 bIM flaHHbIM. 

KoopflimaTbi MoacHO npeflCTaBiiTb ce6e xax npaMoyrojibHbie, Tax hto 
n xoopfliiHaTaM cooTBeTCTByeT n B3ai-iMHO nepneHfliixyjiapHbix npaMbix — 
oceii xoopfliraaT. B neTbipexMepHOM npocTpaHCTBe nx neTbipe — x ocaM x, 
y, z ^o6aBjiaeTca ocb t; ocn nepecexaiOTca b Hanajie xoopflimaT O. Hepe3 
xaac/ipie ^Be 00-1 npoxo^iiT njiocxocTb, Tax hto ecTb, b nacTHOCTii, flBe 
njiocxocTii xy 11 zt. Y hhx tojibxo o,a,Ha o6m,aa Tonxa- Hanajio xoop/pi- 
HaT. TaxHM o6pa30M, Ta axcnoMa, hto ,n,Be njiocxocTii c o6m,en tohxoh 
nepecexaiOTca no npaMon, OTna^aeT. Ee HyacHO 3aMeHiiTb /ipvron. A b 
ocTajibHOM, MoacHO cxa3aTb, axcnoMbi n-MepHon reoMeTpnn coBepnieHHO 
cxoflHbi c axcnoMaMH CTepeoMeTpnn. CiJiopMyjiiipyeM nx. 



A kc m om a r r m K a n-MepHoft cbkjim/j,oi!Om reoMeTpHH. 

OcHOBHLie oGteKTiji: 1) mouKU, 2) ompe3KU, 3) ruiocKocmu. 

OcHOBHLie OTHomeHiia: 1) mouna CAyoteum kohv,om ompe3- 
Ka, 2) mow) ta Aetncum na ompe3Ke, 3) mourn npunadAeotcum nAOCKocmu, 
4) ompe3Ku paenu. 

Akchomm flejiaTca Ha: 1) Auneunue, 2) nAOCKoemnue, 

3) npocmpancmeemue. JIi-iHefiHbie aKCHOMbi Te ace, hto b njiaHHMeTpHH ; 
njiocKOCTHbie aKCHOMbi Te ace, ho, KaK h b CTepeoMeTpmi, hx Hyaoio ot- 
HOCIITb K KaJKflOII njIOCKOCTII. IIpOCTpaHCTBeHHBIX aKCIIOM Tpil! 

lip. 1 (aKCHOMa njiocKOCTii) . Kacncdue mpu mouKU npunadAeotcam 
nAOCKocmu. 

lip. 2 (aKCHOMa o6m,eii npHMoii). Ecau y deyx nAOCKocmeu ecmt dee 
o6m,ue mourn, mo ohu nepecenawmcA no npsiMou. 

lip. 3 (aKCHOMa Hiicjia H3MepeHim) . Cytu,ecmeyem n u ne SoAee 63auM- 
ho nepnenduKyAApHux npnMux, m. e. nepeceKamiu,uxcA e o6w,eu moune u 
o6pa3ywiu,ux nonapno npAMue yzAU (onpefleaemie npaMoro yrjia to nee, 

HTO B HJiaHIIMeTpiIIl) . 

Mohcho ^aTb onpe^ejieHHe: n-MepHaa eBKjuiflOBa reoMeTpua — sto Teo- 
pna, KOTopaa CTpoiiTca Ha yKa3aHHoii aKCiiOMaTiiKe; n-MepHoe eBKjin^OBO 
npOCTpaHCTBO — 3TO MHOJKeCTBO HeKOTOpBIX 3JieMeHTOB — «T0H6K», B KOTO- 
poM BBinojiHCHBi yKa3aHHbie aKCHOMbi, Tax hto b hcm onpeflejieHBi OTpe3Kii 
h OTHOHieHiie iix k tohkrm h ,n,pyr k flpyry 10 . 

Ecjiii n = 2, to npOCTpaHCTBO — sto hjiockoctb, a Teopua — sto njia- 
HHMerpua; aKCHOMbi lip. 1, 2 (JsopMajiBHO BBinojiHeHbi, ho OKa3BiBaiOTCH 
6eccoflepjKaTejiBHBiMii . 

IIpn n > 2 cymecTByiOT tohkii, He jieacaiipie b o^hoii njiocKOCTii (xaK 
BBiCKa3BiBajiocb b aKCHOMe CTepeoMeTpim) , noTOMy hto Ha njiocKOCTii HeT 
Tpex B3aHMHO nepneHflHKyjiapHbix npaMbix. 

CoBepmeHHO Tax ace, KaK b CTepeoMeTpim, b o6m;eM cjiynae n ^ 3 
^OKa3biBaioTCH TeopeMbi. 

1. %pe3 Kaotcdue dee mounu npoxodum npnMan, u npumoM moAUKO 
odna (BnpoHCM, sto cjie^yeT H3 o^hiix jnmeHHbix bkchom). 

2. Ecau npAMan uMeem c nAOCKoerntm dee o6ui,ue mouKu, mo ona ecn 
codepcHcumcA e omou nAOCKocmu. Touho maK onze ompe30K, coeduHfuoipuu 
dee mouKu nAOCKocmu, codepotcumcn e neu. 


1 (l M c»kho cKa3aTb: b stom .vniO/Kecrue — b npocTpaHCTBe — BBi^ejieHBi (onpe^ejieHBi) 
no/i,MHoacecTBa, Ha3BiBaeMBie «OTpe3KaMH», npmeM y Kaatfloro OTpe3Ka H3 npnHa^jie- 
acanpix eMy tombk OTMe'iem.i ;iy,e — «kohd,bi», h rvie>K/ty OTpe3KaMH ycTaHOBjieHO otho- 
rneHHe «paBeHCTBa», Bee sto no^HHHaeTCH C(J)opMyjiHpoBaHHbiM aKCHOMaM. 



OTCK>,zi,a h ii3 njiocKOCTHbix aKCiiOM, Tax ace KaK b § 6 rji. I h. 2, BbiTe- 
KaeT BaiKHoe 3aKjnoHeHiie. 

Ha ecfiKou n.aocKOcmu euno.nnsiemcfi n.aaHUMempusi. 

/],ajiee, Tax ace KaK b §6 rji. I h. 2, ,noKa3biBaeTca: nepe3 Tpii tohkh. 
He jiexcamiie Ha oflHOii npaMoft, TaK ace KaK h nepe3 flBe nepeceKaiomiiecH 
npuMbie, KaK h nepe3 npaMyio h He jieacamyio Ha Hen TOHKy, npoxo^HT 
njIOCKOCTb, H npiITOM TOJIBKO OflHa. 

(3aMeTHM, hto npn n = 3 H3 BbiCKa3aHHbix aKCiiOM cjie^yeT, hto ,n,Be 
njiocKOCTii, iiMeromiie xoth 6bi o,n,Hy o6m;yio TOHKy, nepeceKaiOTca no npa- 
Moit, KaK 3 to CKa3aHO b aKCiiOMax CTepeoivreTpnn.) 

BeKTopti h KOop^HHaTti. Onupaacb Ha ccjaopMyjnipoBaHHbie Ha- 
najibHbie bbibo^bi, mojkho onpeflejniTb BeKTopbi h onepapiiii c hhmii 6yK- 
BajiBHO TaK ace, KaK sto c^ejiaHO b TpexMepHOM npocTpaHCTBe. Ilpocjie- 
aciiBaa onpeflejieHiia h BbiBOflbi rjiaBbi o BeKTopax (a. 1, rji. Ill), mojkho 
y6eflHTBca, hto b hhx hiicjio n3MepeHHH npocTpaHCTBa He nrpaeT pojin 
Hinyje, KpoMe KaK b pasjioaceHiiii bcktopob Ha cocTaBjiHiomiie. (HiiTaTejno 
nojie3HO npoiiTH no rjiaBe o BeKTopax h y6e,n,HTbCH b CKa3aHH0M.) Tam-iM 
o6pa30M, Mbi MoaceM b n-MepHOM npocTpaHCTBe npiiMeHiiTb 6e3 bchkiix 
H 3MeHeHHH noHHTiie BCKTopa, cjioacemie BeKTopoB, yMHOJKeHiie Ha hhcjio 
h CKajiapHoe npoii3Be,n,eHiie. 

IIojib3yHCb 3 thm, BBe^eM b n-MepHOM npocTpaHCTBe npaMoyrojibHbie 
KOOpflHHaTbl. 

no aKcuoMe Hiicjia n3MepeHHH b npocTpaHCTBe ecTb n h He 6ojiee B3a- 
iimho nepneHfliiKyjiapHbix npaMbix ei, e2, ■ ■ ■ , e n . Ha hhx 3aflaflHM eflii- 
HiiHHbie BeKTopbi ei, e 2 , e n . Ohh BsaiiMHO opToroHajibHbi, noaTOMy 
hx CKajiapHbie 1 1 p o ii 3 b e/^e h h a paBHbi Hyjno, h mbi iiMeeM paBCHCTBO 

f 1, ecjin i = j, 

e i e j = { ,, . , . (1) 

I 0, ecjin i j. 

noKaaceM, hto ec.HKUU eenmop a npedcmaejinemcfi v,epe3 smu eenmopu: 

n 

a = ^ ej(aej), (2) 

i=l 

rpp koscJxJi h pile ht m ( aei ) — KOopflimaTbi BeKTopa a OTHOCirrejibHO bck- 
TopoB e \ , . . . , e n — npeflCTaBjiaiOT co6oi“i CKajiapHbie npoii3BefleHiia a Ha 
BeKTopbi ei . 

Jlflfi- ^,OKa3aTejibCTBa B03bMeM KaKoft yro^HO bcktop a h paccMOTpiiM 



BeKTOp 

n 

c=a-y i ei(aej). (3) 

i= 1 

Haii^eM ero CKajinpHoe npoH3Be,a;eHHe Ha KaKOH-jin6o H3 BeKTopoB ey. 

n 

ce k = ae k - y(e k ei)(ae t ). (4) 

i= 1 

Ho BBHfly paBGHCTB (1) Bee npoH3Be^eHiiH e k et paBHbi Hyjiio, KpoMe 
e k e k = 1. noaTOMy b npaBoii nacTii paBeHCTBa (4) ocTaGTCH tojibko hjigh 
( e k e k )(ae k ) = ae k , n mbi nojiynaGM 


CG k — CLG k CLG k — 0. 

TaKHM o6pa30M, bbixo^ht, hto jiii6o bcktop c paBeH Hyjiio, jih6o oh 
opToroHajieH BceM e k . Ho nocjieflHee hcxjiiohgho. 

^ghctbiitgjibho, no aKCHOMe np. 3 gctb hg 6ojigg n B3aiiMHO ncpnGH/pi- 
KyjiapHBix npHMBix ei, . . . , e n , nGpGCGxaioiipixcH b o6hi,gh tohkg O. Ecjii-i 
6bl BCKTOp C 6bIJI OTJII'IHGH OT Hyjlfl, TO OTJIOJXIIB GrO OT TOHXII O II npOBG^H 
b^ojib hgto npHMyio, mbi nojiyHHjin 6 bi 6in;6 (n + l)-io npHMyio, ncpnGH- 
^HKyjiapHyio bcgm npHMBiM ei, e2, . e n . 3to npoTiiBopcmiT axcnoMG. 
CjIGflOBaTGJIBHO, C = 0, II TGM CaMBIM BBinOJIHHGTCH paBGHCTBO (2): BCHKIIH 
BGKTOp a npGflCTaBIIM B TaKOM BIIflG HGpG3 BGKTOpBI e\ , e2 , . . . , e n . □ 
nycTB TGnepB M — npoi-OBOjiBHaa: Tonxa h OM = r — gg pa,n,nyc-B6x- 
Top. Mbi onpG^GJiHGM gg xoopfliraaTBi ay xax cxajrapHBiG npoii3B6,n,6Hiifl 

Xi = rei = OM ■ a (i = 1, 2, , n). (5) 

3to — KOop/pmaTBi othochtgjibho ocHOBHoro n-BCXTopmixa Oei e 2 ... e„; 
OCHMII KOOp/IIIHaT CJiyiXaT B3aiIMHO nGpnGHflHKyjIHpHBIG npHMBIG, CymG- 
CTByioiniiG corjiacHO axcnoMG np. 3. 

Tax b n-MGpHOM npocTpaHCTBG oxa3BiBaiOTCH bbg^ghhbimii npuMO- 
yrojiBHBiG xoopfliiHaTBi. Kaix^oii tohxg M o^HOSHanHO cooTBGTCTByGT Ha- 
6op gg xoopfliraaT (x\, X 2 , ■ ■ ■ , x n ), n pa3HBiM TonxaM — pa3HBiG Ha6opBi, 
Tax hto tohxii 0,i];H03HanH0 3aflaiOTCH cbohmh xoop; i;h Ha r raM h . 

^ghctbiitgjibho, flonycTiiM, Tonxii M, N iimgiot o^hii h tg jxg xoop- 
^imaTBi xi, X2, ••., x n . 3to 3HamiT, corjiacHO onpGflGJiGHino xoop/praaT 
(JjopMyjioit (5), hto OM • e, = ON • a (i = 1, 2, . . . , n), t. g. 


(OM — ON)ei = 0. 



Tax hto jiii6o BeKTop OM — ON HyjieBon, jiii6o oh nepnepzpiKyjiHpeH bccm 
ej. IIocjieflHee, opHaKO, npoTiiBopeniuio 6bi aKCiiOMe nncjia H3MepeHHH. 
CjieflOBaTejiBHO, OM — ON = 0, t. e. tohkii M h N coBnapaiOT — sto 
oppa TOHKa, hto n TpeSoBajiocB poKa3aTb. 

y 6 epiiMCH eme, hto KaxpoMy Ha 6 opy Hnceji X \ , X2 , ■ ■ ■ , x n cooTBeT- 
CTByeT TOHKa c TaKiiMii KOoppnHa r raM h . OHa onpepejiaeTCH KaK KOHep pa- 
pnyc-BeKTopa 

OM = ^2 e -Ni- (6) 


yMHOJKaa CKajiapHO Ha jiio 6 oh BeKTop e^, nojiynaeM BBnpy cjsop- 
Myji (1) 


O Ad 6/- — ^ ^ 


t. e. Xk h ecTt KOopprmaTa tohkii M. 

IIopBepeM HTor, (JjopMyjnipya ero KaK poKa3aHHyio TeopeMy. 

TeopeMa 1 (o KOoppimaTax) . B n-MepnoM npocmpancmee mookho 
eeecmu Koopdunamu, e Komopux ocamu CAyofcam me n 63auMno nepnen- 
duKy.titipHux npsiMux, cyu^ecmeoeanue Komopux ymeepotcdaem clkcuomcl 
hucjm u3MepeHuu. Ecau e\, . . . , e n — edunuunue eenmopu edoA t> omux 
npuMUX u O — mourn ux nepeceuenuA, mo Koopdunamu mouKU M onpe- 
deAAtomcA U3 CKaAApnozo npou3eedenuA: 


Xi = e-iOM (i = 1, . . . , n). 


OmuM Meotcdy moHKaMU u na6opaMu uuceA x\, . . . , x n ycmanaeAueaemcA 
63auMH0 odno3nwH,Hoe coomeemcmeue. □ 

3th »ce KOoppimaTBi nojiyaaiOTCH:, KaK h b TpexMepHOM npocTpaHCTBe, 
ecjrn npoeKTiipoBaTb TOHKy M Ha och. Hmchho, npoBopiiM nepe 3 paHHyio 
TOHKy M h k-K> ocb — npHMyro — njiocKOCTB h b stoh njiocKOCTH cnpo- 
eKTiipyeM TOHKy M Ha 3Ty npaMyro. Koop/pmaTa npoeKpim h 6ypeT paBHa 
Xk- 

Tenepn o 6 paTHMCH k pjnme. ^jniHa | a\ BeKTopa a CBH 3 aHa c ero CKa- 
jiapHbiM npoii 3 BepeHiieM caMoro Ha ceGa: 


a| 2 = a 2 . 


BMecTe c TeM no 4>opMyjie (2) 

»=£ 


€i&i ■> 


) • 



riosTOMy, BkinojiHHH CKajiapHoe B03Be^eHi'ie b KBa^paT n nojib3yacb co- 
OTHOineHiiHMii (1), nojiyaiiM (Bee npoiraBefleHiia e t ej , i ^ j, iicne3aiOT n 
ocTaiOTCH TOJibKO KBa^paTbi e" = 1) 


= a 2 = (^2 e iQi ) 2 = 




( 7 ) 


OTcro^a bbibo/pitch: 

TeopeMa 2 (o ^jurne OTpe3Ka). JJ.auHa ompe3Ka c KonyaMU 
A(x i, x n ), B(x[, x' n ), ujiu, umo mo otce, paccmosmue |^4E>| 

Meotcdy smuMu mouKaMU eupaotcaemcx, cfiopMyjioii 

\AB\ = (xi - x[) 2 + ... + (x n - x' n ) 2 . (8) 

^OKa3aTejibCTBO. Ecjih O , xax h Bbime, Hanajio KOopfliraaT, to 
no (JsopMyjie (6) 

n n 

OA = ^2 etXi, OB = ^ 2 e i x i- 

i=l i=l 

riosTOMy 

n 

AB = OB — OA = ^ 2 e i( x i ~ x i)- 

i=l 

OTKy^a no cjjopMyjie (7) nojiynaeM 


\AB\ 2 = J2( X i - x i) 2 ’ 

i=l 


hto n ^aeT 4>opMyjiy (8). □ 

Illap n ccjjepa onpe^ejunoTca b n-MepHOM npocTpaHCTBe 6yKBajibHO 
Tan ace, Kan b TpexMepHOM. IIoBTopHTe sth onpe^ejieHiia; Hanamme ypaB- 
HeHiie ccjjepbi n HepaBeHCTBO , 3a,a,aioiii;ee map, b n-MepHOM npocTpaHCTBe. 



§ 2. IIpHMBie H njIOCKOCTH pa3HOrO MHCJia H3MepeHHH 

IlapajijiejibHbie npaMbie onpeflejiaiOTca b MHoroMepHOM npocTpaHCTBe 
TaK ace, KaK b TpexMepHOM, h TaK ace ,n,OKa3biBaiOTca TeopeMbi: 

1. Tepee moHKy, we AecHcamyw na dannou npAMOu, npoxodum npsiMasi, 
eu napa.ruieAt>Hasi, u npumoM moAbKO odna. 

2. /fee npuMue, napcLAAeAbHue odnou u mou otce npAMou, napaAAeAb- 
hu dpyz dpyzy. 

/^OKa3aTejibCTBO Tanoe ace, KaK b § 3 rji. II a. 2. 

/l,OKa3aTejibCTBa ppyriix TeopeM 113 CTepeoMeTprm, ^aHHbie b tom ace 
naparpatfie, TaKace nepeHOcaTca Ha cjiynaft npocTpaHCTBa jno6oro nncjia 
H3MepeHHH, nocKOjibKy ohii ocHOBaHbi Ha npiiMeHeHiiii BeKTopoB. y6e,n,n- 
Tecb b 3tom, npocjiefliiB sth ^,OKa3aTejiBCTBa. 

O^HaKO ecTb pa3HHD;a b noHaTini napajijiejiBHbix njiocKOCTeii. B Tpex- 
MepHOM npocTpaHCTBe, b OTjiriHiie ot njiocKOCTii, npaMbie He cniiTaiOTca 
napajijiejiBHbiMii, ecjni ohii Bcero jihihb He nepecexaiOTca: ohh MoryT cxpe- 
miiBaTbca. Tax ace b MHoroMepHOM npocTpaHCTBe napajijiejibHOCTb njioc- 
KOCTeft hjih npaMOii h njiocKOCTii He onpe^ejiaeTca TeM, hto ohh tojibko 
H e nepeceKaiOTca. 

,Zfjia onpeflejieHiia napajijiejibHOCTii BOcnojib3yeMca noHHTiieM o napaji- 
jiejiBHOM nepeHOce. Oh onpe^ejiaeTca 6yKBajibHO TaK ace, KaK Ha njiocKO- 
cth hjih b TpexMepHOM npocTpaHCTBe. 3to OTo6paacemie, npii kotopom 
tohkii X nepexoflHT b Tanne tohkii Y, hto Bee BeKTopbi XY paBHbi. 

Hhbimh cjiOBaMH, Bee tohkii nepeHOCiiMoft tjHirypbi nepeHOCHTca Ha 
o,a,iiH ii tot ace BeKTop. Bee CBOiiCTBa nepeHOca, ycTaHOBjieHHbie b § 2 rjiaBbi 
o Hajioacemiax, paBHO OTHOcaTca k MHoroMepHOMy npocTpaHCTBy. 

Tenepb p,aeM onpeflejiemie. IIpaMbie hjih njiocKOCTii napaAAeAbHU, ec- 
jih oflHa nepeBO^HTca b Apyryio nepeHOCOM. IIpaMaa napaAAeAma njioc- 
kocth, ecjiH OHa He jiokht b stoii njiocKOCTii, ho ee mohcho OTo6pa3HTb b 
9Ty njiocKOCTb nepeHOCOM. 

JlerKO y6eflHTbca, hto 3tii onpe^ejicmia b cjiynae TpexMepHoro npo- 
CTpaHCTBa paBHOCIIJIbHbl o6bIHHbIM. (ZfOKajKIITe 3TO.) Ho, CKaaceM, B ne- 
TbipexMepHOM npocTpaHCTBe E 4 npaMaa MoaceT «CKpein,iiBaTbCH» c njioc- 
KOCTbio — He nepeceKaTb ee h He 6bitb eft napajuiejibHoft. Hanpimep, bo3b- 
MeM b E 4 ^Be njiocKOCTii P, Q, HMeiomiie tojibko o^Hy o6m;yio TOHKy O, 11 
h b o,n,Hoft H3 hhx npaMyio a, He npoxoflamyio nepe3 O. OHa He nepece- 
KaeT ^.pyryio njiocKOCTb h hc noMeipaeTca b Hee nepeHOCOM (y6e,n,HTecb b 
3tom, paccMOTpeB npoxo^amyio nepe3 O npaMyio b\\a). 


ii 


HanpHMep, iuiockoctl. P, npoxoflmijyio nepe3 och ei, e 2 , a Q — nepe3 och e %, e 4. 



Tohho TaK ace flBe njiocxocTii, mvieforuHe o6ih,hh nepneH^nxyjiap, MoryT 
He 6biTi> napajijiejibHbiMii, KaK b TpexMepHOM npocTpaHCTBe ,n,Be npaMbie 
c o6h],hm nepneHfliiKyjiapoM He o 6 a 3 aHbi 6 bitb napajijiejibHbiMii. 

Hepe 3 /i,aHHyio Tonxy njiocxocTii b 6ojiee neM TpexMepHOM npocTpaH- 
CTBe npoxofliiT He oflHa nepneHfliixyjiapHaH eft npaMaa. B neTbipexMepHOM 
npocTpaHCTBe nepneHfliixyjiapbi k njiocxocTii o 6 pa 3 yiOT njiocKOCTb. Tax, 
nepneHfliiKyjiapBi b tohxc O k njiocxocTii, npoxoflameft aepe 3 och xoop/pi- 
HaT ei, e2, 3 anojiHaiOT njiocKOCTH, npoxoflamyio nepe 3 e3, e 4. (y6e^,HTeci> 
B 3 TOM.) 

06iu,ee noHHTHe iijiockocth. Ecjiii npocTpaHCTBO 6ojiee hcm Tpex- 
MepHoe (h 6 BBinojiHaeTca axciiOMa nepeceaemia njiocxocTeft) , to b hcm 
H apafly c o6bihhbimii flByMepHbiMii njiocxocTHMii ecTB flpyrne tfairypbi, 
Taxace Ha 3 biBaeMbie njiocxocTaMi-i. 

Onpe^ejieHHe. IlAocKocmtiK >, BOo6m,e, Ha3biBaeTca Taxaa cjairypa, xo- 
Topaa coflepaciiT no xpaimeft Mepe Tpii tohxii, He jieacaiipie Ha o^Hoft 
npaMoft, h BMecTe c xaac,n,biMii ^ByMa cboiimii ToaxaMii co,n,epaciiT bck> co- 
^,epacam,yio hx npaMyio, ho npi-i stom He aBjiaeTca BceM npocTpaHCTBOM. 
06 biHHaa flByMepHaa njiocxocTb, oaeBiiflHO, no^naflaeT no,n, sto onpe^e- 
jiemie 12 . 

TeopeMa 1. BcsiKasi nedeyMepnaji n.aocKocrm> npedcmae.asiem co6om 
eeKAudoeo npocmpancmeo, m. e. e h eu eunojinsnomcji ancuoMU, onpedejw- 
mipue eenjiudoeo npocmpancmeo, c memu cwie deyMepnuMU n.nocKoemn- 
mu, Kanue uMemmcsi e o6seM.awiu,eM npocmpancmee 13 . 

Bepe3 ecsiKue mpu mouKU ,nw6ou dannou njiocKocmu npoxodum codep- 
otcaipaficfi e neu deyMepnan nAocKocmt>. 

floxasaTejibCTBO. IlycTb P — ^aHHaa njiocxocTb b xaxoM-jin6o 
eBxjinflOBOM npocTpaHCTBe h A, B, C — xaxHe-jni6o Tpn ee tohxii. ITo 
onpeflejieHino njiocxocTii OHa coflepaaiT npaMyio AB , ho He cbo^htch x 
Heft. IIosTOMy ecjiii Tonxa C oxa3ajiacb Ha stoh npaMoft, to mohcho b 3 htb 
Tonxy D, He jieacamyio Ha npaMoft AB. Ecjiii C He jieaciiT Ha AB, to D 
h ecTb C. 

IIjiocxocTb P, no ee onpeflejiemno, co^epaaiT npaMbie AB h AD. Hepe3 

12 06o6niaH, mo>kiio onpejcejiHTB iuiockoctb oSiipiM ycjioBneM, 'no OHa BMecTe c jiio- 
6bimh flByMH TOHKaMH co,u,ep>KHT h npoxoflHinyK) nepe3 hhx npaMyio. Tor,u,a «njiocKO- 
CTt>io» MO>KeT 6biTt: 1 ) nycToe MHOHcecTBO, 2 ) o^Ha TOHKa, 3 ) npaMaa, 4 ) Bee npocTpaH- 
CTBO. IlepBbie TpH B03M02KH0CTH HCKJHOHaiOTCH Tpe 60 BaHHeM, HTO njIOCKOCTb CO,H,ep^KHT 
no KpanHen Mepe Tpn tohkh He Ha npHMOH; neTBepTan — HCKjHoneHa nocjie/jHeH oro- 
BopKOH b onpe^ejieHHH. 

13 Boo6m,e, <J>Hrypa mohcct 6biTb eBKjiH,u,OBbiM ,zj;ByMepHbiM npocTpaHCTBOM h b 3tom 
CM bicjie njiocKOCTbio, BOBce He 6yu;yHH njiocKOCTbio b o6 r beMjHOHi,eM npocTpaHCTBe, KaK, 
HanpHMep, napa6ojiHHecKHH u,hjihh,zj,p c tohkh 3peHHH ero BHyrpeHHeH reoMeTpHH. 



3th npHMbie npoxo^HT flByMepHaa naocxocTb Q , o6pa30BaHHaa nepecexa- 
K)ih,hmh hx npaMbiMH. Bee 3Tii npaMbie 6yflyT co^epjKaTbca b naocxocTH 
P (b CHjiy onpefleaemia naocxocTii). CjieflOBaTejiBHO, b P coflepaaiTca 
^.ByMepHaa naocxocTb Q , npoxo^maa aepe3 flaHHbie tohkh A, B, C, hto 
h TpeSoBajiocb floxa3aTb. 

Haax, nepBaa axcnoMa eBxaimoBa npocTpaHCTBa BbinoaHeHa. BTopaa 
BbinojiHaeTca oneBHflHMM o6pa30M, nocKOjitKy OHa BbinoaHaeTca b o6t>- 
eMaromeM npocTpaHCTBe fljia aio6bix flByx naocxocTeii c flByMa o6lu,iimii 
TOHX aMH. □ 

Hucao u3MepeHuu (nan, hto to ace, pa3MepHocrm>) iuiockocth mojkho 
onpe^eaiiTb, xax b npocTpaHCTBe, aiicaoM B3aiiMH0 nepneHflHxyaapHbix 
npaMbix. IlpaMyKi mokho cairraTb oflHOMepHolt iuiockoctbio. 

rtaocKOCTb P mojxho Ha3BaTb napaAAeAbHOu naocxocTii Q , ecan cym,e- 
CTByeT nepeHOC, noMemaiommi ee b naocxocTb Q, t. e. TaKoii nepeHOC t, 
hto tP C Q. Mbi niirneM: P\\Q. (3aMeTi-iM, hto naocxocTH PkQ MoryT 
6biTb pa3Hbix pa3MepHOCTeft, nosTOMy oflHOBpeMeHHO Q||P, ToabKO ecaii 
tP = Q, Tax hto Q nepeMeipaeTca b P o6paTHbiM nepeHOCOM t _1 ). 

B aeTbipexMepHOM npocTpaHCTBe ecTb TpexMepHbie naocxocTii: xaac- 
,a,aa H3 hiix — sto TpexMepHoe CBxaimoBO npocTpaHCTBO. Ecan flBe Taxne 
naocKOCTii iimciot o6m,yio Toaxy, to iix nepeceaemie npe^CTaBaaeT ,a,By- 
MepHyio naocxocTb. (PaccMOTpiiTe Ha npiiMepe naocxocTefi, «HaTaHyTbix» 
Ha och xoopfliiHaT.) 



HacTt. 4 

^HOOEPEHLJHAJIbHAH TEOMETPEH 


B HeTBepTOII HaCTH MBI I-OyHaeM KpiIBbie H nOBepXHOCTII B TpeXMep- 
HOM npOCTpEHCTBe. OcHOBHOII IIHCTpyMeHT flJIH HCCJieflOBaHIIH KpiIBblX — 
3to ecTecTBeHHaa napaMeTpiisauyiH. C ee noMom,Bio Mbi ,n,aeM nepBOHa- 
najibHbie onpeflejieHHH 6ojiBimiHCTBa bboaiimbix fliicJxfiepeHLpiajiBHO-reo- 
MeTpiiHecKiix noHSTHH, a 3aTeM yxce npiiBOfliiM hiicto reoMeTpiinecKiie 
onpe^ejieHiia. IjiaBa o kpiibbix 3aKaHHHBaeTCH «HaTypajibHbiMii ypaBHe- 
hi«imh», oniicbiBaiomiiMii Biifl KpnBon BHe 3aBncnMOCTn ot ee pacnojioxte- 
hiih b npocTpaHCTBe. 

Hccjie/iOBaHHM noBepxHOCTeft mbi paccMaTpiiBaeM jiejKaiipie Ha 
hi-ix KpiiBBie: c ix fljiiiHOH h KpnBH3Hofi ecTecTBeHHO CBH3BiBaK)TCH nepBaa 
h BTopaa ocHOBHBie tfiopMBi noBepxHOCTii. B kohh,6 BTopofi rjiaBBi paccMaT- 
pi-iBaiOTCH jioKajiBHO KpaTHaiimne KpiiBBie — reofle3HHecKiie. 3to aHajiom 
npHMBix Ha njiocKOCTii, — OHii iirpaiOT Baxoiyio pojiB npn n3y r ieHiin BHyT- 
peHHefl reoMeTpiiii Ha HCKpiiBjieHHOH noBepxHOCTH. 

F jiaBa I 

^HO>OEPEHIi;HAJIbHA5I TEOMETPHH KPHBbIX 

§ 1 . 3 JICMCHTap 1 1 BIG KpHBBie Ha njIOCKOCTH 
h b npocTpaHCTBe. CiiocoGbi hx aa^aiiMM 

Ajih H3yneHHH kpiibbix Heo6xo,nHMO HMeTB hx TOHHoe onpeflejiemie. 
Mbi orpaHiiHiiMCH 3,n,ecB TeM, hto ^a^iM onpe^ejieHiie ajieMeHTapHoii Kpii- 
boiI. MHOJKecTBO C (Ha njiocKOCTii hjih b npocTpaHCTBe) Ha3BiBaeTCH ane- 
MenmapHou Kpueoit, ecjin oho HBjiaeTCH o6pa30M OTpe3Ka npii hckotopom 
HenpepBIBHOM B3aiIMHO 0flH03HaHH0M (t. e. IIH'BeKTHBHOM) OTo6pa>KeHHH 
3Toro OTpe3Ka b njiocKOCTB hjih b npocTpaHCTBO. 

IIpHMepBi. npocTefiimie sjieMeiiTapnhie KpiiBBie — sto OTpe3Kii npn- 
MBIX, flyrH OKpyHCHOCTeil, SJIJHinCOB, I’pacjjHKH HCnpepBIBHBIX (J)yHKII,HH, 



3a,n;aHHbix Ha 0Tpe3Ke, pi t. n. IIpocTbie KOHeHH03BeHHbie jiOMaHbie Toxce 
6ynyT 3jieMeHTapHbiMii kpiibmmh b HameM oiipe/iejieHHH (ppic. 1). 



Phc. 1 


06pa3bi kohh,ob OTpe3Ka Ha3biBaiOTCH kowuclmu sjieMeHTapHoli Kpn- 
Boii, a o6pa3 jno6oro OTpe3Ka, coflepjKameroca b iicxo^hom OTpe3Ke, Ha- 
3BiBaeTca dyzou. OneBii/pio, hto bchkbh flyra sjieMeHTapHoft KppiBoii caMa 
HBjiaeTCH ajieMeHTapHoii kphboh. 

Ecjiii ajieMeHTapHaa: KpriBaa: C ecTb o6pa3 OTpe3Ka [a, b] npn B3aiiMHO 
o,n,H03HaHHOM h nenpepbiBHOM OTo 6 pajKeHiiri F: [a, b] — > R 3 , to nojiOMce- 
HPie JH 060 II TOHKII P Ha KpHBOH C Onpe^ejIHCTCH OflHHM-eflHHCTBeHHBIM 
hhcjiom t £ [a, b ], o6pa30M KOToporo 3Ta TOHKa HBjiaeTCJi: P = F{t). 
IlepeMeHHaH t Ha3biBaeTCH napaMempoM KpiiBoli C. Pa3HbiM 3HaneHHHM 
napaMeTpa cooTBeTCTByiOT pa 3 jiiiHHbie tohkh KpiiBoii C. OTo 6 pajKeHne F 
6 yo;eM Ha 3 biBaTb napaMempu3av,ueu kphboii C. Y o,h,hoh h toh nee sjieMeH- 
TapHoii kphboii MOJKeT 6 biTb mhoto pa3JiHHHbix napaMeTpiisapiiii. Kpn- 
Byio, CHa 6 jKeHHyio napaMeTpiisapiieii, 6 y^eM Ha3biBaTb napaMempu3oeaH- 
hou kphboii (puc. 2). 

OiiKcnpyeM ci-iCTeMy KOopflimaT. IlycTb tohkh P = F(t) HMeeT Koop- 
^HHaTbi x , y, z. ripn H3MeHeHiiii napaMeTpa t ohh TOJKe 6ynyT MeHHTbCH — 
KajK^an KOop/pmaTa HBjiaeTCH HeKOTopoft (JjyHKpiiefi ot t: 

( x = /1 (t), 

l v = hit), 

[ z = hit), 


(1) 


r fle /i, /2, /3 — HenpepbiBHbie HHCjiOBBie 4>yHKniiH, 3a^aHHbie Ha OTpe3Ke 

[a, 6] (puc. 3). 



u t i t 2 fi 



OyHKpmi fi , /2 , fs nojiHOCTBio onriCBiBaiOT napaMeTpnsapino F h Ha- 
3BiBaiOTCH ee KoopdimarrmuMu (fi yuKyunMu. CooTHonieHiia x = /i , y = f-2 , 
z = Ha3BiB aiOTCH ypaenenujiMu napaMeTpii30BaHH0i“i KpiiBoii C. 



Phc. 3 



Phc. 4 


Ecjiii /: [a, 6] — » U — HenpepBiBHaa 4>yHKH,iiH:, to ee rpacjniK HBjiaeTCH 
njiocKoli ajieMeHTapHoii KpiiBoft, flonycKaiomeft napaMeTpH3aipno x = t, 
V = /(£)• Kax MHOJKecTBO KpiiBaa C 3a,n,aeTCH ypaBHemieM y = f(x). 
TaKoe aa/tawne KpiiBoft Ha3BiBaeTCH sibhum (pnc.4). IIpocTpaHCTBeHHaH 
KpiiBaa flonycKaeT sienoe 3 adanue , ecjin OHa o6jia,a,aeT napaMeTpusapHefi 
x = t, y = f(t ), z = g(t). Tanaa KpimaH KaK mhojkcctbo mojkct 6bitb 
3 & y & n & chctcmoh ypaBHemifi y = f(x), z = g(x). 

He Bee KpiiBbie ^onycKaiOT HBHoe 3a,a,aHHe. 

IIpHMep. JIio6aH flyra OKpyjKHOCTH, 6ojrt>HiaH 180°, He flonycnaeT hb- 
hoto 3a/i,aHHH:. 

^jih Hac ochobhoh HHTepec 6ynyT npe^CTaBjiHTb KpiiBbie, o6jia,a,aiomiie 
napaMeTpH3aH,iieii c hckotopbimii ^onojiHiiTejibHbiMii cbohctb aMH . nycTb 
F: [a, b ] — > R 3 — napaMeTpH3aH,iiH kphboh C, a /i, /2, fz — ee Koop^n- 
HaTHBie cjjyHKHHH. napaMeTpH3aD,HH F Ha3biBaeTCH peeyjifipHou, ecjiii, bo- 


nepBbix, 4)yHKn,npi /i /2, rjia^Kiie (t. e. AOCTaTOHHoe hiicjio pa3 Henpe- 
pbiBHO fliKjxjDepeHpiipyeMbie) pi, bo-btopbix, npn krjk^om 3HaHeHini napa- 
MeTpa t € [a, b] npoH3BOAHaa no Kpafmeii Mepe oahoii H3 sthx cjjyHK- 
pnn He o6paiH,aeTca b Hyjib. (IIocjieflHee ycjiOBne ya,o6HO 3anncaTb b bii- 





Phc.5 


Ae: (f-[ (t))' 2 + (/^(i )) 2 + (fzit)) 2 ^ 0.) Kpimaa, o 6 jiaAaK>maa peryjiapHoli 
napaMeTpH3an,Heii, Ha3biBaeTca zjiadKou (cp. piic. 5). Ilpn Heo 6 xofliiMOCTH 
Mbi 6 ya,eM 6e3 AonojiHHTejibHbix oroBopoK TpeSoBaTb noeumenHou ejiad- 
Kocmu , t. e. cymecTBOBamiH y <|>yHKH,HH /i, f 3 HenpepbiBHbix npoii3- 

bo^hmx ao n-ro nopa^Ka BKjHOHiiTejibHO npn HeKOTopoM n ^ 2 . 

H 3 TeopeMbi o HeHBHon 4>yHKii,iiH cjie^yeT, hto b OKpecTHOCTH KajK^oii 
CBoeii tohkii rjiaflKaa KpHBaa flonycxaeT aBHoe 3aflamie. /IpyrHMH cjiOBa- 
mh, Bcaxaa floCTaTOHHO Majiaa Ayra rjiaAKOii KpiiBOii aBjiaeTca rpacjuiKOM 
HeKOToporo rjiaAKoro OTo6pa*;eHiiH (b noAxoAameft cucTeMe KOopAHHaT). 

IIpHMep. PaccMOTpiiM OTo6pa»ceHiie [a, b] — > R 2 , 3aAaHHoe cjaopMy- 
jioii: f(x ) = (cos a;, sinx). Ero rpac|)HKOM b R 3 6yAeT OTpe30K eunmoeou 

auhuu . Oh jiejKHT Ha ipuiiiHApe paAiiyca 
1 c ocbio Ox (pnc. 6). 

PaccMOTpiiM npoii3BOjibHoe 6neK- 
TiiBHoe HenpepbiBHoe, a 3HamiT, 11 moho- 
TOHHoe OToSpaateHiie p HeKOToporo ot- 
pe3Ka [c, d] b 0Tpe30K [a, b ]: r 1 — > t = 

Ecjih F: [a, b] — > R 3 — napaMeTpu- 

3an,HH KpHBOH C, TO CKB03H06 0 T 06 pa- 

jKemie G: [c, d] — > R 3 , onpeACJiaeMoe no cjiopMyjie G(t) = F(p(r)), 
TaK»ce 6yAeT napaMeTpH3au,Heft KpiiBOii C. PoBopaT, hto OHa nojiynaeTca 
H3 1 iapaMeTpn3anH m F npn noMonpi 3aMeuu napaMempa t = <p(r). Ecjih 
ip(a) = c h <p(b) = d, to ip ecTb mohotohho B03pacTaioiH;aa tf)yHKu,Ha, a 



ecjin tp(a) = d, tp(b) = c, to — moho- 
tohho y6biBaiomaa cjiyHKipiH (puc. 7). 

Kaacflaa napaMeTpiisaipia onpe^e- 
jiaeT HfiKOTopbiii nopadou ToaeK Ha 
KpiiBoft. Ecjiii ^Be napaMeTpiisapHii 
CBH3aHBi B03pacTaiom;eH 3aM6HOH na- 
paMeTpa, to ohh onpeflejiaiOT ofli-iH h 
tot ace nopjmoK, a ecjin ohii CBH3a- 
hbi y6biBaiomeH 3aMeHoii napaMeTpa — 
to pa3HBift. Hto6bi (JaiKCiipoBaTb no- 
paflOK ToneK Ha KpiiBOii, .nocTaToniio 

yKa3aTb Hauajibnym h KOHeunyw toh- 
KII KpiIBOH (o6e OHII HBJIHIOTCH KOHpa- 
MH KpiIBOH ) . 

3jieMeHTapHyio KpHByio, y koto- 
poii (|)HKCHpoBaHbi HanajibHaa h kohch- 
Haa tohkh, Ha30BeM opueHmupoecm- 
hou. Bcanaa flyra opiieHTiipoBaHHOii 
KpiiBoft caMa opueHTiipoBaHa. B ,najib- 
HeiiHieM Mbi 6yn,eM no,n, Kpueou o6bih- 
ho noflpa3yMeBaTb 3jieM6HTapHyio opu- 
eHTiipoBaHHyio KpiiByio. OpiieHTaipno 
yn;o6HO yKa3biBaTb CTpejiKofi (puc. 8). 

3aMenaHHe. XIjim toto hto6bi na- 
paMeTpii3aii,iiH G(t), nojiyaeHHaa H3 
peryjiapHon napaMeTpH3aii,ini F[t) npn 
noMomii 3aMeHbi t = y>{r), Taxace 6bi- 
jia peryjiapHon, Heo6xo,z],HMO h ,nocTa- 
tohho, HTo6bi 3aMeHa 6bijia Heoco6ou , 
t. e. HTo6bi (J)yHKii,HH <p(r) 6bijia Henpe- 
pbiBHO ^HtJxJiepeH nHpyeMoii . a ee npo- 
n3BO,n,HaH y>'(r) Hiir^e ho o6parn,ajiacb 
b Hyjib (oHa 6yn,eT Bciofly nojioaciiTejib- 
hoh hjih BCKyiy OTpimaTejibHoit) . (,Hp- 
KaaaiTe 3 to!) 

flo chx nop mbi paccMaTpiiBajiii 
KpiiByio KaK MHoacecTBO ToaeK hjiii tfai- 
rypy Ha njiocKOCTii hjih b npocTpaH- 
CTBe. IIpii napaMeTpii3aH,Hii KpiiBoft 
napaMeTp nrpaeT pojib KOop/pmaTbi b 







Phc. 9 


3T0M MHOJKeCTBe . (KoOp^HHaTHOII 4>yHXH,Iieii CJiy>KIIT 4>yHKLI,Ha, o6paT- 
Haa napaMeTpH3an,iin.) Bo3MO>xeH h flpyroft, oneHb njiOflOTBOpHbiii B3rjia^ 
Ha KpHByio, KaK Ha TpaexTopino flBiDxymeiica MaTepnajibHOH tohkii 
nTiipbi, pbi6bi, caMOJieTa h t. n. (puc. 9). (HanpiiMep, jieTanpm no imep- 
h,hii KaMeHb omicbiBaeT napa6ojiy.) 3,n,ecb pojib napaMeTpa iirpaeT BpeMa, 
npome^Hiee, HanpiiMep, ot Hana.ua flBHJxemin. 3tot noflxofl no3BOjiaeT 
HcnojiB30BaTb b reoMeTpiiii Taxue noHHTiia H3 MexaHHKH , xax cxopocTb, 
ycxopemie, nyTb h t. n. 

§ 2. BeK'j op-cj)yHKu,nn o/pioro nepeMetmoro 

PaccMOTpeHHbie HaMii b § 1 cnoco 6 bi 3 a,a,aHHH xpiiBbix CBH 3 aiibi c xoop- 
^HHaTaMii h ncnojib 3 yiOT nncjiOBbie cjjyHxipiii. HacTO ya,o 6 eH 6 ecxoop,n,H- 
HaTHbift cnoco 6 3 a^aHHa, xoiyja fljia napaMeTpH 3 an,ini xpiiBon ncnojib 3 y- 
IOTCH BeKTOp-cjjyHKppIII. 3 fl 6 Cb MbI KOpOTKO H 3 JI 0 JKIIM CBH 3 aHHbI 6 C HHMII 
noHHTHH h (JiopMyjiHpoBKii. IIohth Bee ^oxa 3 aTejibCTBa onycxaiOTca. 

IlycTb xanynpMy micjiy t £ [a, b] no HexoTopoMy npaBiuiy nocTaBjieH 
b cooTBeTCTBHe BexTop v(t) TpexMepHoro eBxjniflOBa npocTpaHCTBa. To- 
rfla SyneM roBopiiTb, hto Ha OTpe3xe [ a , b } onpe^ejieHa eeKmop-^yuKyusi 
v(t). TaxHM o6pa30M, BexTop-4)yHxn,riH — sto 4>yHXH,iia co 3HaneHiiHMii 
b MHOixecTBe (cBo6o/i,Hbix) BexTopoB TpexMepHoro eBxjiHflOBa npocTpaH- 
CTBa. HacTO fljia HarjnmHOCTii BexTopbi — 3HaneHiia BexTop-tfiyHxuyiii — 
npe^CTaBjiHiOT HanpaBjieiiHbiMii 0Tpe3xaMii (pnc. 10). Ecjiii, HanpiiMep, 
OTjioixiiTb Bee BexTopbi v(t) 113 o^hoii h toii >xe totkh O — Hana.ua ot- 




cneTa, to hx xoHpbi o6pa3yiOT HexoTopoe MHOixecTBO Tonex, xoTopoe Ha- 
3biBaeTca zodozpacfioM BexTop-iJiyHXHyni v(t). TaxiiM o6pa30M, ro^orpacji — 
3to MHOixecTBO Tonex, pafliiyc-BexTopbi xoTopbix hbjihiotch 3HaneHiiaMii 
BexTop-cjDyHxpHii (puc. 11). 

IlycTb Ha npoMeixyTxe [a, 6] 3aflaHa BexTop-tfiyHxipiH v(t). Fobopht, 
hto BexTop a ecTb npedeji stoh BexTop-tfjyHxpiiii b Tonxe to € [a, b ], ecjni 

lim |u(i) — a| = 0. 


B TaKOM cjiynae Hcnojib3yiOT 3amicb: a = lim v(t). BeKTop-cjayHKipiH v(t) 

t — ► £() 

Ha 3 biBaeTca Henpepuenou e mou ne to, ecjin 

v(to) = lim v(t). 

t^-to 

Ecjih BeKTop-tJjyHKpiiH v(t) HenpeptiBHa bo Bcex TOHKax npoMencyTKa 
[a, b ], to roBopsT, hto OHa nenpepuena na [a, b }. 

^jih BeKTop-cjjyHKpmi onpe^ejieHbi Te nee ajire6paHHecKHe onepapun, 
hto n fljia o6biHHbix BeKTopoB: 3 to cjioJKeHiie, BbiHiiTaHiie, yMHOJKeHiie Ha 
HHCJiOByio (JiyHKpmo, CKajiapHoe, BeKTopHoe h CMeniaHHoe npoH3BefleHiiH. 
Bboahtch ohh noTonenHo: 


(v+ w)(t) = v(t) + w(t), 

( v — w)(t) = v(t) — w(t), 

(/ • v)(t ) = f(t) ■ v{t ), 

(v ■ w)(t) = v(t) ■ w(t), 

(v x w)(t) = v(t) x w(t), 

(it, v, w)(t) = ( u(t ), v(t), w(t)). 


FoBopaT, hto BeKTop-(|)yHKH,HH v (i) du^j^epenyupyeMa e mouKe to £ 
[a, b ], ecjin npii t — > to cyipecTByeT npe^eji OTHomemia {v(t) — v(to))/(t — 
to). 3tot npe^eji Ha3biBaeTCH npouseodnou BeKTop-ifiyHKipiH v(t) e mou- 
Ke to h o6o3HaHaeTCH nepe3 1 / (t) 

(puc. 12): 


v'(t 0 ) = 1™ 
t—t 0 


v(t) - v(t 0 ) 



Ay 

At 


t-to 

Ecjih BeKTop-tJiyHKipiH flii4xJ)epeHD;ii- 
pyeMa b HeKOTopoii tohkc, to, ohcbh^- 
ho, OHa h HenpepbiBHa b stoh tohkc. 

Ecjih BCKTop-cjpyHKipiH v(t) HMeeT npoii3B0flHyio b KajK^oii tohkc OTpe3Ka 
[a, 6], to roBopsT, hto OHa ducpcpepenyupyeMa na eceM ompe3Ke [a, b\. 
Pa3o6beM npoMeiKyTOK [a, b] Ha n nacTeii TOHKaMii 


a = to < t\ < t2 < ■ ■ ■ < t n = b. 


IlycTb S — MaKCHMajibHoe 113 Hiiceji ti+ 1 — U, npii i = 0, n — 1. Co- 
cthbiim HHTerpajibHyio cyMMy 


n — 1 

cr n = ^2 v(Ti)(ti + 1 - ti), 

i = 0 


rfle r, € [tj, ii+i]. ByfleM roBopiiTb, hto BexTop-cjiyHxipiH v(t) unmezpupy- 
eMa , ecjin fljia npoH3BOJibHoro Bbi6opa n cyipecTByeT npe^eji HHTerpajib- 
hbix cyMM <r n npii <5 — > 0. 3tot npe^eji 6y^eM Ha3BiBaTt> onpede/ieHHUM 
UHmezpajiOM ot BexTop-tfiyHxipiii v(t) h o6o3HanaTb ero, KaK o6biHHo: 

b 

J v(t)dt. 

a 

M 3 HepaBeHCTBa TpeyrojiBHHKa BeKTopoB moxcho BbiBecTn nojie3- 
Hoe HepaBeHCTBO BeKTop-cJ^yHKijHH: 


b 


b 



a 


v(t)dt 


< j \v(t)\dt. 


^OKa3biBaTb pa3jiHHHbie CBOlicTBa BexTop-cjjyHxipiii npoipe Bcero b ko- 
op,a,HHaTax. OiiKCiipyeM b npocTpaHCTBe ^exapTOBy ciiCTeMy KOop^iiHaT 
xyz c HanajiOM b HexoTopoii Tonxe O. Ecjih i, j. k opTbi xoopflrmaTHbix 
oceii, to 

v{t) = v 1 (t)i + v 2 (t)j + v 3 (t)k, 

r^e vi (t), v 2 (t), v 3 (t) — Koopflima- 

Tbl BeKTOpa v(t). OyHKIlHH Vl (t), 
v 2 (t), v 3 (t) Ha3biB aiOTCH KoopduHam- 
HUMU (fiyHKyUHMU BeKTOp-4>yHKn,IlPI 

v(t) (pnc. 13). 

HeTpya,HO ,noxa3aTb, hto BexTop 
a = a\i + a 2 j + a 3 k HBjiaeTCH npe^e- 
jiom (JjyHKnHH v(t) b Tonxe to Tor^a n 
tojibxo Tor,na, xor^a ero xoop,a,HHaTbi 
a\, a 2 , a 3 sbjihiotch npe^ejiaMH xoop- 
^HHaTHbix (JjyHxpiiH v\(t), v 2 (t), v 3 (t). H 3 3Toro jierxo cjie,nyeT, hto ecjin 
f(t) — > a, u(t) — > a, v{t) — > b , w{t) — * c npii t — > to, to 


v(t) + 

w(t) - 

-> b+ c, 

v(t) - 

- u it) - 

-> b — c, 

/(*)■ 

v(t) - 

-> ab , 

v(t) 

■ w(t ) - 

-> 6 ■ c, 

v(t) X 

w(t) - 

O 

X 

-0 

t 

(«(*), v(t), 

w(t)) - 

- (a, 6, c) 



Phc. 13 


KpoMe Toro, hcho, hto BexTop-cjiyHxiiHH v(t) HenpepbiBHa b Tonxe to (Ha 
BceM OTpe3xe [a, b ]) Tor^a h Tojibxo Tor^a, xor,na b Tonxe to (Ha OTpe3xe 


[a, 6]) HenpepbiBHbi ee KOop/pmaTHbie (Jiymapm. H 3 stoto cjieflyeT, hto 
ecjiii <J)yHKnnH f(t), u(t), v(t), w(t) HenpepbiBHbi b tohkb to (Ha OTpe3Ke 
[a, b]), to BMecTe c hhmii HenpepbiBHbi i}iyHKii,nn u+ v, u v, f ■ u, u ■ v, 
U X V, (it, V , w). 

HeTpynpo ,n,OKa3aTb, hto BeKTop-4>yHKu,nH v(t) ^HiJxJiepeHpiipyeMa b 
T onne to G [a, b] Tor^a h tojibko TOiyja, Kor^a b stoii tohkc fliicJxfiepeH- 
pupyeMbi KOopfliraaTHbie (JiyHKHiin v\ (t), v 2 (t), V3 (t). Ilpii stom 

v'(t 0 ) = v[(to)i+v' 2 (to)j + v' 3 (t 0 )k. 

Ecjiii v(t) flH(|Kj )e P eHI ? II Py eMa Ha BceM OTpe3Ke [a, b ], to ee KOopflimaTHbie 
cjjyHKniin TaKuce ,n,H(f)c|3epeHn,iipyeMbi. BepHO h o6paTHoe yTBepjK^eHiie. 
Ilpn 3 tom ecjiii f(t), u(t), v(t), w(t) fliiiJxliepeHipipyeMbi Ha [a, b ], to 

(v+ w)' = v' + vJ , (v — w)' = v' — w' , 

(/ • v)' = f'v + fv 1 , (v ■ w)' = v' ■ W + V ■ 11J 
{v X w)' = v' X W + V X w ' , 

(u, V , w)' = (v ! , V , w) + (u, v ' , w) + (u, v , u/). 


AHajioniHHO o6ctoht ,n,ejio c HHTerpiipyeMOCTbio. BeKTop-tfjyHKipiH 
v(t ) HHTerpupyeMa Tor,zi,a h TOjibKO Tor^a, Kor^a iiHTerpiipyeMbi ee ko- 
Op,H,IIHaTHbie (JlyHKHHH Vl, l>2, V 3 . Ilpii 3T0M 


u u u 

v(t)dt = i J Vi (t)dt+j j V2 (t)dt + k j V3 (t)dt. 


5Icho Tenepb, hto BCHKan HenpepbiBHaa BeKTop-tJiyHKpiiH HHTerpupyeMa. 

Ecjiii (JiyHKipiH v(t) iiMeeT HenpepbiBHyio npoiiSBOflHyio, to cnpaBe,n,- 
jiiiBa (JiopMyjia HbiOTOHa — Jlefifonma 


v(b) — v(a) 


b 


a 


v'(t)dt. 


BeKTopubie ypaBHeHHH kphbhx. Kan mm CKopo y 6 e;;iiMCsi, BeK- 
r i’op-c})yHKHHH oneHb yn,o6Hbi /i,jih oiiHcaHHx h iiccjieflOBaHHJi KpiiBbix. Ecjiii 
F : [a, b] — » R 3 — napaMeTpioanyiH HeKOTopofi kphboh C, to eft cootbct- 
CTByeT BeKTop-4)yHKH,iiH f 1 onpeflejieHHaa: no cjjopMyjie 


f{t) = OF{t). 



OyHKipia F o^H03HaHHO BOCCTaHaBjiPiBaeT- 
ca no BeKTop-cjayHKipni /. KoopflHHaTHbie 
({iyHKnwH y / n F, nan BHflHO H3 onpe- 
flejieHiia, coBna/i,aiOT. BeKTop-4>yHKu,iiH / 
Ha3biBaeTca een mopnou napaMempu3av,ueu 
KpiiBon C (pnc. 14). Ecjiii pa^nyc-BeKTop 
OF {t) o6o3HanaTB nepe3 r, to paBeHCTBO 

r = f{t) 


Ha 3 biBaeTca eenmopHUM ypaenenueM Kpii- 
Boii C. KpiiByio C npii stom moscho pac- 
CMaTpiiBaTB nan roflorpacj) BeKTop-cjjyHKHHM f{t). 

BeKTop-tliyHKpHH /HenpeptiBHa b cnjiy HenpepbiBHOCTii OToGpaacemia 
F. Ecjih KpiiBaa C rjia^Kaa, a F — ee peryjrapHaa napaMeTpii3an,riH, to 
cjDyHKpna /HenpepbiBHO ,n,ii4x|)epeHH,iipyeMa Ha OTpe3Ke [a, 6], npimeM ee 
npoH3BO/i,HaH Hiir^e He o6paiH,aeTca b Hyjib: 



o. 


3aKOHHHM naparpaij) o,h,hoii jieMMOft o BeKTop-cjjyHKuyiax, KOTopoii mbi 
nacTO 6ya,eM nojn>30BaTbCH npn iisyneHMn KpiiBbix. 

JleMMa. Ilycmb v(t) — eeKmop-tfiyHKyufi, dufufepenyupyeMan ecmdy 
na ompe3Ke [a, b\. Tozda djia mozo, umo6u ee Mody.tib |e(t)| 6ua noemo- 
sihhou (fiyuKiyueu, ueo6xoduMO u docmamouno, nmo6u v(t) 6una ecmdy 
opmozonajibHa ceoeu npouseodnou i /(t) : v(t) ■ i /(t) =0. 

/(oKasaTejibCTBO. Hcho, hto \v(t ) [ - nocTOHHHaa cjDyHKuyia TOiyja 
h TOjibKO TOiyja, Kor^a v 2 (t ) — nocTOHHHaa cjsyHKipia. Ho npoii3BOflHaa 
3 toh (JiyHKiiHH KaK pa3 h coBna,n,aeT c 2 v(t) ■ i/(i) = 0. OcTajiocb 3aMe- 
TIITb, HTO paBeHCTBO HyjHO npOH3BOflHOII paBHOCHJIbHO nOCTOHHCTBy CaMOII 
4)yHKH,HII. □ 

B ^ajibHeiinieM Bee napaMeTpiraapiiii y Hac 6yayT TOjibKO BeKTopHbiMH. 
n P H stom Mbi no3BOJiiiM ce6e OToaynecTBjiaTb TOHKy c ee pa^nyc-BeKTopoM 
ii niicaTb f(t) = P BMecTO f(t) = OP. 


§ 3. Kacarcjibiiaa kphboh 

nycTb C — rjia^Kaa sjieMeHTapHaa KpiiBaa, a f{t) BeKTop-4>yHKu,iia, 
3a/i;aiomaH ee peryjiapHyio napaMeTpioapino. Ecjih P = f{to ) — TOHKa 
kphboh, to BeKTop f ' {to) Ha3biBaeTCH KacameJibHUM eenmopoM Kpueou 
C b Tonne P (pnc. 15). 


Phc. 16 



Ecjiii BeKTop-(J)yHKLi,iia: f(t ) oniiCBiBaeT nepeMemeHHe MaTepiiajiBHOfi 
TOHKIl BflOJIB KpHBOH C, TO BeKTOp /'(£()) 6ya,eT BeKITlOpOM CKOpOCITlU 3T0H 
TOHKI1 B MOMeHT BpeMeHII to (piic. 16). 

KacameAbHue eeitmopu e odnou u mou ewce moune, coomeemcmeyw- 
m,ue pa3AUHHUM napaMempu3av,uAM, KOAAUHeapHU h, 3HaaHT, MoryT ot- 
JIinaTBCH TOJIBKO MHOHCIITejieM. 

^eltcTBHTejiBHO, ecjiii g(r) = f{ip{r)) — 

Apyraa napaMeTpiraaipia toii ate kpiiboii, 
npineM to = <p{to), to bcktop (/(to) = 

/'Mn))) • p '( tq ) OHeBH^HO KOjijn-iHeapeH 

BeKTopy f'{t 0 ) =/ , ((p(r 0 )). □ 

IIpaMaa, npoxo^aman aepe3 TOHKy P b 
HanpaBjiemm KacaTejiBHoro BCKTopa f'(to ), 

Ha3BiBaeTca KacameAmou npsiMou e mouKe 
P (pnc. 17). napaMeTpuaecKoe ypaBHemie KacaTejibHoft npaMoii iiMeeT bha 

r{r ) =f(t 0 )+Tf'{t 0 ). 

ITpHMepbi. 1. KacaTejiBHaa npaMaa k OTpe3Ky b jiio6oh tomkc coBna- 
AaeT c npaMoii, Ha KOTopoli jieaaiT stot 0Tpe30K (pnc. 18, a). 

2. KacaTejiBHaa k Ayre OKpyacHOCTii coBnaAaeT c o6bihhoii KacaTejiB- 
hoh k caMoii OKpyacHOCTii (b toii ace Tonne, pnc. 18, 6). 
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y = f(xj +f'(x 0 )Ax 



a 


Phc. 18 


e 


B TOHKe 


3. KacaTejiBHaa k rpatfniKy rjiapKoft <J)yHKipm /(x) 
(xo, /(x o)) HMeeT ypaBHemie (piic. 18, e) 

V = /( xo) + fix 0 )(x - x 0 ). 


Hame onpepejiemie KacaTejibHoft He oneHb reoMeTpirmo, xoth yn,o6HO 
Ha npaKTHKe. 3a ocHOBy ppyroro onpepejieHiiH mojkho b3htb cjiepyiomee 
BascHoe cbohctbo KacaTejibHoft. IlycTb Q — Tomca KpiiBoft C, 6jiH3Kaa k 
TOHKe P. 

TeopeMa. IIpu cmpeMjieHuu mouKu Q Kpueou C k mouite P npedeA 
omHomenuA paccmojmuA S om mov,Ku Q do KacameAbHOu npAMOu e monne 
P k paccmomum d om Q do P paeen Hynw: 


r 

lim — = 0. 

Q^p d 


Kacamenwafi HBAnemcfi eduncmeennou npsiMOu, o6jiadaww,eu omuM 
ceoucmeoM (piic. 19). 



C 


Phc. 19 


Phc. 20 


/)oKa3aTejiijCTBO. IlycTb Q = f{t). IIojiojkiim At = t — to, 
A f = PQ = f(t) — f(to) (puc. 20). PaccTOHHiie d ot tohkh Q flo tohkii P 
paBHaeTCH | A/|, a paccTOHHiie 5 ot tohkh Q po KacaTejibHoft b TOHKe P 
paBHaeTCH |A/x f(to)\ : |/ , (to)|- HaKOHeu,, 


lim — = lim 

Q^p d t— to 


S/At 


t—>t 0 d/ At 



IlepBaa nacTb TeopeMbi poKa3aHa. 


IlycTt Tenepb l — nporoBOjibHaa npaMaa, npoxo^Hipaa: nepe3 TOHKy 
P, a b -ee HanpaBjisnoiipift BeKTop. 06o3HanHM nepe3 <5i paccToamie ot 
tohkii Q po npaMoft l (pnc. 21). Bocnpoii3BOflH pjm npaMoft l npe^biflyniHe 
BbiKjia^KH, nojiynaeM, hto 

5 1 \f'(t 0 )xb\ 

Q™ d \f'(to)\-\b\' 

OcTajiocB 3aMeTiiTB, hto stot npe^eji paBeH Hyjno b tom ii tojibko b tom 
cjiynae, KOiyja BeKTopbi / '( to ) h b KOjijniHeapHbi, t. e. Kor^,a npaMaa l 
HBjiaeTCH KacaTejiBHOii. TeopeMa ,noKa3aHa. □ 




IIjiocKOCTb, co^epacaipaa TOHKy P h opToroHajibHaa KacaTejibHoft npa- 
moh, Ha3biBaeTca HopMaji'bHOu ruiocKOcmbm kphboh C b tohkc P (pnc. 22). 

§ 4. ,3,jmHa kphboh 

IlycTb ajieMeHTapHaa KpriBaa C napaMeTpiraoBaHa BeKTop-c()yHKpHeft 
/: [a, b] — » R 3 . Ha OTpe3Ke [a, b] Bbi6epeM n— 1 tohck, pa36HBaiorn,Hx ero 
Ha n nacTeft: a < t\ < <■■■ < t n -\ < b. ^jih yn,o6cTBa o6o3HaHemift 

nojiojKHM to = a, t n = b. JIoMaHaa c BepniHHaMii b TOHKax f(to ), f(ti), 
. . . , f(t n ) Ha3biBaeTca enucaHHou b KpiiByio C (pnc. 23). 

HHTyHTHBHO KajKCTCH HCHbIM, HTO flJIHHa KpHBOII C (eCJIH O Heft BO- 
o6m;e mojkho roBopiiTb) He flOjcKHa ciijibho OTjniHaTbCH ot fljnmbi Bnn- 
caHHOft jiOMaHOii npii ycjiOBim, hto y jiOMaHoft ^ocTaTOHHO mhoto 3BeHbeB 
h Bee ohii ,nocTaTOHHO Majibi (pnc. 24). 3to npiiBO/piT Hac k cjie^yiome- 
My onpe^ejieHiiio. J^jiuhou kphboh C Ha3biBaeTCH npe^eji, k KOTopoMy 
CTpeMiiTCH fljiHHa BmicaHHbix b Hee jiOMaHbix npii HeorpamiHeHHOM bo 3- 
pacTaHHH Hiicjia 3BeHbeB JiOMaHoft n HeorpaHHneHHOM y6biBaHHH hx ^jihh. 


Phc. 23 


Phc. 24 


Otmcthm, hto ycjiOBiie y 6 biBaHHH /i;jihh 3 BeHbeB mojkho 3 aMeHiiTb flpyrnM, 
paBHOCHjibHbiM eMy ycjiOBiieM: Ha^o noTpeSoBaTb, hto 6 bi 

max (t i+ 1 - U) — > 0. 

i=0, n— 1 

HeTpy^HO BH^eTb, hto stot npe^eji (KOHeHHbifi hjih 6 ecKOHeHHbiii) Bce- 
rfla cymecTByeT: 3 to ecTb He hto imoe, KaK cynpeMyM .zyniH jiOMaHbix, 
BnucaHHbix b KpiiByio. 

KpiiBasi C Ha3biBaeTca cnpjiMAAeMOu, ecjni ee ^jiHHa KOHenHa. 
TeopeMa. Bcakoa OAeMenmapnaji zAadnafi k pueafi C cnpAMJiAeMa. Ee 
dAuna S Moofcem 6umb naudena no (fiopMyAe 

b 

S ~ J \f'(t)\dt, 

a 

rpp. f. [a, b } — > R 3 — npou360At>naA pezyAupnasi napaMempusayuA k pueou 

C. 

^OKa3aTejibCTBO. OpemiM pa3HOCTb Mexyiy ;yinHOH jiOMaHoit h 
HHT erpajiOM MO^yjia iipoh3bo/i,hom. stoto BBe^eM o6o3HaHeHiia: 

1), fi=f'{ti), A i t = ti-t i - 1 . 

Tor^a HMeeM 


n p 

El A j !/'(*)!* 






Ei/jia* 

i=i 



+ 


= i + ii. 


BTopoe cjiaraeMoe no Mepe yMeHnniemiH 3BeHbeB jiOMaHofi CTpeMiiTca k 
H yjno no onpeflejiemno iiHTerpajia. OcTajiocb ,n,0Ka3aTb, hto k Hyjiro CTpe- 
mhtch n nepBoe cjiaraeMoe. ITpeo6pa30BbiBaH, nojiynaeM HepaBeHCTBo: 


I = 


^(|A^-l/;jA it ) 

i= 1 


<^|A i /-/'A l t|. 

i = 1 


Oi^eHHM OT^ejibHO Ka^c^oe cjiaraeMoe b stoh cyMMe: 


lAJ-Z'A^I = 


Zi 

J f\dt 


ti-1 

ti 




Zi 

< J \f'(t)-fi\dt. 


Tax KaK 4>yHKn,na f'(t) HenpepbiBHa Ha 3aMKHyTOM HHTepBajie [a, 6], to 
OH a n paBHOMepHO HenpepbiBHa. 3 to 3HamiT, hto ^,jih jno6oro £ > 0 Hail- 
fleTca TaKoe <5 > 0, hto ecjin x, y € [a, b] h \x — y\ < 6, to \f{x)—f(y)\ < e. 
IIosTOMy ecjin Bee 0Tpe3Kii \tiUj_t,] no /yruHe MeHbine 5, to \f ' {t) — / ' | < e 
fljiH jno6oro t € \ti-i, U\, h, cjieflOBaTejibHO, 


ti 

| A if- f 'A;f | ^ J e ■ dt = e • A it. 

ti-1 

OKOHHaTejibHO nojiynaeM, hto ajih ^ocTaTonno mcjikiix pa36HeHin“i 

n n 

I < y^(£ • A it) = e • Ajt = e(t n - to). 

i=l i=l 

OTCio^a b ciuiy npoii3BO,jibHOCTii BbiSopa Hiicjia e cjieflyeT, hto nepBoe 
cjiaraeMoe CTpeMHTca k Hyjno. □ 

IIpHMepBi. 1. Ecjih /i, / 2 , fs — KOopfliraaTHbie <J)yHKiiHH BeKTop- 
(l)yHKrum /, to (JiopMyjia fljiHHbi kphboh npiiMeT Biifl 

b 

s= j ^my + {m ) 2 + {m) 2 dt 



HJIH, Kopone, 


b 

s = j JW+fF+ffdt. 

a 

2. Ecjiii KpiiBaa C njiocKas h sbho 3a,a,aHa ypaBHemieM y = f(x), to, 
noflCTaBjiaa b npeflbiflymyio cjaopMyjiy t = x, fi{x) = x, f 2 (x) = f{x), 
fs{x) = 0, nojiynaeM 

b 

S = JV1 + f' 2 dx. 

a 

EcTCCTBcmiaM napaMeTpH3au,HH. ^jiimy Ayrn mojkho ncnojiB30- 
BaTB .zyis BBe^eHiia o^hoii oneHb ya,o6Hofi napaMeTpii3an,iiH KpnBoii C. 
3aflaflHM Ha npoMemyTKe [a, b] (JjyHKipno ip{t) no cjiopMyjie 

t 

1>(t) = J I f'(r)\dT. 

a 

5Icho, hto ip(t) paBHneTCH /prime Ayrn c HanajiOM b f(a) h kohd;om f(t). 
OyHKpiiH ip(t) rjia/pcas: oneBiiflHO, ip'{t) = |/'(i)|. OHa mohotohho bo 3- 
pacTaeT (nocKOjibKy ee npoH3BO,npas \ nojioJKiiTejibHa) h OToSpascaeT 

0Tpe30K [a, b] b 0Tpe30K [0, S']. 

PaccMOTpiiM o6paTHyio cj/yHKipuo ip = i/j -1 : [0, S] — > [a, b], 

ip(s) = V> _ 1 (s), 

h napaMeTpi'isapiiio g(s) KpiiBOii C, nojiynaiomyiocH H3 napaMeTpiisapiiii 
f(t) npii 3aM6He napaMeTpa t = ip{s): 

9{s) =f(<p(s)). 

Tanas napaMeTpnsapiis Ha3biBaeTCs ecmecmeemou napa,Mempu3av,ueu 
Kpueou C (pnc. 25). (^Hpyrae Ha3Bamis: HaTypajibHas napaMeTpiiaapiis 
iijiii napaMeTpmaipiH /ynmoit /rymi.) IlapaMeTpoM b stoii napaMeTpii3a- 
H,HH CJiyJKI'IT S — flJIHHa OTpC3Ka KppIBOH. 3 t 0 H eCTb Tan Ha3bIBaeMbIII 
ecmecmeennuu napaMemp. IIapaMeTpH3aii,Hs/(i) nojiynaeTCs H3 g(s) npn 
o6paTHoii 3aMeHe napaMeTpa s = ip(t). 

BascHoe cbohctbo ecTecTBeHHOii napaMeTpH3an,iiH coctoht b tom, hto 
K acaTejiBHBiH bcktop npii Tanoii napaMeTpiiaapnii HMeeT e/piHHHHyio ppm- 
Hy (pnc. 26). 

\sf(s)\ = i. 





^eiicTBiiTejibHO, nocxojibxy 


V'(s) = (V> )'(s) = -7 


TO 


^wi = i/'(^wywi = 


^'(^(s)) LrM»)r 

f'Ms)) 


l/'(^(s))l 


= 1. 


3thm cbohm cbohctbom h TeM, hto g (0) coBna^aeT c HaaajiOM xpiiBofi, 
ecTecTBeHnaa napaMeTpH3au,HH onpe^ejieHa oflHOSHanHO. 

IIpHMep. ypaBHemia x = cos t, y = sini npn t £ [o, tt\ 3a,n,aiOT 
ecTecTBeHHyio napaMeTpH3an,iiio BepxHeii e;piHH'iHoft nojiyoxpyjxHOCTH. 

B flajibHeftnieM mbi 6y^eM o6o3HanaTB BexTop g '( s ) Hepe3 t h hb3m- 
BaTt ero eduHUHHUM eenmopoM KacameAtnou , hjih edunwHUM k acameAb- 
nuM eeKmopoM 1 xpiiBofi b Toaxe g(s). 


§ 5. KpHBH3Ha KpHBOH. ConpHKacaiomaHCH IIJIOCKOCTB 

IlycTb C — rjia/pcaa xpiiBaa, a g (s) — ee ecTecTBeHHaa napaMeTproa- 
n,HH. PaccMOTpHM npoH3BOjibHyio Toaxy P = g(so) Ha xpHBOii C h BexTop 
g "(s 0 ) BTopolt npoH3BO,n,HOH <J>yHxrpni g b stoh Tonxe. 3tot BexTop Ha- 
3BiBaeTCH eeKmopoM Kpueu3nu xpHBOii C b Tonxe P h o6o3HaHaeTCH aepe3 
k (puc. 27): 

k = g "(s 0 ). 

Ero fljniHa k = \k\ Ha3BiBaeTCH Kpueu3Hou xpiiBofi C b Tonxe P. 

Ilocxojibxy | g '(s)| = 1, to BexTop k = g "(so) opToroHajieH BexTopy 
g '(s 0 ) h, cjieflOBaTejibHO, jioxht b HopMajiBHOft njiocxocTH. Ecjih k ^ 0, 
to k 0 h npHMaa, npoxoflaipaa Hepe3 Tonxy P b HanpaBjieHini BexTopa 
fc, Ha3BiBaeTCH zAaenou Hop.uaAbw xpiiBofi C b Tonxe P. B stom cjiynae 
e^iiHHHHbili BexTop n = k/k Ha3BiBaeTCH edunuunuM eenmopoM zaclbhou 
HO pMCLAU, (piIC. 28). 




TaxiiM o6pa3QM, imeeT MecTO paBeHCTBO 


3to Tax Ha3biBaeMaa «nepBaa cjjopMyjia ®peHe». 

KpHBH3Ha no3BOjiaeT onpeflejniTb, HacKOjibKO flamma xpiraaa otjih- 
naeTca ot npaMOii. Tax, xpiiBii3Ha npaMoft bo bcbx Toaxax paBHa Hyjiro. 
BepHO ii o6paTHoe: ecjin xpiiBH3Ha xpiiBoft paBHa Hyjno bo Bcex Toaxax, 
to xpimaa HBjiaeTca 0Tpe3X0M npaMolt. (^oxaaciiTe.) 

IIpHMep. KpiiBH3Ha ;iyrn oxpyjxHOCTii p;yaiyca R bo Bcex Toaxax 
paBHaeTca 1/R. (IIpoBepbTe.) 

BejiHHHHa, o6paTHaa xpiiBii3He, Ha3biBaeTca paduycoM Kpueu3HU xpn- 
BOH B ^aHHOH TOHXC. 

IlycTb f(t) — npoii3BOjibHaa napaMeTpusapua xpiiBoft C. IlycTb OHa 
CBH3aHa c ecTecTBeHHOii napaMeTpH3au,nen g{s) npn noMom,H 3aMeHbi na- 

t 

paMeTpa: s = ip{t) = f \f ' (r)|dr, npiiaeM so = ip(to)- BexTop f"(to) 
o 

MOJxeT He 6biTb xojuiHHeapHbiM BexTopy xpiiBH3Hbi k = g "(sq), ho ero 
npoexuyia [f"{to)] J ~ Ha HopMajibHyio njiocxocTb xojijnmeapHa BexTopy k. 
^eiicTBHTejibHO, / '(to) = g '(so) ■ ip' {to). Cjie^OBaTejibHO, 

f"{t 0 ) = g "(so) • ty'(to )) 2 + g '(so) • <(io). 

Tax xax nepBoe cjiaraeMoe jieacHT b HopMajibHoft njiocxocTH, a BTopoe — 
Ha xacaTejibHofi npaMoii, to nepBoe cjiaraeMoe h paBHaeTca HopMajibHoii 
cocTaBjiaromeii BexTopa f "{to) (puc. 29): 

{f"{t 0 )) ± = \f'{t 0 )\ 2 -k. 


c 


( MexaH h ' rec k h h cmbicji stoii cjsopMyjibi 
3aKjnoHaeTCH b tom, hto HopMajitHoe 
ycKopeuue MaTepnajibHon tohkii, abii- 
jKymeitca no KppiBoii C, 3aBiicnT tojib- 
ko ot CKOpocTii: oho npHMO nponopu;H- 
OHajiBHO KBaflpaTy CKopocTH, a koscJ)- 
(JjimneHTOM nponoppriOHajibHOCTH cjiy- 
JKHT BeKTOp KpHBII3HBI.) 

B HameM onpeflejieHiiii KpiiBH3Ha k 
HBjiaeTCH (JjyHKpneft tohkii P, ho na- 
cto yn,o6HO cniiTaTb, hto OHa 3aBncnT 
ot ecTecTBeHHoro napaMeTpa s hjii-i ot 

toto nee napaMeTpa t, hto ii (fpyHKipia /. HaitfleM BbipanceHiie KpiiBH3- 
hbi nepe3 nepByio n BTopyio npoii3BOflHBie (JpyHKipni f. 5Icho, hto k(to) = 

(/"(M^/inMi 2 

II f" (to). Tor^a 



. 06o3HaHiiM nepe 3 a yroji Meac/iy BercropaMPi f '(to) 


l(/"Oo)) ± | = \f"(t 0 )\ • sina = 


l/"(*o)x/'(to)| 

l/'(*o)| 


OKOHnaTejiBHO nojiynaeM 


k(t 0 ) 


\f"(to)xf'(to)\ 

\f'(to)\ 3 


hjih, Kopone, 


k = 


\f \ 3 


IIpHMep. KpnBH3Ha njiocKoli Kpn- 
boip, 3a^i,aHH0H ypaBHeHneM b hbhom 
BP i^,e y = f(x), BbiHiicjiaeTCH no tfpop- 
Myjie k = \f"\/(l + / ,2 ) 3 / 2 . Otmctipm, 
hto b Tex TOHKax, r,n,e nepBaa npo- 
H3BO/i;HaH y /( x) o6pain,aeTCH b HyjiB, 
KpiiBii3Ha npocTO paBHa MOflyjno bto- 
pon npoH3BOflHOH: k = \f " |. 

IlycTb b TOHKe P KpiiBaa C HMe- 
eT HeHyjieByio KpHBH 3 Hy. Kan mbi bh- 
p,ejm, BeKTopti f'(to) h f"(to) Bceiyja 



Phc. 30 


jiejKaT b njiocKOCTii, HaTHHyTofi Ha BeKTopbi t h n. 3Ta njiocKOCTB Ha- 
3BiBaeTCH conpuKacawm,eucn ruiocKOcmbw kphboh C b TOHKe P (puc. 30, 
31). B KanecTBe HopMajiBHoro BCKTopa k Hen mojkho b3htb 6,h,hhhhhbih 


HopMdJlbHClR 

njiocKocmb 


ConpuKacawiifancH 

WlOCKOCmb 



npHMUH 

rnaenaH Hopxtajib \C 




x 


Phc. 31 


Puc. 32 


BeKTop b = t x n, kotopbih Ha3biBaeTCH eeumopoM 6 unopMaJiu b tohkh 
P. HeTpya,HO Bn^eTB, hto b Kauc^OH TOHKe KpiiBofi C , r^e KpiiBH3Ha ot- 
jiHHHa ot Hyjia, BeKTopBi t, n, b o6pa3yK)T npaByro TpoiiKy B3anMHO opTO- 
roHajiBHBix BeKTopoB. 3ia TpofiKa BeKTopoB Ha3BiBaeTCH 6 a 3 ucoM Opene 
(puc. 32). (^pynie Ha3BamiH: penep OpeHe, TpexBeKTopmiK OpeHe, co- 
npOBOJKflaiOHIIIH TpeXBeKTOpHIIK H T. n.) OHeBIIflHO, HTO 

■ f'(to)xf»(to) 

|/ , (to)x/"(i 0 )|' 


ConpiiKacaiomaHCH njiocKOCTB njiocKoft KpiiBofi Bceiyja coBnaflaeT c 
TOH njIOCKOCTBIO, B KOTOpOH JiejKHT KpiIBaH. 

ConpiiKacaiomaHCH njiocKOCTB o6jia^aeT cypniM BajKHBiM cbohctbom, 
KOTopoe mojkho b3htb 3a ocHOBy npn reoMeTpiinecKOM ee onpeflejiemni: 

TeopeMa. IIycrm> Q — mourn Kpueou C , 6,au3Kasi k mow) ee P . IIpu 
cmpeMJieHuu mouKu Q k mouKe P omHowenue paccmojmuji S om mourn 
Q do conpuKacawmeucR njiocKocmu e mowne P k Keadpamy paccmomuR, 
d om Q do P cmpeMumcn k Hyjiw. 


lim — = 0. 
Q^p d 2 


Ecjiu Kpueu3Ha Kpueou C e mouKe P omnuuna om nyjifi, mo eduncmeeu- 
hou ruiocKocmbw, oCjiadawu^eu maKUM ceoucmeoM, 6ydem conpuKacaio- 
ui^aRCR njiocKocmb (puc. 33). 


(CcJjopMyjiHpoBaHHaH TeopeMa 03HanaeT, hto b Kaayipii TOHKe KpiiBaa 
c tohhoctbio flo BejraapiH BToporo nopa,a,Ka MajiocTii npnGjiiDKaeTCH njioc- 
koii KppiBOii — CBoeft npoeKipieH Ha conpincacaioiiiyioca njiocKOCTb b stoh 
TOHK e.) 3 tot (JsaKT mbi ocTaBHM 6e3 ^,OKa3aTejibCTBa, tcm 6ojiee hto HHrfle 
He 6yzi,eM ero ncnojiB30BaTB. □ 





EuHOpMaJlb 

CnpnMJiHK >u\an 
ruiocKocinb 


KacamejibHan 


Conpui<acaiouia>ic>i 



nnocKocmb 
' DiaenaH HopManb 


Phc. 33 


Phc. 34 


ITjiockoctb , npoxo,n,amaa aepe3 TOHKy P h co,nep:>KaiH,aa BeKTopti b h 
i, Ha3BiBaeTca cnpfiM.nfiwipeu ruiocKOcmbm KpriBoii C b TOHKe P (pnc. 34). 

§ 6. KpyneHHe kphboh. OopMyjiti OpeHe 

IlycTb C — rjia/pcaa Kpiraaa, a g (s) — ee ecTecTBeHHaa napaMeTproa- 
pna. B 3tom h flByx cjie,zi,yioiii;Hx naparpatfiax mbi 6y^eM npe^nojiaraTB, 
hto bo Bcex cbohx TOHKax KpiiBaa C HMeeT HeHyjieByio KpiiBH3Hy. B nacT- 
hocth, b jho 6 oh ee TOHKe P = <7 (so ) onpe^ejieHBi conpiiKacaiomaaca njioc- 

KOCTB II BeKTOp 6lIHOpMajHI 

i / \ j / \ , s g '(so) X g "(so) 

b(s 0 ) = t(so) x n(s 0 ) = ■ 

fc(s 0 ) 

PaccMOTpiiM BeKTOp b' (so) nepBoft npoii3BO/i,HOii ot cjiyHKpini fo(s). Oh 
opToroHajieH BCKTopy f (so), nocKOjiBKy 

fo'(s) = [i(s) x n(s)]' = t'(s) x n(s) + t(s) x n'(s) = t(s) x ra'(s). 

(IIoacHiiM TpeTBe paBeHCTBO. IlepBoe cjiaraeMoe b jieBOii ero aacTii paB- 
ho Hyjno, nocKOjiBKy BeKTopBi t' h n KOjijniHeapHBi (nepBaa (JiopMyjia 


OpeHe).) ^ajiee, BexTop b'(so) opToroHajieH BexTopy b(s o) BBii,ny nocTO- 
HHCTBa MO^,yjia BexTop-cJiyHxpiiii b(s). Cjie^OBaTejiBHO, BexTop b'(s o) xoji- 
juraeapeH BexTopy n(s o). IIosTOMy BbinojiHaeTca paBeHCTBO Bima 

b'(s 0 ) = -a- ra(s 0 ). 

Hhcjio *c Ha3biBaeTca xpyaeHiieM xpiiBoft C b Toaxe P. BbiimcaHHoe pa- 
BeHCTBO hociit Ha3BaHiie «TpeTbefi (J)opMyjibi ®peHe». A6cojnomHUM Kpy- 
nenueM \x\ b Toaxe P Ha3biBaeTca a6cojiiOTHaa BejiHama BexTopa b' (so): 

M = \b'(s 0 )\. 

KpyaeHiie xapaxTeproyeT OTjinaiie npocTpaHCTBeHHoft xpiiBoii ot 
njiocxoft, nocxojibxy, oaeBiiflHO, xpyaeHiie njiocxoit xpiiBolt b xaix/joii toh- 
xe paBHO Hyjiro. HeTpy^HO BH^eTb, aTO ecjni npyaemie xpaBOii b xa»c- 
^oii Toaxe paBHO Hyjiro, to 3Ta xpiiBaa jieaaiT b HexoTopoii njiocxocTii 
(puc. 35). 

A6cojixiTHoe xpyaeHiie mojxho onpe^ejniTb 6ojiee reoMeTpiiaecxii. Ec- 
jih Q — 6jiH3xaa x P Toaxa xpiiBoft C, a 8 — yroji Meac^y conpiixacaio- 
ipHMHca njiocxocTHMii xpiiBoft C b Toaxax P h Q , to npu cmpeMJienuu 




mourn Q k mov,Ke P omnomeHue yzjia 0 k paccmomuw Meotcdy Q u P 
cmpeMumcsi k onpedenennoMy npedeny, Komopuu u paeen a6coJiwmnoM,y 
Kpyuenmo Kpueou C e moune P (puc. 36): lim 9/QP = \x\. 


KpyaeHiie ^onycxaeT h HecjioacHoe xiiHeMaTiiaecxoe HCTOJixoBaHiie. 
IIpe^CTaBHM ce6e, hto HexoTopaa njiocxocTb nepeMeipaeTca b npocTpaH- 
CTBe, npnaeM ee cjnixcHpoBaHHaa Toaxa c e/pmuaHOii cxopocTbio ^BicxeTca 
no xpiiBOii, (JaixcupoBaHHaa npaMaa b xavxflbiii momcht BpeMeHii xacaeTca 
xpiiBoft b 9Toii Toaxe, a caMa njiocxocTb Bee BpeMa aBjiaeTca conpnxaca- 
mmeiica njiocxocTbio xpiiBoft. Tor^a Taxoe nepeMememie 6yn,eT pe3yjib- 
TaTOM nocTynaTejibHoro ^BiiJxeHiia h flByx Bpamemiii — BpaipeHiia 3toh 


njiocKOCTii BOKpyr 6iiHopMajiii h ee BpaipeHiia BOKpyr xacaTejibHOH. Yr- 
jiOBaa CKopocTb nepBoro BpaipeHiia paBHa KpiiBii3He xpiiBOH, a BToporo — 
a6cojiK)THOMy xpyneHiiio xpiiBoii b tohxc conpiixocHOBemiH. 3 HaK xpyne- 
hkh CBH3aH c HanpaBjieHiieM Bpamemis: b cjiynae, xor/ja Bpamemie npo- 
HCXOflHT npOTIIB HaCOBOH CTpejIKH, eCJIH CMOTpeTB H3 KOHD,a KaCaTejIBHOrO 

BeKTopa, to 3 to njnoc, a ecjiH no nacoBoii CTpejine — to Mimyc (piic. 37 ). 

IIojiyneHHbie naMH paHee BbipaacemiH rjik 
npoH3BO,n,HBix no ecTecTBeHHOMy napaMeTpy 
BeKTop-cjDyHKpHH t h b npe^CTaBjunoT co6oii 
^Be H3 Tpex tfiopMyA Qpene (Ha3biBaeMbix Tax- 
jxe cjjopMyjiaMii OpeHe — Ceppe). 3 th (JiopMyjibi 
^aiOT pa3Jio»ceHHe no 6a3ncy OpeHe {t, n , 6} 
npOH3BO/],HbIX OT BXOflHmilX B HeTO BeKTOpOB: 

t'(s) = k(s)n(s ), 

n'(s) = —k(s)t(s) + x(s)b(s), 
b'(s) = — x(s)n(s). 

IlepBaH n TpeTbH (fiopMyjibi HaM yxe H3BecTHbi. 

BTopaa cjjopMyjia H 3 hhx cjie^yeT: 



n' = (b x t)' = b' x t + b x t' = —x(n x t) + k(b x n) = xb — kt. 

HHor^a, imea b Bii^y ypaBHeHne kphboh r = g(s), k nucjiy cjaopMyji OpeHe 
othocht h (JiopMyjiy t = r 7 . 

§ 7. Bbi'iiicjicunc Kpy'icHiiJi 

IlycTb no-npeiKHeMy g (s) — ecTecTBeHHan napaMeTpH3au,HH rjiaflxoii 
kphboh C, HMeiomeii b xaxyjpn Tonxe HeHyjieByio KpiiBii3Hy. 

^JIH BblHHCJieHHH XpyHeHIIH XpiiBOH C BOCnOJIB3yeMCH (J)OpMyjiaMH 
OpeHe: 


g '(s) = t, g "(s) = kn, 

g '"{a) = (kn) 1 = k'n + kn' = k'n + k(—kt + xb) = — k 2 t + k'n + kxb. 

PaccMOTpiiM Tenepb CMemaHHoe npoH3Be,n,eHiie (g ' , g " , g Tax xax 
CMemaHHoe npoii3Be,n,eHHe ne lOMemiTCH, ecjiH npn6aBiiTb x o^HOMy co- 
MHOJXHTejno Hjni BbinecTb ii3 Hero .mraenHyio xoM6iiHan,ino A B y x APy rHX > 


TO 


( g'(s ), g "(s), g'"(s)) = (t, kn, —k 2 t + k'n + kxb) = 

= ( t , fcn, kxb) = k 2 (s) ■ x(s). 

OKOH^iaTejibHO nojiynaeM 

(g g ", 9 '") 
x fc 2 

B stoh 4>opMyjie k n x, KaK n g, hbjihiotch cjDyHKipinMH napaMeTpa s. 

Mbi HarnjiH KopoTKyio cjaopMyjiy ,h,jih BbiHiicjiemiH KpyaeHiia kphboh, 
ho eio mojkho nojiB30BaTbca, tojibko ecjni KpiiBaa CHa6jK6Ha ecTecTBeHHOft 
napaMeTpii3aH,nei"i, a sto SbiBaeT Ha npaKTHKe Kpaime pe^KO. BbiBe^eM 
cJjopMyjiy fljia KpyneHHs npn npoii3BOjiBHOii napaMeTpioapnii. 

IlycTB f(t) — npoii3BOjibHaa, a g(s) — ecTecTBeHHaa napaMeTpiisapiiii 

KpiiBoft C, CBH3aHHBie 3aM6HOH napaMeTpa s = ip(t) = f |/ / (r)|dT. Tor^a 

a 

Henocpe^CTBeHHbiM BbiHHCjieHiieM y6e>KflaeMCH b tom, hto 
f'(t) = g'(s)-ip , (t), 

f"(t) = g"(s)-W(t )] 2 + g'(s)r(t), 

f"\t) = g '"(a) ■ [V>'(t)] 3 + 3 g »V>W(t) + g \sW\t). 

OTcro^a cjieflyeT, hto 

It 1 /„/ „ n „ in\ // 6 

(/,/,/ ) = (g , g , g ) • w , 

npimeM ip' = \f'\. IIojiB3yHCb sthm i-i TeM, hto k = \ f'x /"l/l/'l 3 , H3 4)Op- 
Myjibi KpyMeHHH b ecTecTBeHHOH napaMeTpH3au,HH nojiynaeM OKOHna- 
TCJIBHO 

(/', f", f") 

K \f'xf"\ 2 ' 

3to (JjopMyjia fljia BbiHHCjiemia KpyneHiia b npoiOBOjibHOii napaMeTpii3a- 
H,HH. 


§ 8. Ha rypajiL.HL.io ypaeHeHHH kphboh 

C Ka}K/3,0H rjiaflKOii kphboh, KprmrraHa KOTopoft bo Bcex tohkhx ot- 
JII-IHHa OT HyjIH, MBI CBH3ajIII Tpil (jjyHKHHH: s(t), k(t), x(t), KOTOpbie MO- 
ryT 6biTb HaimeHbi no npoii3BOjibHOii napaMeTprraapHH f ( t ) stoh kphboh. 



CnpamiiBaeTCH: onpeflejiniOT jih stii tfjyHKflHii nojiHOCTbio KpnByio h HeT 
jih Meatfly hiimh KaKiix-jin6o coothohichhii? 

MbI MOJKfiM HajIOJKIITb Ha HEX TOJIbKO Tpi-IBI-iajIbHbie orpamiHeHHH. 
Ovhkhhh stii HenpepbiBHbi, KpoMe Toro, k(t) > 0, s'(t) > 0 npii jho6om 
t. JlerKO Bii^eTb, hto ot Tpex (JiyHKflHft mojkho nepefirn k flByM, b3hb 3a 
napaMeTp fljnmy flyrn s. Torfla k(s) n x(s) 6ya,yT (JjyHKflHHMii, CBH3aHHbi- 
mi Henocpe^CTBeHno c KpnBoft (ii HanpaBjieHiieM Ha Heft). HaM ocTaeTcn 
y3HaTb, onpeflejiniOT jih ohii KpiiByio 0flH03HaHHO h HeT jih Meatfly hhmh 
K aKiix-jni6o cooTHonieHiift (TaKiix, KaK sin / = cos h sin 2 +cos 2 = 1). 

TeopeMa. Ilycrm> C\ u C 2 — dee zjiadKue Kpueue, uMewvu^ue odunaKo- 
eyw d.nuHy, u 9i(s), g 2 (s) — ux ecmecmeeHHue napaMempu3av,uu. Ec.au e 
coomeemcmeywu^ux mouKax smu Kpueue uMemm odunameue Kpueu3ny 
u KpyneHue: 

k 1 (s) = k 2 (s), xi(s) = >f 2 (s), 

mo cymecmeyem najiOMcenue, nepeeodau^ee upueyw C\ e Kpueyto C 2 . 
fl,pyzuMu cjioeaMu, Kpueu3ua u upyuenue onpedejuuom Kpueyw c mou- 
Hocmbw do noAOCHcenuji e npocmpancmee. 

floKasaTejibCTBO. CoBMecTHM HajioateHiieM penepbi OpeHe o 6 enx 
KpiiBbix b HanajibHbix TOHKax, cooTBeTCTByioifliix 3HaHeHiiio napaMeTpa 
s = 0: nycTb g, ( 0 ) = g 9 (0), 
ti(0) = i 2 ( 0), ni(0) = n 2 (0), 
bi(0) = 62 ( 0 ). B 3thx ycjiOBHHx 
TpeGyeTCH flOKa3aTb, hto Kpii- 
Bbie coBnaflaiOT: g 1 (s) = g 2 (s). 

Mbi 6 yfleM paccMaTpiiBaTb 1 1 , 
i 2 , n 2 , bi, b 2 , k\ . k 2 , xi, x 2 

KaK (JjyHKflim napaMeTpa s, ho 
flJIH KpaTKOCTI'I BCIOfly OnyCTHM 

apryMeHT (pnc. 38). 

PaccMOTpiiM cjDyHKfliiio £(s), onpeflejieHHyio no cjjopMyjie 

£(s) = t\ ■ t 2 + ni ■ n 2 + bi ■ b 2 . 

^onaateM, hto 3Ta cjjyHKflHH — nocTOHHHan. ^jih stoto npoflinjKjjepeHfln- 
pyeM £(s), nojib3yncb (JjopMyjiaMH OpeHe, 11 npiiBefleM noflo 6 Hbie: 

£'(s) = t'i ■ t 2 + ti ■ t 2 + n[ ■ n 2 + nx ■ n' 2 + b\ ■ b 2 + bi ■ b' 2 = 

= kin\t 2 + k 2 t 1 n 2 - (k\ti — xibi)n 2 — 

(k 2 t 2 - x 2 b 2 )ni — >ciTiib 2 - x 2 bin 2 = 0 . 



CjieflOBaTejibHO, £(s) = £( 0 ) = 3. 9to 03HanaeT, hto ti(s) = t 2 (s), t. e. 
g i(s) = gjt 5 )' IIocKOJibKy y BexTop-cjjyHxipni ^(s) h g 2 ( s ) B KajK^oit 
TOHKe paBHbi npoii3BO/i,HBie h coBna^aiOT hx HanajiBHbie 3HaHemiH ( g 1 ( 0 ) = 
<7 2 (0)), to 3th (JjyHKpim paBHbi: fll (s) = g 2 {s)- TeopeMa ,a,oxa3aHa. □ 

Mojkho noKa3aTB, hto Mexcfly xphbh3hoh ii xpyneHiieM HeT HeTpiiBii- 
ajiBHbix cooTHomeHHii . Bojiee tohho: d.nn jitoSux zjiadKux nenpepuenux 
<f> yHKU,uu h(s) u g (s), na ompe3Ke [ 0 , 5 ], nepeasi U3 Komopux uojiooku- 
mejibna, cymecmeyem ejiaduasi upueasi C, upueu3Ha u Kpyuenue Komopou 
e ecmecmeemou napaMempu3an,uu onpedejisitomcsi amuMU cfjyHKyujiMu: 

k = h(s), m = g(s). 

^oxasaTejiBCTBO stoto tfmxTa mbi He npiiBO^HM. Oho ricnojiB3yeT TeopeMy 
cymecTBOBaHHH pememiH y ciictcmbi o6bixHOBeHHbix fliKfxJxpeHipiajibHbix 
ypaBHeHiiii. 

CooTHOHieHiiH k = h(s), x = g(s) Ha3t>iB aiOTCH narnypaJibHUMU ypae- 
HeHUSlMU KpiIBOII C . Hx ^.OCTOHHCTBO 3aKJHOHaeTCH B TOM, HTO OHII HHKHK 
He 3aBiicHT ot Bbi6opa xoopfliraaT. 

Kax Mbi yxte 3HaeM, xpiiBaa C hmh onpe^ejieHa o,a;H03HaHHO c tohho- 
CTbK) ,13,0 nOJIOJKeHIIH b npocTpaHCTBe . 

FjiaBa II 

^HO>OEPEHII,HAJIbHA5I TEOMETPH5I 
nOBEPXHOCTEH 

§ 1. 3jieMeHTapHtie noBepxHocm b gbrjih^obom 
npocTpaHCTBe. Cnoco6ti hx 3a/i,aiiM>i 

nycTb <I> - MHOHcecTBO b eBKjiiiflOBOM npocTpaHCTBe R 3 . Mhohccctbo $ 
Ha3biBaeTCH a aeMeumapHou noeepxHoem’bm , ecjni npii npoexpini Ha Hexo- 
Topyro njiocxocTb oho nsauMHO o,n,H03HaHHO h BsariMHO HenpepbiBHO oto 6- 
paacaeTCH Ha OTxpbiTyio o6jiacTb b stoii njiocxocTii (piic. 39). 

IIpHMepbi. 1. JIro6aH njiocxaa o6jiacTb hbjihctch sjieMeHTapHoii no- 
BepXHOCTbK). 

2 . Ccjsepa He HBjiaeTCH sjieMeHTapHOii noBepxHOCTbio, xoth TaxoBofi 6 y- 
^,eT Bcaxaa ,n,ocTaTOHHO Majiaa ccJxpiiHecxaH o6jiacTb. 

Ecjiii mbi 4>nxcHpyeM njiocxocTb, 4>Hrypnpyioni,yio b onpeflenemni 3jie- 
MeHTapHOH noBepxHOCTi-i, to nojiyniiM bo3mojxhoctb sibho 3adamt> sjieMeH- 
TapHyro noBepxHOCTb $. nycTb n — paccMaTpiiBaeMaa njiocxocTb. BBe^eM 



b npocTpaHCTBe flexapTOBy cucTeMy KOop/pmaT xyz Tax, hto6bi njioc- 
koctb II coBnaflajia c KOoppiraaTHOH njiocKOCTbio xy. Torpa npoeKipis Ha 
njiocKOCTb II tohkh c KOoppimaTaMii x, y, z 6yn,eT hmctb KOop/pmaTbi x, 
y , 0. Ecjih oSjiacTb U C II -o6pa3 sjieMeHTapHoii noBepxHOCTii $ npii 
npoeKHHH Ha II, to MHOscecTBO $ 6yn,eT rpatJaiKOM HeKOTopofi HenpepbiB- 
hoh rJyyHKHHM /(a;, y), onpepejiCHHOH b o6jiacTH U . IIosTOMy mhojkgctbo 
<3> mojkho 3a^aTB ypaBHeHiieM 


z = f(x, y). 

TaKoe 3a,naHHe Ha3biBaeTCH hokum, a caMO ypaBHemie Ha3biBaeTCH ypae- 
nenueM aAeMenmapHou noeepxnocmu $ e hshom eude (pnc. 40). 




^jih MHornx pejieii ajieMeHTapHyio noBepxHOCTb <t> yn,o6HO paccMaT- 
pHBaTB xaK o6pa3 o6jiacTH U npii ee OTo6pajKeHiiii b npocTpaHCTBO R 3 , 
KOTopoe TOHKe c KOop/pmaTaMH x , y CTaBHT b cooTBeTCTBiie TOHKy c ko- 
oppimaTaMii x, y , /( x, y). 3to npuMep napaMempuuecKozo 3adanuJi 3jie- 
MeHTapHOH nOBepXHOCTH <J>. 

Boo6iu;e, ecjin sjieMeHTapHaa noBepxHOCTb <£> HBjiaeTCH o6pa30M njioc- 
koh o6jiacTii V npii HenpepbiBHOM B3aiiMHO o,pH03HaHHOM OToOpaaceHim F : 
V -> R 3 , to 3to OTo6pa?KeHHe F Ha3biBaeTCH napaMempu3av,ueu sjieMeH- 
TapHoii noBepxHOCTH <3>. BjieMeHTapHaa noBepxHOCTb, CHa6nceHHaH napa- 
MeTpH3aH,Heii, Ha3biBaeTCH napaMempu30eaHH0u 3JieMenmapnou noeepx- 
HOcrm>H>. KooppimaTbi b hjiockocth R 2 , b KOTopoii jiexaiT o6jiacTb V, 6y- 
peM fljia onpe^ejieHHOCTH o6o3HanaTb 6yKBaMii u n v. 3HaHeHiiflMii flByx 
napaMeTpoB u h v nojiHOCTbio onpepejiaeTCH nojioaceHHe jno6oii tohkh P 
Ha noBepxHOCTH: P = F(u, v). Rucjia hhii 6yn,eM TaKsce Ha3biBaTb eHym- 
peunuMu KoopdunamaMu tohkh P. Ecjiii tohkh P hmgct KOoppHHaTbi x, 
y, z, to npn n3MeHeHHH napaMeTpoB u h v KOoppimaTbi x, y, z TO»ce 6yayT 


MeHHTbCH — Ka>K,Zi;aH H3 HHX HBJIHeTCH HeKOTOpOII <J)yHKIlHeH OT U II V : 


x = fi(u,v), y = f 2 (u,v), z = f 3 (u,v), (1) 

r fle /i, f 2 , f 3 — HenpepbiBHbie HiicjiOBBie (JiyHKpHii, 3a,naHHbie b 06- 
jiacTii V. OyHKUHM fi, / 2 , f 3 nojiHOCTbio omicbiBaiOT napaMeTpii3aii,iiio 
F h Ha3BiBaiOTCH ee KoopdunamHUMu (fiyuKyutiMu. CooTHOinemiH x = f\, 
y = f 2 . z = /a Ha3biBaiOTCH ypaenenufiMu napaMeTpiraoBaHHOii ajieMeH- 
TapHoii noBepxHOCTii <f> (pnc. 41). 



F 


Phc. 41 



^jih Hac ochobhoh HHTepec 6yn,yT npeflCTaBjiHTB ajieMeHTapHBie no- 
BepxHOCTii, o6jia,n,aioiii;iie napaMeTpH3au,iieii c h6kotopbimh flonojiHiiTejib- 
hbimh CBOHCTBaMii. IlycTb F: V — > R 3 — napaMeTpii3au,iia ajieMeHTapHoii 
noBepxHOCTii 4>, a /i, f 2 , f 3 — ee KOopflimaTHBie f))yH Krrn ir. Ecjih, BO-nep- 
BBIX, cjiyHKIlHH fl , f 2 , f 3 HenpepBIBHO ,H,H4x|>epCHII,IipyeMbI H, BO-BTOpbIX, 
npn Kaac^OM 3Ha'ieHnn napaMeTpoB u n v b tohkb (u. v ) He o6pam,aeTCH 
b HyjiB no Kpaimeii Mepe o/pm H3 Tpex onpepejiHTejieli 


dh 

dh 


dh 

dh 


dh 

dh 

du 

du 


du 

du 


du 

du 

dh 

dh 

•> 

dh 

dh 

•> 

dh 

dh 

dv 

dv 


dv 

dv 


dv 

dv 


to napaMeTpii3aipiH F Ha3biBaeTca peeyjifipHou. 

3jieMeHTapHaa noBepxHOCTB, o6jia,n,aioiii,aH peryjrapHOii napaMeTpii3a- 
ipreii, Ha3BiBaeTCn znadKou. ITpn Heo6xoflHMOCTH mbi 6yn,eM Tpe6oBaTb 
ot noBepxHOCTH 6e3 ponojiHiiTejibHbix oroBopox noeumenHou zjiaduocmu, 
t. e. cymecTBOBaHHH y (fiyHKipiii /i, f 2 , f 3 HenpepbiBHBix nacTHbix npoH3- 
BO^HblX Bcex nOpa^KOB flO Tl BKJIIOHHTejIbHO , npil HCKOTOpOM Tl ^ 2. 

B cjiynae hbho 3a/iaHHOii ajieMeHTapHoii noBepxHOCTii HMeeTca npocToil 
pocTaTOHHbiii Kpn r repnii rjiapKOCTii. Ecjih z = f(x, y) — HBHoe ypaBHe- 
Hiie sjieMCHTapHOH noBepxHOCTii <E>, to pjra toto, hto 6 bi <3> 6 bijia rjiapKoft, 
^ocTaTOHHO, hto 6 bi c|iyHKnna / 6buia HenpepbiBHO piicjDcjiepeHiiiipyeMOii. 
(06paTHoe, BOo6me roBopa, HeBepHO.) 


PaccMOTpiiM nporoBOJibHoe b3ri-imho o,n,HO3HaHH0e h B3aiiMHO Henpe- 
ptiBHoe OToSpajKeHiie ip HeKOTopofi njiocKoft o6jiacTii W Ha o6jiacTb V 
(puc. 42): 

V? : W -> V, (^, 77) 1 — * (u, v), 

r pis u = (pi(£, rj), v = y>2(£i 77 ). Ecjih F: V — > R 3 - napaMeTpusapiiH 
ajieMeHTapHOH noBepxHOCTii 4>, to CKB03Hoe OTo6pa>KeHiie G: W — » R 3 , 
onpe^ejieHHoe no 4>opMyjie G(£, 77 ) = F(ipi(£, rj), ^ 2(^1 77 )), Taxsce 6y- 
,a,eT napaMeTpH3aipieH ^jih $. FoBopaT, hto OHa nojiynaeTCH H3 napaMeT- 
pn3aH,iin F npn noMom;ii 30MeHU enympemux Koopdimam u = pi(£, rj), 
V = <P2(€, rj). 





Phc. 42 


^jih toto hto6bi napaMeTpii3au,riH G(£, rj) ajieMeHTapHOH noBepxHO- 
cth 4>, nojiyneHHaa 3aMeHoii (zt, v) = <p(£, rj) 113 perynapHOii napaMeT- 
pn3arpiH F, 6bijia Tax>xe peryjrapHOH, Heo6xo,n,HMO h ^ocTaTOHHO, hto6bi 
3aMeHa 6bijia Heoco6ou , t. e. hto6bi (jjyHXHHH h tp -2 6mjih HenpepniBHO 
^Hcj^epeHipipyeMBi h axo6iiaH 3aMenbi He o6pam;ajiCH b Hyjn>: 


dip 1 

d<P2 

du 

du 

dp>\ 

d<p2 

dv 

dv 


(^jih flOKa3aTejiBCTBa BOcnojiB3yHTecb npaBHjiOM ^HcJxJjepeH nHpoBaH hm 
CJIOHCHBIX (JjyHKiprit.) 


Bciofly rn-DKe b stoh rjiaBe mm ^jih xpaTxocTii 6 y^eM nojiB30BaTBCH 
TepMHHOM noeepxHocmb , HMea npn stom b Bimy tojibko nra/ixue 3 Jie- 
MeHTapHbie noBepxHOCTH. 


2. BeKTop-cJjyHKu,HH ;;nyx nepeMeHHbix 


B npeflbi^ymeM naparpac|)e mbi paccMOTpejin pa3JiiriHbie cnoco6bi 3 a- 
^aHna noBepxHOCTefl. Ohii CBH3aHbi c HexoTopoil ciiCTeMOii xoopflimaT b 
npocTpaHCTBe h iicnojib3yiOT HiicjiOBbie <J>yHxipni flByx nepeMeHHBix. Kax 
II b cjiynae xpiiBbix, nacTO Mbi 6yn,eM nojib30BaTbca 6ecxoop,a,HHaTHbiM 
cnoco6oM 3a,a,aHiiH, npn kotopom fljia napaMeTpiiaapiiii noBepxHOCTH cjiy- 
jkht BeKTop-tJiyHKipifl flByx nepeMeHHbix. 

BeKmop-tfiyHKyusi deyx nepeMennux onpe^ejieHa b HeKOTopoft o6jia- 
cth W C R 2 h CTaBiiT b cooTBeTCTBiie KajK^oii Tonxe (x, y) £ W BexTop 
v(x, y) TpexMepHoro npocTpaHCTBa (piic.43). Bee, hto xacaeTca npe^e- 
jiob, HenpepbiBHOCTii h ajire6paiiHecxiix onepaipiii Hafl TaxnMii BexTop- 
4)yHxn,HHMii, flocjiOBHO noBTopaeT yixe H3BecTHoe HaM o BexTop-cjDyHxpu- 
ax o^hoii nepeMeiiHoii. Tax >xe bbo^htch xoopflimaTHbie 4>yHxu,ini V\, V 2 , 
V 3 (piic. 44). He6ojibniHe otjiiihhh xacaiOTca ^ncjxJiepeHpiipoBaHiiH: BMe- 
cto OflHOii npoii3BO,zi,Hoii y tfiyHxipiii flByx nepeMeHHbix ecTb ,n,Be uacrrmue 
npoii3BO/i,Hbie. Ohii o6o3HanaiOTCfl nyTeM flo6aBjieHiia x o6o3HaHeHiiio hc- 
xo,zi,hoh (JjyHxpiiii hidxhiix iiH^excoB, cooTBeTCTByiomux nepeMeHHbiM, no 
xoTopbiM npoH3BOfliiTca flii4)4)epeHH,iipoBaHiie: v x (x, y), v y {x , y), a Tax- 
>xe v' x {x , y), dv/dy, d x v ii t. n. Otmctiim, hto ecjni bmccto x h y, ctohih,hx 
b cxo6xax, mojxho no^CTaBjiaTb xoHxpeTHbie Hiicjia, to m y, CToaipiie b 
xanecTBe iiH^excoB, o6pa3yiOT edunuu cumboji c o6o3HaneHiieM (JjyHxpiin. 



v(x 5 ,yj 


v(x„yj 


Phc. 43 


Phc. 44 


HacTHbie npoH3BO/i,Hbie xoop/pmaTHbix tfjyHxpiiii (J)yHKniiH u(x, y) 
coBna/i;aiOT c xooo/piHaTHbiMii cjiyHxipiaMii ee nacTHbix npoii3BOflHMx. 



cjjyHKi^iia: /, onpe^ejieHHaa no cjiopMyjie 


f(u, v) = OF(u, v), 


Ha3biBaeTca BeKTopHofi napaMeTpH3au;neH noBepxHOCTH <£> (pnc. 45), a co- 

OTHOineHne 

r = f(u, v ) 


Ha3biBaeTca ee eeKmopnuM ypaeneHueM. B cnjiy HenpepbiBHOCTii (Jiymcrpm 
F BeKTop-cjjyHKpna: / TaK»ce HenpepbiBHa. Ecjiii noBepxHOCTb <I> rjia,a,Kaa, 
a F — ee peryjiapHaa napaMeTpn3an,iia, to (JiyHKipia / HenpepbiBHO aikJ)- 




Phc. 45 


(JiepeHpiipyeMa b o6jiacTii V , npnneM ee nacTHbie npon3BO,n,Hbie b KajK^on 
TOHKe jirmeimo He3aBHCiiMbi: 

f u (u, v) x f v (u, v) ± 0. 

B flajibHeftmeM mbi 6yneM nojib30BaTbca tojibko BeKTopHbiMii napaMeTpn- 
3an,naMH, npnneM, k&k ii b cjiynae KpiiBbix, He 6ya,eM pa3JinnaTb Tonicy 
n ee pa^nyc-BeKTop n 6y^eM ncnojib30BaTb 3anncb f(u , v) = P bmccto 
f{u, v) = OP. 


§ 3. KpHBbie Ha rjia/jKofi noeepxHOCTH 

IlycTb $ — rjia^Kaa noBepxHOCTb, 3a,a,aHHa a ypaBHemieM 

r=f(u, v), 

rfle /: V -> R 3 — ee peryjiapHaa napaMeTpn 3 an,iia. IlycTb u = p\ (t), 
v = pi (t) — ypaBHemia HeKOTopofi napaMeTpii 30 BaHHon KpiiBofi C b 06- 
jiacTn V. Ha noBepxHOCTH <I> KpiiBofi C cooTBeTCTByeT Kpimaa C = /(C), 


KOTopaa b npocTpaHCTBe 3a^aeTCH BeKTopHbiM ypaBHemieM 


r = 

r fl e =f(<pi{t), ip 2 {t)) (pnc.46). 




6 

Phc. 46 

TeopeMa. Ecjiu upuean C e/iadKOM, mo u npuean C mocuce 6ydem 
zjiadKou. 

floKasaTejiBCTBO. Bo-nepBbix, hcho, hto ecjiu 4>yHXH,im f(u, v), 
ipi (t) h ip 2 (t) n pa3 HenpeptiBHO ;i,n(jxJjepeHnnpyeMi)i. to ii iix komiio3mhhh 
ip(t) 6yn,eT n pa3 HenpepbiBHO fliKjxfiepeHipipyeMOH. ^ajiee, BOcnojiB3yeM- 
ca paBeHCTBOM 

^'(t) =fu( i Pi (*), <Pz(t)) ■ <p[(t) +f v {<Pi{t), <P2(t))-(p' 2 (t). (2) 

Tax xax b jiio6oh Toaxe ( u , v) BexTopti aacTHbix npoii 3 BO,a,Hbix f u n f v 
jnmeimo He 3 aBiiciiMBi, h npn jiio6om t xoth 6bi o^ho 113 aiiceji y> 2 {t) 

He paBHO Hyjno, to h x p'(t) ^ 0 . CaeflOBaTejibHO, x p'(t) ecTb peryjiapHaa 


V 


u () u 



f(u,v) 


Phc. 47 


napaMeTpH3au,na KpiiBoli C, KOTopaa, TaKHM o6pa30M, aBjiaeTca rjia^KOH. 
TeopeMa flOKa3aHa. □ 

IlapaMeTpHaecKiie ypaBHemia KpiiBOii C b o6jiacTii V 
u = (pi(t), v = ip 2 (t) 

Ha3BiBaiOTca enympenHUMu ypaenenujiMu KpiiBOii C Ha noBepxHOCTii $. 

Oco6bih HHTepec npe^CTaBjiaiOT KpriBbie, KOToptie aBjiaiOTca o6pa3aMii 
0Tpe3K0B b o6jiacTii V, napajuiejibHbix ocaM KOop/pmaT (piic. 47 ). Ohii 
3aflaroTca BHyTpeHHHMH ypaBHemisMii Biipa 


u = t, v = vo = const; 
u = Uq = const, v = t 


h Ha3biBaiOTca KoopdunamHUMu auhuji - 
mu Ha napaMeTpn30BaHHOii noBepxHOCTii 
4>. Mbi Tenepb mojkbm paTb reoMeTpn- 
aecKoe HCTOJiKOBamie BeKTopoB nacTHbix 
npOH3BO/I,HbIX (JjyHKipni f(u, v). H 3 4>op- 
Myjlbl ( 2 ) BHflHO, HTO BCKTOpbl f u {uo, l’o) 
h f v (uo, Vo) — KacaTejibHbie k KOoppH- 
HaTHblM JHIHIIHM B TOHKfi P = f(uo, Vo). 

IIocKOjibKy noBepxHOCTb <J> rjiappcaa, a 
f(u , v ) — ee peryjiapHaa napaMeTpirea- 
pna, to BeKTopbi f u (u 0 , v 0 ) n f v (u 0 , v 0 ) 

HeKO ji jiHHeapHM , h yroji Menc/iy hhmh paBeH yrjiy Ment/iy KOop^HHaTHbiMn 
JIHHHHMH B TOHKe P (pHC. 48 ). 

B ^ajibHennieM mbi 6 ya,eM paccMaTpnBaTb tojibko rjia^Kne KpnBbie Ha 
noBepxHOCTH, 3 a,z],aHHbie cbohmh peryjiapHbiMH napaMeTpH 3 ai],HHMH. 



§ 4. KacaTejitHaa iijiockoctb noBepxHocra 

IlycTb $ C R 3 — rjia,n,xaa noBepxHOCTb, a P — HexoTopaa ee Toaxa. 
FoBopaT, aTO npaMaa k acaemcfi noBepxHOCTii <I> b Toaxe P, ecjin OHa hb- 
jiaeTca xacaTejibHOii npaMoft b Toaxe P HexoTopoft xpimoft, jieacameft b 
noBepxHOCTii $ n npoxo,n,ain,eft aepe3 Toaxy P (pnc. 49). 

TeopeMa 1. Bee npuMue, Kacawipuecfi noeepxHoemu <f> e mouKe P, 
AecHcam e odnou njiocKocmu. 

^OKa3aTejibCTBO. IlycTb noBepxHOCTb $ 3a,n,aHa ypaBHemieM 

r=f(u, v). 

Tor.ua, xax bii^ho h3 (JjopMyjibi (2) § 3, xacaTejibHbifi BexTop b Toaxe 
P = f(u 0 , vo) jik)6oh xpimoft, npoxoflaipeft aepe3 Toaxy P h jieacain,eft 
b noBepxHOCTii $, aBjiaeTca jnmeftHoft xoM6iiHau,iieii BexTopoB aacrabix 




npon3BOflHbix f u (u o, vq) h f v (uo, vq). Cae^OBaTeabHO, xaacflbift Taxoft 
BexTop, ecjin ero OTjio>xiiTb 113 to'tkh P, 6yn,eT jieacaTb b njiocxocTH, npo- 
xo^amefi aepe3 3Ty Toaxy h coflepacameft BexTopbi f u (uq, vo) h f v {uq, vq) 
(pnc. 50). 5 Icho, aTO b 3toh ace naocxocTii jieacaT h Bee paccMaTpnBaeMbie 
xacaTejibHbie npaMbie. TeopeMa ,n,oxa3aHa. □ 

IlaocxocTb, b xoTopoii jieacaT Bee npaMbie, xacaiomneca noBepxHOCTii 
<3> b Toaxe P, Ha3biBaeTca k acamejibHOu njiocKocm'bm. Mbi 6yn,eM o6o3Ha- 
aaTb ee aepe3 Tp4>. 

Ecjih r = f (u, v) — ypaBHemie noBepxHOCTii, to b xaaecTBe HopMajib- 
hoto BexTopa x xacaTejibHOii naocxocTii b Toaxe P = f(uo , vo) ecTecTBeH- 
ho B3aTb BexTopHoe npoii3Be,neHHe f u (uo, Vo ) x f v (uo, vq), nocxojibxy 
BexTopbi f u (v,o, Vo) n f v (uo, vo) 3aBeflOMO b Heft jieacaT (pnc. 51). B stom 
cayaae BexTopHoe ypaBHemie xacaTejibHOii njiocxocTH iiMeeT Biifl 

(r-f(u 0 , v 0 ), f u (u 0 , v 0 ), f v (u 0 , v 0 )) =0. 


B KOopflimaTax sto ypaBHemic npiimiMaeT bh^, 


X-x 0 Y - y 0 

d u fi(uo , v 0 ) d u f 2 (u 0 , v 0 ) 
d v fi(u 0 , v 0 ) d v f 2 (u 0 , vo) 


Z - z 0 
d u h{uo, v 0 ) 
d v f3(uo, v 0 ) 


= 0, 


rfle a^o = /i(vo, v 0 ), y 0 = f 2 (u 0 , v 0 ), z 0 = f 3 ( 1 * 0 , v 0 ). Edunuunuu eenmop 
HopMcuiu k noBepxHOCTH b Tonxe P onpe,n,ejiaeTca no 4>opMyjie 

n - fu>< fv 

i / u x/„r 

3ia (JsopMyjia 3a,n,aeT HopMajib noBepxHOCTH $ xax BexTop-4>yHxu,ino 
BHyTpeHHiix KOopflimaT u ii a; (pnc. 52). 




KacaTejiBHaa njiocKOCTb c TonHOCTBio flo Bejinaim nepBoro nopafl- 
xa MajiocTii npn6jin}KaeT noBepxHOCTb b flaHHOii ee Tonxe. Bojiee tohho, 
nycTb Q — Tonxa noBepxHOCTH $, 6jni3xaa k Tonxe P. IIpu cmpeMAenuu 
moHKu Q k mou ne P omHomenue paccmofmuji h om mov,Ku Q do Kaca- 
mejivHou njiocKocmu Tp<3> k paccmosmuK) om Q do P cmpeMumcfi k Hyjiw: 


lim — — = 0. 
Q^p QP 


KacameAvnaji ruiocmcmb — eduHcmeennaA , o6jiadaww,afi omuM ceou- 
cmeoM (pnc. 53). 

^OKa3biBaTb 3Toro mbi He 6yn,eM. 

C KacaTejibHoii njiocKOCTBio b Toaxe P CBa3aHO oflno oaeHb ya,o6Hoe 
aBHoe 3a^3,amie noBepxHOCTH <t> b HexoTopoii Majioft oxpecTHOCTii stoh 


tohxh. 


TeopeMa 2. Ilycmb <J> - zjiadKan noeepxnocmt> h P — npou3eojibnafi 
ee mourn. PaccMompuM denapmoey cucmeMy KoopduHam, nauajio mmo- 
pou coenadaem c moHKou P, a oct> z Hanpaejiena no nopMdJiu k noeepxno- 
cmu. ( IIpu omoM ocu x u y oKaotcymca jiecHcaw,uMu e KacameAbnou njioc- 
Kocmu Tozda y mouKu P naudemca OKpecmnocmb e noeepxnocmu, 

Komopym e Koopdunamax x, y, z mochcho 3adamt> hbhum ypaenenueM 

z = f(x, y), 

zde (fiyHKyun f(x , y) onpedejiena u nenpepueno dufifiepenyupyeMa e nem- 
mopou docmamouno mcljiou oKpecmnocmu mourn (0, 0) na nnocKocmu x, 
y, npuueM e comou mouKe (0, 0) uMewm Mecmo coomnowenwi 

/( 0 , 0 ) = /,( 0 , 0 ) = f y (0, 0 ) = 0 . 



Phc. 53 


Phc. 54 



Kpo.ue mozo, ecjiu noeepxnocmb $ donycKaem n pa3 nenpepueno ducfi- 
cfiepeHyupyeMyK) pezyjiapnyw napaMempu3ayuw, mo cftyrnyusi f(x , y) 
rnocnce n pa3 nenpepueno du^xfiepenyupyeMa (piic. 54). 

^OKa3aTejibCTBO. IlycTb noBepxHOCTb $ 3a,n,aHa ypaBHemiaMii 

{ x = fi(u, v ), 

y = /2O, ^), 

^ = /3(w, v), 

npiiaeM fi(uo, vq) = fi(uo , Vo) = fs(uo : vq) = 0. PaccMOTpiiM irpoeKipiio 
noBepxHOCTH $ Ha njiocKOCTb xy. IIpH stoh npoeKipni TOHKa c BHyTpeHHii- 
mh KOop^HHaTaMH (u, v) OTo6pa»caeTCH b TOHKy c KOopflimaTaMii fi(u, v), 


f 2 (u, v). PaccMOTpnM BeKTopbi nacTHbix npoH3BO,z];Hbix (r^e d u fi = (/i) 
H T.fl.): 


fu = (dufi, d u f 2 , d u f 3 ), 
f v = (dvfi, d v f 2 , d v f 3 ). 

IIocKOJibKy, b ciijiy Bbi6opa encTCMbi KOopflimaT, BeKTopbi f u (uo, vq), 
f v (u 0 , vo) jiejxaT b njiocKOCTi-i xy. to 

duh{uo, vo) = d v f 3 (u 0 , v 0 ) = 0. 


CjieflOBaTejibHO, b ciijiy jinHeimon He3aBHCHMOCTn BeKTopoB f u (uo, vo) h 
f v {uo, v 0 ) nojiynaeM 


d u fi{uo, v 0 ) 
d v fi(u 0 , v 0 ) 


d u f 2 (uo, v 0 ) 
d v f 2 (u 0 , v 0 ) 


^0. 


Ecjiii mm paccMOTpiiM Tenepb OTo6pa»ceHiie o6jiacTii V b njiocKOCTb 
xy. 3a*n;aHHoe 4>opMyjiaMH 


x = fi(u,v), y = f 2 (u,v), 


to H 3 TeopeMbi 06 o6paTHon (^ymapiii 6yneT cjie^OBaTb, hto b HeKOTopon 
OKpecTHOCTH Uq tohkii ( 0 , 0 ) onpeflejieHO o6paTHoe OToSpaacemie u = 
Pi(x, y), v = p 2 {x, y). Tenepb acHO, hto ncKOMyio <J>yHKpmo / mojkho 
onpe^ejn-iTb no cjiopMyjie 

f(x, y) = h{v i(*, y), ‘fi 2 {x, y)). 

To, hto /( 0, 0) = 0, oneBiiflHO. To, hto f x ( 0 , 0) = f y ( 0 , 0) = 0, cjie^yeT 
H3 toto, nTO b tohkb (uq, Vq) = (</?i(0, 0), <^ 2 ( 0 , 0)) nacTHbie npon3BOfl- 
Hbie cjjyHKHHM f 3 o6pam,aiOTCH b Hyjib. HaKOHen,, ecjin napaMeTpii3an,iia 
f(u, v) HenpepbiBHO ^H(J)<J)epeHn,npyeMa n pa3, to BMecTe c ee KOopzpmaT- 
hbimh (JjyHKpnaMH / 1 , f 2 , n pa3 HenpepbiBHO fliKjxJiepeHpiipyeMbi tfiyHK- 
n,nn p i n p 2 . Tenepb (Jiymoiiia / HenpepbiBHO fliicjxfiepeHipipyeMa n pa3 
Kax KOMno3iin,na (].)yHKniin pi, p 2 n n pa3 HenpepbiBHO fliicjxfiepeHipipye- 
Mon (JjyHKpnii f 3 . TeopeMa 2 ^OKa3aHa. □ 

HanpaejieHHH Ha noBepxHOcra. IlycTb l HeKOTopaa npaiiaa, 
npoxo^aipaa nepe3 Tonxy P noBepxHOCTii n aeacaipaa b KacaTejibHon njioc- 
koctii Tp$. Byn,eM roBopiiTb, hto KpiiBaa C a noBepxHOCTii npoxo^iiT ne- 
pe3 Tonxy P e Hanpaejienuu npaMoii l, ecjin l — KacaTejibHaa KpnBoit C 
b TOHKe P (pnc. 49 ). Ecjiii nepe3 Tonny P npoxo^aT ^Be KpiiBbie C\ n 



C 2 , to yajio.M, Meotcdy humu HR30BeM yroji Meac/iy hx KacaTejibHbiMii b 
stoh TOHKe. OneBimHO, hto yroji Mex^y kpiibbimh 3aBncnT tojibko ot iix 
H anpaBjieHHii b Tonne P (puc. 55). 

PaccMOTpiiM njiocKOCTb, nepneHflHKyjiapHyio KacaTejibHoii njiocKOCTii 
Tp<J> h nepeceKaiomyio ee no npaMOii l, KOTopaa no-npeaaieMy npoxo^HT 
nepe3 P. H 3 ,a,OKa3aHHOH Bbime TeopeMbi 2 cjie^yeT, hto nepeceneHiie stoii 



Phc. 55 


Phc. 56 


njIOCKOCTII C flOCTaTOHHO MajIOH OKpeCTHOCTblO TO'IKH P Ha nOBepXHOCTH 
HBjiaeTcn rjiaflKOii kphboh (sto rpacJniK cyxcemia cjaynKpiiH / H3 TeopeMbi 
Ha npHMyio l). 9ia Kpimaa Ha3biBaeTca HopMcuit>HUM ceuenueM noBepxHO- 
cth $ b Tonne P b HanpaBjieHHii npaMOii l. OneBH^HO, hto l — KacaTejibHaa 
npaMaa 3Toro HopMajibHoro ceHemia. Bojiee o6ih,hm o6pa30M, KacaTejibHaa 
k KpiiBOH Ha nOBepXHOCTH Bceiyja jieaaiT b nepeceaemiH conpiiKacaioineH- 
ca njiocKOCTii kphboh h KacaTejibHoii njiocKOCTii nOBepXHOCTH (pnc. 56). 
(IIpoBepbTe sto!) 


§ 5 . riepBaa KBaflpaTHHHaa (J)ojiMa nOBepXHOCTH. 
H3MepeHHe ^jihh kphbbix h yrjiOB Me*fly hhmh 


,H,.iiniia kphboh Ha nOBepXHOCTH. IlycTb $ — rjia^Kaa noBepxHOCTb, 
3aflaHHaa BeKTopHbiM ypaBHeHHeM r = f{u, v). PaccMOTpiiM rjia^Kyio 
KpiiByio C Ha nOBepXHOCTH <f>, 3a/i;aHHyio BHyTpeHHHMii ypaBHeHHHMH u = 
v = v?2 (t), Tpp t £ [a, b\. Hac HHTepecyeT fljnma S kphboh C. 
B npocTpHHCTBe KpiiBaa C 3a,n,aHa BeKTopHbiM ypaBHemieM r = ip(t ), 
rfle ip(t) = ), if 2 (t)). Tenepb /piiray S mojkho HaiiTH no ii3BecTHOH 

cjjopMyjie, cm. § I. 4: 


b 



a 


Bmhhcjihm fljiimy BCKTopa IIo cjjopMyjie (2), §3 


hjih, 6ojiee KopoTKO, 

V' = fu{V 1, <P2) ' <f'l +f v (<Pl, <P2)-V2- 
^ajiee nojiynaeM, fljia KpaTKOCTii onycKaa t, 

\<p'(t )\ 2 = \vf =¥>'■¥>' = 

= fl(<Pl, <P2)V? + 2f u (<Pl, <P2)f v (Vl, <P2)<pW 2 +f 2 v{Vl, <P2)v%- 
BBe^eM o6o3HaHeHiia. IIojiojkiim 

E(u, v ) = fl(u, v), 

F (u, v ) =f u (u, v)-f v (u, v), 

G(u, v) = f 2 v (u, v). 

Toiyja (JsopMyjia /i,jih KBa^paTa ^jihhbi BeKTopa <p'(t) npiiMeT bh^ 

\<P'(t)\ 2 = E{lfi U +2F(<f 1 , ^2)^2 +G(ip!, <P2)V2- 

HaKOHeu,, no^CTaBjiM KopeHb H3 3Toro BbipaoKemra b 4>opMyjiy ^jihhbi, 
nojiy^HM: 

b 

s = j \Je{ip 1 , ip 2 )ip'^ +2F(ip 1 , ip 2 )ipW2 + G(<P1, (p 2 )ip 2 dt. (*) 

a 

HMea b BHfly BHyTpeHHiie ypaBHemia itpiiBOH C h onycKaa ^jih KpaTKOCTii 
apryMeHTbi y cjsyHKipm E, F, G, 9Ty cjjopMyjiy nacTO 3anncbiBaiOT Tax: 



a 


(Ho Hejib3a 3a6biBaTb, hto E, F nG — sto He Hiicjia, a uucjioeue (f>yHKV,uu, 
3aBHCHin,iie ot BHyTpeHHiix KOopfliiHaT u h v\) 



rtepeaH KBa^paraHHaa cjjopMa noeepxHOCTH. Ha nepBtiii imaa/i, 

b 

(JjopMyjia (*) KaareTCH cjioacHee, hcm iicxo^Hoe BbipaxceHiie S = f \ip'\dt. 

a 

OflHaKO nojiyaeHHaa cjaopMyjia (*) HMeeT cjieflyiomee BajKHoe npeHMyipe- 
ctbo: b Hen BBi^ejieHBi (Jiymopni E, F n G, KOToptie He 3aBncaT ot BBi6opa 
KpiiBoii C, a 3aBiicHT tojibko ot noBepxHOCTii h ee iiapaMeTpusapHH. Ecjii-i 
HinyTca ,a,jiiiHbi cpa3y HecKOjibKiix pa3jniHHbix KpiiBbix Ha noBepxHOCTii, 
to ya,o6HO CHanajia HafiTii tfjyHKipni E, F h G, a noTOM noflCTaBjiaTb b 
(JjopMyjiy (*) (JjyHKpmi ip\ (t), y>2{t) H npeflejiBi HHTerpiipoBamiH, KOTopbie 
OTBenaiOT toii hjii-i flpyroft kphboh. 

KpoMe toto, 3Ta cjsopMyjia flaeT bo3mojkhoctb tobophtb o fljiHHe Kpn- 
boh Ha noBepxHOCTii, Kor^a H3BecTHt>i ee BHyTpeHHiie ypaBHemia h cjsyHK- 
Hhh E, F h G, a tohhbih Bi-m napaMeTpiisapiiii Hen3BecT6H (t. e. He 3a,n,aH 
TOHHbiii BHfl noBepxHOCTii). 3 to BajKHO npn o6m;eM n3yaeHnn noBepxHO- 
CTeit (cp. § 12). 

Onpe^ejieHHe. OyHKprm E, F, G Ha3biBaiOTCH K09<fi<fiuv,ueHmaMU 
nepeou KeadpamunHou cfiop.uu noBepxHOCTii $, a caMa nepecui ueadpa- 
muHnasi cfiopMa I onpeflejiaeTca no cjaopMyjie 

1 (^ 1 ) P2) = E ' Pi + 2 -F • P1P2 + G ■ 1P2 ■ 

(rUpyroe Ha3Bam-ie - nepBaa ocHOBHaa hjih nepBaa 4>yH^,aMeHTajiBHaa 
cJjopMa noBepxHOCTH.) Mojkho 3aMeTi-iTb, hto MaTpupa 

E F 
F G 

aBjiaeTC a MaTpupeii CKajiapHoro npoH 3 Be,n,eHiia b KacaTejiBHOii njiocKOCTii 
k noBepxHOCTii, 3 anncaHHoit b 6 a 3 nce f u , f v . 

IIpHMep. ^Jia noBepxHOCTii, 3 aflaHHOft aBHbiM ypaBHemieM 2 = 

f(x, y), K 03 (JxJ)HH,HeHTBI nepBOII KBaflpaTIIHHOII (J)OpMbI I-IMeiOT BPIfl: 

E{x, y) = 1 + fl{x, y), 

F{x, y) = f x (x, y) ■ f y (x, y), 

G(x, y) = 1 + fy(x, y). 

y i’oji Meac^y kphbbimh Ha noBepxHOCTH. Uycn, C \ h ('2 - ;me 
KpiiBbie Ha noBepxHOCTH <t>, 3a,n,aHHbie cboiimii BHyTpeHHiiMii ypaBHemiaMii 


u = v = u = v = 1p2{t). 



Ecjiii C i h C 2 npoxoflHT nepe3 o^Hy h Ty »ce TOHKy P = f(uo, vq) 
Ha noBepxHOCTH, to npii noMOipii K09tJxJ)riH,iieHT0B E, F, G nepBOii KBa^- 
paTIIHHOH (J)OpMBI MOJKHO HailTII yTOJI 6 MeJKfly 3THMI-I KpiIBblMII B TOHK6 
P (oh paBeH yrjiy Mencfly KacaTejiBHBiMii npaMBiMii stiix kphbbix). Ecjhi 
Uo = <Pi(to) = V’l('To), Vo = ip 2 (to) = ^(to), to 

_ p' (tp) ■ Xp' ( T q) 

c b \<p'(t 0 )\ ■ W{to)\' 

rfle, Kax h paHBine, p' = f u -p'x+f v -p 2 Kip' = f u ipi+f v ip 2 ~ KacaTejibHbie 
BeKTOpbl K KpiIBBIM C\ H C 2 . IIOJIOJKHM flJIH KpaTKOCTI-I 

ip' = tp'(t 0 ), p\ = p[(t 0 ), v' 2 = <P 2 (to); 
i/j' = ip' ( t 0 ), %p[ = ip( (r 0 ), ip 2 = ^(ni); 
fu=fu( u o, Vo), fv=f v (uo, Vo); 

E = E(u 0 , v 0 ), F = F(u 0 , v 0 ), G = G(u 0 , v 0 ). 

Tor^a CKajiapHoe npoii3BefleHiie b HiicjiHTejie paccMaTpiiBaeMoii ,npo6i-i 
mo5kho HaHTii no tfiopMyjie 

<P' -Ip' = Wxf u + <P2 fv) ■ Wlfu + 4>2fv) = 

= E ■ p\ ip[ + Flip's + tp'zip'x) + Gp 2 ip 2 . 
^jihhbi BeKTopoB ip' h ip 1 HaxoflHTCH no cjjopMyjiaM 

\ip'\ = xj Eipf + 2Fip' 1 (p 2 + Gipf = xjlip'x, <p' 2 ), 

\iP’\ = xjE^ + 2Fip’ 1 ip 2 + Gift = xJl(iP(, iP’ 2 ). 

BbiacHHM Tenepb reoMeTpHnecKHH cmbicji K034>4 )H1 ^ HeHTOB nepBon 
KBa^paTHHHOH (J)opMbi. E h G npe,u,CTaBjiHK)T co6on KBa^paTbi MacniTa6oB 
KOOp^HHaTHBIX JIHHHH — ^JIHHbl MaJIbIX ,Ziyr KOOp^HHaTHblX U- H V- JIHHHH 

npHMepHO b Ve h \/G pa3 SojibHie cooTBeTCTByiomiix flyr b o6jiacTH V. 
E eoMeTpiiHecKiiH cmbicji K034xJ>iiH,neHTa F cjioJKHee: 

F = fu fv = \fu\ ■ \fv\ -COSW, 
rfle to — yroji Menc^y KOop/pmaTHBiMii jihhhhmh. OTCKyja 

F 

Veg' 


cos a; = 



B HaCTHOCTII, HT 06 bI KOOpflHHaTHbie JIHHHH B KajKflOH TOHKe 6bIJIH OpTO- 
rOHajIBHBI, HeoSxOflIIMO H ,H,OCTaTOHHO, HToGbl F = 0. 

Bhhchhm reoMeTpii’iecKiiH CMbicji BbipajKeHiia %/ EG — F 2 , KOTopoe 
noHa,no6iiTCH HaM b ^ajibHeftmeM: 

EG-F 2 = flfl - flfl cos 2 u> = flfl sin 2 a ; = (/„ x / J 2 . 

TaxiiM o6pa30M, hhcjio \J EG — F 2 paBHaeTca njioin,a^,H napajuiejiorpaM- 
Ma, HaTimyToro Ha bgktopbi nacTHbix npoii3BO/i,Hbix f u h f v (puc. 57). 

BHyTpeHHHH reoMeTpHH no- 
BepxHOCTH. I lo;i,[ie;i,('M htoiti. K;i.k mbi 
Bimejni, fljia onpeflejieHHH fljniHbi Kpn- 
boh Ha noBepxHOCTH coBepnieuHO He 
Hy>KHO 3HaTb, hto co6ofi npeflCTaBjiH- 
eT noBepxHOCTb. ^ocTaTOHHO 3HaTb ee 
nepByio KBaflpaTHHHyio cjjopMy. 3to 
ace othochtch ii k yrjiy Menc^y Kpn- 
BbiMii. Kax mm yBH^HM b § 10, njioma- 
;pi 4>iiryp Ha noBepxHOCTH Toace MoryT 
6biTb Haii^eHbi tojibko no K03<fxJ>Hii,HeHTaM E, F h G. Fobopht, hto nepBaa 
KBa^paTiiHHaa cjjopMa OTBenaeT 3a eHympeHHww zeoMempuw noBepxHO- 
cth. (no^po6Hee cm. § 12.) 

Ha noBepxHOCTH BHyTpeiiHiic KOop/pmaTbi mojkho BbiOnpaTb MHoniMii 
cnoco6aMH. C tohkii 3pemia BbiHiicjieHiiii 6bijio 6bi pa3yMHO BbiOpaTb hx 
Tan, hto6bi ynpocTHTb KOScjiiJiimHeHTbi nepBOii KBa^paTiinHOii cjjopMbi. 

OKa3biBaeTca, hto Ha bchkoii noBepxHOCTH KOopfliraaTbi mojkho BBe- 
cth Tan, hto6bi E(u 7 v ) = 1, F(u 7 v) = 0. Hpn otom cjjyHKuyia G(u, v), b 
npiiHpiinc, MOJKeT 6bitb jho6oh nojiojKHTejibHOH. Taxaa cucTeMa Ha3biBa- 
eTca no.ayeeode3uuecKou (cm. § 15.) 

^pyroit yno6HbiH Bim KOop/piHaT — u3omepMuuecKue, hjih Kon<fiopM- 
nwe, Koop^HHaTbi. B 3toh ciicTeMe F(u, v ) = 0, E(u. v ) = G(u, v). 3th 
KOopflHHaTbi 3aMeHaTejibHbi TeM, hto jiejKamiie b o6jiacTH V npoo6pa3bi 
«MajieHbKiix 4>iiryp» Ha noBepxHOCTH $ noHTii no,n,o6Hbi iim, a yrjibi mok- 
^,y KpiIBblMII coxpaHHiOTca. 

HaKOHen,, ynoMHHeM ue6umeecKue KOop/pmaTbi: b hiix E(u 7 v ) = 
G(u, v) = 1. 3flecb flJIIIHbl KOOpflHHaTHbIX JIHHHH BOo6m,e He MeHHHJT- 
ca, a F(u, v) paBHaeTCH KOCiiHycy yrjia Meac^y KOopfliiHaTHbiMii .mimia- 
mi: F = cos lo. 3th KOop/pmaTbi npiiMeHaiOTCH b 3aflanax, CBa3aHHbix c 
pacKpoeM (TKami, MeTajuia h t. n.). 



§ 6. KpHBH3Ha KpHBOH Ha nOBepXHOCTH. 

BTopaa KBa^paTHHHaa (J>opMa 

IlycTb $ - rjiaflKas: noBepxHOCTb, napaMeTpii30BaHHaa BeKTop-tJ)yHK- 
pnefi f(u , v), a C — rjia/pcaa KpiiBaa Ha stoh noBepxHOCTH, 3a,naHHaH 
CBOHMH BHyTpeHHIIMII ypaBHCHHHMII U = V = it), KOTOpbIM COOT- 

BeTCTByeT ee napaMeTpH3aii,HH tp(t) = <£ 2 )- IlycTb P = f{to) — toh- 

Ka Ha KpHBOH C. HaH,I3,eM (J)OpMyjiy KpiIBH3HbI KpiIBOII C B TOHKe P. 
06o3HanHM nepe3 9 yroji Menc/iy HopMajibio n noBepxHOCTH <t> b TOHKe P 
h rjiaBHOft HopMajibio m kphboh C b 
TOHKe P (piic. 58). 

PaccMOTpiiM ecTecTBeHHyio napa- 
MeTpiI3aH,HIO t/>(s) KpiIBOII C. IlyCTb 
OHa cooTBeTCTByeT BHyTpeHHHM ypaB- 
HeHHHM u = i(s), v = ip2 (s), H nycTb 

npil 3T0M P = 'tp(so). KpHBH3Ha k KpH- 
boh C b TOHKe P BbiHiicjiaeTCH no tfiop- 
Myjie (cm. tji. I, § 5) 

h = S ° = cos0 ' 

Hto6bi HafiTii if)" (sq), npo^iicJxfiepeHipipyeM BbipaiKemie fljia ip'(s): 

^\s)=f u {ip 1, +f v {tpi, ^ 2 )^ 2 - 

IIpoflejiaB HecjiojKHbie bbihiic jieHiiH , nojiyniiM 

= f uu (ip 1 . ^ 2)^1 +2/ u „(V’i, V’ 2 )V’lV’ 2 + 

+ V’2)V , 2 2 +/u(V’l, ^ 2)^1 + /„(V’l, 4>2)i’2- 

IIpn CKajinpHOM yMHOJKeHHii Ha BeKTop n nocjieflHiie ppa, cjiaraeMbix ,n,a- 
,n,yT Hyjib, Tax KaK nepBbie npoii3BO,n,Hbie BeKTop-tfiyHKipiH / opToroHajib- 
Hbi BeKTopy n. 

^(jIH CKajIHpHbIX npOII 3 BefleHIIH BTOpbIX npOII 3 BOflHbIX BeKTOp-cjjyHK- 
11,1111 / Ha BeKTop n npiiHHTbi cnepnajibHbie o 6 o 3 HaHeHna: 

L(u, v ) =f uu {u, v) ■ n(u, v), 

M(u, v ) =f uv (u, v ) • n(u, v ), 

N(u, v ) =f vv {u, v ) • n(u, v), 



hjih, Kopone, 


L = fuu' n i M =fuv- n i N = fvv- n - 

nojib3yacb 3THMH o6o3HaaeHiiHMii, mojkho 3amicaTb 

k-cos8 = ip"{s 0 ) • n{ipi(s 0 ), V> 2 ( s o)) = ip” ■ n = 

= L(ipi, 1 P 2 W 1 + ip 2 ) ■ + N(lpU V’2)'02 2 j 

r^e 3HaaeHiia <J>yHKiprii ipi , ip 2 , ip[, ip 2 6epyTca b Toaice sq ■ Bojiee KpaTKaa 
3anacb: 

k ■ cos 8 = L ■ ip'i + 2 M ■ ip[ip 2 + N ■ ip 2 ■ 

(Ho HeaB3a 3a6biBaTB, hto L , M, N — uucjioeue (pyHKyuu flByx nepeMeH- 
hbix u a u!) 

BepHeMca k hcxo^hoh napaMeTpii3au,Hii <p(t). nocKOJitKy ip' (s) = 
<P r (t)/ \<p'(t)\, to ip[ = p'i/\ip'\, V4 = ^2/1 V 3 ' I, we Bee 3Haaemia 6epyTca 
no-npe»cHeMy b sq h to- no^CTaBjiaa b npe^biflymyio c|)opMyjiy, nojiyaiiM 

_ L ■ + 2 M ■ (p[ip' 2 + N ■ ip % 

' C ° S ~ E- p'? + 2 F ■ vW 2 + G ■ p'? ' 

OyHKpmi L, M, N Ha3biBaiOTca KoacpcpuyueHmaMu emopou ueadpa- 
muuHOu cfiopMu , a caMa BTopaa <J>opMa onpeflejiaeTca no cjiopMyjie 

n(v?i, P 2 ) = L ■ Pi + 2 M ■ p'ip '2 + N ■ P 2 - 

HacTO yn,o6HO caiiTaTb BTopyio KBa,ii,- 
paTiiaHyio cjsopMy (JjyHKpuefi, onpe- 
flejieHHofi Ha MHoacecTBe xacaTejib- 
Hbix BCKTopoB hjih npocTO Ha Kaca- 
TejIbHOH njIOCKOCTII Tp$. 

Tenepb nojiyaeHHoe Bbipaxcemie 
flJIH KpiIBII3HbI KpiIBOII C B TOHKfi P 
npHHHMaeT bh^ 

p' 2 ) 

%i, <^ 2 ) ■ cos 8' 

HopMajibHaa KpnBH3Ha no- 
Phc. 59 eepxHOCTH. Oco6biii mrrepec iipe/p 

CTaBjiaiOT KpiiBbie, ^jih KOTopbix 



cos 6 = ±1, t. e. Te xpiiBbie, aba conpiixacaroipaaca njiocxocTb b Toaxe 
P nepneH/pixyjiapHa xacaTejibHoii iijiockocth Tp$. IlycTB l — xacaTejib- 
Haa npaMaa KpiiBolt C b Toaxe P. PaccMOTpnM njiocKOCTb, npoxoflamyio 
aepe3 l h HopMajib k $ b Toaxe P. Ee nepeceaemie c floCTaToaHO Majioft 
oxpecTHOCTbio Toaxn P Ha noBepxHOCTii $ ,a,aeT HaM HeocoSyio xpiiByio 
Cq — HopMajibHoe ceaemie noBepxHOCTii <J> b HanpaBjieHim xacaTejibHoii l. 
Ecjih do — yroji Meac/jy rjiaBHOii HopMajibio mo x Co h HopMajibio n x no- 
BepxHOCTii b Toaxe P, to cos9q = ±1. IlycTb ko — xpriBH3Ha stoii xpiiBOii 
b Toaxe P. Toiyja aiicjio 


k n = ko • cos 6»o = II/I 

Ha3biBaeTca nopMaAbuou Kpueu3Hou noBepxHOCTii <J> b HanpaBjieHim xa- 
caTejibHoft l (pi-ic. 59). 

TeopeMa 1 (MeHbe). Kpueu3ua k Kpueou C na noeepxHocmu 3aeucum 
moAbKo om yz.aa 9 u nopMaAbuou Kpueu3nu k n e nanpaeAenuu KacameAb- 
hou 3mou Kpueou. Oua Mootcem 6umb euuucAena no ifoopMyAe 

. k n 

k = o' 

cos 0 

floxasaTejibCTBO. IlycTb xpimaa Cq napaMeTpH30BaHa BexTop- 
cjDyHxpneH p(r), npiiaeM P = p { tq ), a cooTBeTCTByromne BHyTpeHHiie 
ypaBHeHiia iimciot Biifl u = pi(r), v = p-iix). Tax xax b Toaxe P y xpi-iBbix 
C h Cq o6maa xacaTejibHaa, to ip'(t o) = ap'{ro) flJia HexoToporo a / 0. 
CjieflOBaTejibHO, <p'i(to) = ap[(To), <p' 2 {to) = ap' 2 (To). Tor^a b Toaxe P 
iiMeeM oxoHaaTejibHO 


UK, p’i) = II(api, ap' 2 ) = a 2 II(pi, p 2 ) = 

¥>2) !(«Pi > ap' 2 ) a 2 I(Pi. P2) 

= Tr p ?} = k o ■ c ° s = fc, 

P 2 ) 


Hto h Tpe 6 oBajiocb ,n,oxa 3 aTb. □ 

HopMajibHyio xpiiBH 3 Hy k n noBepxHOCTii <t> b HanpaBjieHini xacaTejib- 
Hoii l 6 yppM Taxace Ha 3 biBaTb nopMaAbuou Kpueu 3 nou Kpueou C e mouKe 
P h o 6 o 3 HaaaTb Tax jxe: k n . 

Ecjii-i ^BC xpiiBbie Ha noBepxHOCTii $, npoxoflanpie aepe 3 Toaxy P , iiMe- 
k)t b Heii oSipyio xacaTejibHyio, to o'icbh^ho iix HopMajibHbie xpiiBii 3 Hbi 
b stoii Toaxe coBnaflaiOT. 



Ecjiii k - BeKTop KpriBii3HBi KppiBofi C b Tonxe P, to ero CXajIHpHOe 
npoH3Be^eHHe Ha BeKTop HopMajin n paBHO HopMajibHOii xpiiBH3He xpHBOii 

C b TOHKe P: 

k ■ n = | k | • cos 9 = k • cos 9 = k n . 


npoHjijnocTpiipyeM noHHTiie HopMajibHOii kphbhshbi. 

TeopeMa 2. Ecjiu dee upueue na noeepxnocmu $ npoxodsim uepe3 
mouKy P u UMewm e neu o6iu,yw conpuKacawm,ymca njiocKocmu, we coe- 
nadamu^ym c Kacamejimou ruiocKOcrm>w Tp<&, mo ux npueu3nu e 3mou 
mouKe paenu. 

floKasaTejibCTBO. IlyTb flBe xpiiBbie C\ h C 2 npoxoflHT nepe3 
TOHKy P. OneBn^HO, hto npHMaa, no KOTopoii nepecexaeTCH c xacaTejib- 
hoii n.nocKOCTbio Tp< t> hx o6iu;aH conpHxacaiomaHCH njiocKOCTb, hbjihctch 

o6rn;eH KacaTejibHoii sthx xpriBbix. 
CjieflOBaTejibHO, hx HopMajibHbie xpn- 
BH3Hbi b TOHKe P coBna,n,aiOT: 

k n (C 1 ) = k n (C 2 ). 

Ecjiii 9 — yroji Meacfly conpnxacaio- 

meftCH njIOCKOCTblO 3TIIX XpHBbIX h 
HO pMajIblO K nOBepXHOCTII B TOHKe P, 
to, no TeopeMe MeHbe, 



k(C 1 ) = 


\k n (Cl)\ \k n (C 2 )\ 


cos 9 


cos 9 


= k(C 2 ), 


rpp k(C\), k(C 2 ) — KpiIBII3HbI KpiiBbix 
C\ h C 2 b Tonne P. TeopeMa 2 ,n,oxa- 
3aHa. □ 

Cjie/j,CTBHe. Kpueu3Ha Kpueou, jieoKameu na noeepxnocmu, e KaoK- 
dou mom ce paena Kpueu3ne cenenua noeepxnocmu conpuKacaww,eucfi 
njiocKOcm'bw Kpueou e smou otce mouKe (pnc. 60). □ 


§ 7. ConpHKacaiOLU,HficH napa6ojion/j, 

3^ecb mm 3afiMeMCH jioxajibHbiM omicamieM noBepxHOCTii c tohhoctbio 
, a,o 6ecKOHenHO Majibix BToporo nopsmxa. 

IlycTb P — npoH3BOjibHaa Tonxa rjia/pcoft noBepxHOCTH <I>. fljisi H3y- 
nemiH HopMajibHbix xpnBH3H b Tonxe P nepefl^eM x HBHOMy 3ao,aHHK) 
noBepxHOCTii $. PaccMOTpiiM ,n,exapTOBy ciiCTeMy xoopflimaT xyz, Hanajio 


KOTopoii coBna^aeT c tohkoh P, a ocb z HanpaBjieHa no HopMajin k xa- 
caTejitHOH njiocKOCTH Tp<3>. Toiyja, xax noKa3aHO b §4, HexoTopaa ^ocTa- 
tohho Majiaa oxpecTHOCTb tohkh P Ha noBepxHOCTH $ o6jia,n,aeT hbhbim 
3a/i;aHHeM 

^ = f{x, y), 

r fle 4>yHxu,na f(x, y) onpe,nejieHa 
n HenpepniBHO fliicjjcjDepeHipipyeMa b 
HeKOTOpOH OKpeCTHOCTII TOHXH (0, 0) 

Ha njiocKOCTH xy (puc. 61 ), npiiaeM 

/( 0, 0) = / x (0, 0) = f v (0, 0) = 0. 

Oxa3biBaeTca, hto 3a caeT noBopo- 
Ta oceil x n y mojkho eme 6ojiee ynpo- 
cthtb CHTyaipno h flo6iiTbca Toro, hto- 
6bi b hobbix KOop^iiHaTax x h y b Toaxe 
(0, 0) o6pam,ajincb 6bi b Hyjib He tojib- 
ko (JjyHKpHa / h ee nepBbie aacTHbie 
npoH3Bo;i;Hbie, ho ii CMemaHnaa aacT- 
Haa npoii3BO/i,Haa: 

fxy{ 0 , 0 ) = 

BMecTO Toro aTo6bi /i,oxa3biBaTb sto HenocpeflCTBeHHO, mm BOcnojib3yeMca 
H3BecTHbiMii pe3yjibTaTaMH o noBepxHOCTax BToporo nopa^xa. 

PaccMOTpiiM (J)yHXH,Hio /( x, y), onpe^ejieHHyio no t|)opMyjie 

7{x, y) = ^(fxx( 0, 0)x 2 + 2f xy (0, 0)xy + f yy (0, 0 )y 2 ). 

3to MHoroajieH BTopofi CTenemi, npiiaeM Bee aacTHbie npoii3BOflHbie nep- 
Boro h BToporo nopa^xa y / h y / b Haaajie xoop^HHaT paBHbi. HeTpy^HO 
y6eflHTbca, hto sto BbinojiHaeTca h b jho6oh flpyroft chctcmc xoopflimaT 
(c TeM ace HaaajiOM). 

OyHxpua / ^.onycxaeT BaacHoe reoMeTpnaecxoe HCTOJixoBamie: hhcjio 
f(x o, yo) paBHaeTca nojiOBHue npoH3Be,n,eHiia HopMajibHoli xphbh3hbi no- 
BepxHOCTii $ b Toaxe P( 0, 0, 0) b HanpaBnemni npaMOii xyo — yx o = 0 
Ha xBa^paT paccToamia tohxh ( xo , yo) ot Toaxn P. 3to mojxho yBH- 
^eTb H3 (J)OpMyjIbI fljia HOpMajIbHOH XpiIBH3HbI H Toro, HTO X03<J><J)IH]HeH- 
Tbi nepBoft h BTopofi xBaflpaTiiaHbix 4>opM b Toaxe P b napaMeTpH3aipni 
(it, v. f(u, v)) BbiaHCjiaroTca no oaeBii^HbiM (J)opMyjiaM 



0 . 


E = l, F = 0 , G= 1 ; 


L = /**( o, 0), M = f xv { 0, 0), N = f vv { 0, 0). 

IIoBepxHOCTb F , 3a^,aHHaa ypaBHemieM 

z = 7(x, y), 


Ha3biBaeTca conpuKacawm,uMCH napa6ojioudoM noBepxHOCTii $ b ToaKe P. 
OaKTiraecKn F MoaceT npe^CTaBjiaTb co6oft ajrjimiTM'recKMH hjih nmep6o- 

jiiiaecKiiii napa6ojiOH^, napa6ojiiiae- 
ckhh piuiiiHflp n.mi njiocKOCTb (pnc. 62). 

ConpHKacaioin,HHCH napa6ojioim F 
o6jia,n,aeT pa^OM 3aMeaaTejibHbix 

CBOHCTB, KaJKflOe 113 KOTOpbIX MOJKHO 

6bijio 6bi npii ero onpeflejieHiui B3aTb 
3a ocHOBy. 

Bo-nepBbix, KaK mbi yace 3HaeM, F 
HBjiaeTca rpacJ)iiKOM nojiOBHHbi ot bto- 
poii KBa^paTiiaHOH cjaopMbi II b ToaKe 
P, ecjiH II paccMaTpiiBaTb KaK (J)yHK- 
pmo Ha KacaTejibHoft njiocKOCTH Tp$. 

Bo-BTopbix, b TOHKe P y noBepxHO- 
CTeil F H $ HOpMajIbHbie KpiIBH3HbI B 
jik) 6 om HanpaBjieHim coBna^aiOT. 

HaKOHen,, npii noMomii (JxDpMyjibi 
Taftjiopa mojkho noKa3aTb, hto conpriKacaioinrmca napaGojioim F c tohho- 
ctbio ,n,o Majibix BToporo nopa^Ka npn6jiH}KaeT noBepxHOCTb <I> b ToaKe P. 
(3flecb mbi ycjiOBHO npiiaiicjiaeM njiocKOCTb h napa6ojniaecKHH h,hjihh,hp 
k napa6ojionflaM.) 

Boaee tohho, nycTb Q — Toaxa noBepxHOCTH 6jni3Kaa k TOHKe P, 
a Q' — Taxaa Toaxa napa6ojioima P, aTO npaMaa Q'Q nepneH/piKyjiapHa 
njiocKOCTH Tp< t>. Toyna npu cmpeMJieHuu mouKu Q k moune P orrmomeHue 
Keadpama paccmomufi om Q' do Q k paccmojmuw om Q do P cmpeMumcn 
k Hyjim (pnc. 63): 



Pnc. 62 


r Q'Q 


= o. 


ConpuKacaww,uucH napa6oAoud — eduHcmeenHuu, o6jiadamui,uu omuM 
ceoucmeoM. 

Tmibi to'igk Ha noBepxHOCTH. Mojkho npoii3BecTii KjiaccucjjiiKa- 
pnio ToaeK noBepxHOCTH b cooTBeTCTBiiii c tiiiiom conprocacaiomeroca na- 
pa6ojioima. IlycTb no-npe>KHeMy F — conpiiKacaiom,iiiica napa6ojioii,n no- 
BepXHOCTH ( l> B TOaKe P. 



Phc. 69 


P Ha3biBaeTca tohkoh 9aa unmuuecKozo muna, ecjm F — sjuiimTii- 
’tecKHH napa6ojiOHfl (piic. 64). P Ha3biBaeTca tohkoh zunep6oAuuecKozo 
muna , ecjin F — rmiepSojrM'iecKiTM napa6ojioii,n, (piic. 65). P Ha3bmaeT- 
ca tohkoii napa6ojiuuecKozo muna , ecjin F — napaSojiimecKiiii Hyuiim/ip 
hjih njiocKOCTB (piic. 67, 68). Toaxa P sjuiimTimecKoro Tana Ha3BiBaeTca 
mouKou oKpyzAenufi,, hjih 0M6u.auuecK0u , ecjin F — napa6ojioii,n, BparneHiin 
(piic. 66). HaKOHen,, TOHKa P napa6ojnmecKoro Tima na3biBaeTca mouKoil 
ynJioipeHUfi , ecjm F — iuiockoctb. 

Mojkho noKa3aTb, hto b OKpecTHOCTii totkii sjuiimTimecKoro Tima 
noBepxHOCTb jieiKHT no o,n,Hy CTopoHy ot CBoeii KacaTejibHOii njiocKOCTH 
(piic. 69, a), a b OKpecTHOCTii tohkii nmep6ojnmecKoro Tima noBepxHOCTb 
nepecexaeTca c KacaTejibHOii njiocKOCTbio no AByM KpiiBbiM (piic. 69,5). 
B OKpecTHOCTii tohkh napa6ojnmecKoro Tima rnmero onpeflejieHHoro npo 
pacnojioJKCHiie noBepxHOCTii OTHOCHTejibHO KacaTejibHOii njiocKOCTH 3apa- 
Hee CKa3aTb Hejib3a. 


§ 8. rjiaBHtie KpnBH3Hbi h <J>opMyjia 3ftjiepa 


IlycTb F — conpHKacaioiH,Hiica napa6ojioii,n, noBepxHOCTii $ b Tomce P. 
M 3 aHajiiiTimecKoii reoMeTpnn ii3BecTHO, hto noBopoTOM oceii ypaBHeHiie 
napa6ojionfla F mojkho npiiBecTii k Bi-my 



PaccMOTpiiM KacaTejibHyio npaMyio l , npoxo^amyio aepe3 tohkii 
P 11 ( Xq , yo )• HopMajibHyio KpiiBH3Hy noBepxHOCTii $ b TOHKe P 
b HanpaBjieHiiii npaMoii l mojkho BbimicjuiTb no cjiopMyjie (cm. § 6) 



Ecjiii o6o3HamiTb aepe3 8 yroji Meac/iy 
ocbio x n npaMoii l, to cjsopMyjiy mojkho 
3anncaTb b Bii^e (piic. 70): 



II(xq, y 0 ) _ kxxl + k 2 yl 
1 (^ 0 , yo) *0 + Vo 


Phc. 70 


k n (8) = ki cos 2 8 + /c 2 sin 2 8. 


H 3 3toh (JsopMyjibi cjie^yeT, hto ecjm k\ < k2, to 
k\ = k\ cos 2 9 + ki sin 2 9 ^ k n (6) < k% cos 2 8 + & 2 sin 2 9 = k%, 


npimeM paBeHCTBO b o^hom ii3 HepaBeHCTB mojkct iiMCTb mccto TOjibKO b 
tom cjiynae, xor,a,a cos0 = 0 hjih sin0 = 0, t. e. xor^a npuMaa l coBnaflaeT 
c OflHOii H3 KOopflimaTHbix ocefi. Ecjii-i »ce k\ = to k n {9) = k\. 

TaKHM o6pa30M, mbi ^oxa3ajiH cjie^yiomyio TeopeMy 3iijiepa. 

TeopeMa 1 (Biijiep). B Kaotcdou mowne ZJiaditou noeepxnocmu cyupe- 
cmeyrnm dee nepnenduKyjisipHue KacameAbnue npjiMue l\ u I 2 , e nanpae- 
Aenuu, Komopux HopMaAbnasi Kpueu3na noeepxHocmu npunuMaem nau- 
SoAbiuee u nauMemmee 3Hav,eHusi k\ u • Ecau l — npou360AbnaA Ka- 
cameA’bHasi npnMan, o6pa3ywiu,aA yzoA 9 c npfiMou l\, mo HopMaAbnasi 
Kpu6U3Ha e HanpaeAenuu l euuucAAemcA no ifoopMyAe diiAepa 

k n = ki cos 2 9 + fe sin 2 9. □ 

Haii6ojibmyio n HaiiMeHbmyio HopMajibHbie xpriBH3Hbi noBepxHOCTii b 
TOHK e P Ha3biBaiOT ee ZAaenuMU Kpueu3HaMu b stoii Tonxe, a HanpaBjie- 
hiih, b KOTopbix floCTiiraiOTCH rjiaBHbie xphbh3hbi, Ha3MBaiOTCH ZAaenu- 
mu nanpaeAenuAMU. Kax mm Bn^ejin, ecjin rjiaBHbie kpiibii3hm b Tonxe P 
pasjiH'iHbi: k\ ^ k2, to rjiaBHbie HanpaBjieHiia onpeflejieHbi o,n,H03HaHHO h 
ohii nepneHfliiKyjiHpHbi flpyr Apyry. Ecjii-i jxe rjiaBHbie KpiiBH3Hbi paBHbi: 
k\ = h'2, to jiio6oe HanpaBjiemie 6ya,eT rjiaBHMM. 

Eayccoiia KpnBH3Ha h cpe;pi>i>i KpnBH3Ha. l [poii3P,(';i,enne rjiaB- 
hmx KpiiBi-i3H k\ , k 2 o6o3HaHaeTCH nepe3 K h Ha3MBaeTCH zayccoeou upu- 
6U3H0U nOBepXHOCTI-I B TOHKe P: 


I\ = k\ ■ h‘2 - 


B to BpeMH xax caM conpiixacarominiCH napaSojiOHA F onpeflejiaeTCH 
rjiaBHMMH xpiiBH3HaMii hi, /c2 h rjiaBHMMii HanpaBjieHiiHMii 1 1 , 12 , ero mun 
nojiHOCTbio onpeflejiaeTCH npou3eedenueM rjiaBHbix xpiiBii3H k±k2 = K : 
ecjin k\k 2 > 0, to F — ajijninTHHecxriri napaSojiOH^,; 
ecjin k\k 2 < 0, to F — rimep6ojnriecxiiH napa6ojioi-m; 
ecjin k\k 2 = 0, to F — napa6ojniHecxiiH piuiiiHflp hjih njiocxocTb. 
TaxHM o6pa30M, Tim tohxii P Ha noBepxHOCTii nojiHOCTbio onpeflejia- 
eTCH rayccoBoii xphbh3hoh K noBepxHOCTii b stoh Tonxe: 

ecAu I\ > 0, mo P — mowna SAAunmuuecKozo muna (puc. 71, 72); 
ecAu I\ < 0, mo P — mouna zunep6oAuv,ecKozo muna (puc. 73); 
ecAu I\ = 0, mo P — mouna napa6oAuu,ecicozo muna (pnc. 74). 





IIojiycyMMa rjiaBHbix kphbh3h k\, k 2 o6o3HanaeTCH nepe3 H h HB3M- 
BaeTCH cpedneu Kpueu 3 Hou noBepxHOCTii b tohkc P: 


H = 


ki + k 2 
2 


(H 3 cjDopMyjiBi 3iuiepa cjie^yeT, hto aiic-iio H paBHaeTca HopMajibHoft Kpn- 
BH3H6 b HanpaBjieHHii 6ncceKTpncbi yrjia, o6pa30BaHHoro rjiaBHbiMii Ha- 
npaB jieHHHMn . ) 




TjiaBHbie KpiiBii3Hbi k\, k 2 b ToaKe P nojiHOCTbio onpe^ejiHiOTCH rayc- 
coboh KpiiBH3HOH K ii cpe^Heft KpnBH3Hoft H : no TeopeMe BueTa k\ h k 2 
HBJIHIOTCH KOpHHMII ypaBH6HII5I 


x 2 - 2 Hx + I< = 0 . 

3aMeTiiM eipe, hto P HBjiaeTCH tohkoh 
OK pyrjieHi-iH Toryja h tojibko TOiyja, ko- 
rfla H = K, a ToaKOii yruiomemia — to- 
rfla h TOJibKO TOiyja, KOiyja H = K = 0. 

HaKOHen,, OTMeTHM o^ho Baaaioe 
cbohctbo rjiaBHbix HanpaBjieHHii. Mbi 



cc^opMyjinpyeM ero b tom BH^e, b kotopom oho Gyzjer hbmh ncnojib30- 

BaTBCH B § 11. 

TeopeMa 2 (Poflpur). 1 lycrm> f{u, v) — napaMempu3av t usi z.aadKou 
noeepxnocmu $ , u P = f{uo, Vq) — mouKa na noeepxnocmu. Ecjiu na- 
npagjienuji KoopSunamnux jiuhuu e moHKe P ae.ruiwmcfi zaclohumu, mo 
eunoJiHAwmcsi paeencmea 


n u (u 0 , v 0 ) = -kif u (u 0 , v 0 ), 
n v (u 0 , v 0 ) = -k 2 f v (u 0 , v 0 ), 

zde k\ u k 2 — zjiaenue Kpueu3HU e mowne P (puc. 75). 

floKasaTejitCTBO. HeTpynpo BimeTt, hto cnpaBefljniBOCTB ,n,OKa- 
3BiBaeMbix paBeHCTB 3aBiiciiT He ot KOHKpeTHoro Bbi6opa CHCTeMbi BHyT- 
peHHiix KOopfliiHaT u, v, a tojibko ot HanpaBjiemm KOopflimaTHbix jihhhh 
b TOHKe P. IIoaTOMy flocTaTOHHO npoBepiiTb flOKa3BiBaeMBie paBeHCTBa 
Henocpe^CTBeHHO, BOcnojiB30BaBHiiicb ^jih stoto, HanpiiMep, hbhbim 3a^a- 
Hi-ieM noBepxHOCTi-i 

2 = <p(x, y), 

npH KOTOpOM 


tp(0, 0) = <p x ( 0, 0) = lfiy( 0, 0) = ip X y( 0, 0) = 0, 


a TOHKa P HMeeT KOopflimaTbi 0, 0, 0. CooTBeTCTByromas napaMeTpusapiiH 
HMeeT BHfl f (u, v) = (u, v, ip(u, v)). PaccMOTpnM BeKTop-cJjyHKpuio 
N(u, v) =f u (u, v) x f v (u, v). Torfla 


n(u, v) = 


N(u, v) 


n u (u, v) = 


I N(u, u)|’ 

N u (u, v) ■ \N(u, v)\-N(u, v) ■ d u \ N(u, v)| 
| N(u, t ;)| 2 


IIocKOJibKy f n (u, v) = (1, 0, tp x (u, v)), f v (u, v) = (0, 1, ip y (u, v)), to 

HeTpy^HO BH^eTb, HTO 


N(u, v) = (-(fix, -tpy, 1 ), 

N u (u, v) = (~<p xx , 0, 0), 


I N(u, d)| = yjipl + (pl + l, 
d u \N(n, v)| = + 


<pl + vl + 1 



rfle fljifl KpaTKOCTH onymeHbi apryMeHTbi u,v y cjiyHxipiH ip x , ip y , <p xx , Vyy 
^ajiee, hcho, hto 

N( 0, 0) = (0, 0, 1), 

JV n (0, 0) = (-fci, 0, 0), |JV(0, 0)1 = 1, 

h hto <J>yHKn,na d u (N (u, v)) b Toaxe (0, 0) o6pain,aeTca b HyjiB. Ilo^CTaB- 
jihh, nojiyaaeM Tpe6yeMoe paBeHCTBO : 


n u ( 0, 0) 


{—k\, 0, 0) • 1 - (0, 0, 1) • 0 
12 


(~ki, 0, 0) = 

= -ki-f u (0, 0). 


PaBeHCTBO n.i,(0, 0) = 0) npoBepaeTca aHajiomaHO. □ 


§ 9. Haxo*fleHHe rjiammix HanpaBJieHHii 
H rjiaBHMX KPHBH3H 


IlycTB $ - rjia^Kaa noBepxHOCTb, 3aflaHHaa BexTopHbiM ypaBHemiCM 
r = / (it, v), a P = f (u 0 , i’o) — Toaxa Ha Heit. PaccMOTpiiM b xacaTejibHoii 
njiocKOCTii Tp< f> acjDiJjiiHHyio cucTeMy xoopflimaT g, 77 , b xoTopoii BexTopbi 
f u ( 0, 0) h/ jj (0, 0) 6 ynyT HanpaBnaronpiMi-i BexTopaMii oceft g h 77 . B Taxon 
CHCTeMe Toaxa c pafliiyc-BexTopoM f (tt 0 , Vo) + go/ M (0, 0) + rjof v (0, 0) 
6yn,eT hmctb xoop/pmaTbi go, rjo- Byn,eM paccMaTpimaTb nepByio h BTopyio 
xBa,a,paTiiaHyio cjaopMbi xax cjjyHxipni Ha njiocxocTii Tp$>: 

l(€, y) = Ee + 2Ft; v + G v 2 , 

II(g, rj) = Lg 2 + 2M^rj + Nrj 2 . 


Tor^a HopMajiBHaa xpiiBii3Ha noBepxHOCTii $ b Toaxe P b HanpaBJieHHii 
npaMoii, npoxoflameii aepe3 Toaxy P h Toaxy c xoop/pmaTaMii (go, ?7o), 
BbiancjiaeTca no (JjopMyjie 


k{£ 0 , m) 


II (go, 770 ) 
I(go, Vo) 


rjiaBHbie HanpaBJieHHH. CaejioiiaTCjibiio, Been Bonpoc o n;ixo>K;i,e- 
hhh rjiaBHbix HanpaBJieHHii cbo^htch x Haxojx^eHino Toaex MaxcnMyMa h 
MHHHM yMH r|)yHKHHH fc(g, 77 ). 

IlycTb fc(go) Vo) — rjiaBHaa xpiiBii3Ha, npiiaeM 770 7 ^ 0. IIojiojxhm to = 
go/?7o- Tor^a 


H(go, Vo) = Et 2 + 2Ft 0 + G 
I(go, f]o) Et g + 2Mto + N 


fc(g 0, yo) 



BBe^eM o6o3HaHeHiia: 


ipi (t) = Et 2 + 2 Ft + G, if2 (i) = Lt 2 + 2Mt + N. 


Tor,n,a 


HZ o, %) 


<P2{tp) 

<pi(*o)' 


IIocKOJibKy, no npeflnojioJKemno, cjjyHKpnn ip 2 (t) / tpi(t) flOCTiiracT b tohkc 
tp MaKCi-iMyMa njin MiiHi-iMyMa, to ee npoHSBOflHaa flojrsoia oSpaipaTbca b 
3Ton tohkc b HyjiB. Tan nan 


I 2 O) V = - ip[(t)ip 2 (t) 

<Pi (t)J <Pi{t) 


to, npnpaBHHBaa HHCjiHTejib Hyjiio, nojiynaeM 


(2 Lt + 2 M)(Et 2 + 2 Ft + G) - (2 Et + 2 F)(Lt 2 + 2Mt + N) = 0. 
CoKpam;aH Ha 2, pacKpbiBan cko6kh h npHBO^H no^oGHbie HjieHbi, nojiyHHM 

OKOHHaTeJIBHO 


t 2 0 (LF - ME) + t 0 {LG - NE ) + (MG - NF) = 0. 

Ecjii-i £o 7 ^ 0) to mw mojkom nojioJKiiTb So = Vo/Zo h paccMOTpeTb 4>yHKii,nn 
ipi (s) = £ + 2Fs + Gs 2 , ip 2 (s) = L + 2 Ms + Ns 2 . 

Tor^a k(Z o. Vo) = ip2(sp)/ipi(s 0 ). 

Tan ate nan b cjiynae cjjyHKiprii ipi h y>2> nojiynaeM, hto so hbjihctch 
K opHeM ypaBHemia V , 2( s )V , i( s ) — ^Pii 8 ) x ^(s) = 0. no^CTaBjiaa bmccto 
ipi, ^2) V’ij ^2 HX BbipaaceHiia nepe3 s, flena Ha 2, pacKpniBaa cko6kii ii 
npiiBOfla no,no6HBie njieHBi, nojiynnM 

(ME - LF) + s 0 (iVF - LG) + (NF - MG)s 2 0 = 0. 

Ecjii-i nepBoe ypaBHemie ^omhojkiitb Ha ry q hjih BTopoe /^omhotkiitb Ha 
—Zo> TO nojiynHTca o/piopoflHoe ypaBHemie othochtcjibho £p h rjp: 

Zl(LE - ME) + ZoVo(LG - NE) + r] 2 (MG - NF) = 0. 


Ero ya,o6HO 3anncbiBaTB npii noMOin,n onpe^ejuiTejia: 



ZoVo 

F 

M 


-E 2 

SO 


G 

N 


= 0 . 



TaKHM o6pa30M, peiuena 3adaua omucKanusi zjiaenux Hanpae.neHuu. 
IjiaBHBie KPHBH3HBI. Hto6bI HaHTH rjMBHbie KpiIBII3HBI, MOJKHO 6bl- 
jio 6bi Tenepb peimiTb oflHO 1-13 nojiyneHHbix ypaBHemiH, a 3aTeM HanTi-i 
KpnBH3Hy no o6m,en 4>opMyjie. Mbi nocTymiM imane. 

IIpeflnOJIOJKIIM, HTO Mbi XOTHM HaHTH HanpaBJieHIie, B KOTOpOM HOp- 
MajibHaa KpiiBii3Ha npimiiMaeT ,n,aHHoe 3HaneHiie k. stoto HaM Ha^,o 

6bijio 6bi penniTb ypaBHemie 

H(C, rj) = I(£, V )k, 


HJIH, HTO paBHOCHJIbHO, 

(L - kE)i 2 + 2 (M - kF)^ + (N - kG)p 2 = 0. 

3to ypaBHeHiie mojkho paccMaTpiiBaTb Kan KBa^paTHoe, HanpiiMep, otho- 
CHTejibHO £/r]. Ecjih k — rjiaBHaa KpiiBii3Ha, to y Hero ecTb efliracTBCHHoe 
pememie, h, cjie^OBaTejibHO, fliiCKpiiMimaHT paBeH Hyjiro: 

(L - kE)(N - kG) - (M - kF ) 2 = 0. 

OTCKyi,a nojiynaeM KBa^paTHoe ypaBHeHiie ,hjih HaxojKflemiH rjiaBHbix Kpn- 
BH3H hi, k'2 B TOHKfi P: 

{EG - F 2 )k 2 + (2 MF -EN - LG)k + (LN - M 2 ) = 0. 


KpoMe Toro, H 3 stoto ypaBHeHiia, b ciuiy (JiopMyji BueTa, nojiyna- 
eM BajKHoe cjie^CTBiie — Bbipaxcemie rayccoBofi h cpe^Heii kphbh 3 h nepe 3 
K 09 <J)(J)HH,HeHTbI nepBOH H BTOpOII KBaflpaTIIHHblX (J)OpM nOBCpXHOCTH B 

,n,aHHOH tohkc: 


K = k\k2 = 
2 F[ — k\ -\- k2 


LN - M 2 
EG -F 2 ’ 

_ EN - 2 MF + LG 
~ EG-F 2 


§ 10. rLioipa^B noBepxHOCTH 

flaflHM onpe^ejieHiie njiomaflii rjiaflKoii noBepxHOCTH, HCxo,ipi H3 to- 
ro, hto onpe^ejieHHe njioin,aflH HaM H3BecTHO ,h,jih 3aMKHyTbix njiocKiix 
o6jiacTeii, orpaHimeHHbix KOHenHbiM hiicjiom rjiaflKHx KpiiBbix. 

IlycTb $ — rjiaflKaa noBepxHOCTb, 3a/i,aHHaH ypaBHeHiieM r = f {u, v), 
rfle (u, v) £ V C R 2 . Bo3bMeM b o6jiacTii V HeKOTopyio 3aMKHyTyio 



o6jiacTb _D, orpaHHneHHyio KOHenHbiM hiicjiom rjia^Kiix KpiiBbix. HTo6bi 
onpe^ejiiiTb njioin,aflb ee o6pa3a — o6jiacTii D = f ( D ) — nocTyniiM Tax. 
Pa3^,ejiHM o6jiacTb D Ha ^ocTaTOHHO MajieHbKiie (no ^naMeTpy) 3aMKHy- 
Tbie o6jiacTH Di npii noMom,ii KyconHO rjia^Kiix KpiiBbix. Cootbctctbghho 
h o6jiacTb D Ha noBepxHOCTH pa3o6beTCH Ha oSjiacTii Di , orpaHiineHHbie 
KyCOHHO rjiaflKHMH KpHBhIMH. B KaJKflOH o6jiaCTIl Di BBlSepeM npOH3BOJIb- 
Hyro TOHKy Pi. B Heft npoBe^eM KacaTejiBHyio njiocKOCTb Tp ; $ h o6jiacTB 
Di cnpoeKTiipyeM Ha 3Ty njiocKOCTb. Ecjih pa3Mepbi o6jiacTeft Di ,zi,ocTa- 
TOHHO MajIBI, TO npii 3TOM o6jiaCTB Di B3aHMH0 0/];H03HaHH0 OTo6pa3HTCH 
Ha HeKOTopyro ruiocKyw o6jiacTB Gi, njioma^b KOTopoft HaM ii3BecTHa. Ka- 
»ceTCH npaBflonoflo6HBiM, hto njioiu,a,zi,b S(Di) ^ojiaaia «Majio OTjmnaTb- 
ca» ot njiom;aflH S(Gi ), a mioma^b Bceft noBepxHOCTH ^ojiJKHa «Majio 
OTjiHnaTbCH» ot cyMMbi miomafleft Bcex o6jiacTeft G, (puc. 76). 



Phc. 76 


Ecjih npn HeorpaHimcHHOM yMCHbineHiiH (no ^.naMeTpy) o6jiacTeft Di 
cyMMa njiomafleii o6jiacTeft Gi 6yn,eT CTpeMiiTbCH k HeKOTopoMy npe^ejiy, 
to 3tot npe^eji Ha3biBaeTCH njioiyadbm o6jiacTii D: 



TeopeMa. BcfiKafi 3aMmymasi u ozpanuueHHaji o6jiacmt> D c Kycouno 
zjiadKou zpanuyeu ho noeepxHocmu $ uMeem onpedeAennyw ruioiyadb. 


9my n./ioiyadt mookho ewnucjiumb no (fiopMyjie 


S(D) = II \/ EG — F 2 du dv. 

D 

floKasaTentCTBO. B cnjiy a^miiTiiBHOCTii jieBOii n npaBOii nacTen 
^OKa3biBaeMoro paBeHCTBa ^ocTaTOHHO orpaHiiniiTbCH cjiynaeM, Kor^a 06 - 
jiacTB D HacTOjibKO Majia, hto, HanpiiMep, flonycxaeT aBHoe 3a/i,aHi'ie 

2 = <p(x, y), 

rfle ip — rjia^Kaa: (JjyHKpiia, 3 a,n,aHHaH b oSjiacTii G. Tor^a, Kax i-i 3 BecTHO 
H3 aHajiH3a, njioma^B oGjiaerii D mojkho HaftTii no tfjopMyjie 

S{D) = // \J 1 + t f > x + Vv dX dy ' 

G 

IlycTB nepexofl ot HBHoro 3a/i,aHHM 2 = ip(x, y) k napaMeTpnnecxoMy 
r = / (u, v ) ocym,ecTBjiHeTCH npri noMomji 3aMeHbi nepeMeHHBix 

x = t{u,v), y = rj(u,v). 

Toiyja, BOcnojib30BaBinncb (J)opMyjion 3aMeHbi nepeMeHHBix no,n, 3Ha- 
kom ^BoiiHoro HHTerpajia, mbi nojiynaeM: 


S(D) = JJ yjl + ipl+ipldxdy = 

G 

= JJ + v)+v 2 y{^ v) J du dv, 

D 


TRe J = J(li, v) 

oneBH^HO, 


€u{u, V ) 

&(«, v) 


rtu{u, v ) 
r)v(u, v) 


— HKo6liaH 3aMeHBI. IIoCKOJIbKy, 


f (u, V ) = (£(u, v), T) (it, v), <p(t(u, v), T) (u, v))), 


TO 


fu ( u > v ) = (£u. Vu, <Px€u+iPyVu), 
fv{u, v ) = (£„, r] v , ip x £ v +tp y r] v ), 



h, KaK HeTpy^HO npoBepuTb, 


fu X fv=J- (~<Px, -Vy, !)• 

OTCK)^,a \JEG — F 2 = | f u x f v \ = ^/l + ipl + \ J\, t. e. Hain HHTerpaji 

coBnaflaeT c yKa3aHHbiM b 4>opMyjinpoBKe TeopeMbi. □ 

§ 11. CcJjepHMecKoe OTo6pa»ceHHe noBepxHocra 

^jih H3yHeHiia iickphbjichhocth noBepxHOCTeii oneHb nojie3HbiM oxa- 
3biBaeTca HeKOTopoe nx OTo6pa»ceHiie b e/piHHHHyio ctjaepy, KOTopoe mbi 
ceftnac oniimeM. 

IlycTb $ - rjia/iKax noBepxHOCTb, P — npon3P,ojn>naM ee TO'iKa. IlycTb 
n — e/piHHHHbiH BeKTop HopMajiH k noBepxHOCTH b TOHKe P. Otjiojkiim 
B eKTop n H3 Hanajia KOop^HHaT. Toiyja ero KOHeu; onpe^ejinT neKOTopyio 
TOHKy r(P) e/iHHH'iHOH c(J)epbi S 2 C R 3 . IIocTpoeHHoe OTo6pa:sceHiie F 



Phc. 77 


noBepxHOCTH <t> b e/pmiiHHyio ccjjepy S 2 Ha3biBaeTca cfiepuuecKUM hjii-i 
zayccoeuM OTo6pa>KeHHeM (puc. 77): 

F: 

(Ctoht OTMeTHTb, hto npn cc|)epiiHecKOM OTo6pa>KeHiin KacaTejibHaa 
njiocKOCTb k noBepxHOCTH b tohkc P napajijiejibHa KacaTejibHoii njiocKO- 
ctii k ctf)epe b Toaxe r(P).) 06pa3bi Tonex h mhojkcctb npii ccjaepiinecKOM 
OTo6pa»ceHiiii Ha3biBaiOTCH iix ccfiepunecKUMu u3o6pa,2tceHUJiMu (pnc. 78). 

IIpHMepbi. 1. Ecjih o6jiacTb Ha c<f)epe S 2 , to ee ccjjepiraecKoe 
OTo6pa>KeHiie ecTb ToayjecTBeHHoe, a ccjaepunecKoe H3o6pajKeHiie coBna- 
^aeT c 



Phc. 78 


2. CcJ^epinecKoe H3o6pajKeHne jnoSoii o6pa3yK>m;eH Ha piuiHHflpiiHe- 
ckoh noBepxHOCTii ecTb tohkh, a ccjiepHHecKoe ii3o6pajKeHHe Been noBepx- 
hocth ecTb HeKOTopaa Ayra 6ojibnioro xpyra Ha ccjaepe. 

3. CcJjepiiHecKoe OTofipaaceHiie njiocKoft o6jiacTH ecTb nocToaHHoe 
OTo6pa>KeHHe, a ee c^epiinecKoe ii3o6pa>KeHiie ecTb tohkh (puc. 79). 


T(TJ) 



Phc. 79 


4. CcJjepiraecKoe ii3o6pa>KeHHe sjuiimTiiHecKoro hjih rimep6ojiHHecKO- 
ro napa6ojionAa ecTb OTKpbiTaa nojiyccjaepa (puc. 80). 

H3 TeopeMbi 06 o6paTHOi"i cjjyHKpim h TeopeMbi PoApura HeTpyn,HO bm- 
BecTii, hto ecjiH P — TOHKa sjuiiinTHHecKoro hjih rimep6ojiHHecKoro rana, 
to b AOCTaTOHHO Majiofl: OKpecTHOCTii tohkh P ccJjepiiHecKoe OTo6pa»ceHiie 
B 3 aiiMHO OAH 03 HaHHO. 3to 03 HanaeT, hto b Taxon OKpecTHOCTii ne HaiiAeT- 
ca flByx ToneK, HopMajin k noBepxHOCTii b KOTopbix 6bijin 6bi Apyr APyry 
napajijiejibHbi. 

IIpii noMOipii c4>epiiHecKoro OTo6pajKeHiia mojkho A&Tk reoMeTpiine- 
CKyio HHTepnpeTau,ino rayccoBoft KpiiBH3Hbi. 

TeopeMa. Ilycmb U — mclmji oKpecmnocmb mouKU P na noeepxno- 
cmu 4 >. Tozda npu cmpeMJienuu duaMempa o6jiacmu U k Hyjw> ( dpyzuMu 
cJioeaMu, npu cmazueaHuu ee k mowne P ) omnouieHue njioipadu ee ctpe- 



/ 



Phc. 80 


puuecKoao u3o6pa2K.eHusi T(U) k njioiu,adu caMOu OKpecmnocmu U cmpe- 
Mumcfi k aScoATomnou eeAunune eayccoeou Kpueu3nu noeepxnocmu $ e 
mouKe P: 


lim 

d(U)—>0 


S(T(U)) 

S(U) 


= I K{P)\. 


floKasaTejibCTBO. Mbi orpamiHHMCH cjiynaeM, Korpa TOHKa P 
npiiHafljiejKHT k sjijiimTiiHecKOMy i-ijiii riinep6ojiHHecKOMy Tuny. B stom 
cjiynae OToGpajKemie T B3aiiMHO o,n,H03HaHHO Ha U h HMeeT MecTO paBeH- 
CTBO 


S(T(U)) = J j | n u (u, v ) x n v (u, v)\dudv, 


w 


rpe W — KOop/pmaTHaH OKpecTHOCTB, cooTBeTCTByiomaH OKpecTHOCTii U : 
W = f~ (l 7 ) (rpe f napaMeTpii3yeT $). C ppyroit eropoHbi, Bcerpa 


S(U) = jj \f u (u, v)xf v {u, v)\dudv. 
w 


no TeopeMe o cpe^HeM 3Ha'ieHnn nojiynaeM 


S(T(U)) = 11 | n u x n v \ dudv = | n u (u', v') x n v (u', i/)| • S(W), 


w 

S(U) = jj\f u x fv\ dudv = I f u (u", v") x />", v")\ • S(W), 
w 


rfle (u 1 , v') € W, ( u ", v") € W — HeKOToptie tohkii. npii CTSTHBamni 
o6jiacTH U k TOHKe P 3th tohkh CTpeMHTCH k (uq, vq). nosTOMy 


li S(T(U)) _ \n u {v!,v') x n v (u',v')\ 

d(uy*o S(U ) (uW)™u 0 ,vo) \f u (u",v") x f v (u",v")\ 

_ 1 n u (u 0 ,v 0 ) x n v (uo,vo)\ 
l/>o, v 0 ) x f v (u 0 , u 0 )|‘ 

3HaHemie nojiyneHHoro BbipajKeHiia npoipe Bcero no.u.CHHTaTB, Bocnojib- 
30BaBinncb TeopeMofi Po^piira. Ecjiii BHyTpeHHiie KOop,n,HHaTbi Bbi6paHbi 
TaK, HTO KOOpflHHaTHBie JIHHHH npOXOflHT Hepe3 TOHKy P B TJiaBHBIX Ha- 
npaBjieHiiax, to 

n u (u 0 , v 0 ) = -fci/„(wo, v 0 ), n v (u 0 , v 0 ) = -& 2 /„(«o, v 0 ), 


rfle fci n fc2 — rjiaBHbie kphbh3hbi b TOHite P. nosTOMy 


\n u (u 0 , v 0 ) x n v (u 0 , f 0 )| 
\fu(uo, v 0 ) x f v (u 0 , v 0 )| 


\k 1 -k 2 \ = \K(P)\, 


hto n Tpe6oBajiocb ,n,OKa3aTb. □ 


§ 12. BHyTpeHHHH reoMeTpHH noBepxHOCTH 

Oii[)e;j,cjicHiic. nycTB xaiibi ji.ne noBepxHOCTH — $ ii <l>. npeflnojio- 
3KHM, hto 3a^aHO HenpepBiBHoe 6iieKTiiBHoe OToSpajKemie o^,- 

hoh i-i3 hhx b flpyryio. TaKoe OToSpaaceHiie ycTaHaBjirmaeT B3aiiMH0 o^,- 
H03HaHHoe cooTBeTCTBi-ie Me»y]y TOHKaMii o6eiix noBepxHOCTeii. npn stom 
cooTBeTCTBini Kaxyjpfi KpnBOH C Ha noBepxHOCTH $ OTBenaeT HexoTopaa 
KpiiBaa C Ha noBepxHOCTH <f>, h Hao6opoT: 

C = i(C), C = i~ 1 (C). 




Phc. 82 


Ecjih npii_3T0M fljiiiHa xa*yi,0!£xpiiB0H C paBHa ^yiHHe cooTBeTCTByiomeii 
KpiiBoft C, to roBopHT, hto $ nojiynaeTCH H3 $ npii noMomii H3ra6a- 
hhh, a caMO OTo6pa>KeHi-ie i Ha3biBaeTCH u3eu6anueM, hjih u30Mempueu 
(puc. 81 , 82 ). 

BHympeHHsui zeo.Mem/pu.H noeepxHocmu nsyoaeT Te CBOflcTBa no- 
BepxHOCTeii h (Jmryp Ha hhx, xoToptie He MemnoTCH npii n3rn6aHn>ix. C 
3TOH TOHKH 3peHIIH BCH njiamiMeTpHH npe,n,CTaBjiHeT co6oh BHyTpeHHIOIO 
reoMeTpmo njiocxocTH. 3 to BnojiHe corjiacyeTca c TeM oSbihhbim npe,a,- 
cthb jieHHeM , hto b njiaHiiMeTpmi iisynaiOTCH CBOiicTBa cjsiiryp, He mchhio- 
miieca npii ii30MeTpiiHx njiocKOCTH, t. e. HajiojKemiflx. 

TjiaBHBiM fljia Hac 6ya,eT cjieflyiomHH npiiMep n3rn6aHn>i. IlycTb 
noBepxHOCTii $ h $ napaMeTpii3yiOTCH BexTop-tJiyHxipiHMii / (u, v ) h 
f(u, v), 3a^aHHBiMH b oflHoft ii toh >xe o6jiacTii V, h nycTB OTo6pa»ce- 
Hiie i CTaBiiTj3 cooTBeTCTBne tohkb P Ha noBepxHOCTii <f> Tonxy P Ha 
noBepxHOCTH <E>, HMeiomyio Taxiie ate BHyTpeHHiie xoopflrmaTbi (puc. 83 ): 

*(/(«, v)) =f{u, v). 

Ecjiii npii 3 tom b cooTBeTCTByiomux TOHxax 6ya,yT coBna^aTB xoscjxjiHipi- 
eHTbi nepBOii xBa^paTimHOii (JiopMBi noBepxHOCTeft $ ii $: 

E(u, v ) = E(u, v), F(u , v) = F(u , v), 

G(u, v ) = G(u, v), 

to, xax 3to cjie^yeT 113 cjiopMyjib 1 ;yrnHhi xpiiBOii Ha noBepxHOCTH, 
OTo6pa>xeHiie i 6y,n,eT ii3rii6aHHeM. OGpaTHoe yTBepaynemie TOixe Bep- 





ho. Ero ^OKa3aTejibCTBO mm ocTaBjineM HiiTaTejno b Bime ynpaixHeHiiH. 

TaKHM o6pa30M, mojxho CKa3aTB, hto k BHyTpeHHeii reoMeTpim otho- 
CHTCH Te CBOHCTBa II BejIHHHHBI, KOTOpBie MOryT 6 bITB 0XapaKTepH30BaHBI 
PI Jill BBIHHCJieHBI B TepMIIHaX nepBOH KBaflpaTIIHHOII (JlOpMBI nOBepXHOCTII. 
IIomiimo fljiiiH KpiiBbix, 3 to yrjibi Mexyiy KpiiBBiMii h njioin,aflii tfinryp Ha 
noBepxHOCTii. 



Phc. 84 


B cjieflyiomeM naparpacjie mbi .npxajxeM, hto k BHyTpeHHeii reoMeT- 
pim othochtch ii Taxaa Ba>KHeiiHiaH xapaKTepiiCTiiKa noBepxHOCTii, xax 
ee rayccoBa KpiiBii3Ha. 3aTeM mbi royaiiM eipe HexoTopxie o6b6ktbi BHyT- 
peHHeii reoMeTpmi. 

3aMenaHHe. Tohho Tax ixe, xax Hajiojxemie (nepBoro po^a) njiocxo- 
ctii HBjmeTCH pe3yjiBTaTOM nepeMevnenu H30MeTpiiio noBepxHOCTii nacTO 
mojxho npe^CTaBHTB b BH^,e pe3yjiBTaTa HexoToporo npopecca. A™ 6ojiee 
tohhoh t|)opMyjiiipoBXH BBe^eM noHHTiie nenpepuenozo u3zu6anusi. IlycTB 
noBepxHOCTii $ h <J> o6jia^aiOT napaMeTpii3aipiHMii f ( u , v ) h f ( u , v ). 3a- 
^aHHBiMii b o^Hoii h Toft >xe o6jiacTH V. E[ycTB sa^aHa rjia^xan BexTop- 
cjiyHxipiH Tpex nepeMCHHBix F ( t , u , v ), onpe^ejieHHaji npn t £ [0, 1] h 


(u, v) £ V. IlycTb .zyia xaaygoro to £ [0, 1] OTo6pa»ceHiie F(to, u, v): 
V — > R li aBjiaeTca peryjiapHoii napaMeTpH3an,neit HexoTopoii rjia^KOii no- 
BepxHOCTii npiraeM F( 0, u, v) = f (u, v) ii -F(l, u, v ) = f(u, v). (B 
nacTHOCTii, $ 0 = $i = $.) Ecjiii npri stom /yia jno6oro to £ [0, 1] 
OTo6pa»:eHiie noBepxHOCTii $ b noBepxHOCTb $ io , 3a,n,aHHoe cJjopMyjiofi 

/ (u, v) I — > F (to, U, v ), 

HBjiaeTca H3rii6aHiieM, to roBopaT, hto F 3a^aeT nenpepuenoe U3eu6anue 
noBepxHOCTii $ b noBepxHOCTb H 3 onpe,n,ejiemiH bii#ho, hto b stom 
cjiyaae OToSpaacemie i noBepxHOCTii $ b 3a,n,aHHoe (JjopMyjioii 

i(f (u, v)) = F( 1, u, v) = f(u, v), 
aBjiaeTca H3rii6amieM (piic. 84). 

§ 13. <&opMyjia /j,jih rayccoBoii KpHBH3Hbi 
h cjieyj,CTBna H3 Hee. OcHOBHBie ypaBHCHiia Teopnn 
noBepxHOCTefi 

B stom naparpa<J)e mbi BBiBeflCM 3aMeaaTejibHyio (JjopMyjiy Faycca, xo- 
Topaa BBipaacaeT rayccoBy KpiiBii3Hy noBepxHOCTii Tojmxo aepe3 xostjxjm- 
piieHTbi nepBOii xBa^paTiiaHOii tfiopMM stoii noBepxHOCTii n nx aacTHbie 
npon3BO/i,Hbie nepBoro h BToporo nopa,n,xa. 

Yace 113 caMoro tfrnxTa cymecTBOBamia Taxoii cjsopMyjiM mojkho c,ge- 
JiaTB HeCKOJIBKO OH0HB BajKHBIX BBIBOflOB. IlepBBm BMBOfl — IIHBapiiaHT- 
hoctb rayccoBoii kpiibh3hbi OTHOCiiTejiBHO ii3rii6aHirii. 

TeopeMa Taycca (theorema egregium 14 ). Ecjiu odna zjiadnafi noeepx- 
Hocmb no.ayuaemcfi U3 dpyzou npu noMoipu U3zu6anuji, mo zayccoeu Kpu- 
6U3HU 3mux noeepxHocmeu e coomeemcmeennux mounax coenadawm. 
flpyzuMU cjioeaMU, zayccoea Kpueu3Ha noeepxnocmu ne Mensiemcfi npu 
u3zu6anuu. □ 

TaKHM o6pa30M, rayccoBa xpireiOHa OTHOCiiTca k BHyTpeHHeft reoMeT- 
Phh noBepxHOCTefl. Kax mm 3HaeM, Tim Toaxn Ha noBepxHOCTii onpe^e- 
jiaeTca rayccoBoii kphbh3hoh noBepxHOCTii b stoii Toaxe. IIosTOMy Toaxy, 
HanpiiMep, sjuiimTiiaecxoro Tima HejiB3a npeBpaTHTb H3rn6aHHeM b Toaxy 
ninep6ojmaecxoro hjih napaSojmaecxoro Tima (piic. 85 — 87). 

^Hpyrolt BbiBO/i, xacaeTca ctjiepiiaecxoro OToSpaacemia noBepxHOCTii. 
Hcho, aTO npu n3rn6aHim ctfiepiiaecxiie H3o6pa>xeHiia Bceii noBepxHOCTH 


1 1 egregium (jiaT.) — cjiaBHaa, OTjiHHHaa, npeBoexo^Haa. 



h pa3jiiiHHbix tfairyp Ha hcii MoryT MeHHTbca. O/ipaxo n . ncnpad’b ccjDepH- 
necxoro ii3o6pajxeHiiH (Jnirypbi npii ii3rn6aHiiii He MeHaeTca. 3 to cjie^yeT 
H3 Toro o6cTOHTejibCTBa, hto njiomaflb c(f)epriHecxoro iraobpajxeHiia 06- 
jiacTii O Ha noBepxHOCTH coBna^aeT c aScojnoTHOii BejniHrmori ee nojiHoit 
KpHBH3Hbi, xoTopaa BbipaxcaeTca HHTerpajiOM ff KdS : cp. §11. A yxa- 

n 

3aHHbifi HHTerpaji, b cnjiy TeopeMbi Faycca, npii H3rii6aHHH He H3MeHaeTca 
(piic. 88). (HTo6bi 3th paccyac/jemia hmcjih cnjiy, Heo6xo,i];HMO npe/piojio- 
jxiitb, hto ccjDepiiHecKoe OToGpajxemie aBjiaeTca B3aiiMHO 0,n,H03HaHHbiM b 
o6jiacTH Q h toh o6jiacTH Q , xoTopaa cooTBeTCTByeT ell npii H3iri6aHini.) 

<&opMyjia Faycca. [lepeii;i,eM k BbiBO^y tfjopMyjibi Faycca. IlycTb 
rjia^Kaa noBepxHOCTb $ 3 a,n,aHa napaMeTpunecxiiM ypaBHemieM r = 
/ ( u , v ). Tor^a ee rayccoBa KpiiBii 3 Ha b Tonxe P = f ( u , v ), xax 6bijio 
noKa 3 aHO b § 9, BbiaiicjiaeTca no tfjopMyjie 


K ( u , v ) 


LN - M 2 
EG — F 2 ' 


(HanoMHiiM, hto K03(jKj)HH,HeHTbi E, F, G , L, M, N nepBoil h BTopoli 
KBa^paTHHHOii cJjopM hbjihiotch < foyHKV,UHMU ot nepeMCHHbix u , v .) Kax 
Mbi 3HaeM, .zyia xoscJxJjiipiieHTOB L, M, N HMeiOTca cjjopMyjibi 


( f uu ? f ic f v ) )f uvi f ui f v) 


sjEG - F 2 


\JEG - F 2 


N = 


( fvv , fu , fv ) 
yjEG - F 2 ' 


OTcro^a nojiynaeM cjsopMyjiy fljia rayccoBoll xphbh3hh b tohxc P: 


K ( u , v ) 


(/««> fv)ifw, fu, fv) - /«, fv f 


(EG-F 2 ) 2 


MTo6bi npeo6pa30BaTb HiicjniTejib x ynpbHOMy fljia Hac Bimy, Bocnojib- 
3yeMca cjieflyromeil npocToii jieMMOii H3 BexTopHofi ajirebpbi. 

JleMMa. Ilycmb danu eenmopu a, b , c, a' , b' , d £ R 5 . Tosda uMeem 
Mecmo paeencmeo, ce^i3ueaHmi,ee ux cnaJuipHue u cMeiuaHHue npou3ee- 
denusi: 


(a, b, c)(a', b', c') 


(a • a') (a • b') (a • c') 

(b • a') (b • b') (b • c') 

(c • a') (c • b') (c • c') 


floxasaTejibCTBO. IIpoBepiiM 3Ty cjsopMyjiy b xoopflHHaTax. IlycTb 
BexTop a HMeeT xoopflimaTbi a\, a,2, 03 , BexTop a' HMeeT xoopflimaTbi 
a^, 02 , «3 h t. r . Tor^a TpeSyeMoe paBeHCTBO nojiynaeTca b pe3yjibTaTe 
HecjioacHbix npeo6pa30BaHiiii 



Phc. 85 



Phc. 86 



Phc. 87 




Phc. 88 



ax 

a 2 

03 


a'x 

a ’ 2 

a'i 

(a, b , c)(a\ b, c') = 

bx 

b 2 

b 3 


b’x 

b ' 2 

b ' 3 


Cl 

C2 

C3 


ci 

c 2 

C 3 


ax 

a 2 

a 3 \ 

(a'x 

b'x 

c i\ 


(a ■ a') 

a ■ b') 

(a ■ c') 

bx 

b 2 

b 3 ■ 

a ' 2 

b 2 

C 2 1 

= 

( b ■ a') 

(b-b') 

(b • cf) 

Cl 

c 2 

<*) 

\ a 3 

^ CO 
-O 

C 3 / 


(c ■ a') 

( c b ') 

l cc ') 


JleMMa flOKa3aHa. □ 

IlpriMeHHH jieMMy k BBipaxeminM (f uu ,f u ,f v )(f vv ,f u ,f v ) h 
(fuv’fiofv) 2 ’ nojiynaeM Taxyio aobojibho rpoM 03 AKyio 4 >opMyjiy ,zyia 
rayccoBofi kpiibh3hbi: 


K(u, v) = 


1 


(EG - F 2 ) 2 


(.f uu ' f vv) (f uu ‘ f u ) (.f uu ’ f V ) 
ifu-fvv) lfu-fu) ( fu-fv ) 
ifv-fvv) ( fv fu ) C fv-fv) 

(fuv-fuv) (fuv-fu) (fuv-fv) 
(fu • fuv) ( fu ■ fu) (fu ■ fv) 
(fv ■ fuv ) (fv ■ fu) ifv ■ fv) 


IIojiB3yHCB TeM, hto ajire6paiiHecKne .nonojiHemiH jicbbix Bepxmix ajie- 
MeHTOB BtmncaHHBix onpeflejiiiTejieii coBna^aiOT, h tom, hto f u f u = 
E, f u fv = E, f v f v = G, nojiy'iHM OKOHnaTejibHO 


K(u, v) 


1 

(EG - F 2 ) 2 


uu ‘ J VV 

(fu ■ f 
(fv f 


vv 

vv 


f 2 

J u 

) 

) 


) 


(fun ■ fu) 


E 

F 


(fv 


fv) 


F 

G 


0 (fuv ■ fu) (fuv • fv) ) 

(fu-fuv) E F \ 

(fv-fuv) F G J 


^jih Toro hto6bi nojiyniiTb BBipaacemie rayccoBofi kpiibh3hbi, BKjnona- 
K>in,ee tojibko (J>yHKnnH E, F, G h nx nacmbie npoii 3 BO,nHBie, ,n,0CTaT0nH0 

BBipa3IITb ( j )V H K UU 1 1 f uu ‘ f u> f U ‘ f uvl f UV fvlfvfwlf UU ’ f v 1 f u ’ f vv ^ 

f uu ‘ f vv — fuv nacTHbie npoii 3 BO,i];HBie (])vhkhmh E, F, G. HanHeM 

c Toro, hto, npoflii 4 xJ)epeHn,npoBaB no u ii no v cooTHonieHrin 

fl = E , f 2 v = G, f u • f v = F, 


nojiy^HM cjie^,yioii];He TO^c^ecTBa: 


f U r) E u , 


fv 


f UV 2 ^ v 5 



fuv'fv = \ G u, fv'fw = \ G vr 
T UU J V "F f u ' f uv ^ u > f u ' J vv "F f uv f v • 

BbiHiiTaa H 3 nocjieflHiix flByx paBeHCTB cooTBeTCTBeHHO BTopoe a TpeTte 
paBeHCTBa, nojiyniiM: 

f uu ' f v = Fu ~ 2^ v ’ f u ' f vv = ~ 2 Gu ■ 

^ajiee, nocKOjibKy 

(t/^ uu f V ) v f uuv f V F~ f uu f vv 7 uv f v') u f uuv f V "F f uvl 


TO 

f uu' f vv ~ f uv = if uu' f v)v — if UV ' f v)u = Fuv ~ 2 E VV ~ 2 G UU- 

Ilo,ii,CTaBjiaH Bee sth BbipajKemiH b nojiyHeHHyio HaMii paHee (JiopMyjiy 
rjisi rayccoBoii kphbh 3 hbi, mbi npnxo^HM HaKOHeu; k (J)opMyjie Faycca: 


g( "' V) = (EG - FT * 

(p _ Ir 

y 1 - u 2 J ~ Jv ) 

F 
G 

0 \E V \G U \ 

- \E V E F > . 

\ G U F G J 

OcHOBHtie ypaBHeHM TeopHH noBepxHOCTefi. Erne o,i.no p,;i>Kiioe 
cjieflCTBiie H 3 (JiopMyjiBi Taycca coctoiit b tom, hto K 03 (J) 4 )riii,rieHTBi nep- 
Boii h BTopoii KBaflpaTiiHHbix 4 >opM noBepxHOCTii He hbjijhotch He 3 aBHCH- 
MbiMii. Kax mm BHflejiH, (J)opMyjia Faycca no 3 BOJiaeT Bbipa 3 iiTb cjjyHKipno 
LN - M 2 nepe 3 4 )yHKH,mi E , F , G h hx aacTHbie npoii 3 BO,n,Hbie. Flanpa- 
HiiiBaeTca Bonpoc: cymecTByiOT jiii em,e KaKiie-miGynb 3 aBiiciiMOCTii MejKfly 
K 03 (J) 4 )IiII,IieHTaMII nepBOII H BTOpOH KBaflpaTIIHHblX (f)OpM? OTBeT Ha 3 TOT 
Bonpoc nojiojKHTejibHbiii. Hmciotch flBe (J)opMyjibi FferepcoHa — Mafmap- 
pji — Koflappn, BbipajKaiomHe jnraeHHbie KOMSimapiiH aacTHbix npoii 3 BOfl- 
hbix (j)yHKHMH L , M , N aepe 3 caMii stii 4 >yHKH,Hii h nepe 3 (JjyHKpiiH E , 
F, G h hx nacTHbie npoii 3 BOflHbie: 

L v — M u = < p(L , M , iV; E , . . . , G v ), 


F uv 9 {-^vv ^ G uu ) 


F v — \G U 

-F 

2 '-r„ 


1 T ? 
2 rju 

E 

F 



My -N u = ip(L, M, N; E, , G v ). 


ffpyzux 3a,6ucuMocmeu Meaicdy E , F , G, L, M, iV wem. 

0Ka3biBaeTca, hto ecjin b njiocKofi o6jiacTii V 3a/i;aHbi mecTB (Jiymcmm 
L, M , iV, E, F , G, .zyia KOToptix bbihojihhiotch ypaBHemia IleTepcoHa — 
Maimapflii — Kona Tirro , cjaymapia: LiV — M 2 yapBjieTBopaeT ypaBHemno 
Faycca n cjayHicpiiH E, EG — F 2 BCipny nojioaaiTejibHbi, to yKa3aHHbie 
inecTb cjjyHKppiii hbjihiotch KOScjjcJjiipiiem’aMn nepBofi h BTopofi KBa^pa- 
TiiaHbix 4>opM HeKOTopoii rjiaflKofi noBepxHOCTii, onpeflejieHHon hmh o^ho- 
3HaaHO c tohhoctbio pp nojiojKemia b npocTpaHCTBe. 3 to TeopeMa Bohhs. 

§ 14. loo^caii 'iccKaa KpHBH3Ha 

H rCO/J,C311 'ICCKMC KpHBbie 

Oiipc;j,cjiciiHC. IlycTb G — KpiiBaa Ha rjia^Kofi noBepxHOCTH $, a k 
BeKTOp KpHBII3HbI B TOHKfi P 3TOH KpiIBOII. BeKTOp fc paCKJiaflbIBaeTCH B 
cyMMy flByx BeKTopoB k g h k n , nepBbifi 113 KOTopbix jichoit b KacaTejibHoft 
njiocKOCTii Tp<f>, a BTopoii eit nepneH/piKynapeH. Kan mbi 3HaeM, ^jn-iHa 
BeKTopa k n paBHa a6cojnoTHOii BejiiiaiiHe HopMajibHoft KpiiBii3Hbi kphboii 
G b tohkg P: 

\k n \ = |^n|- 

^jniHa BeKTopa k g Ha3biBaeTca zeode3uuecKOu Kpueu3H0u ( 6e3 3naKa) 
KpiiBoii G b TOHKe P h o6o3HaHaeTca aepe3 k g : 

\kg\ = kg. 

B cnjiy nepneHfliiKyjiapHOCTH bck- 
TopoB k g ii k n imeeM: 

k 2 = k 2 g + kl 

r^e k = | k | - KpHBH3Ha kphboii G b 
TOHKe P (pnc. 89). 

B KanecTBe ynpaxcHemia npe/yiara- 
eM HiiTaTGJiio ,n,OKa3aTb, hto reo^e3ii- 
aecKaa KpiiBH3Ha kphboii G b tohkb P 
paBHa KpiiBH3He npoeKUHH 3toh KpiiBoii Ha KacaTejibHyio njiocKOCTb Tp<i>. 
B nacTHOCTii, Ha njiocKOCTii reoflesiinecKaa KpiiBH3Ha BcaKoii kphboh b 
KajKAoii TOHKe coBna^aeT c ee kphbh3hoh (pnc. 90). 



Ecjiii KpiiBaa C napaMeTpii30BaHa 
BeKTop-tjDyHKpHefi <p(t), npuneM P = 
to, Kax HeTpyflHO BimeTb, ee reo- 
/i,e3HHecKaa KpiiBii3Ha b TOHKe P mo- 
hcbt 6bitb BbiHHCJieHa no tfjopMyjie 


k g = 


\{<P"{to), w) | 

ISP , (*o )| 3 



r^e n — BeKTop HopMajni k noBepxHO- 
ctii b Tonxe P. 

Tc o/i, c 3 n '[ c c k M c KpHBtie. 0Ka3biBaeTCH, hto reo/i,e3HHecKaa KpiiBii3- 
Ha othochtch k BHyTpeHHeli reoMeTpini. (Mbi ocTaBHM 3 tot 4>aKT 6e3 pp- 
Ka3aTejibCTBa.) Bmi/zy stoto oco6biii HHTepec npe/i,CTaBjiaiOT KpiiBbie Ha 
noBepxHOCTH, reo/i,e3HHecKaa KpiiBii3Ha kotopmx b Kaay/oii Tonxe paBHa 
Hyjno. Taxiie KpnBbie iiasbmaiOTca zeode3unecKUMU kpiibhimh hjiii npo- 
cto — fteodeaunecKU.MAi. Ohm aBjiaiOTca aHajioraMii OTpe3KOB npaMbix 
Ha njiocKOCTii, KpiiBH3Ha KOTopbix b KaiKpoA TOHKe paBHa Hyjno. 

H3-3a BajKHOCTH reo/i,e3HHecKHx 
/yia BHyTpeHHen reoMeTpini yKaaceM 

HeCKOJIbKO HX CBOHCTB, KaHC/],Oe H3 KO- 

Topbix mohcbt 6 biTb b3hto 3 a onpe/i,e- 
jiemie. Ecjih KpiiBaa C HBjiaeTca reo- 
/ 3 ,e 3 iinecKOH, to: 

a) BeKTop rjiaBHOH HopMajn-i Kpn- 
boh C b Ka»c/];oH Tonxe coBna/],aeT c 

BeKTOpOM HOpMajIH K nOBCpXHOCTH (c 
TOHHOCTblO flO 3HaKa) (pHC. 91); PlIC. 91 

6) conpHKacaiomaaca njiocKOCTb b Kanc/joi! Tonxe KpiiBofi C npoxo/piT 
nepe3 HopMajib k noBepxHOCTH; 

b) cnpaMjiHHDH/aH njiocKOCTb KpiiBoii C b Kaay/OH Tonne coBna/i,aeT c 
KacaTejibHOii njiocKOCTbio k noBepxHOCTH; 

r) KpiiBaa C b Kaac/],OH tohkc HMeeT HariMeHbHiyio KpiiBii3Hy cpe/pi 
Bcex KpHBbix, npoxo/pni/Hx nepe3 3Ty ace TOHKy b tom ace HanpaBjieHini 
(t. e. OHa HBjiaeTca <raaHnpaMeHiHeii>> cpe/pi sthx KpHBbix); 

/i,) ecjiH ip(t) — napaMeTpH3au,HH KpiiBoii C, to n ) = 0. 

Kan H3BecTH0, nepe3 Kaac/i,bie /i,Be tohkii Ha njiocKOCTii npoxo/piT e/piH- 
CTBeHHaa npaMaa. fljia reo/i,e3HHecKHx Ha noBepxHOCTH sto cboiictbo, bo- 
o6in;e roBopa, MoaceT He BbinojiHaTbca. ^Be tohkii na noBepxHOCTH MoryT 
coe/praaTbca /i,ByMH, TpeMH, h //ante 6ecK0HeHHbiM hiicjiom reo/i,e3HHecKHx, 



a MoryT h He coefliiHHTBCH hh oflHoft. O/piaKO BBinojiHeHO ^pyroe, po^,- 
CTBeHHoe cbohctbo, a HMeHHO : 

TeopeMa. ¥epea Kacucdyw momcy noeepxnocmu e naxtcdoM nanpae- 
jienuu npoxodum eduHcmeennaM eeode3uv,ecKasi. (IIocKOjiBKy jno6aa flyra 
reo,n,e3i-iHecKOH caMa ecTB reo^eaiiHecKaa, to e^HHCTBeHHOCTB TpeSyeT no- 
5-tCHeHHH. Ilofl eflHHCTBeHHOCTBK) MBI IIMeeM B BHfly, HTO JIK)6bie flBe flOCTa- 

tohho KopoTKne reo,n,e3HHecKHe, npo- 
xo^HH^iie nepe3 o^,Hy h Ty xe TOHKy b 
o,h,hom h tom ate HanpaB jieHini , hbjih- 
iotch flyraMH o^hoh ii topi nee SojiBineii 
reo,n,e3HHecKOH; piic. 92.) 

Hto6bi flOKa3aTB sto, cocTaBHM 
^,i«|Kj)epeHi];iiajiBHoe ypaBHemic reo^e- 
3HHecKofi. IlycTB f (u, v) — napaMeT- 
pii3aii,HH noBepxHOCTii Bya,eM iic- 
kbtb BHyTpeHHPie ypaBHCHiiH reo,n,e3Pi- 
necKOii b Bii^e u = t, v = ip(t). Topua napaMeTpH3aii,iiH reo,n,e3ii x iecKoii 
6yn,eT iimctb bh^ 

r = ip{t) =f(t, ip{t)). 

^ajiee, no o6bihhbim cjiopMyjiaM, 

<p'{t) =fu( t , 4>{t)) + /„(*, V’O)) ' 

V>"{t) =fuu(t, V>W) +2 f uv {t, il>(t))4>'{t)+ 

+ fw( t > + /„(*, 

^jia KpaTKOCTH onycKaa apryMeHTbi t h ^(t) y 4)yHKD,HH, mckscho 3ann- 
caTt: 



(¥>", <p’, n ) = ( fuu + Vuvtf + fvv V ’' 2 + fvi’", fu + firf, n ) = 

= ( fuu + 2 fuv'p'+fvvip' 2 ’ fu+fv'tp', n) + fu +f v l/>', n). 

IIocjieflHee cjiaraeMoe paBHaeTca — ij) " ■ (f u , f v , n). TanpiM o6pa30M, pa- 
BeHCTBO {ip" , ip r , n) = 0 paBHOCiijiBHO cjie^yiomeMy paBeHCTBy: 

, „ = {fuu + 2 fuvV+fvvV 2 ! fu+fv'l’’, n ) 

{fu, fv, n ) 


3to paBeHCTBO mojkho paccMaTpiiBaTB khk o6i>iKHOBeHHoe ;i,n(Jx)iepeHnn- 
ajiBHoe ypaBHeHiie BToporo nopa^Ka OTHOCHTejiBHO 4>yHKniiii ip{t). Tenepn 
H3 TeopeMBi cymecTBOBaHHH h eflHHCTBeHHOCTii peineHHii o6bikhob6hhbix 


Puc. 93 


^H(|)(|}epeHnnajibHbix ypaBHemm cjie^yeT, hto aepe3 xaayziyio Toaxy b jiio- 
6om HanpaBjiGHiiii npoxo^HT efliiHCTBeHHaa reofle3Haecxaa (ecjin HHTepe- 
cyroipee Hac HanpaBjiemie coBna^aeT c HanpaBjiemieM BexTopa /„, to mbi 
MOJKeM nOMeHSTb pOJIHMH KOOpflHHaTBI u h v). □ 

IIpaMbie Ha njiocKOCTH, oaeBiiflHO, hbjihiotch reoflesiiHecKHMii. 
HeTpyn,HO y6e,n,HTbCH, hto Ha ipuniHflpe reo,n,e3HaecxHMH hbjihiotch 
OKpy>KHOCTH, BiiHTOBbie jihhhh h npHMbie, a Ha ccjaepe reo,n,e3HHecxHMn 
HBJIHIOTCH OKpyjKHOCTH 6ojIbHIIIX KpyrOB. IIoCKOJIbKy Hepe3 KajKflyiO TOH- 
Ky 3thx noBepxHOCTeft b xa:»c,ii,OM HanpaBjieHini npoxo^iiT jiiihhh oflHoro 
H3 yKa3aHHbix TiinoB, to dpyzux eeode3uuecKux na ruiocKOcmu, yu-aundpe 
u ccfiepe nem (puc. 93). 

§ 15 . 1 1 o j i y r e o/j, c 3 M'l c c k aa napaMeTpH3au,Ha 
noeepxHOCTH. 3KCTpeMajitHoe cbohctbo reo,a,e3HaecKHX 

Onpe/jejieime. [ lapa.\ieTpH3an,na / (u. v) rjia;i,Koii noBepxHOCTH $ 
Ha3biBaeTca noJiyzeode3uuecKou , ecjin Bee xoop/pmaTHbie jhihhii o/pioro 
ceMeficTBa hbjihiotch reoflesiiaecxiiMii h b xa:»c,zi,OH Toaxe noBepxHOCTH xo- 
Op,ipiHaTHbie JIHHHH OpTOrOHajIbHbl (puc. 94). 

Cnoco6 nocTpoeHHH nojiyreojiesiriecKoii napaMeTpioapiin ycMaTpu- 
BaeTca H3 onpeflejiemiH. IlycTb L — npoii3BOjibHaa rjia^xan xpimaH Ha 
noBepxHOCTH 4>, a '- pit ) — ee peryjiapHaa (^BajK/i,bi ^Hcjx|)epeHLi,HpyeMaH) 
napaMeTpii3au,HH. Hepea xaixflyio Toaxy P = < p { t ) xpiiBOH L npoxo- 
fliiT BnojiHe onpeflejieHHaa reo^e3HaecxaH Ct , opToroHajibHaa kphboh L 
(puc. 95). Byzi,eM caiiTaTb ee opiieHTiipoBaHHOii TaxiiM o6pa30M, hto b toh- 
xe P xacaTejibHbie BexTopbi xpHBbix Ct h L o6pa3yiOT c BexTopoM Hop- 
Majin x npaByio Tpoiixy. BBe^eM Ha xpiiBOH Ct ecTecTBeHHyio napaMeT- 
pH3au,nio ip t , b xoTopoii = f { t ). Tenepb Mbi MOJxeM paccMOTpeTb 

BexTop-cjDyHxpiiio g ( s , t ), onpe^ejieHHyio b HexoTopoii oxpecTHOCTii W ot- 


Phc. 94 


Phc. 95 


pe3Ka [a, b] b njiocxocTii c xoop/pmaTaMii s, t no <J>opMyjie 

g(s , t ) = 

H3 TeopeMti o 3aBHCHMOCTii peinemiH ^HtjKjjepeHppiajibHoro ypaBHCHiia 
ot K03cJ)(|3Pin,HeHTOB h HanajiBHBix flaHHbix cjie,nyeT, hto g(s, t) — rjia^xaa 
BeKTop- cj)y HKipra , a H3 TeopeMM 06 o6paTHOM OTo6pa:sceHini cjie^yeT, hto 
g:W-> R 3 ecTB peryjiapHaa napaMeTpn3an,iia HeKOTopoii OKpecTHOCTH 
fi XpiIBOH L B nOBepXHOCTH $. TeM CaMBIM MBI nOCTpOHJIH B OKpecTHOCTH 
KpiiBon L cncTeMy BHyTpeHHiix KOopflimaT s, t, b KOTopoii caMa xprraaa L 
6yo,eT 3a,a,aBaTBca ypaBHemieM s = 0, a reofle3nnecKaa Ct 0 — ypaBHemiCM 
t = t 0 (pnc. 96). 




Phc. 96 


Hto6bi y6eflHTBca b tom, hto g(s, t ) ecTB nojiyreo,ne3iinecxaa napaMeT- 
pn3an,na, ocTajiocB npoBepiiTB opToroHajiBHOCTB xoop/pmaTHBix jihhhh b 
xaayapii Tonxe, t. e. paBeHCTBO F = 0. Tax xax jno6aa xpimaa Ct 0 — 
reo,n,e3iinecxan, to BexTop V’(t 0 ) ( s ) BCiOfly HanpaBjieH no HopMajni k no- 
BepxHOCTH. Ho, oneBiiflHO, g ss {s,to) = '*/’(t 0 )( s )- noaTOMy g ss -g t = 0. Kax 
mbi 3HaeM (cm. § 13), g S3 ■ g t = F s — E t /2. Ho npn jiio6om to 

E{s, t 0 ) = g 2 s {s, t 0 ) = [i// (to) (s)] 2 = 1 

b cnjiy ecTecTBeHHOCTii napaMeTpiraaipm i/>( t n; nosTOMy E t = 0 n F s = 
9ss ' 9 t + Et / 2 = 0. C APyroft ctopohbi, no nocTpoemno, F(0, t) = 0. 


IIoaTOMy F{s, t) = 0, h, cjie^OBaTejibHO, nocTpoeimaa napaMeTpii3aipia 
g(s, t) flefiCTBiiTejibHO nojiyreo,n,e3iiaecKaa. □ 

Eipe pa3 otmcthm, hto b nocTpoenHofi napaMeTpmapHH £ = 1, £ = 0. 
Kax HeTpyn,HO y6e,nHTbca, BcaKaa napaMeTpmapiia, ynoBjieTBopaiomaa 
3TOMy ycjiOBino, 3aBeflOMO aBjiaeTca nojiyreo,n,e3HaecKOH. 

TeopeMa. ffyea zeode3uuecKOu k pueou C Mecncdy mouKaMU A u B 
6ydem Kpamuauuieu cpedu ecex npueux, Aeotcamux na noeepxHocmu, c 
KcmycLMu e 3mux mounax, ec.au mourn A u B docmamouno 6 au3KU. 

floKasaiejibCTBO. IIpHMeHHM omicaHHyio Bbime KOHCTpyKipiio k 
cayaaio, KOiyja KpiiBaa L opToroHajiBHa reo,n,e3iiaecKoii C b Toaxe A. Mbi 
nojiyaiiM b (bo3mojkho, oaeHb MajieHbKoft) OKpecTHOCTii f 1 tohkpi A nojiy- 
reo,n,e3iiaecKyio napaMeTpii3au,ino, KOTopoii cooTBeTCTByeT cucTeMa BHyT- 
peHHiix KOop/pmaT s, t. B stoh cucTeMe KpiiBaa L 6yn,eT 3a^aBaTbca ypaB- 
HeHHCM s = 0. Ecjii'i Toaxa A HMeeT KOopflimaTbi (0, to), to KpiiBaa C 
6yn,eT 3a,n;aBaTbca ypaBHemieM t = to- 
IlycTb Toaxa B HMeeT KOopflimaTbi 
(0, s 0 ) (piic.97). 

PaccMOTpiiM jno6yio ^pyryio Kpa- 
Byio C c KOHpaMH b A ii B. ))jia npo- 
ctotbi npe;piojio>KHM. aTO C — raa/pcaa 
KpiiBaa, pejiiiKOM jieacamaa b OKpecTHO- 
cth fl. IlycTb u = v = v? 2 (t) — ee 

BHyTpeHHiie ypaBHeHiia, iyje r £ [a, /?]. IIpn stom, oaeBiiflHO, tp\{a) = 0, 
ipi (/?) = So- Ecjiii S(C) n 5(C) — fljuiHbi KpiiBbix C h C, to mbi noayaaeM 

HepaBeHCTBO : 



5(C) 



5(C). 


5Icho, aTO 5(C) = 5(C) TOiyja n tojibko TOiyja, Kor^a (p 2 (t) = 0, <p\ (r) > 
0, t. e. C = C. TeopeMa ^,0Ka3aHa. □ 

3aKJiio'iiiTCJibiibie 3aMeaaHHa: noBepxHocra nocTOHHHoii rayc- 
coboh KpHBH3Hbi. I IojiB3yacb i io j iv reo; i,e3 h ' i ec ko ii [iapaM0Tpn3;ni,neii ii 
cJiopMyaon Eaycca, mojkho flOKa3aTB, aTO ecaii y flByx noBepxHOCTeii b 
Ka>K/;oii ToaKe rayccoBa KpiiBii3Ha paBHa o^HOMy h TOMy ace aiicay K , 


to 9th noBepxHOCTii ,/ioKaMHo u3o.M,empwH,HU : jno 6 oii ,n, 0 CTaT 0 HH 0 MajiBifi 
ynacTOK nepBOii noBepxHOCTii ii30MeTpiiHeH HeKOTopoMy ynacTKy BTopoii, 
h HaoSopoT. IlosTOMy Ha noBepxHOCTax hoctohhhoh rayccoBofi kpiibii3hbi 
K ^ 0 «b MajiOM» BBinojiHaeTCH ctJjepriHecKaa: reoMeTpiia (npii K > 0) 
1 -uni njiaHHMeTpnsi (npii K = 0). IIpH K < 0 Ha noBepxHOCTH peajiH3yeTCH 
«b MajiOM» reoMeTpiia JIo 6 aHeBCKoro, no,npo 6 HO ii3JiaraeMaa b nocjie^- 
Heft rjiaBe yHe 6 miKa. C Bimy stii Tpn reoMeTpim coBepmeHHO paajniHHbi, 
hto npoHBjiaeTCH, HanpiiMep, b noBe^eHnn cyMMBi yrjiOB TpeyrojiBHiiKa. 
Ecjii-i Ha eBKjiiiflOBOH njiocKOCTH OHa paBHa 7r, to Ha ccjjepe — Bcer^a 6 ojib- 
rne, a Ha njiocKOCTH Jlo 6 aHeBCKoro — Bcer^a MeHBine 7r, npiiHCM b o 6 oiix 
cjiynasix OTjniHiie cyMMBi yrjiOB ot tt npHMO nponoppnoHajiBHO n.noipadu 
paccMaTpiiBaeMoro TpeyrojiBHiiKa. 06m;ee oGBacHemie 3TOMy ,n,aeT Teope- 
Ma Faycca — Bornra. OHa yTBepjKflaeT, hto ecjni a, (3, 7 — BHyTpeHHiie yrjiBi 
TpeyrojiBHOft oSjiacTii A, orpaHHHeHHOii Ha rjia^Kofi noBepxHOCTii TpeMH 
reo/i,e3H r recKiiMn, to 


a + /3 + 7 = 7r + J J I\ dS. 

A 

(B SToii (JsopMyjie HHTerpaji noHiiMaeTCH Kax «iiHTerpaji no njioin;aflH», 
KOTopBiii mojkho onpe,n,ejiiiTB (JiopMajiBHO KaK ff K(u, v)y/ EG — F 2 du dv, 

D 

rpp D - - nacTB ofijiacTH napaMeTpoB, cooTBCTCTByiomaH o6jiacTH A.) ^jih 
noBepxHOCTii hoctohhhoh rayccoBofi kphbii3hbi BTopoe cjiaraeMoe b npa- 
Boii nacTii OHeBiiflHO paBHO npoii3Be,zi,eHiiio rayccoBofi kpiibh3hbi K Ha njio- 
m,aflb TpeyrojiBHiiKa A. IIpHBefleHHyio cjiopMyjiy jierKO o 6 o 6 ih,iitb Ha cjiy- 
naii reo,n,e3HHecKoro MHoroy ro jibhiikh . 



H a c t b 5 

TOnOJIOrHH 


C nepBbiMii TonojioriiHecKiiMii iiohstiihmii mbi yace BCTpenajuiCB bo 
BT opoii 'iacTH khhi’h, r,n,e onpeflejiajiiicb BHyTpeHHiie n rpaHircHBie tohkh 
MHOJK ecTBa h t. n. IIpn o6m,eM rrayaemrir Tonojionni 3a ocHOBy, 0Ka3BiBa- 
eTCH, ya,o6Hee Bcero b3htb noHHTiie OTKpbiToro MHoacecTBa. 

3,n,ecB mbi Ha'iHHaeM c Toro, hto onpe^ejiaeM TonojioriiHecKoe npo- 
CTpaHCTBO n i-aynaeM ero «reoMeTpnio» ncxo/pi H3 aKCiiOM. Ilocjie Toro, 
KaK BBefleHBi roMeoMop4>H3MBi, loynaiOTCH BaacHeiimiie TonojioniHecKiie 
CBOHCTBa IipOCTpaHCTB H MHOJKeCTB — CBH3HOCTB H KOMIiaKTHOCTB . B 3a- 
KjnoHemie omiCBiBaeTCH Kjiaccn<J)HKannsi cbh3hbix KOMnaKTHBix ^ByMep- 
HBIX MHOrOo6pa3IIH, K KOTOpBIM OTHOCHTCH TaKIie IIHTepCCHBie o6l>eKTBI, 
Kax jiiict Me6iiyca, SyTBijiKa Kjieima, npoeKTHBHaa njiocKOCTB, Top, KpeH- 
^ejiB h ctJiepBi c pyHKaMii. 


F jiaBa I 

TOnOJIOrHHECKHE IIPOCTPAHCTB A 
H HEnPEPbIBHblE OTOBPA>KEHH5I 

§ 1. TonojiorHH b miloikcctbc 

IlycTB X — npoi-i3BOjiBHoe mhojkcctbo. TonoJiozuHecKOu cmpyurnypou , 
hjih monojiozueu, b MHOJKecTBe X Ha3BiBaeTca coBOKynHOCTB fl ero no^- 

MHOJKeCTB, flJIH KOTOpOII BBIIIOJIHeHBI Tpi-I yCJIOBIIH: 

a) oG^e^i-mem-ie jno6oro ceMeiicTBa mhojkcctb, npiiHafljiejKain,nx cobo- 
KynHOCTii O, TaK»ce npiiHa^jiejKiiT coBOKynHOCTii O; 

6) nepeceneHiie jiio6bix flByx MHoacecTB, npimafljiejKaiipix coBOKynHO- 
ctii TaKJKe npiiHa^jiejKiiT coBOKynHOCTii O; 

b) nycToe mhojkcctbo 0 h Bee MHoacecTBO X npiiHa^jiejKaT coBOKyn- 

HOCTII f l. 



MHO»cecTBO X c BbiflejieHHOfi TonojiornnecKOH CTpyKTypoii Cl Ha3bi- 
BaeTCH monoJiozuHecKUM npocmpancmeoM n o6o3HanaeTCH ( X , Cl) hjih 
npocTO X, ecjni hcho, o KaKofi TonojioriiHecKOii CTpyKType H,n,eT pent. 
3jieMeHTbi MHOJKecTBa X Ha3biBaiOTCH mouKaMu npocTpaHCTBa ( X , Q). 
MHOJKecTBa, Bxo^mne b BbmejieHHyio coBOKynHOCTb Cl, Ha3BiB aiOTca om- 
KpumuMU b X MHOJKecTBaMii 15 . ycjiOBiia a) — b) Ha3BiBaiOTca ancuoMa- 
mu mono./iozunecKOu cmpyKmypu. Ohh BbipaacaiOT cjieflyromne ocHOBHbie 

CBOHCTBa OTKpbITbIX MH03K6CTB: 

a) o6?>eduHeHue jik>6ozo ceMeucmea omKpumux MHOwcecme omKpumo ; 
6) nepeceuenue ak>6ux deyx omKpumux MHomcecme omKpumo', 

b) nycmoe Mnooicecmeo u ece npocmpancmeo omKpumu. 

3aMeTi-iM, hto, KaK cjie^yeT H3 6) no HHflyKnym, 

6’) nepecenenue jik>6ozo kohchhozo hucacl omKpumux MHootcecme om- 
Kpumo. 

3am-imeM aKCiiOMbi a) — b) ein;e h npn noMOipii tfiopMyji. 

a) IlycTb {U a } a £i — ceMeftcTBO mhojkcctb U a , r^e HHfleKC a npoGeraeT 
MHoacecTBO im^eKCOB I. Ecjii-i U a £ fljia KajKfloro HH^eKca a H3 I, to h 

U U a £tt. 

a(zl 

6) Ecjiii Ui, U 2 £ Cl, to n U\ fl U 2 G Cl. 

b) 0, X £ Cl. 

HaKOHeu,, yTBepjKflemie 6’) 03HanaeT, hto ecjni U\, U 2 , ■■■, U n £ Cl, 

n 

to h p| Ui g a. 

i= 1 

PaccMOTpiiM npocTeftmiie npiiMepbi TonojiornnecKiix npocTpaHCTB. 

1. Ecjii-i Cl coBna/i,aeT c mhohccctbom bcox no^MHoacecTB MHoacecTBa X, 
to TonojioriinecKoe npocTpaHCTBO (X, Cl) Ha3biBaeTca ducKpemnuM. Mbi 
BII,II,IIM, HTO B ^,1-ICKpeTHOM npOCTpaHCTBe BCe MHOJKeCTBa OTKpbITbl. 

2. Ecjiii Cl coflepnaiT Bcero flBa MHOxcecTBa: 0 h X, to TonojiornnecKoe 
npocTpaHCTBO ( X , Cl) Ha3biBaeTca anmuducKpemnuM npocTpaHCTBOM hjih 
npocTpaHCTBOM c mpueucuibHou monojiozueu. B aHTi-miiCKpeTHOM npo- 
CTpaHCTBe TOjibKO flBa OTKpbiTbix MHOJKecTBa: nycToe MHoacecTBO 11 Bee 
npocTpaHCTBO. (,II,HCKpeTHoe npocTpaHCTBO mojkho cpaBHHTb c MeniKOM 
ropoxa, rfle Kaxcflaa roponniHKa — caMa no ce6e, a aHTimucKpeTHoe — c 
3anyTaHHbiM KjiySKOM hiitok iijih TapejiKOii cnareTTii. 3flecb pojib tohck 
nrpaiOT OT^ejibHbie roponniHbi n MaKapoHiiHbi.) 


1 r ‘ RyKHa VI cooTBeTCTByeT 6yKBe O, c KOTopofi HanimaiOTCs cjiOBa: otkpbitbih, open 
(aHra.), offen (hcm.), ouvert (4>pami,.), Bee 03HaHaK>in,iie o#ho h to ace. 



3. IlycTb X ecTb jiyn [0, +oo), a Q coctoht 1-13 0, X h BceB03M0JKHi>ix 
jiynefi (a, + 00 ), r^e a ^ 0. 

JlflR coBOKynHOCTii Q aKCiiOMbi 6) n b) OHeBiiflHO BbinojiHCHBi, a aKCiio- 
Ma a) npocTO 03HanaeT, hto oStefliiHeHiie jno6oro ceMeftcTBa Taxiix jiynefi 
CHOBa ecTb jiyn. IIpocTpaHCTBO ( X , fl) Ha3biBaeTca cmpeAKOu. 

^HCKpeTHaa h aHTimiiCKpeTHan Tonojioniii caMi-i no ce6e He cjihihkom 
HHT epecHbi, ho mbi nocTOHHHO 6y^eM nojib30BaTbca iimh b KanecTBe npo- 
CTeiiHinx npiiMepoB. 

^onojiHeHiia OTKpbiTbix MHOJKecTB HMeiOT cnepnajibHoe Ha3Bamie. 

MHOJKecTBO F C X Ha3biBaeTCH 3aMKHymuM b npocTpaHCTBe ( X , O), 
ecjni ero flonojiHemie X\F otkpbito, t. e. X\F £ Q. 

IIpHMepBi. 1. B flHCKpeTHOM npocTpaHCTBe Bee MHoncecTBa 3aMKHy- 

Tbl. 

2. B aHTHfliiCKpeTHOM npocTpaHCTBe tojibko flBa 3aMKHyTbix MHoace- 
CTBa: nycToe MHoncecTBO h Bee npocTpaHCTBO. 

3. B CTpejine 3aMKHyTbi nycToe MHoncecTBO 0, Been jiyn [0, + 00 ) 11 
OTpe3Kii BHfla [0, a], r^e a ^ 0. 

nepemicjiHM CBOiiCTBa 3aMKHyTbix MHoncecTB, BbiTeKaronpie 113 axcnoM 
TonojioriinecKOH CTpyKTypbi. 

TeopeMa. 

a) Flepeceuemie jik>6ozo na6opa 3aMmymux MHOotcecme 3aMKHymo. 

6 ) 06veduHeHue jiw6ux deyx 3aMmymux MHoatcecme 3aMKnymo. 

b) Ilycmoe MHOcHcecmeo u ece npocmpancmeo 3a,MKHymu. 

H 3 yTBepjK.neHHH 6) cjie^yeT no imflyKipni, hto 

6 ’) OSseduHenue jik>6ozo Koneunozo uucjia 3aMKnymux MHootcecme 3a- 
MKHymo. 

floKasaTejibCTBO. HanHeM co CBoncTBa b). Oho BbiTexaeT H3 an- 
cnoMbi b) TonojiornnecKOH CTpyKTypbi: nycToe mhojkcctbo 0 3aMKHyTO, 
nocKOJibKy OTKpbiTO ero flonojraeHiie — Bee npocTpaHCTBO X ; a Bee npo- 
CTpaHCTBO X 3aMKHyTO , nocKOJibKy otkpmto ero flonojiHemie — nycToe 
MHOJKeCTBO 0. 

IlepeHfleM k CBOiiCTBy 6). IlycTb F, G C X — 3aMKHyTbie MHoncecTBa. 
Oto 3HamiT, hto hx flonojiHemin X\F h X\G OTKpbiTbi. Hto6bi floxa- 
3aTb, hto oGBe^HHeHiie FUG tojkb 3aMKHyT0, HyacHO npoBepiiTb, hto 
^. onojiHeHiie MHoacecTBa FUG otkpbito. Ho flonojiHemie oGBeflimeHiin 
^,Byx MHoncecTB coBna^,aeT c nepeceneHiieM hx flonojiHeHini: 

X\{F U G) = (X\F) O (X\G ). 16 


16 ,Ziy[5i o6o3[ia,'ieiiMH /i,onojiHeHn>i MHCOKecTBa HHor^a HcnojiB3yeTCfl 3HanoK C (cthjih- 



IIosTOMy MHOJKecTBO A'\(FUG) OTKpbiTO k&k nepeceneHiie pByx OTKpbi- 
tbix MHOscecTB (axcHOMa 6) TonojioniHecKOH CTpyKTypbi). 

/],OKajKeM, HaKOHep, cbohctbo a). IlycTb {F a } a ^j — npon3BOjibHoe ce- 
MeilCTBO 3aMKHyTbIX MHOJKeCTB IipOCTpaHCTBa. 9T0 3HaHHT, HTO OTKpbITbl 

hx ponojiHeHiiH — MHOJKecTBa X\F a , a € /. HtoGm poxasaTb, hto nepece- 
Hemie p| F a TOJKe 3aMKHyTO, HyjKHO npoBepiiTb, hto ponojiHemie MHonce- 

a&I 

CTBa P F a OTKpbiTO. Ho ponojiHeHiie nepeceneHiiH HecKOJibKnx mhojkoctb 

a&I 

coBnapaeT c o6 r beflHHemieM hx ponojiHeHHit: 

*\ f) F “ = \J(X\F a ). 

aG/ aG/ 

noaTOMy MHO»cecTBO X\ P f a OTKpbiTO KaK oStepiiHeHiie HecKOJibKnx 

ckE J 

OTKpbITbIX MHOJKeCTB (aKCIIOMa a) TOnOJIOTHHeCKOH CTpyKTypbi) . □ 

Ha npiiMepe piiCKpeTHoro a aHTiipiiCKpeTHoro npocTpaHCTB biipho, hto 
MHOJK eCTBO MOJKeT 6bITb OpHOBpeMCHHO OTKpbITbIM II 3aMKHyTbIM, a MO- 
»ceT ne 6biTb hii 3aMKHyTbiM, hi OTKpbiTbiM (KaK 3aKpbiTaH, ho He 3anep- 
Tasi pBepb!). 

CBOHCTBa 3aMKHyTbIX II OTKpbITbIX 
MHOHCeCTB B HeM-TO nOXOJKH. Baxnioe 
pa3jiHHiie Mexcpy hiimii b tom, hto ne- 
peceHemie 6ecKOHeHHoro ceMeficTBa ot- 
KpbiTbix MHOJKecTB He o6fl3aTejibHO ot- 
KpbiTO , a nepecencHiie 6ecKOHCHHoro ce- 
MeltcTBa 3aMKHyTbix mhojkcctb Bcerpa 
3aMKHyT0 ; b to xce BpeMH o6T>epHHe- 
mie 6ecKOHeHHoro ceMeficTBa 3aMKHy- 
tbix MHOJKecTB He o6a3aTejibHO 3aMKHyT0, a oGtepimemie 6ecKOHenHoro 
ceMeficTBa OTKpbiTbix mhojkcctb Bcerpa OTKpbiTO. HanpnMep, Ha hhcjio- 
boh npaMOH R 1 HMeeM 





u 


-i+-, i-- 

n n 


= (-l, 1 )! 


30BaHHan; nepBaa 6yKBa cjiOBa complement — ,n;onojiHeHHe) . Toiyja 3anncB CTaHOBHTCH 
CHMMeTpHHHOH: C(i ? U G) = CF fl CG. 


HaKOHeu,, ^a^HM eme o^ho onpeflejiemie. TonojiozuuecKou OKpecm- 
Hocrm>w moHKU x Tonojiorii’iecKoro npocTpaHCTBa X Ha3biBaeTCH bch- 
Koe OTKpt>iToe MHO»cecTBO U, co^epjKamee 3Ty Tonicy x (piic. 1). Ha- 
cto mbi 6yneM onycKaTb cjiobo «TonojioniHecKaH» h roBopiiTb npocTO 
«OKpeCTHOCTb » . 


§ 2. MeTpmca b MHoacecTBe 

IlycTb M — npoi-i3BOjibHoe mhoskcctbo. Mempumu b MHontecTBe M Ha- 
3HBaeTCH Bem,ecTBeHHaa: 4>yHKn,iiH p, onpeflejieHHaa Ha MHOxcecTBe BceB03- 
mojkhhx nap ajieMeHTOB MHOxcecTBa M: 

p: M x M -> R, (a:, y) i — > p(x, y), 

Tanaa, hto BbinojiHeHbi neTbipe ycjiOBira: 

a) <J)yHKipiH p npnHHMaeT tojihko HeoTpimaTejibHbie 3HaneHiiH: 
p(x, y) ^ 0 fljia jho6bix x, y H3 M; 

6) p(x, x) = 0 fljia jiio6oro sjieMeHTa x H3 M, h ecjin p(x, y) = 0, to 
o6a3aTejibHO x = y; 

b) p(x, y) = p(y, x) fljia jho6bix x, y H3 M; 

r) p(x, z ) ^ p(x, y) + p(y, z) jho6bix x, y, z H3 M. 

MHOJKecTBO M c (JjiiKCiipoBaHHOH MeTpnKOH p Ha3biBaeTCH Mempuue- 
ckum npocmpancmeoM h o6o3HanaeTCH (M, p) hjih npocTO M, ecjin hcho, 
o KaKolt MeTpriKe H,n,eT penn. 3jieMeHTbi MHOxcecTBa M Ha 3 biBaiOTCH mou- 
kclmu npocTpaHCTBa ( M, p). 3HaneHiie MeTpiinecKOii 4>yHKH,im p Ha nape 
sjieMCHTOB x, y Ha3biBaeTCH paccmosmueM MejK/ty TOHKaMii x h y h 060- 
3HanaeTCH odbiHHO ciimbojiom dist(a;, y): dist(x, y) = p{x, y). 17 3to 060 - 
3HaneHiie no3BOjiH6T He yKa3biBaTb MeTpnnecKyio (JjyHKpino hbho. Ycjio- 
biih a) — r) Ha3biB aiOTcn aKCU0Ma.HU MempuKU. Ohh BbipancaiOT ocHOBHbie 
CBOHCTBa paCCTOHHIIH: 

a) HeoTpupaTejibHOCTb: paccmosmue Meotcdy deyMA mouKaMU ecezda 
neompuyamejiuHo. 

6) AKCHOMa TOJK/jecTBa: paccmosmue Meotcdy mouKa.HU paeno nyjim 
mozda u moAbKO mozda, Kozda mouKU coenadawm. 

b) CiiMMeTpiiHHOCTb: paccmosmue om mouKU x do mouKU y paeno pac- 
cmosmuw om mouKU y do mouKU x. 

ycjiOBiie r) Ha3biBaeTca uepaeeHcmeoM mpeyzoAuuuKa, nocKOjibKy oho 
aHajioniHHO TOMy cJmKTy, hto /yn-ma jiioSoh ctopohm TpeyrojibHiiita mbhb- 
me cyMMbi /ynm AByx flpynix ero ctopoh. 


17 Ot distance (<J>p., aHrji.). Cp. pyccKoe «flHCTaHD,H5i». 



PaccMOTpiiM npiiMepti MeTpnnecxiix npocTpaHCTB. 

1 . Bo3bMeM b xanecTBe MHOJxecTBa M npoiraBOjibHoe MHOJxecTBO h ^jih 
jik>6bix x, y H3 M nojiojxiiM p(x, y) = 1, ecjni x ^ y , h p(x, y) = 0, ecjin 
x = y. Taxaa MeTpnxa Ha3biBaeTCH cuMn./iuyuaJibHoii. B npocTpaHCTBe c 
CHMnjiHnnajiBHoit MeTpHKoit paccToaHiie Mejx^y jno6biMii flByMH pa3jniH- 
HblMH TOHKaMII paBHO 1. 

2. Bo3BMeM b xanecTBe MHOixecTBa M mhohiectbo Bcex BemecTBeHHbix 
Hiiceji R. Onpe^ejiHM MeTpuxy p no cjsopMyjie 

p(x, y) = \x- y\. 

3to cmandapmuafi Mempuna Ha npaMoii. 

3. Bo3BMeM b KanecTBe M n-MepHoe eBxjnmoBO npocTpaHCTBO R n , a b 
KanecTBe MeTpiiKii p — o6biHHoe eeKJiudoeo paccmomue Menc/jy TOHKaMn: 
ecjin x = (xi, . . . , x n ), y = (yi, . . . , y n ) — tohxh npocTpaHCTBa R™, to 

p{x, y) = \J (xi - yi) 2 + (x 2 - yi) 1 + . . . + (x n - y n ) 2 . 

4. PaccMOTpiiM b KanecTBe M n-MepHoe npoeKTiiBHoe npocTpaHCTBO, 
t. e. MHO»cecTBO Bcex npHMbix b (n+l)-MepHOM eBKjiiiflOBOM npocTpaHCTBe 
R n+1 , npoxoflanpix nepe3 Hanajio xoopflimaT. IIpH n = 2 sto npoexTHB- 
Ha h njiocKOCTb, a npii n = 3 — o6biHHoe npoeKTiiBHoe npocTpaHCTBO. Pac- 
CTOHHIie MeJK^y ,H,ByMH «TOHXaMH» — npHMbIMH 1 1 II I2 nOJIOJKI'IM paBHBIM 
yrjiy Mejx/iy 1 1 h I 2 . IlepBbie Tpn axciiOMbi MeTpiixii 3,n,ecb oneBiiflHO Bbi- 
nojiHeHbi. HeTBepTaa axciiOMa- HepaBeHCTBO TpeyrojibHiixa — BbipajxaeT 
tot cfmxT, hto b TpexrpaHHOM yrjie KajK^biii njiocKHH yroji MeHbine cyMMbi 
^Byx ocTajibHbix (cm. n. 2, tji. Ill, §4, TeopeMa 1). 

Ebkjiii^obo n-MepHoe npocTpaHCTBO — b nepByio onepe^b njiocxocTb 
h o6biHHoe TpexMepHoe npocTpaHCTBO — Sy^yT fljia Hac ocHOBHbiMii npii- 
MepaMii Mei’pH'iecKHx npocTpaHCTB. Teopino MeTpunecxiix npocTpaHCTB 
MOJKHO CHHTaTb pa3HOBH,H,HOCTbIO reOMeTpiIII, nOCTpOeHHOII IICKJIIOHHTejIb- 
HO Ha nOHHTIIII paCCTOHHIIH. 

BcHKoe noflMHO»cecTBO A MeTpiinecKoro npocTpaHCTBa M mojxho pac- 
CMaTpiiBaTb Kax caMOCTOHTejibHoe MeTpiraecxoe npocTpaHCTBO. ^3,jih 3to- 
ro Hy>KHO onpeflejiiiTb paccTOHHiie Mexyiy xajxflbiMii flByMH ero TOHKaMn 
nan paccTOHHiie Meayiy stiimii nee TonxaMii b hcxo^hom npocTpaHCTBe M. 
Taxaa MeTpnxa Ha3biBaeTCH undyyupoeanHou. IIoflMHOHcecTBO A, Hafle- 
jieHHoe HHflypupoBaHHOH MeTpuxoft, Ha3biBaeTca MempunecKUM nodnpo- 
cmpancmeoM MeTpunecxoro npocTpaHCTBa M. 

IlycTb M — MeTpiinecKoe npocTpaHCTBO, a — ero Tonxa, r — nojiojxn- 
TejiBHoe hiicjio. MHO»cecTBO Tonex npocTpaHCTBa M, yuanemibix ot toh- 



kh a Ha paccTOHHne, He Gojitniee r, Ha3biBaeTca 3aMKHymuM mapoM npo- 
CTpaHCTBa M c yeumpoM b Tonne a h paduycoM r h o6o3HanaeTCH ciimbo- 
jiom D r (a). 18 MHOHcecTBO ToneK, ypajieHHbix ot tohkii a Ha paccTOHHHe, 
MeHbmee r, Ha3biBaeTca omKpumuM mapoM h o6o3HaHaeTca B r (a). 19 Ha- 
KOHen,, mhojkcctbo ToneK, pacnojio»ceHHbix Ha paccToamiii r ot tohkii a, 
Ha3biBaeTCH ctfiepou h o6o3HanaeTCH S r (a). 20 TaxiiM o6pa30M, 

D r (a) = {x £ M: dist(a, x) < r}, 

B r (a) = {x € M : dist(a, x) < r}, 

S r (a) = {x G M : dist(a, x) = r}. 

EpiiHiiHHbie 3aMKHyTBift map h ccjiepy b eBKjippoBOM npocTpaHCTBe R" 
o6o3HaHHM nepe3 D n h S ra_1 . B cjiynae Korpa M — odbiHHoe eBKjnipoBO 
npocTpaHCTBO, MeTpiinecKiie ccjiepbi h 3aMKHyTbie niapbi npepcTaBjiaiOT 
co6oh xopomo 3HaKOMbie HaM reoMeTpiinecKiie d>iirypbi — odbiHHbie ccjiepbi 
h mapbi. 

OTKpbiTbiii map papiiyca £ > 0 c peHTpoM b paHHOii TOHKe nacTO TaKsce 
Ha3biBaeTCH £-oKpecmnocmt>K) stoii tohkii. 

IlopMHOJKecTBO A MeTpunecKoro npocTpaHCTBa M Ha3biBaiOT ozpanu- 
HennuM , ecjiH BceB03MOJKHbie nonapHbie paccToamiH Mexcpy ero TOHKaMii 
He npeBoexopHT HeKOToporo d>iiKCiipoBaHHoro Hiicjia d. Rcho, hto b stom 
cjiynae Bee MHOJKecTBO A copepiKiiTCn b niape papnyca d c peHTpoM b 
npoii3BOjibHofi TOHKe MHO»cecTBa A. 21 Hao6opoT, ecjin mhojkoctbo A co- 
pepjKiiTCH b HexoTopoM mape papiiyca r c peHTpoM b HeKOTopofi TOHKe a, 
to oho orpaHiineHO b cnjiy HepaBeHCTBa TpeyrojibHiiKa. ^HeftcTBiiTejibHO, 
nycTb x, y — ppe tohkii H3 A. Torpa 

dist(;r, y) < dist(x, a) + dist(a, y) ^ 2 r. 

IIosTOMy b KanecTBe d mojkho b3htb hiicjio 2 r. 

Om-mieM Tenepb HeKOTopyio BbipejieHHyio TonojioniHecKyio CTpyKTy- 
py, KOTopaa cyipecTByeT bo bchkom MeTpirnecKOM npocTpaHCTBe M. IlycTb 
O(M) — ceMeftcTBO Bcex mhojkcctb U, KOTopbie BMecTe c KaiKpoft CBoeft 
tohkoh x copepjKaT HeKOTopyio ee mapoByio OKpecTHOCTb, t. e. 

U G £l(M) <*=> \/x G U3r > 0: B r (x) C U. 

18 Ot disc — flHCK. 

19 Ot Ball (hcm.), ball (amyi.), balle (4>p.). 

20 Ot Sphare ( ne.vi . J , sphere (aHrji.), sphere (4>P-)- 

21 PaayMeeTCH, ecjiH MHOutecTBO A HenycTO. ITycToe MHOiKecTBO cnirraeTcn orpami- 
MeHHBiM no onpe/i.ejieiiHio. 



IlycToe MHCcscecTBO Toace cniiTaeTca npiiHafljiejKamHM ceMeficTBy 
0(M). (IlycToe MHoacecTBO 0 HiiKaiaix tohck He co^epaaiT, h noTO- 
My, KaK npiiHHTO cniiTaTb, «Bce ero tohkii» o6jia^aiOT jiio6bim Ha- 
nepe^ 3a,a,aHHbiM cboiictbom. B nacTHOCTii, ohii coflepacaTca b ny- 
ctom MHoacecTBe BMecTe co bccmii cboiimh mapoBbiMii OKpecTHO- 
cthmh.) 

TeopeMa 1. /{am coeoKyrmocmu Q(M) eunojmenu ancuoMU monoAO- 
zunecKOu cmpyKmypu. 

floKasaTejitCTBO. HanHeM c aKCiiOMbi a). IlycTb {U a } ae i — npo- 
H3BOjibHoe ceMeficTBO mhojkcctb, npiiHafljiejKamiix coBOKynHOCTii f l(M). 
Hto6bi ^OKa3aTb, hto hx o6be,a,HHeHHe (J U a Taxate npiiHafljieaaiT co- 

aG/ 

BOKynHOCTi-i f2(M), Han^eM ,h,jih npoii3BOjiBHOi"i tohkh a £ (J U a HeKO- 

aei 

Topyro ee mapoByro OKpecTHOCTb V, co^epacamyiocH b MHoacecTBe U U a . 

aEl 

Bocnojib3yeMCH TeM, hto a £ U' a .zyia HeKOToporo HH^yetcca a ' H3 I. B 
MHOJKecTBe U' a BMecTe c tohkoii a co^epaaiTca HeKOTopaa ee niapoBaa 
OKpecTHOCTb V. TeM 6ojiee, V coflepaarrca b MHoacecTBe (J U a , h, 3Ha- 

aEl 

'i H r, OKpecTHOCTb V HCKOMaa. 

ITepeftfleM k aKcriOMe 6). IlycTb U\, U 2 — ABa MHoatecTBa, npimafl- 
jie>KainHe coBOKynHOCTii Hto6bi flOKa3aTb, hto iix nepeceneHiie 

U\ n U 2 Toace iipHHa;yre>KH r r coBOKynHOCTii O(M), HaltfleM fljia npoii3- 
BOJibHoii tohkh a H3 U\ (~1 U 2 HeKOTopyio ee niapoByio OKpecTHOCTb, co- 
^epacamyioca b MHoacecTBe U\ n t/2- IlycTb mhojkcctbo U\ co;iep>KH r r 
£ 1 -OKpeCTHOCTb TOHKH a, a MHOJKeCTBO U 2 COflepJKIIT £ 2 “OKpeCTHOCTb TOH- 
KH a, npuneM £ 1 , £2 > 0. 

06o3HanHM nepe3 £ MeHbmee H3 niiceji £ 1 , £ 2 . Tor^a, ohcbh^ho , 
£-OKpeCTHOCTb TOHKH a COflepJKI'ITCH B KajK^OM H3 MHOJKeCTB U\ H U 2 , 
a 3HanHT, h b hx nepeceHeHiiii U\ n 

HaKOHen,, npoBepiiM aKCHOMy b) . Bee npocTpaHCTBO M 3aBe,n,OMO npn- 
Ha^jiejKiiT coBOKynHOCTii Q, nocKOjibKy c KajKfloft CBoeft tohkoii co^epjKiiT 
Bee ee mapoBbie OKpecTHOCTii. IlycToe mhohcoctbo 0 Taxace npiiHafljiejKHT 
coBOKynHOCTii TeopeMa 1 ,n,OKa3aHa. □ 

HTaK, mm npoBepiijiii, hto coBOKynHOCTb Q(M) 3a^aeT Tonojiorino b 
MH oacecTBe M, KOTopaa Ha3biBaeTca MempunecKOu monoAozueu. O MeTpn- 
HecKofi Tonojiorini nacTO roBopaT, k'ak o Tonojiorini, KOTopyio nopoweda- 
em MeTpi-iKa. MHoacecTBa, Bxo^anpie b coBOKynHOCTb Ha3biBaK>Tca 

omKpumuMu nodMHozHcecmeaMU MeTpunecKoro npocTpaHCTBa M. TaxiiM 
o6pa3QM, OTKpbITbIMH B MeTpHHeCKOM npOCTpaHCTBe Ha3bIBaiOTCH MHOJKe- 



CTBa, KOToptie BMecTe c KajK^oii CBoeft tohkoii coflep»caT Bee ,n,ocTaTOHHO 
6 jIH 3 KHe K Heft TOHKII. 

/],OKa>KeM, hto ecfiKuu omKpumuu wap B r (a) sie.tifiemcsi orriKpumuM 
MHootcecmeoM. 

IlycTB b — npoii3BOjibHaa TOHKa stoto niapa. Toiyja dist(a, b) < r. Ilo- 
jiojkhm £ = r — dist(a, b). ,Zl,0CTaT0HH0 y6efliiTbCH b tom, hto tohkh b 
coflepjKHTCH b rnape B r (a) BMecTe co CBoeft £-OKpecTHOCTbio B £ (6). fljisi 
3Toro npoBepiiM, hto b mape B r (a) coflepjKiiTCH KajK^as TOHKa x £ B £ (6). 
Ho 3to cjie^yeT 1-13 HepaBeHCTBa TpeyrojibHiiKa h toto, hto dist (x, b) < e: 

dist(x, a) ^ dist (a;, b) + dist (6, a) < £ + dist (6, a) = r. 

B nacTHOCTii, ecfiKan £-OKpecmHocrm> mouKU MempuuecKozo npo- 
cmpancmea ne.titiemcsi ee monoJiozuuecKou oKpecrrmocm'bw (e Mempuue- 
ckou mono.nozuu) . 

nycTb ( X , Q) — TonojioniHecKoe npocTpaHCTBO. Ecjii-i TonojioraiHecKaH 
CTpyKTypa O noposKflaeTCH HeKOTopoft mctpiikoii b MHO»cecTBe X , to to- 
nojioniHecKoe npocTpaHCTBO (X, fl) Ha3biBaeTCH Mempu3yeMUM. ^Be MeT- 
priKii, nopojKflaiomHe o,n,Hy h Ty »ce Tonojiomio, Ha3biBaiOTCH 9Keuea.aeHm- 
HUMU. 


§ 3. Biiy ipcmiocTL), 3aML.[Kanne, rpamm,a 

nycTb A — noflMHO»cecTBO TonojioniHecKoro npocTpaHCTBa X. 

CpeflII OTKpBITBIX MHOJKeCTB, COflepjKaiH,HXCH B MHOJKeCTBe A, eCTB 
Haiidojibniee: sto odbe/iiiHeHtre Bcex Taxiix MHO»cecTB. Oho Ha3biBaeTCH 
enympemieu uacmbw , hjih eHympenHocmbm, MHO»cecTBa A 11 o6o3HanaeT- 
ch chmbojiom intH hjih, no/i,po6Hee, intxA . 22 

HanpnMep, b cjiynae KOiyja X = R HHCJiOBasi npHMaa, HMeeM 
int [0, 1] = (0, 1). 

BcsKoe OTKpbiToe MHOJKecTBO, OHeBiiflHO, coBna^aeT co CBoeft BHyTpeH- 
Heft nacTbio, h Hao6opoT, ecjin mhojkcctbo coBna^aeT co CBoeft BHyTpeH- 

HOCTbK), TO OHO OTKpbITO: 


A = intA <t=> A £ H. 

no/i,o6HbiM o6pa30M cpe;i,H Bcex 3aMKHyTbix MHOJKecTB, co^epiKamiix mho- 
acecTBO A. ecTb HaHMeHbinee: sto nepeceneHiie Bcex TaKiix mhoikcctb . Oho 

22 Ot interieur ( 4 >p.) h interior (amvi.). flpyroe pacnpocTpaHemroe o 6 o 3 HaHeHne fljin 


BHyTpeHHOCTH 



Ha3biBaeTca 3aMUK(mueM MHOHcecTBa A h o6o3HaHaeTCH chmbojiom cl A 
hjih, no^po6Hee, c\x A. 23 

HanpHMep, Kor^a X = R HiicjiOBaH npaMaa, nojiynaeM cl (0, 1) = 

[ 0 , 1 ]- 

BcsKoe 3aMKHyToe mhojkcctbo, oneBM/iHO, coBna^aeT co cboiim 3aMbi- 
KaHiieM, h Hao6opoT: ecjiH mhojkcctbo coBna^aeT co cboiim 3aMBiKamieM , 

TO OHO 3aMKHyT0 : 

A = cl A A 3aMKHyT0. 

OneBimHO, hto BHyTpeHHOCTB MHOHcecTBa A coflepjKHTCH b ero 3aMbi- 
KaHim: 

int A C cl A. 

Tohkii, npHHafljie>Kain,He 3aMbiKaHino MHOxecTBa ho He npHHafljiexca- 
mne ero BHyTpeHHOCTii, o6pa3yiOT gpaHuv,y MHoncecTBa A. rpamipa 060- 
3HaHaeTCH chmbojiom fr A hjiii, noflpo6Hee, frx A: 24 


fr A = cl A \ int A. 

HanpiiMep, b cjiynae, Kor^a X = R HHCJiOBaa npHMaa, HMeeM fr[0, 1] = 
fr(0, 1) = {0, 1}, t. e. rpamipa HHTepBajia coctoiit h 3 flByx tohck -ero 

KOHH,OB. 

Tax KaK pa3HOCTb flByx mhojkbctb paBHa nepeceHeHino nepBoro mho- 
ncecTBa c ^onojiHeHiieM BToporo MHoncecTBa, to 


fr A = cl A \ int A = cl A n {X \ int A) . 



Oiipe/;ejieHiie. IlycTB x 
BaeTCH (puc. 2): 


CjieflOBaTejiBHO, rpaHiipa fr A 3aMKHyTa 
Kax nepeceHemie AByx 3aMKHyTBix mho- 

JKeCTB. 

PaCIIOJKOKCHHC TO'IKLl OTHOCH- 
TCJiL.no MHoacecTBa. I Ipinia;i,jie>KnoeTi> 
npoH3BOjibHOH tohkii npocTpancTBa 3a- 
MBiKaHHio , BHyTpeHHOCTii hjih rpaHiipe 
MHOscecTBa MOxceT 6biTb omicaHa Ha 
H3BiKe OKpecTHOCTeit. 

£ X — npoH3BOjibHaH TOHKa. ToHKa x Ha3r>i- 


23 Ot cloture (<f>p.) h closure (amyi.). 7Ipy i'oe pacnpocTpaHeHHoe o6o3HaueHHe fljia 
3aMbIKaHHH — A. 

24 Ot frontiere (4>p.) h frontier (aHrji.). ,H,pyroe pacnpocTpaHeHHoe o6o3HaneHHe ^jih 
rpaHHD,bi — d A. 


a) eHympemeu momtou MHOncecTBa A, ecjin OHa jiejKiiT b A BMecTe c 
HeKOTopofi CBoefi OKpecTHOCTbio; 

6) zpaHUHHOu moHKOu MHOJKecTBa A, ecjin BCHKan ee OKpecTHOCTb ne- 
peceKaeTCH h c mhojkoctbom A, n c ero ^onojiHemieM X\H; 

b) eneiuHeu mouKou MHO»cecTBa A, ecjin OHa jiejKiiT b ^onojiHeHini 
MHoarecTBa A BMecTe c HeKOTopofi CBoeft OKpecTHOCTbio. 

Hcho, hto KajK^aa TOHKa x € X hbjihctch no OTHomeHino k MHoace- 
CTBy A jni6o BHyTpeHHeft, J11160 rpaHHHHoft, J11160 BHeniHeft. BHyTpeHHiie n 
rpaminHbie tohkii Ha 3 biBaiOTCH mouKaMU npuKOCHoeenusi MHoncecTBa A. 
TannM o 6 pa 30 M, TOHKa x € X HBjineTcn TOHKoft npiiKOCHOBemiH MHoace- 
CTBa A, ecjin BCHKan ee OKpecTHOCTb nepecenaeTCH c mhohccctbom A. 

TeopeMa 1 . a) BnympenHocrm> int A scmkozo MHoatcecmea A ecmt> 
MHootcecmeo ezo enympenHux mouen. 

6 ) 3aMUKcmue cl A bcsikozo MHooicecmea A ecmt> MHootcecmeo ezo mo- 
uen npuKOCHoeenufi. 

b) rpanuv,a fr A ecsmozo MHoatcecmea A ecrm> MHootcecmeo ezo zpa- 
huhhux moueK. 

floKasaTejibCTBO. a) Tan nan BHyTpeHHOCTb int A OTKpbiTa, to 
OH a HBjiaeTCH OKpecTHOCTbio rjik bchkoii CBoefi tohkii. IIoaTOMy Bee ee 
tohkii — BHyTpeHHiie fljia MHOHcecTBa A. Cjie^OBaTejibHO, MHoacecTBO int A 
COflepJKIITCH B MHOJKeCTBe BHyTpeHHIIX TOneK MHOJKeCTBa A. 

^OKanceM o6paTHoe BKjnoHemie. IlycTb a £ A — npoii 3 BOjibHaH BHyT- 
peHHHH TonKa. OHa coflepjKHTCH b A BMecTe c HeKOTopoft CBoeft OKpecT- 
hoctbk) U . Tan kbk intH — HanSojibinee OTKpbiToe MHOJKecTBO, co,n,epaca- 
in,eecH b A, to OKpecTHOCTb U, a c Heft h caMa TOHKa a co^epjKHTCH b 
MHO» cecTBe int A. CjieflOBaTejibHO, MHoacecTBO int A coflepaciiT MHoacecTBO 
BHyTpeHHiix ToneK MHoacecTBa A, a 3 HamiT, b cnjiy ,n,OKa 3 aHHoro Bbime, h 
coBnaflaeT c hiim. 

6) Hto6bi flOKa3aTb, hto MHoaiecTBO cl A coBna/i,aeT c MHoacecTBOM 
Tonex npiiKOCHOBemiH MHoacecTBa A, npoBepiiM, hto coBna^aiOT hx flo- 
nojiHeHiiH. ^onojiHeHiie k MHoacecTBy Tonex npiixocHOBeHiiH coBna^aeT c 
MHOJKeCTBOM BHyTpeHHiix TOHeK MHOJKeCTBa X\H, T. e. C MHOJKeCTBOM 
int(X\H). Ho HeTpyn,HO noxa3aTb, hto h 

X\clH = int(X\H). 

b) C OHeBHflHOCTbio cneflyeT H3 a) h 6) h toto, hto, BO-nepBbix, 
fr A = clA\ int A, n, bo-btopbix, rpaHiiHHbie tohkii MHOJxecTBa — sto Te 
tohkii npiiKOCHOBeHHH, xoTopnie He HBjiHiOTCH BHyTpeHHHMH. TeopeMa 1 
^0Ka3aHa. □ 



§ 4. Ho/pi pocrpaii cxiia TonojiorHHecKoro npocTpaHCTBa 


IIo^i,o6ho TOMy xax Bcaxoe noflMHO>KecTBO MeTpiinecxoro npocTpaHCTBa 
Ha^ejiaeTCH MeTpuxoii, Tax Bcaxoe no^MHOJxecTBO TonojiorHHecxoro npo- 
cTpaHCTBa MOJxeT 6 bitb HaflejieHO ecTecTBeHHoft Tonojiorpinecxolt CTpyx- 
Typoii. ( CpaBHHTe c tcm, hto ^ajiexo He Bcaxoe noflMHOJxecTBO rpynnBi 

HBjiaeTCH ee no^rpynnofi, noflMHOJxecTBO 
jiHHefiHoro npocTpaHCTBa — ero noflnpo- 
CTpaHCTBOM . ) 

riycTB A — npoH3BOjibHoe noflMHO- 
jxecTBO TonojiorHnecxoro npocTpaHCTBa 
( X , H) (puc. 3). 06o3HaniiM nepe3 H A co- 
BOxynHOCTb Bcex no^MHOJxecTB mhojxc- 
CTBa A, xoToptie hbjihiotch nepecenemi- 
HMH OTXpbITBIX MHOJXeCTB npOCTpaHCTBa 

X c MHOJxecTBOM A: 



n A = {unA: u c n}. 


TeopeMa 1. CoeoKyrmocmb Ha ydoejiemeopjiem ancuoMaM monojio- 
zuHecKOu cmpyKmypu. 

^oxa 3 aTejibCTBO. HanHeM c axciiOMbi a). E[ycTb {V a } a £i — ce- 
MeiicTBO MHOJxecTB, npiiHafljie>xaHi,Hx coBOxynHOCTH 3 to 3 HanHT, hto 
xajx/i;oe MHOJxecTBO V a HBjiaeTCH nepeceneHneM HexoToporo OTxpbiToro b 
X MHOJxecTBa U a c mhohccctbom A: 


V a = u a n A. 


Hto 6 bi floxa 3 aTb, hto hx o 6 T>eflHHeHHe (J V a Tojxe npiiHa^jiejxnT cobo- 

a-E J 

xynHOCTi-i H A , npe^CTaBiiM MHO>xecTBO (J V a b Bii^e nepeceneHiiH hcxo- 

c*ei 

Toporo OTxpbiToro MHOJxecTBa c mhojxcctbom A. /^eiiCTBUTejibHO, 

(J v a = (J (u a n A) = f (J u a ) n A, 

ael a£l ' ael 

rfle MHO>xecTBO (J U a otxpbito xax o 6 r beflHHCHHe Hecxojibxnx OTxpbiTbix 

ael 

MHOJXeCTB. 

IlepeHfleM x axcnoMe 6 ) . IlycTb V \ , Vi — MHOJxecTBa H 3 coBOxyn- 
hocth ■ HTo 6 bi ,n,oxa 3 aTb, hto iix nepeceneHHe V\ D Vi Taxjxe npHHa^- 
jie>xHT coBOxynHOCTH H A , npe^CTaBHM mhojxcctbo ViDVi b BH^e nepece- 
HeHHH MHOJXeCTBa A C HeXOTOpbIM OTXpbITbIM MHOJXeCTBOM npocTpaHCTBa 


X. IlycTb V\ = U i C\ A h V‘2 = U 2 n A, r^e Ui,U 2 — OTKptiTbie MHoacecTBa. 
Tor^a 

Vi n v 2 = (t/i rt A) n ( u 2 nA) = {ih n u 2 ) n A, 

rpp mhojkcctbo U\ n U 2 otkpbito KaK nepeceaemie flByx otkpbitbix mho- 
acecTB (b Ox)- 

HaKOHen,, aKCiiOMa b) oaeBimiia: MHoacecTBa A h 0 TpiiBriajiBHMM 06- 
pa3aM npeflCTaBjiaiOTca b Bii^e nepeceaemia otkpbitbix MHoacecTB npo- 
CTpaHCTBa X c MHoacecTBOM A: 


A = xnA, 0 = 0 n A. d 

IlTax, Mbi npoBepiijiii, hto coBOKynHOCTb 17 a 3a,n,aeT Tonojioriiio b MHoace- 
CTBe A. FoBopsT, hto Tonojiorna Qa UHdyv t upyernc.H Tonojioriieft Q, n Ha- 
3BiBaiOT ee uHdyyupoeanHou monojiozueu. MiioatecTBO A, CHa6aceHHoe iih- 
^ypiipoBaHHoft Tonojioniefi, Ha3BmaeTca monoJiozuuecKUM nodnpocmpan- 
cmeoM TonojioriiaecKoro npocTpaHCTBa (X, il) h o6o3HaaaeTca (A, HaX 
hjih npocTO A, ecjin acHO, hto, peab h^ct iiMemio 06 imflyipipoBaHHOii 
TonoaoriiaecKofi CTpyKType. MHoacecTBa, Bxo^amne b coBOKynHOCTb Qa, 
Ha3biBaiOTca omKpumuMu e MHoafcecmee A. IlTax, otkpbitbimh b A aBjia- 
lOTca MHoacecTBa, BbicexaeMbie b hbm MHoacecTBaMii, otkpbitbimii b npo- 
CTpaHCTBe X. KaK o6biHHO, MHoacecTBO G C A Ha3biBaeTca 3aMKHymuM 
e MHOwcecmee A, ecjin ero flonojiHemie A \ G otkpbito b A. 

TeopeMa 2. B MHOotcecmee A 3aMKuymu me u moMKO me Mnootce- 
cmea, Komopue nejisiwmcsi nepeceuenusiMU 3aMmymux MHOotcecme npo- 
cmpaHcmea X c MHOOKecmeoM A. 

/],OKa3aTejibCTBO. IlycTB F — 3aMKHyToe MHoatecTBO npocTpaH- 
CTBa X. HtoGbi ^0Ka3aTb, aro MHoatecTBO F n A 3aMKHyTO b A, HyatHO 
npoBepiiTb, hto ero ^onojiHemie A\(F n A) = A\F otkpmto b mho- 
acecTBe A. fljisi SToro rrpeflCTaBiiM MHoacecTBO A \ F b Bn^e nepeceaemia 
MHoacecTBa A c HexoTopBiM otkpbitbim MHoacecTBOM npocTpaHCTBa X : 

A\F = An (X\F), 

rpp MHoacecTBO X\F otkpmto KaK flonojiHemie 3aMKHyToro MHoacecTBa 
F. 

Hao6opoT, nycTb MHoacecTBO G C A 3aMKHyT0 b A. 3to 3HaaiiT, aTO 
ero flonojiHemie A\G otkpmto b A. 3to, b cboio oaepe,n,B, 03HaaaeT, 
hto A\G = AnU .zyia HexoToporo MHoacecTBa U, OTKpbiToro b X. 
MHoacecTBO X\U, 3aMKHyToe b npocTpaHCTBe X, h flaeT b nepeceaemm 



c MHOJKecTBOM A mhojkcctbo G. Hto6bi y6e^,iiTBca b stom, BOcnojn>3yeMca 
n,enoHKOfi paBeHCTB: 

An(X\U) = A\{AnU) = A\(A\G) = G. □ 

§ 5. HenpeptiBHtie OTo6pa»ceHHa 

HenpeptiBHOCTt «b u,ejioM». OTo6paaceHne o^Horo TonoaoriinecKO- 
ro npocTpaHCTBa b /i,pyroe Ha3biBaeTca nenpepuenuM e v,eAOM (hjih npo- 
cto — HenpepuenuM) , ecjni npri stom OTodpaaceHim npoo6pa3 jno6oro ot- 
KpBiToro MHoacecTBa OTKpbiT. TaKiiM o6pa30M, ecjin ( X , fix) h (Y. fly) — 
TonojioriiaecKiie npocTpaHCTBa, a /: X — > Y — OTo6pa»ceHiie, to / Henpe- 
pblBHO, ecjin 

U € fly => / 1 (/ 7 ) € 

IIpHMepBi. 1. Toatcdecmeennoe omoSpaotceHue jno6oro Tonojiornne- 
ckoto npocTpaHCTBa X b ce6a HenpeptiBHO. Oho o6o3HanaeTca id a : 

id a' : X — > X, x i — > x. 

2. IlocToaHHoe OTodpaacemie Bcer^a HenpepbiBHO. IlycTb X, Y — to- 
nojioriiaecKHe npocTpaHCTBa, yo € Y — Tonica, a / — nocTOHHHoe OTodpa- 
>KCHne: 

/: X —>Y, x i — * 2/o- 

Tor^a npoo6pa3 jnodoro otkpbitoto MHoacecTBa U G Y coBna^aeT c X, 
ecjin j/o G t/, n nycT b npoTHBHOM cjiyaae. 

3. JIio6oe OTodpaacemie ^HCKpeTHoro npocTpaHCTBa b jnodoe Tonojio- 
rnaecKoe npocTpaHCTBO HenpepbiBHO. 

4. JlK>6oe OTodpaacemie jno6oro TonojioniaecKoro npocTpaHCTBa b aH- 
TH^HCKpeTHoe npocTpaHCTBO HenpepbiBHO. 

5. Omo6paotceHue 6K.AWueHU.H b TonojiornaecKoe npocTpaHCTBO X jno- 
6oro ero no^npocTpaHCTBa A HenpepniBHO. Oho odo3HaaaeTca nepe3 in^: 

in^ : A — » X, a i — > a. 

Ilpn OTodpaaceHim BKjnoaeHiia npoo6pa3 jnodoro MHoacecTBa B G X cob- 
na^aeT c nepeceneHiieM stoto MHoacecTBa n no^npocTpaHCTBa A: 


in ~^(B) = BdA. 



riosTOMy npoo6pa3 jiio6oro OTKpbiToro MHoaiecTBa b X otkpbit b no^- 
npocTpaHCTBe A no onpe^ejieHHio iiHflypnpoBaHHOii Tonojiornn b A. 3to 
^0Ka3biBaeT, hto OTo6pajKemie in^ HenpepbiBHO. 

HenpepBiBHOCTb OToSpajKemia b pejiOM mojkho onpeflejniTb n npn no- 
MOffl,H 3aMKHyTBIX MHOJKeCTB. 

TeopeMa 1. Omo6paotceHue f:X—+Y nenpepueno e peAOM mozda u 
moJit>Ko mozda, Kozda npu amoM omodpaatcenuu npoo6pa,3 jik>6ozo 3aMKHy- 
mozo MHoatcecmea A 3aMKHym. 

floKasaTejiBCTBO. IlycTB OTo6pa?KeHiie / HenpepbiBHO. Hto6bi ^o- 
Ka3aTB, hto MHOJKecTBO / _1 (A) 3aMKHyTO, npoBepiiM, hto ero flonojiHemie 
X\f~ 1 (A) OTKpBiTO. ^HeitcTBiiTejibHO, oho coBna^aeT c npoo6pa30M flo- 
i to j t He h h m MHO»cecTBa A: 

X\f- 1 (A) = f~\Y\A). 

A MHOJKeCTBO f~ 1 (Y\A) OTKpBiTO KaK npOo6pa3 OTKpBITOrO MHOJKeCTBa 
y\A npn HenpepniBHOM OTo6pajKemiii /. 

B o6paTHyio CTopoHy ^0Ka3aTejibCTB0 npoBOfliiTCH aHajioniHHO. □ 

3aMeHaHne. Banoio otmcthtb, hto, b OTjinnne ot npoo6pa30B, npn 
HenpepBiBHBix b pejiOM OTo6pajKemiHx o6pa3bi otkpbitbix (3aMKHyTbix) 
MHOJKeCTB BOBCe He o6H3aT6JIbHO 6ya,yT OTKpbITbIMII (3aMKHyTbIMIl). Hto- 
6bi y6e^HTbCH b stom, BepmiTecb k npiiMepaM 3 n 4. 

Otmctiim npocToe, ho oneHb Baxmoe cboiictbo HenpepbiBHbix OTo6pa- 

>K6HHH. 

TeopeMa 2. KoMno3uv,uJi nenpepuenux omo6paatceHuu nenpepuena. 

Eo.aee nodpodno, ecjiu X, Y, Z — monoJiozuuecKue npocmpcmcmea, a 
f:X—*Y u g : Y — > Z — nenpepuenue omo6pamceHUfi, mo ux Ko.uno3u- 
yusi g o / : X — > Z ecmt> nenpepuenoe omodpacucenue. 

,H,OKa3aTejibCTBO. 06o3HamiM nepe3 h ckbo3hoc OTofipaxcemie: 
h = g o f. flgisi npoBepKii ero HenpepbiBHOCTn Tpe6yeTCH flOKa3aTb, hto 
ecjni U C Z — npoii3BOjibHoe OTKpbiToe mhojkcctbo, to ero npoo6pa3 

1 (? 7) OTKpbiT b X. B caMOM ^.ejie, MHOxcecTBO g _1 (l J ) otkpmto b Y 
b cnjiy HenpepbiBHOCTn OToGpajKemiH g, a ero npoo6pa3 f~ 1 (g 1 {U)) ot- 
KpbiT b X b cnjiy HenpepbiBHOCTn OToGpajKemiH /. OcTajiocn 3aMeTHTb, 
hto h~\U) = f~ 1 {g~ 1 {l J)). 

Cjie^CTBHe. CycHceuue nenpepuenozo omodpaatcenusi nenpepueno. 

floKasaTejibCTBO. Ecjiii f'.X—^Y — HenpepbiBHoe OTofipaxcemie, 
a A — noflMHOJKecTBO npocTpaHCTBa X, to cyxcemie OTofipaxcemiH / Ha A 
HenpepbiBHO KaK KOMno3iin,iiH HenpepbiBHbix OTo6pa>KeHHH — BKjnoneHiiH 
A -> X h /: 


f\ A = f°in A . □ 



0 1 1 pc;j,ejicniic . 06pa3 TonojiomiHecKoro npocTpaHCTBa npii Henpe- 
pbiBHOM b pejiOM OTo6pajKeHnri nacTO Ha3biBaeTCH nenpepuenuM o6pa,30M 
3Toro npocTpaHCTBa. 

HenpeptiBHOCTt b tohkc. TexHiinecKii HenpepbiBHOCTB KoiiKpeTiio- 
ro OTo 6 pa»ceHiiH npoipe npoBepuTb b OTpejibHbix TOHKax. 

OnpepejieHHe. OTo6pa?KeHiie f:X—>Y Ha3biBaeTCH nenpepuenuM e 
moHKe Xq £ X, ecjin /yin bchkoii OKpecTHOCTii V o 6 pa 3 a f[x o) stoh tohkii 
cymecTByeT OKpecTHOCTB U caMoii tohkii xq, o 6 pa 3 KOTopoii copepjKiiTCH 
b Bbi 6 paHH 0 ii OKpecTHOCTii V : 


f(U) C 1/. 

B cjiynae, Korpa X n Y — MeTpiinecKiie npocTpaHCTBa, b KanecTBe U 
h V ^.ocTaTOHHO paccMaTpiiBaTb inapoBBie OKpecTHOCTii; nosTOMy b stom 
cjiynae Haine onpepejicmie HenpepbiBHOCTii b tohkc paBHoenjibHO Kjiaccu- 
necKOMy onpepejieHino H3 MaTeMaTiinecKoro aHajni3a: 

OTo6pa»ceHiie f:X—>Y nenpepueno e mowne xq £ X, ecjin pjin jho- 
6oro nojiojKHTejiBHoro Hiicjia e cyipecTByeT Taxoc nojiojKiiTejibHoe hiicjio 
6, hto o6pa3 jiio6oh tohkii x £ X, yuajieHHOii ot Xq MeHee neM Ha 5, 
yn,ajieH ot o6pa3a tohkii xq MeHee neM Ha e: 

dist(x, xo) < S => dist(/(x), f(x 0 )) < e. 

BepHeMCH k TonojioriiHecKiiM npocTpaHCTBaM. 

TeopeMa 3. OmoOpaotcenue f: X — > Y nenpepueno e v,ejioM mo- 
zda u rnoA'bKO mozda, Kozda ono nenpepueno e Kawcdou monne npocmpan- 
cmea X . 

,HoKa3aTejibCTBO. IlycTb OTo6pa:»ceHiie f HenpepBiBHO b pejiOM, a 
xq £ X — npoii3BOjiBHaH TOHKa. IIpoBepHM onpepejieHiie HenpepbiBHOCTii 
b TOHKe. ^jih npoH 3 BOJiBHoit OKpecTHOCTii V tohkii f ( x o) b KanecTBe HC- 
KOMOH OKpecTHOCTii U MOJKHO B3HTB MHOJKeCTBO / _1 ( V ): OHO COflepJKIIT 
TOHKy Xo H OTKpblTO B CHJiy HenpepbiBHOCTii B pejIOM OTOdpajKeHIIH /. 

HaKOHep, BKjnoHeHHe f(U) C V oneBiipHO. 

^],OKa>KeM o6paTHoe y r r eep>Kpe h ne . 

IlycTb OTo6pa»ceHHe / HenpepbiBHO b Kancpoii tohkc. HaM HyjKHO npo- 
BepiiTb, hto npoo6pa3 npoii3BOjibHoro OTKpbiToro MHOxcecTBa V £ Y ot- 
KpblT B X. RjISl 3TOTO 3aMeTHM, HTO KaJKpaH TOHKa Xo MHOJKeCTBa / _1 (V) 
BHy TpeHHHH , T. e. jre>KIIT B HeM BMeCTe C HeKOTOpOII CBOeit OKpeCTHOCTblO 
U . HajiHHne TaKoit OKpecTHOCTii cjiepyeT 113 HenpepbiBHOCTii OTo6pajKeHiiH 
f B TOHKe Xo H TOTO, HTO V HBJIHeTCH OKpeCTHOCTblO TOHKII Xo- □ 



Bciofly b ^,ajiBHefiineM mbi 6yn,eM Ha3biBaTb HenpepbiBHbie b pejiOM 
OTo6paaremiH npocTO HenpepbiBHbiMii. 

§ 6. FoMeOMOp(J)H3MbI 

Onpc;j,cjicHnc. OTo6paaremie o^Horo Tonojiorn'iecKoio npocTpaH- 
CTBa b flpyroe Ha3biBaeTCH BOMeoMop<f>u 3 MOM, ecjin oho HenpepbiBHO, 06- 
paTi-iMO h o6paTHoe k HeMy OTo6paareHiie Toare HenpepbiBHO 25 . 

TaKHM o6pa30M, ecjni Xu Y — TonojioniHecKiie npocTpaHCTBa, to 
H enpepbiBHoe OToGpaaremie /: X — > Y hbjihctch roMeoMop(J)H3M0M, ec- 
jih / o6paTHMO (t. e. / — SHeKipra) h OTo6paaremie / . Y — > X Taitare 

HenpepbiBHO. 

H3 HenpepbiBHOCTii h o6paTHMOCTii OTo6paareHHH em;e He cjie^yeT 
HenpepbiBHOCTb o6paTHMoro OToGpaaremiH. 

K o iri[) 1 1 p m m e p t>i . 1 . IlycTb X = {a, b} h Y = {c, d] — /i,Byx r ro T ie T i- 
Hbie TonojioniHecKiie npocTpaHCTBa. Ecjiii npocTpaHCTBO X flHCKpeTHO, a 
npocTpaHCTBO Y aHTH^HCKpeTHO, to OToSpaaremie / : X — > Y, a 1 — > c, 
b 1 — > d oneBiiflHO HBjiaeTCH HenpepbiBHbiM h o6paTHMbiM. B to are BpeMH 
o6paTHoe OTo6paaceHiie He 6y^eT HenpepbiBHbiM. 

2. PaccMOTpHM xoporno 3HaK0M0e HaM OTo6paareHiie /: [0, 27t) — > S 1 C 
R 2 nojiyoTKpbiToro HHTepBajia b efliiHiiHHyio OKpyaaiocTb, 3a/i,aHHoe cjsop- 
Myjioii f(t) = (cos t, sini). Oho HenpepbiBHO h 6h6kthbho. Ho o6paTHoe 
OTo6paareHiie TepmiT pa3pbiB b tohkc ( 1, 0) 6 S 1 . 

IIpHMepBI rOMeOMOpcf)H3MOB. 

1. BiieKTiiBHoe OToSpaaremie fliiCKpeTHoro npocTpaHCTBa b /picicpeT- 
Hoe Bceiyja HBjiaeTCH roMeoMop(J)H3 MOM. Oto oneBii^HO. 

2. Tohho Tan are 6neKTiiBHoe OToSpaaremie aHTiifliiCKpeTHoro npo- 
cTpaHCTBa b aHTiifliiCKpeTHoe Bceiyja hbjihctch roMeoMopcJ)H3MOM. 

3 . MeHee TpriBiiajibHbiH npiiMep roMeoMop4>H3Ma: 

( 7 r 7r\ 

tg: V 2’2/^ R ’ 2:1 — >tgX ' 

06paTHoe OTo6paareHHe 3,n,ecb -arctg: R — > ( — tt/2, 7t/ 2). Cyaremie 
3 toto roMeoMop(J)ii3Ma Ha iiHTepBaji [0, 7r/2) flaeT HaM roMeoMop(f)H3M 
[0, 7r/2) — » [0, + 00 ), a cy are Hue ero Ha iiHTepBaji (0, 7 t/ 2) flaeT HaM ro- 
MeOMOp(J)H3M (0, 7r/2) — » (0, + 00 ). 


2 r 'Hnor;(a, ocoSeHHO b CTaptix khhi ax . Hcnojn.ayeTca TepMHH «TonojiorHHecKoe oto 6 - 
pa>KeHHe». 



CBoiicTBa. I [epe'iiic.'ii-iM npocTefinme, ho cieiii, BajKHbie cbohctbh ro- 
MeOMOp(J)Ii3MOB . 

TeopeMa 1. a) Tootcdecmeennoe omo6paoHzenue jik>6ozo monoAozune- 
ckozo npocmpancmea e ce6ji ecrm> zo.ueoMop(fiu3M. 

6) Omo6pac>fceHue, o6pamnoe zoMeoMop$u3My, ecmt> zoMeoMopcfiu3M. 

b) KoMno3uv,ufi deyx zoMeoMop$u3Moe ecmb zoMeoMop$)U3M. 

/],OKa3aTejibCTBO. IlyHKTbi a) h 6) oaeBH^HM. ^HoKaaceM nyHKT b) . 
IlycTB /: X — » Y pi g : Y — > Z — roMeoMop(J)H3MBi. Torpa pix KOMno3iiH,iiH 
h = go f: X — > Z HenpepbiBHa, Tax KaK OTo6pa:sceHiiH / h g HenpepbiBHbi; 
OTo6pa>KeHiie h . — 6pieKn;iia, Tax KaK / pi g — 6iieKH,Hii; HaKOHep, o6paTHoe 
OTo6pa>KeHiie h = / _1 o j _1 : Z — > X HenpepbiBHO, Ta k KaK / _1 pi 
HenpepbiBHbi. □ 

Bot eipe HeKOTopbie CBofiCTBa roMeoMopcjiiOMOB. 

IIpu zoMeoMopcfiu3Me o6pa3 ak>6ozo omKpumozo MHootcecmea om- 
it pum, a o6pa3 3aMmymozo MHocHcecmea 3aMKHym. 

^eitcTBHTejibHO, nycTb /: X — > Y — roMeoMopcJiHSM, g = / . Y — » 

X — o6paTHoe OTo6pajKemie h U C X — OTKpbiToe MHOJKecTBO. Torpa 
MHOJKecTBO f(U) = g _1 (C/) OTKpbiTO b cnjiy HenpepbiBHOCTH OTo6pa>Ke- 
hiih g (pnc. 4). 



Phc. 4 


3aMKHyTOCTb o6pa3a 3aMKHyToro 
MHOxecTBa npoBepaeTCH aHajioniHHO. □ 
TeM caMbiM zoM,eoM,op<fiu3M f:X—> 
Y onpedejiaem 63auMno odH03HauHoe 
coomeemcmeue Meotcdy monoAozune- 
ckumu cmpyKmypaMU npocmpancme X 
u Y. IIojib3yHCb 3 thm, HeTpynpo noKa- 
3aTb, hto ecjiii A C X — npoii3BOjibHoe 
MHOJKeCTBO, TO 


/(cl A) = cl (/(A)), / (int A) = int(/(A)), 

f(hA) = fr(/(A)), 

a ecjin A ecTb OKpecTHOCTb tohkii xq £ X, to f(A) ecTb OKpecTHOCTb 
TOHKII f[x o) £ Y, a t. p. 

TaraiM o6pa30M, c TonojiorHHecKoii tohkpi 3pemi5i roMeoMoptJiHbie npo- 
CTpaHCTBa ycTpoeHbi coBepmeHHO oppmaKOBO — roMeoMop(f)ii3M X — > Y 
OTOPKpecTBjiaeT Bee HBjieHiiH b npocTpaHCTBax X h Y, onpepejiaeMbie b 
T epMpmax TonojioniHecKOH CTpyKTypbi. 

3pecb mm nopoinjni k opHOMy 113 Ba>KHeiimiix onpepejieHPiii Kypca. 


Onpe^ejieHne. FoBopsiT, hto npocTpaHCTBO X zoMeoMopifino npo- 
CTpaHCTBy Y, ecjin cymecTByeT roMeoMop4>ii3M f:X—>Y. FoMeoMopc]> 
hoctb mbi 6yn,eM o6o3HanaTB 3HanKOM = hjih, no^podHee, =/: 

x g*Y, X = f Y. 

Ftpeflbiflymaa TeopeMa 1 no3BOjiaeT flOKa3aTb, hto: 

TeopeMa 2. Orrmowemie zoMeoMoptfmocmu fieJinemcH omnoweHueM 
SKeueajieHrrmocmu. stoto Ha^o npoBepriTb Tpn CBOHCTBa, Bxoflamiie 
b onpeflejiemie OTHOineHiia SKBHBajieHTHOCTH. 

a) PetJuieKCHBHOCTb. Bcaicoe TonojioniaecKoe npocTpaHCTBO ro- 
MeoMop(f)HO caMOMy ce6e: 

X S* X 

6) CiiMMeTpiiHHOCTb. Ecjih npocTpaHCTBO X roMeoMopcjjHO npo- 
CTpaHCTBy Y, to h npocTpaHCTBO Y, b cboio onepe^t, roMeoMopcjsHO npo- 
CTpaHCTBy X: 

X ^Y =>Y ^ X. 

b) TpaH3IITIIBHOCTB. EcjIH npOCTpaHCTBO X rOMeOMOp(J)HO npo- 
CTpaHCTBy Y, a npocTpaHCTBO Y, roMeoMopcjsHO npocTpaHCTBy Z, to npo- 
CTpaHCTBO X roMeoMop(J)HO npocTpaHCTBy Z: 

X ^Y, Y £* Z => X £* Z. 

/JoKasaTejibCTBO. ,ZI,0CTaT0HH0 yKa3aTb cooTBeTCTByromne roMeo- 
Mop(})H3Mhi. B cjiynae a) sto tojk^cctbchhog OToSpaacemie idx- B cjiynae 
6) 3to / _1 : Y — > X, rpp f: X — > Y — hcxo^hbih roMeoMoptf)H3M. HaKOHeu;, 
b cjiynae b) sto g o f:X — > Z, r^e /: X — » Y ii g: Y — > Z — iicxo^HBie 
roMeoMop4>n3MM. FIpn noMom,n chmbojiiikii sto 3aniicbiBaeTca Tan: 

a) X ^ id X; 

6) X % Y => Y %- 1 X; 

b ) X Y, Y Z ^ X =* gof Z. □ 

TonojiorHHecKHfi ran. TaxiiM o6pa30M, Bee TonojiornnecKiie npo- 
CTpaHCTBa pa36iiBaiOTCH Ha Kjiaccra SKBHBajieHTHOCTii othociitcjibho ot- 
HonieHiia roMeoMop(J)HOCTii. 3tii Kjiaccra Ha3BiBaiOTCH mono.tiozuuecKUMU 
munaMu. TonojioniHecKiie npocTpaHCTBa iimciot o^hh h tot »ce toiiojio- 
rnnecKiin ran b tom n tojibko b tom cjiynae, ecjrn ohii roMeoMoptfiHBi. 

BaacHon (oco66hho b MeTOflOJiornnecKOM OTHomeHim) hbjihctch npo- 
6jieMa zoMeoMopcfiu3Ma. OHa 3aKjnonaeTca b tom, hto6bi onpeflejinra, ro- 
MeoMopcJ)HBi jih /i;Ba ^aHHbix TonojiornnecKiix npocTpaHCTBa. Taxaa nocTa- 
HOBKa Bonpoca npno6peTaeT CMbicji, ecjin pean ii^eT o npocTpaHCTBax H3 



KaKoro-Hii6yflb o6o3piiMoro Kjiacca TonojioriiHecKiix npocTpaHCTB. Hfle- 
ajibHoe ee pememie 3aKjnoHaeTCH b tom, htoSm nepemicjiiiTb Bee Tonojio- 
rnnecKiie Timbi, BCTpenaromiiecH b stom Kjiacce, h yica3aTb cnoco6, no3- 
BOJijnoin,HH OTHecTH KajK^oe npocTpaHCTBO k CBoeMy Tuny. 

IlepBoe cocTaBjiaeT coflepjKamie K.aaccucfiuKav,uu, BTopoe — a.mopum- 
MuuecKou KAaccucfiuKcmuu npocTpaHCTB /i,aHHoro Kjiacca. 

To 1 1 o j i o r 11 "i e c k m e CBoiicTBa. B cjiynae /uyyx npocTpaHCTB nojiojKii- 
TejiBHbiii OTBeT Ha Bonpoc 06 hx roMeoMopcJ)HOCTii nacTO ,n,aTb npom,e, neM 
o r rp m i prrejib h hr h : b npocTbix cjiynanx o6bihho mojkho yxa3aTb KOHKpeT- 
Hbiii roMeoMop4>H3M oypioro npocTpaHCTBa b flpyroe. /JoKa3aTb HeroMeo- 
Mop<J)HOCTb AByx npocTpaHCTB cjioncHee: yyia 3Toro Ha^o flOKa3aTb, hto 
hckomoto roMeoMop(J)H3Ma ne cymecmeyem. Ha noMOipb npnxoflsiT mono- 
.aozunecKue ceoucmea. Tan Ha3biBaroTCH CBoiicTBa TonojioniHecKiix npo- 
CTpaHCTB, KOTopbiMii roMeoMoptfiHbie npocTpaHCTBa o6jiaflaiOT hjih He 06- 
jia^,aiOT o^,HOBpeMeHHO. npriMepbi TonojioniHecKiix cboiictb: KOHenHOCTb h 
cneTHOCTb TonojioniHecKoro npocTpaHCTBa h TonojioniH, MeTpii3yeMOCTb, 
flHCKpeTHOCTb I-I aHTIIfll-ICKpeTHOCTb . 

Boo6m;e, TonojioniHecKiiM SyyjeT jno6oe cboiictbo, KOTopoe mojkho 
C(J)O pMyjIHpOBaTb HCKJHOHIITejIbHO B TepMIIHaX TOnOJIOrilHeCKOH CTpyKTy- 
pbi: OTKpbITbIX II 3aMKHyTbIX MHOJKBCTB. 

TonojiornH khk pa3;;cji reoMeipHH. B XIX b., KOiyia. npeygvieT 
Tonojiorini orpaHHHHBajiCH MHOncecTBaMii b eBKjnmoBOM npocTpaHCTBe , 
cp. KjieiiH onpeflejiHji Tonojionno KaK nacTb reoMeTpi-n-i, roynaioinyio cboh- 
CTBa cjmryp, coxparonomi-iecH npii roMeoMoptfuoMax. 3to CTaBiijio ee b 
o,h,hh pay:, c flpyniMii pa3y3,ejiaMii reoMeTpiiii, TaKiiMii Kan eBKjniflOBa, rn- 
nepGojHiHecKaa:, KpyroBaa, npoeKTHBHan, acjpcJniHHan h c^epimecKaH reo- 
MeTpiiii. Hx 3ay3,ana, no Kjiefmy, cocTOHjia b irayneHHH Tex cboiictb (Jih- 
ryp, KOTopnie coxpaHJnoTCH, cootbctctbchho, npn flBicKeHiiHx eBKjni,n,OBa 
h HeeBKjiiiflOBa npocTpaHCTBa h KpyroBbix, npoeKTiiBHbix, acJxJniHHbix h 
ccJiepiiHecKiix npeo6pa30BaHHHx. 



r ji a b a II 

TOnOJTOrHHECKHE CBOHCTBA 


§ 1. CBH3HOCTb 


Onpc;j,cjiciiMe. TonojionnecKoe npocTpaHCTBO iia:ii>[iiae r rc>i c6A3hum , 
ecjin ero Hejib3H pa36iiTb Ha ^Ba nycTbix OTKpbiTbix MHO»cecTBa. B npoTiiB- 
hom cjiynae oho Ha3biBaeTCH Hecen3HUM. 

TaxiiM o 6 pa 30 M, npocTpaHCTBO X HecBH 3 - 
ho, ecjin b HeM Hafi^yTCH flBa nenycTbix 
OTKpbiTbix MHOHCeCTBa U II V, KOTOpbie 
He nepeceKaiOTCH, a b oSbeflUHemni flaiOT 
Bee npocTpaHCTBO X (pnc. 5): 

u,ven x , unv = 0, u uv = x. 



Mojkho CKa3aTb, hto CBH3Hoe npocTpaH- 
CTBO «COCTOIIT H3 OflHOTO pejibHoro Kyc- 
Ka» 26 . 

IIocKOjibKy, oneBHflHO, pa36neHHe Ha flBa HenycTbix OTKpbiTbix MHoace- 
CTBa oflHOBpeMeHHO hbjihctch pa36neHHeM Ha ppa nenycTbix 3aMKHyTbix 
MHOJKecTBa, to CBH3HOCTb mojkho nepecjjopMyjinpoBaTb b TepMiiHax 3a- 
MKHyTblX MHOJKeCTB: 

IIpocmpaHcmeo cba3ho mozda u mojibKo mozda, k ozda ezo neA t>3A pas- 
dumb na dea nenycmux 3aMKHymux Mnoofcecmea. 

Tax KaK flonojiHCHiie k MHoacecTBy HenycTO Tor^a h tojihko Tor^a, ko- 
rfla caMO MHOJKecTBO He coBna,naeT co BceM npocTpaHCTBOM, a flonojiHemie 
k OTKpmTOMy MHOJKecTBy 3aMKHyTO , to mbi nojiynaeM erpe o^ho nojie3Hoe 
onpe^ejieHHe cbh3hoctii: 

IIpocmpaHcmeo X coh3ho e moM u moAUKo e moM CAyuae, nozda e 
neM uMeemcA moAUKo dea omKpumo-3aMKHymux MHootcecmea : Bee npo- 
CTpaHCTBO X h nycToe MHoncecTBO 0. 

IIpHMepbi. 1. JIio6oe aHTii^HCKpeTHoe npocTpaHCTBO cbh3ho. 

2. ^HCKpeTHoe npocTpaHCTBO, b kotopom 6ojibine o^hoii tohkii, 
HeCBH3H0. 

3. Beiu,ecmeeHHaJi npAMax, R ceH3Ha (cm. miJKe cjieflCTBiie H3 Teo- 
peMbi 2). 


26 Cp.: CBfl3Hoe H3jiojKeHne Hero-jin6o, cbh3hbih paccKas. He nyTaTB co cjiobom «cbb- 
3aHHBIH»! 


0 1 1 pcyiyuiciiiic . ITo^mho^kgctbo A TonojioniHecKoro npocTpaHCTBa X 
Ha3BiBaeTCH C6A3HUM, ecmi oho cbhbho b iiHflypiipoBaHHOfi Tonojiorini KaK 
no,a,npocTpaHCTBO, t. e. ecjin TonojioniHecKoe npocTpaHCTBO ( A , Q,a) cbh3- 
ho. 

^pyrHMii cjiOBaMii, MHOHtecTBO A b Tonojion-iHecKOM npocTpaHCTBe X 
CBH3HO, eCJIII ero HejIb3H nOKpbITb flByMH OTKpblTblMII B X MHOJKeCTBaMH 

U h V Tax, hto6bi Kancfloe H3 hiix nepeceKajiocb c mhoikbctbom A, a 
nepeceneHiie Bcex Tpex MHoacecTB U, V h A 6bijio nycTo: 

u, v e n x , unA^ 0 , vnA^ 0 , unvnA = 0 . 

IIpHMepBi. 1. JIio6oe mhojkgctbo b aHTHflHCKpeTHOM npocTpaHCTBe 

CBH3HO. 

2. JlK>6oe MHOKecTBO b ahckpcthom npocTpaHCTBe, cocTOHiii,ee no 
Kpaimeii Mepe 113 flByx Tonex, HecBH3HO. 

3. Hnmepecu i (0, l)cR ceuaew. (,Z(oKa3aTejibCTBO 6yn,eT flaHO Hicxe.) 

4. CjieflyiomHe MHOxcecTBa HecBH3Hbi b R: [0, 1) U [2, 3], N, Q jiio6oe 
KOHenHoe mho ncecTBO . Boo6m,e, ecjin mhojkcctbo A C R co^epjKiiT tohkii 
a h 6, ho He coflepjKHT HexoTopoii npoMexcyTonHOii tohkii c: a < c < b, to 
OHOHeCBH3HO. ,H,OCTaTOHHO nOJIOJKIITb U = ( — 00, c), V = (c, + 00 ). TaKIIM 
o6pa30M, ecjiu MHootcecmeo e R ne fiejiaemcfi unmepeaJioM, oho necesi3- 
ho. (HanoMHi-iM, hto unmepeaJioM Ha3biBaeTCH noflMHOJKecTBO npHMOii R, 
KOTOpOe C KajKflblMII CBOHMII flByMH TOHKHMH COflepjKIIT BCe npOMCJKyTOH- 
Hbie tohkii. BniBaiOT OTKpbiTbie HHTepBajibi, hjih npoMeotcyrriKU, KOHenHbie 
Bii^a (a, b) h 6 ecKOHeHHbie Bii^a (— oo, a), (a, +oo), 3aMKHyTbie iiHTepBa- 
jibi, hjih ompe3Ku (cezMenmu), Bima [a, b } h noJiyomKpumue HHTepBajibi 
BH^a [a, b), (a, b\ , (— oo, a] h [a, +oo). ^jih nojiHOTbi k iiHTepBajiaM cjie^y- 
eT OTHecTii em,e nycToe mhojkgctbo 0, tohkii — oflHOToneHHbie MHOJKecTBa 
h BCio npHMyio (—oo, oo).) 

KpHTepHH CBH3HOCTH. ^OCTaTOHHblH 3anaC CBM'! I! BIX MIIO/KeCTB B 
TonojioniHecKOM npocTpaHCTBe iiHorfla no3BOjiaeT cyipiTb h o cbh3hocth 
B cero npocTpaHCTBa. 

TeopeMa 1 (KpHTepHH cbh3hoctii) . mozo %mo6u monoJiozuv,ecKoe 
npocmpancmeo 6u.no C6H3H0, neo6xoduMO u docmamoHHo, umo6u Kaotcdue 
dee ezo mouKU codepoKa.nucb e neKomopoM cesi3HOM Muooicecmee. 

/JoKasaTejibCTBO. Heo6xo,n,HMOCTb stoto ycjiOBiiH oneBii^Ha. ,H,o- 
KaaceM ero floCTaTOHHOCTb. IlycTb X — TonojioniHecKoe npocTpaHCTBO, 
Ka»c/i,bie flBe tohkii KOToporo jiexcaT b HexoTopoM cbh3hom mho ncecTBe . 
IIpeflnojioJKHM, hto npocTpaHCTBO X HecBH3Ho: X = U U V, rpp U h V — 



HenycTbie OTxpbiTbie MHOJxecTBa, nepecenemie xoTopbix nycTo: 


U ^ 0, V ± 0, UnV = 0. 

Bbi6epeM b stiix MHOJxecTBax no Tonxe: nycTb a £ U, b £ V. IlycTb K C 
X — CBH3Hoe MHO»cecTBO, coflepjxaipee Bbi6paHHbie tohkh a h b. Tor^a 
MHoncecTBa U n V noKpBiBaiOT, oneBii/i,HO, mhoxccctbo K , nx nepecenemiH 
c K HenycTbi, a nepecenemiH Bcex Tpex MHOJxecTB U, V n K nycTo: UnV (~l 
K G U C\V = 0. Mbi nojiy'iHjiH npoTiiBopenne co cbh3hoctbio MHOJxecTBa 
K . TeopeMa 1 ,a,oxa3aHa. □ 

Cbh3hoctb HHTepBajiOB. IIpnMeHiiM nojiyneHHbifi KpnTepnit cbh 3- 
HOCTII K Bonpocy O CBH3HBIX MHOJKeCTBaX Ha npHMOII. 

JleMMa. Bchkuu ompe30K [a, b] cesi3eH. 

floxasaTejibCTBO. IlycTb 0Tpe30K pa36iiT Ha ,a,Ba OTKpbiTbix b hcm 
MHOJK ecTBa: [a, 6] = A U B. ^OKaaceM, hto ecjin, HanpiiMep, a £ A, to 
MHO» cecTBO B nycTo. 3Toro paccMOTpnM npaBbin xoHen, a caMoro 

6ojibmoro nojiyoTKpbiToro HHTepBajia [a, a), co^epjxamerocn b MHOixecTBe 
A. IIoCKOJIbKy MHOHCeCTBO B OTKpbITO, TO HeTpy^HO BIIfleTb, hto a £B. 
CneflOBaTejibHO, a £ A. Ho sto 03HanaeT b cnjiy otkpbitocth MHOJxecTBa 
A, hto a = b h A = [a, b], a B = 0. JleMMa ,n;oxa3aHa. 

TeopeMa 2. IIodMHocHcecmeo A hucjiobou npsiMou cefi3Ho e moM u 
moJVbKo e moM cjiyuae, Kozda A — uHmepea.a. 

floxasaTejibCTBO. Heo6xo,n,HMOCTb stoto ycjiOBiiH HaM y»ce H3- 
BecTHa. Hto6m ^oxa3aTb ero floCTaTOHHOCTb, BOcnojib3yeMCH xpnTepneM 
CBH3HOCTII H JieMMOH. ^eHCTBHTejIbHO, eCJIII A — HHTepBajI, TO KajKflbie 
^Be ero tohkh a, b coflepjxaTCH b cbjqhom MHOixecTBe [a, b] . 

Cjie,zj,CTBHe. BevnecmeeHHaH npsiMasi R cesi3Ha. □ 

CBH3HBie MHOJKeCTBa. PaCCMOTpHM Tenepb HCXOTOpbie CBOliCTBa 
CBH3HBIX MHOJKeCTB. 

TeopeMa 3. 3aMUKanue c6H3hozo MHOcucecmea cesi3Ho. 

floKasaTejibCTBO. PaccMOTpnM b TonojioriiHecxoM npocTpaHCTBe 
X CBH3Hoe MHOxecTBO A. npeflnojiojKiiM, hto ero 3aMbixamie cl A HecBH3- 
ho. nycTb cl A C U UV, rpp U n V — OTKpbiTbie MHOJxecTBa, KOTopbie 
HMeiOT HenycTbie nepeceneHiiH c mhojkoctbom clH, npnneM nepeceneHiie 
Bcex Tpex MHoacecTB U, V h cl A nycTo: 

UnclA^0, VndA^0, U C\V GdA = 0. 

Tax xax MHOJxecTBO A cbh3ho, to ero nepeceneHiie c o^hiim h3 flByx mho- 
>xecTB U n V nycTo. nycTb, HanpiiMep, U D A = 0. 3to 3Ha'ni r, hto 
MHOJxecTBO A coflepjxiiTCH b 3aMKHymoM MHOJxecTBe X \ U. Ho Tor^a 



0 . 


h ero 3 aMbiKaHiie cl A tojkb co^epsaiTCs b X\U, t. e. cl A D U = 
IIojiyHeHHoe npoTHBopemie h ,zi,OKa3biBaeT TeopeMy 3. □ 

TeopeMa 4. 06seduHeHue deyx coh3hux MHootcecme, UMetoiu/ux no 
Kpauneu Mepe odny o6iu,yw mowny, cbh3ho. 

,I(oKa3aTejitCTBO. IlycTb A, B — 

CBH3Hbie no^MHOJKecTBa TonojioniaecKO- 
ro npocTpaHCTBa X, HMeiorpi-ie HenycToe 
nepecenemie: AdB ^ 0 (piic. 6). npe^no- 
jiohchm, hto iix oSTje/pmemic C = A U B 
HecBH3HO. 3to 3HaHiiT, hto C C U U V , 
rfle U n V — OTKpbiTbie MHOxcecTBa, hmg- 
K)in;ne o6m;iie tohkii c mhojkcctbom C , 
npiiaeM nepeceneHHe Bcex Tpex mhojkcctb 
U, V h C nycTo: 

unc^0, vnc^0, unv nc = 0. 

Tor,n,a n 3 cbh3hocth MHOxecTB A h B cjie^yeT, hto KajK^oe H 3 hiix n,e- 
jihkom coflepjKHTca: b oflHOM H 3 mhojkcctb U ii V ii He nepeceKaeTCH c 
,n,pyrHM (mas npoBepKii BepmiTecb k onpe^ejieHino CBH3Horo MHOscecTBa). 
Ho nycTB, HanpiiMep, A C U. Ecjii-i Tenepb B C U, to C fl V = 0, a 
ecjiii B C V, to iflB C U (1 V (1 C = 0. B o6ohx cjiyHasx nojiynaeM 
npoTHBopeHiie. TeopeMa 4 ppKa3&na. □ 

3 T y TeopeMy Tenepb minero He ctoht o6o6m,HTb Ha cjiynaii npoH3BOJib- 
Horo ceMelicTBa CBH3Hbix mhojkbctb, iiMeiorn,Hx HenycToe nepeceneHiie. 

TeopeMa 5. 06seduHenue ceMeucmea cba3hux MHoatcecme, uMeto- 
xyux o6inyw moHKy, como cba,3ho. 

floKasaTejibCTBO. nycTb {A a } ae / — npoii3BOjibHoe ceMeftcTBO 
CBH3Hbix MHoncecTB b TonojioniHecKOM npocTpaHCTBe X, a TOHKa Xq — 06 - 

mas ^,jih Bcex MHOscecTB A a : Xq £ P| A a . CoraacHO HarneMy KpuTepruo 

ot£l 

CBS3H0CTH, flJIH ,H0Ka3aTejIbCTBa CBH3HOCTH MHOJKeCTBa f] A a flOCTaTOH- 

a&I 

ho yKa3aTb rjisi ,zmy x ero ToneK a 11 b co^epscaipee o6e sth tohkii CBS3Hoe 
no^MHOscecTBO MHOscecTBa p| A a . Ecjih, HanpHMep, a € A a h b € Ap ^jis 

a£l 

HeKOTOpbIX HHfleKCOB a, P € I, TO TaKITM MHOJKBCTBOM 6yH,eT MHOJKBCTBO 
A a U Ap. Ero CBS3HOCTb cjie^yeT H3 npe^biflymefi TeopeMbi, nocKOjibKy 
MHOscecTBa A a ii Ap 06 a CBH3HM h iimciot o6myio TOHKy Xq. □ 

KoMnoHeHTbi TonojiorHHecKoro npocTpaHCTBa. Oco6bii"i HHTepec 
npe^CTaBjisiOT MancuMaAmue CBH3Hbie no^MHOxcecTBa TonononiHecKO- 



ro npocTpRHCTBa. ^jih hiix cyipecTByeT cneipiajibHoe Ha3BaHiie (n ^ance 
HeCKOJIBKo). 

Onpe^ejieHHe. KoMnoHenmou ceti3Hocmu npocTpaHCTBa X Ha3biBa- 
6 tch BCHKoe ero CBH3Hoe noflMHOJKecTBO, He coflepjKameecH he b khkom 
CT poro 6ojibmeM cbh3hom noflMHOJKecTBe npocTpaHCTBa X . 

TeopeMa 6. J^ee KOMnonenmu cefi3Hocmu au6o we nepeceKawmcH, 
au6o coenadawm. 

/],OKa3aTeiibCTBO. 06T>e,zi,HHeHiie flByx nepeceKaioiipixcH KOMno- 
HeHT no ^,OKa3aHHOMy ecTB CBH3Hoe mho ncecTBO , KOTopoe k TOMy »ce co- 
^.epjKIIT o6e 3TII KOMnOHCHTBI. IIo OnpeflejieHIIIO, KOMnOHeHTbl flOJCKHbl 
coBna/i,aTb c hiim ii, 3HaniiT, Apyr c flpyroM. □ 

TeopeMa 7. Kaotcdax, mouKa codepoKumcfi e neKomopou KOMnonenme 
cesi3Hocmu npocmpancmea. 

/l,OKa3aTejibCTBO. ^ocTaTOHHO 3aMeTHTb, hto cpe^n Bcex cbh3- 
hmx MHoncecTB, co,n,ep}Kain,Hx /i,aHHyio TOHKy, cym,ecTByeT Haii6ojibmee: 
3 to oSTjeflimeHiie Bcex Taxiix mhojkcctb. Oho cbh3ho b cnjiy flOKa3aHHOH 
Bbime TeopeMbi 5 . □ 

3th flBe TeopeMbi b coBOKynHOCTii 03HanaiOT, hto bchkoc TonojioniHe- 
CKoe npocTpaHCTBO HBjiaeTCH o6T>e,zpiHeHHeM cboiix nonapHO HenepeceKaio- 
IH,HXCH KOMnOHeHT CBH3H0CTII. .Hpyi’HMH CJIOBaMII, KOMnOHeHTbl CBH3HOCTH 
o6pa3yiOT pa36uenue npocTpaHCTBa. KoMnoHCHTbi cbh3hocti-i npocTpaH- 
CTBa Ha3biBaK)TCH TaKJKe ero C6.h3HUmu KOMnonenmaMU hjiii npocTO kom- 
noHenmaMU. 

TeopeMa 8. KoMnonenma cesi3Hocmu H6Jiaemcfi 3aMKHymuM mho- 
otcecmeoM. 

floKasaTejibCTBO. 3aMbiKam-ie KOMnOHeHTbl cbh3hoctii ecTb 
CBH3Hoe MHoncecTBO, coflepxcamee 3Ty KOMnoHeHTy. IIo onpeflejieHHio, 
KOMnoHeHTa flOjEKHa coBnaflaTb c hem. Cjie^OBaTejibHO, OHa 3aMKHy- 
Ta. □ 

II p m m c () b i . 1. Y aHTiyptCKpo'nioro npocTpaHCTBa, KaK h y jno6oro 
CBH3Horo npocTpaHCTBa, Bcero o^Ha KOMnoHeHTa cbh3hoctii — Bee npo- 
CTpaHCTBO . 

2. B ^.HCKpeTHOM npocTpaHCTBe Kanc^oe oflHOToneHHoe noflMHoncecTBO 
o6pa3yeT OTflejibHyio KOMnoHeHTy. 

3. B MHoncecTBe papnoHajibHbix nuceji Q, jieacameM Ha BemecTBCHHoft 
npHMoii, Ka>K/i,a h TOHKa o6pa3yeT OT^ejibHyio KOMnoHeHTy. 3 to, kcthth, 
npiiMep Toro, Kor^a KOMnOHeHTbl He OTKpbiTbi. 

CBH3HOCTB H HCI ipc[)bl IlilbIC OTo6pa>KeHHH. BepHeMCH K CBH3HBIM 
npocTpaHCTBaM . IIpeflCTaBjiHeTCH ecTecTBeHHbiM, hto nocKOjibKy noHHTiie 
CBH3HOCTII Onpe^ejIHCTCH HI-ICTO B TOnOJIOrilHeCKIIX TepMIIHaX, TO CBH3- 



HOCTt flOJUKHa 6biTb TonojioniHecKiiM cbohctbom. Mbi flOKaaceM ceftnac 
ropa3flo 6ojiee ci-uibHoe yTBepjKflemie. 

TeopeMa 9 . Henpepuenuu o6pa3 cea3Hozo npocmpancmea cesi3eH. 
/fpyzuMU cnoeaMU, ecjiu f: X — > Y — nenpepuenoe omo6pa,3tcenue u npo- 
cmpaHcmeo X C6H3H0, mo Mnocucecmeo f(X) mootce C6H3H0. 

floKasaTejiBCTBO. npe^nojicoKiiM npoTHBHoe. IlycTB mhojkcctbo 
f(X) H6CBH3HO: f(X) C U U V, iyi,e U n V — OTKpBiTBie MHoacecTBa b 
Y . KOToptie HMeiOT HenycTBie nepecenemiH c mhcokbctbom f{X), npiraeM 
nepecenemie Bcex Tpex mhojkcctb U, V h f(X) nycTo: 

unf{X)? 0 , i/n/(i)/ 0 , unvnf(X) = 0 . 

3to 3HaHHT, hto f~ l (U) ^ 0, / -1 (V) ^ 0 h / _1 ({ 7 n V) = 0. B cnjiy 
HenpepbiBHOCTH OToSpaacemiH / MHoacecTBa / _1 (?7) n / _1 (V) OTKpbiTbi, 
a H3 Toro, hto f(X) C UUV, cjie^yeT, hto / _1 (7 7) U/ _ 1 (V r ) = X. TaxiiM 
o6pa30M, mm nojiynujiii pa36nemie npocTpaHCTBa X Ha ^Ba HenycTbix ot- 
KpblTblX MHOJKeCTBa ~ 1 ( t/ ) H B npOTIIBOpeHIie CO CBH3HOCTBIO 

npocTpaHCTBa X. TeopeMa 9 /i,OKa3aHa. □ 

Cjie^CTBHe. TonojiozuHecKoe npocmpancmeo, zoMeoMopifmoe cefi3H0- 
My npocmpancmey, como nejisiemcfi C6H3HUM. Tokum o6pa30M, cesi3Hocmb 
sie.tifiemcsi monoJiozuuecKUM ceoucmeoM. 

floKasaTejibCTBO. IlycTb /: X — > Y — ro m eo m o p (]j h 3 m h npo- 
CTpaHCTBO X cbh3ho. Toiyi,a npocTpaHCTBO Y cbh3ho, khk o 6 pa 3 CBH 3 Horo 
npocTpaHCTBa X npii HenpepbiBHOM OTo 6 pa>KeHnn /. □ 

3 aMeaaHHe. Pa3yMeeTCH, nocKOjibKy noHs-rrne cbh3hoctii oiqxvic.'iM- 
jiocb b hhcto TonojioniHecKiix TepMiiHax — Ha H3biKe otkpbitbix mho- 
ncecTB, — to oho HBjiaeTCH TonojioriiHecKiiM. A Tan Kan roMeoMoptJ)H3M 
ycTaHaBjniBaeT B3ai-iMHO o,n,H03HaHHoe cooTBCTCTBiie Meacfly Tonojioriine- 
CKHMH CTpyKTypaMII AByX npOCTpaHCTB , TO CBH3H0CTB flOJEKHa COXpaHHTb- 
ca npii roMeoMop(J)H3Max, t. e. OHa hbjihctch TonojiorHHecKiiM cbohctbom. 
^jih toto HiiTaTejiH, KOTopoMy Bee 3to yate hohhtho, flOKa3aTejiBCTBO 
npeflbiflym;ero cjie^CTBHH He HyacHO. Ho, 3aMeTi-iM, Harne «oneBii^,Hoe» 
o6bHCHeHiie 3amiMaeT 6ojibme MecTa, hcm ynoMjmyToe flOKa3aTejibCTBo! 
B no^,o6HOH CHTyapmi mm eipe He pa3 OKaaceMCH Ha npoTHacemni stoh 


rjiaBbi. 



§ 2. JlHHefmaa cbh3hoctb 


HecMOTpa Ha to, hto onpe^ejieHiie cbh3hoctii oneHb npocTO, ero Heno- 
cpeflCTBeHHaa npoBepjca b KOHKpeTHbix cjiynaax, HanpiiMep fljia MHoacecTB 
b eBKjiiiflOBOM npocTpaHCTBe , HecKOjiBKO 3aTpya,HHTejiBHa. Ha noMomb 
npuxofli-iT flpyroe, 6ojiee cnjibHoe, ho npoipe npoBepaeMoe TonojioriiHe- 

CKOe CBOHCTBO — JIIIHeilHaH CBa3HOCTb. 

IlyTb. npejKfle Bcero ^a^iM onpeflejiemie nyTii b Tonojiorc-iHecKOM 
npocTpaHCTBe . 

IlymeM s b TonojioniHecKOM npocTpaHCTBe A' Ha3biBaeTca HenpepbiB- 
Hoe OTo6pa»ceHHe s: [0, 1] — > A' OTpe3Ka [0, 1] b npocTpaHCTBO A'. Toaxa 
a = s(0) Ha3biBaeTca HauajioM nyTH s, a TOHKa b = s(l) — ero kohv,om. 
FoBopaT Taxace, hto nyTb s coedunnem tohkh a h b (puc. 7) 27 . 

Onpe^ejieHHe. TonojioriiHecKoe npocTpaHCTBO Ha3biBaeTca jiuHeuno 
C6S13HUM , ecjin jno6bie flBe ero tohkii mojkho coefliimiTb nyTeM. 

ITpHMepM. 1. BcHKoe ainitHMCKpeTnoe npocTpaHCTBO jihebhho cbh3- 
ho. 

2. ^HCKpeTHoe npocTpaHCTBO, b kotopom 6ojibme o^hoh tohkii, jiii- 
HeHHO HeCBH3HO. 

3. Eenjiudoeo npocmpancmeo R" jiuHeuno c6H3ho\ jno6bie ,n,Be tohkii 
a, b € R" mojkho coe/i,HHHTb paBHOMepHbiM npaMOjniHeimbiM nyTeM (tJiaK- 
TiinecKH 



Phc. 7 


Phc.8 


BOcnojib30BaTbca xoponio ii3BecTHOii HaM napaMeTpiisaipieft OTpe3Ka) s : 
[0, 1] — ► R”, s(t) = (1 — t)a + tb. 

0 1 1 [ic;;c jig h lie . Mhojkcctbo A b TonojioniHecKOM npocTpaHCTBe X 
Ha3biBaeTca Auneuno cghshhm. ecjin oho jiimeimo cbh3ho b iiHflypupo- 


27 OTMeTHM HeKOTopyio pa-sunny c npHiihi'iiibi.Yi ynoTpe6jieHHeM cjioBa «nyTB». 06 bih- 
ho no# nyTeM noHHMaiOT #opory, a mbi HMeeM b BH#y CKopee deuotcenue no otoh #opore, 
t. e. npoxojKfleHHe nyTH. 


BaHHoii Tonojioniii KaK no/pipocTpaHCTBO, t. e. ecjm TonojioniHecKoe npo- 
CTpaHCTBO (A, Qa) JIHHeflHO CBH3HO. 

IIocKOJiBKy OTo6pa»ceHiie b no/pipocTpaHCTBO HenpepbiBHO TOiyi,a h 
tojibko Torfla, Kor^a HenpepbiBHa KOMno3Hu;iiH stoto OTo6pajKeHiiH c 
BKjnoHeHHCM noflnpocTpaHCTBa A b npocTpaHCTBO X, to mbi bii^hm, hto 
MHocHcecmeo A e monoAozunecKOM npocmpancmee X jiuHeuno cbh3ho mo- 
zda u moJibKo mozda, Kozda ,nw6ue dee ezo mourni a, b £ A mochcho co- 
eduHumb nymeM s: [0, 1] — > X, yeAUKOM AecHcaiiyuM e A (t. e. s(t) € A 
p,jiz jiio6oro t £ [0, 1]) (pi-ic. 8). 

JIlIHeHHyiO CBH3HOCTB pa 3 JIIIHHbIX MHO>KeCTB HaCTO HeTpyflHO npOBe- 
piiTB HenocpeflCTBeHHO. 

IIpHMepbi. 1. JIio6oii HHTepBaji Ha npHMOft jiHHeflHO cbh3gh. 

2. BcsKoe BBinyKjioe mho:*bctbo b eBKjnmoBOM npocTpaHCTBe jnraefiHO 
CBH3H0. B HaCTHOCTII, JIK>6oft Hiap D" JIIIHCIIHO CBH36H. 

CBOHCTBa nyTefi. JIh Heft Han cbh3hoctb bo mhotom RiiHjionrma cbh3- 
HOCTII (STO BIIflHO yjKe H3 Ha3BaHHH 3TI1X CBOHCTb). IIoSTOMy HeyflHBHTejIb- 
HO, HTO CBOHCTBa JIHHeflHO CBH3HBIX MHOJKeCTB OHeHb nOXOJKII Ha CBOflCTBa 
CBH3HBIX MHOJKeCTB. ,H,0Ka3aTejIbCTBa 3THX CBOHCTB HaM noTpe6yK>TCH 

cjie,nyioiH,He npocTeflinne CBOHCTBa nyTeft. 

Ecjih TOHKy a mojkho coe/piHHTb nyTeM s c tohkoii b, to h, Hao6opoT, 

TOHKy b MOJKHO COe/piHHTb C TOHKOII d. 3 tO MOIKHO C^ejiaTB npil nOMOIH,H 
nyTii, odparrmozo nyTii s. Oh o6o3HaHaeTCH nepe3 s^ 1 h onpeflejiaeTCH 
cjDopMyjioft 28 

s^ 1 (t) = s(l — t). 

Mojkho CKa3aTb, hto o6paTHbiii nyTb s _1 coctoht b npoxojKfleHiiii nyra s 
b o6paTHOM HanpaBjieHiiii (puc. 9). 


S, s 2 



Phc. 9 Phc. 10 


Ecjih TOHKy a mojkho coeniiHiiTb nyTeM si c tohkoii b , a TOHKy b — 
nyTeM S2 c tohkoh c, to TOHKy a mojkho coe/piHHTb nyTeM c tohkoii c. 3to 


28 Ha3B;inHe «o6paTHbiH nyTt>» h ofjoana'ienne s 1 HecKojibKO flBycMbicjieHHM, no- 
CKOJibKy nyTt. — sto OTo6pa>KeHHe , a o6paTHbin nyTb o6paTHbiM OTo6pa>KeHneM He hb- 
jineTcn. Mbi Ha^eeMCH, hto sto He Bbi30BeT He,n,opa3yMeHHH . 


mojkho c^ejiaTb npii noMomii npou3eedenuA nymeu Si h s 2 - IIpon3BefleHiie 
nyTeit o6o3HanaeTca nepe3 si • S 2 h onpe,n,e.JineTca (JiopMyjioii 

1 

ecjin t ^ , 

1 

ecjin t ^ . 

Mojkho CKa3aTb, hto nyTb Si • S2 coctoht h 3 ,a,Byx nojiOBim — nyTefi si 
II S2, KaJK/p>IH 113 KOTOpbIX npOXO^IITCH C yUBOeHHOH CKOpOCTblO (pHC. 10). 

TeopeMa 1. OS&edunenue ceMeucmea Auneuno cba3hux Mnoatcecme, 
UMemiyux o6ui t ym mowny, caMO Auneuno C6H3H0. 

/loKasaTejiiCTBO. Xoth sto yTBepiK/i,eHiie n ^ocTaTOHHO oneBim- 
ho, mm ero ,n,OKajKeM bo Bcex .neTajiax. 

IlycTb {A a } a £i — npoiKBOjibHoe ceMeiiCTBO jiimenHO cbh3hbix mho- 
»cecTB b TonojioranecxoM npocTpaHCTBe X, a Tonxa Xq — o6in,aa ,h,jih Bcex 
MHoacecTB A a : xq £ f) A a . Kax mbi 3HaeM, HTo6bi ,n,oxa3aTb jiiiHermyio 

a£7 

CBH3HOCTb MHO»cecTBa (J A a , HyjKHO yyia npoii3BOjibHbix flByx ero Tonex 

a£J 

a h b yxa3aTb coe^HHHiomiiii mx nyTb, xoTopbin jieacaji 6bi b stom mho- 
ixecTBe. Ecjiii, HanpiiMep, a £ A a n b £ Ap ypia HexoTopbix HH^excoB a , 
f3 £ I, to b ciuiy jniHeiiHOii cbh3hoctii 
MHO ixecTB A a h Ap Tonxy a mojxho 
coe^iiHiiTb b A a c tohxoii Xq HexoTO- 
pbiM nyTeM Si, a Tonxy xo mojxho co- 
e/piHIITb B Ap C TOHXOH b HeXOTOpbIM 
nyTeM s 2 - Tor^a nyTb s\ ■ s 2 , Jieaca- 
ihhh b A a U Ap c (J A a , coeflimaeT 
ael 

Tonxy a c Tonxon b n HBjiaeTca iicxo- 
MblM (piIC. 11). □ 

KoMnOHeHTM JIHHeHHOH CBH3HOCTH TOIIOJIOI’ H'lCCKOI’O npO- 
CTpaHCTBa. Oco6bill HHTepec npe^CTaBjiaiOT MaxciiMajibHbie jiraeiHO 
CBa3Hbie noyi,MHOJxecTBa Tonojiorrinecxoro npocTpaHCTBa. /Jjia hhx HMe- 
eTca cnepiiajibHoe Ha3BaHne. 

KoMnoHenmou Auneunou cesi3Hocmu npocTpaHCTBa X Ha3biBaeTca 
Bcaxoe ero jnmeimo CBa3Hoe no^MHoacecTBO, He co^epjxameeca hh b xaxoM 
CTporo 6ojibmeM jiimeimo cbh3hom noyi,MHOJxecTBe npocTpaHCTBa X . 

TeopeMa 2. /fee KOMnonenmu Auneunou ceA3nocmu au6o ne nepece- 
KawmcA, au6o coenadamm. 



si • s 2 {t) = 



/],OKa3aTejibCTBO. OGte/pmeHiie AByx nepeceKaromnxcH KOMno- 
HeHT JIPIHeHHOH CBH3HOCTII, B CHJiy TeOpeMBI 1, eCTb JIHHeHHO CBS3HOe 
MHOJKecTBO, KOTopoe k TOMy ace co^epjKHT o6e iicxoflHbie KOMnoHeHTbi. 
no onpe^ejieHino, ohii ^ojiHCHbi coBna,a,aTb c sthm mhohcgctbom h, 3HanHT, 
APyr c flpyroM. □ 

TeopeMa 3. Kaotcdax, mourn npocmpancmea codepotcumcA e neKomo- 
pou ezo KOMnonenme Auneunou ceA3nocmu. 

floKasaTejibCTBO. /(ocTaTOHHO 3aMeTHTb, hto cpe^n Bcex jnmeii- 

HO CBH3HBIX MHOJKfiCTB, KOTOpbie COflepjKaT flaHHyiO TOHKy, IIMeeTCH Hail- 
6ojibinee: hm HBjiaeTca oGte^imeHne Bcex sthx mhojkcctb. Oho jniHeimo 
cbh3ho b cnjiy flOKa3aHHOii paHee TeopeMbi 1. □ 

TeopeMbi 2, 3 03HanaiOT b coBOKynHOCTH, hto bchkoc TonojioniHecKoe 
npocTpaHCTBO HBjiaeTca oGBeAHHCHHeM cbohx nonapHO HenepeceKaioin,Hx- 
ca KOMnoHeHT jiHHeHHOii CBa3HOCTii. /(pyroe Ha3BaHiie .zpia komiiohght jih- 
HefiHOH cbh3hoctii — jiuHeuno c6Ji3Hue KOMnonenmu. 

JlHHeHHaa cbh3hoctb h OTo6pa»ceHHH. BepHeMca k jnraeiiHO cbh3- 
hhm npocTpaHCTBaM. HeTpyn,HO y6e^HTbca, hto jiimeftHaa CBa3HOCTb — 
TonojiornHecKoe cboiictbo. 3to ecTecTBeHno, nocKOjibKy OHa onpe^ejia- 
eTca hhcto b TonojioniHecKHx TepMHHax. Mbi nojiyniiM sto b KanecTBe 

cjie^CTBiia ii3 HeKOToporo 6ojiee cnjib- 
hoto yTBepjK^eHiia. 

TeopeMa 4. Henpepuenuu 06 - 
pas Auneuno C6JL3HO20 npocmpancmea 
jiuneuno c 6 H 3 eu. To ecmt> ecjiu f: 
X — > Y — nenpepuenoe omo 6 paofce- 
nue u npocmpancmeo X Auneuno 
C6H3H0 , mo u Mnootcecmeo f(X) au- 

HeUHO C6A3H0. 

,I],OKa3aTejibCTBO. /(oKaaceM, 
hto .ape npoH3BOjiBHbie tohkh a, b £ 
f(X) mojkho coe;iHHHTb b f(X) nyTeM. nycTb a = f(x ), b = f{y), r,zi,e x, 
y £ X. Torpa ecjn-i s — nyTb, coe/pmaioinHii b A' tohkh x h y, to nyTb 

/os, OHeBHflHO, COeflHHHIOmHn TOHKII a H 6, — HCKOMblH (pHC. 12). □ 

IIpHMep. OnpyacHOCTb S 1 jiimeftHO CBH3Ha, nocKOjibKy OHa aBjiaeTca 
o6pa30M OTpe3Ka [0, r] iipn CTaHpapTHOii napaMeTpusaipiii /: [0, 2i r] — > 
R 2 , f(t) = (cos t, sini). 

Cjie^cTBHe. TonoAOZuuecKoe npocmpancmeo, zoMeoMoptfmoe Auneu- 
ho CBA3H0My npocmpancmey, caMO ABAnemcA Auneuno cba3hum. Twkum 
o6pa30M, AuneunaA c6A3nocmu ecmt> monoAozuuecKoe ceoucmeo. 

/)oKa3aTenbCTBO. Ecjih f: X —>Y ecTb roMeoMop(J)H3M jiHHefmo 



CBH3Horo npocTpaHCTBa A Ha npocTpaHCTBO Y, to npocTpaHCTBO Y jih- 
HefiHO cbh3ho, KaK o6pa3 jiiiHefiHO CBH3Horo npocTpaHCTBa X npii Henpe- 
pblBHOM OTo6pajKeHIIII /. □ 

Cbh3hoctb h jiHHefmaH cbh3hoctb. Bbihchiim Tenepb cooTHome- 

HHe MeJK/jy CBH3HOCTbK> H JIHHeHHOH CBH3HOCTbK>. 

TeopeMa 5. Jluneuno cesi3Hoe monoJioeuuecKoe npocmpancmeo 

C6H3H0. 

floKasaTejibCTBO. IlycTb A' — jniHeiiHO CBH3Hoe TonojiorHnecKoe 
npocTpaHCTBO. Hto6bi ^,0Ka3aTb, hto oho cbh3ho, BOcnojib3yeMCH KpiiTe- 
pneM CBH3HOCTII. ^JIH 3TOTO HyjKHO flJIH npOH3BOJIbHbIX TOHeK CL, b £ X 

HaiiTii co,nep:>Kain,ee hx CBH3Hoe mhojkcctbo. Ecjih s : [0, 1] — > X — nyTb, 

COe/I.HHHfOIHHH TOHKII d H b, TO THKHM MHOJKeCTBOM 6yi],eT MHOJKeCTBO 

s([0, 1]) — «TpaeKTopiiH» nyTH s, — ko- 
Topoe cbh3ho KaK o6pa3 cbh3hoto npo- 
cTpaHCTBa [0, 1] npi-i HenpepbiBHOM 
OTo6pa»ceHiiii s. □ 

06paTHoe yTBepnc^eHHe, BOo6m;e 
roBopa, HeBepHo: cymecTByiOT cbh 3- 
Hbie, ho He jiimeiiHO CBH3Hbie npo- 
cTpaHCTBa. 

IIpHMep. PaccMOTpiiM HenpepbiB- 
Hyro (J)yHKH,Hio /: (0, 1/ic] —■ > R, 3a- 
^aHHyio cjjopMyjiOH f(x) = sin 1/x. IlycTb A C R 2 — ee rpatfniK. Mho- 
ncecTBO A cbh3ho h flaxce jiimeimo cbh3ho. IIoaTOMy ero 3aMbiKaHHe cl A 
(puc. 13) Tonce cbh3ho. Ho HeTpyn,HO Bii^eTb, hto oho — 3mo 3a,MUK<mue — 
ne jiuHeuno C6J13H0: tohkii OTpe3Ka clA\A Hejib3H coeflimiiTb nyTeM c 
TOHKaMii H3 A (HarjiHflHO 9to ^OBOjibHO oneBiiflHO, ho Mbi He 6yn,eM stoto 
,ii,0Ka3biBaTb, a ocTaBHM HiiTaTejno b KanecTBe He oneHb Tpyn,Horo ynpanc- 
HeHim) . 

3aMeTHM, hto nonyTHO mbi nojiyHiuni npiiMep jnmeHHO cbh3hoto mho- 
ncecTBa, 3aMbiKamie KOToporo ynce He jraHetao cbh3ho. 9to em,e o,hho 
pa3JIHHHe MeJK^y CBH3HOCTbIO H JIHHeHHOH CBH3HOCTbIO. 

KpHTepHH JIHHeHHOH CBH3HOCTH. BpOCaeTCH B TJia3a HeKOTOpaa 3K- 
30THHH0CTb npiiBefleiiHoro npi-iMepa (ajih npocTpaHCTBa A' = cl A ecTb p,a- 
»ce cnenyiajibHoe Ha3Bamie — otojibckhh 0Tpe30K»). 3 to He cjiynaiiHO. Bo 
MHOTHX BajKHbIX CHTyapiIHX CBH3HOCTb H JIIIHeHHaH CBH3HOCTb paBHOCIIJIb- 
Hbi. HanpnMep, nocKOjibKy Bee HHTepBajibi Ha npaMOii jnmefiHO cbh3hbi, 
a Bee ocTajibHbie no^MHoncecTBa npaMOii HecBH3Hbi, to ,h,jih no^MHOiKecTB 
npaMOii 3 th CBOHCTBa paBHOCiuibHbi. Em;e 6ojiee irinpoKnii KpHTepiin jih- 
HeHHOH CBH3HOCTH CBH3HBIX npOCTpaHCTB H MHOJKeCTB flaeTCH nyHKTOM 



PlIC. 13 


b) cjieflyromefi TeopeMbi (nyHKTbi a) h 6) noHaflo6aTCH HaM b § 1 rji. III). 

TeopeMa 6. IIycrm> e monojioeunecKOM npocmpancmee X k aotcdan 
mourn o6jiadaem jiuneuno ceu3H0u OKpecmnocmnw. Tozda 

a) KOMnonenmu npocmpancmea X nejifiwmcsi odnoepeMenno ezo jiu- 
HeiLHO C6A3HUMU KOMnOHCHUiaMUj 

6) KOMnonenmu npocmpancmea X omupumu e hcm; 

b) ec/iu npocmpancmeo X cesi3Ho, mo ono u Auneuno cesi3Ho. 

^0Ka3aTejibCTB0 ocHOBaHO Ha cjie^yiomeit jieMMe. 

JleMMa. Bcsiuasi jiuneuno cen3nafi KOMnonenma L npocmpancmea X 
omupuma. 

^encTBHTejibHO, Bee tohkii MHoncecTBa L BHyTpeiiHiie, nocKOjibKy c 
KajK^oii CBoeft tohkoh mhojkcctbo L coflepnaiT ee jiimeimo CBH3Hyio 
OKpeCTHOCTb. □ 

^],OKa3aTejibCTBO TeopeMbi 6. HanneM c nyHKTOB a) h 6) . Kant- 
ian KOMnoHeHTa C npocTpaHCTBa X oneBippibiM o6pa30M pa36iiBaeTCH Ha 
jiiiHeiiHO CBH3Hbie KOMnoHeHTbi. Bee ohii, b cnjiy jieMMbi, OTKpbiTbi. Cjie- 
^.OBaTejibHO, KOMnoHeHTa C Taxsce OTKpbiTa, h nyHKT 6) ^OKa3aH. 

^ajiee, ecjni 6 bi stiix jiimeimo cbhshbix KOMnoHeHT 6buio Sojibine o^- 
Hoii, to mm nojiyniijiH 6bi npoTHBopenne co cbh3hoctbio KOMnoHeHTbi C. 
CjieflOBaTejibHO, b pa36HeHiiii ynacTByeT TOjibKO OflHa jnmeHHO CBH3Haa 
KOMnoHeHTa L, i-i OHa, oneBiiflHO, coBna^aeT co Been KOMnoHeHTOii C. 3tiim 
, ii,0Ka3aH nyHKT a). 

IlyHKT b) jierKO cjie,nyeT H3 nyHKTa a). Ecjiii npocTpaHCTBO X cbh3ho, 
to X hbjihbtch (eflHHCTBeHHOfi) CBoeft KOMnoHeHTOH. Tor,n,a b cnjiy nyHKTa 
a) npocTpaHCTBO X HBjiaeTCH TaKnce CBoelt jiimeimo cbh3hoii KOMnoHeHTOii 
h, cjie^OBaTejibHO, jiiihciiho cbh3ho. TeopeMa 6 nojiHOCTbio flOKa3aHa. □ 

Cjie^CTBHe 1 . ffjia omupumux Mnootcecme e eeKAudoeoM npocmpan- 
cmee cea3nocm , b u jiuneunaji ceA3nocmi> paenocuMnu. 

,II,OKa3aTejibCTBO. IlycTb U C R" — 
npOII3BOJIbHOe CBH3HOe OTKpblTOC MHOJKe- 
ctbo. HTo6bi ,n,OKa3aTb ero jniHeiiHyio cbh3- 
HOCTb, ,n,ocTaTOHHO, b cnjiy TeopeMbi 6, y 
KajK/jpii ero tohkii HaiiTii jiiihchho CBH3Hyio 
OKpeCTHOCTb. TaKoii OKpecTHOCTbio 6yn,eT, 
HanpiiMep, jiio6aH ^,0CTaT0HH0 Majiaa rnapo- 
Baa OKpeCTHOCTb stoh tohkii. □ 

HanoMHiiM, OTKpbiToe CBa3Hoe MHOsce- 
ctbo b eBKjiiiflOBOM npocTpaHCTBe Ha3biBa- 
eTca o6jiacmt>w (puc. 14 ). 



Cjie/jCTBHe 2. OmKpumoe Mnootcecmeo e eeKJiudoeoM npocmpancmee 
UMeem ne 6ojiee ueM cnemnoe hucjio KOMnonenm. 

/],OKa3aTejibCTBO ocTaeTca miTaTejiio b xaaecTBe ynpaxyHemia. 
(Haflo BOcnojiB30BaTBca, HanpiiMep, TeM, hto b Kaayzi,OH KOMnoHeHTe 
^.ojiJKHa coflepjKaTbca Tonica, y KOTopofi Bee KOop/pmaTbi - panyiOHajib- 
Hbie nncjia, a Bcero Taxiix Tonex — caeTHoe hucjio.) □ 

§ 3. X ay c; 1 , 0 p c ) ) o b o c t l. 

B onpeflejieHiiii Tonojioniaecxoro npocTpaHCTBa yaacTByiOT Tpn ax- 
chombi. Hx yace flOCTaTOHHO ,n,jia ^,OBOjibHO coflepacaTejibHoii r reopnH. Ho 
3anac TonojiorrraecxHx npocTpaHCTB ohchb bcjikk. BaacHeimiHe H3 hhx — 
MeTpii3yeMbie — cocTaBjiaiOT jninib HeSojibinyio aacTb 3Toro 3anaca. no- 
3T0My nacTO orpaHHHHBaiOTca paccMOTpeHiieM npocTpaHCTB, yn,0BjieTB0- 
paiomHx pa3jiiiHHbiM flonojiHHTejibHBiM TpedoBaHnaM. Cpeflii TaKiix Tpe- 
6oBaHiiii oflHO H3 BaaoreHnnix — axciiOMa Xaycflopcjia (iiHor^a ee flaace 
BKjnoaaiOT b hiicjio axciiOM TonojioniHecxoii CTpyKTypBi). 

0 1 1 pe/je Jie h ne . Tonojioniaecxoe npocTpaHCTBO Ha3biBaeTca xaycdop- 
(f>oeuM : ecjni jno6bie ^Be ero pa3jniHHbie tohkii o6jiaflaiOT Henepecexaio- 
mnMiica OKpecTHOCTHMH. TaKiiM o6pa30M, ecjni X — xayc^opcjiOBO Tono- 
jiornaecKoe npocTpaHCTBO, to fljia jno6bix flByx Toaex a, b £ X , a ^ b 1 
HaiiflyTca Taxne MHoacecTBa U, V £ H.x, hto a£U,b£VnUr\V = 0 . 
(puc. 15). (OKpecTHOCTH U ii V omdejifiwm tohki-i a n b ,n,pyr 0T flpyra. 
noaTOMy aKCHOMy Xayc^opcjia OTHOcaT k ancjiy aKcuoM omdejiuMoemu : 
Apyrne ee Ha3BaHiia — BTopaa axcnoMa ot^cjiiimocth ii axciiOMa T 2 .) 

IIpHMepbl. 1. Am’H;i,HCKp<‘TMO(' npo- 
cTpaHCTBO, b kotopom 6ojibine o^hoii 
tohxii, ne xaycflop(J)OBO. 

2. ^HCKpeTHoe npocTpaHCTBO xay- 
CflOptJlOBO. 

3. BcaKoe MeTpuaecxoe npocTpaH- 
ctbo M xayc^opcjiOBO. Ecjih a, b £ M — 

ABe ero tohkii, to b xaaecTBe OT^ejiaio- 
npix OKpecTHOCTeii mojkho B3aTb niapo- 
Bbie OKpecTHOCTH paflnycoM ^dist (a, b). 

IlepBBie CJie^CTBHH H3 BKCHOMbl 
Xaycflopcjia. H 3 xaycflopcJiOBOCTn cjicjivtot HCKOTopbie o’K'iib ecTecTBeH- 
Hbie CBOiiCTBa TonojiornnecKoro npocTpaHCTBa. 

TeopeMa 1 (3aMKHyT0CTb Toaex). B xaycdopcfioeoM monoJiozunecKOM 
npocmpancmee X odnomoucHHue nodMnoofcecmea 3aMKnymu. 



^],OKa3aTejibCTBO. IlycTb xo £ X. Hto6h flOKa3aTb, hto mho- 
»cecTBO {xo} 3aMKHyT0 , flOCTaTOHHO npoBepiiTb, hto ero flonojiHemie 
X\{x 0 } OTKpbiTO. ^encTBi-rrejibHO, jno6aH TOHKa y £ X\{xo} o6jiafla- 
eT OKpecTHOCTbio V, He coflepjKameft tohkii xq (b cnjiy xayc^,op(J)OBOCTii 
npocTpaHCTBa X), h, cjieflOBaTejibHO, hbjihctch BHyTpeHHeft ,h,jih MHOxce- 
CTBa X\ {xo}. □ 

Cjie^CTBHe. B xaycdopcfioeoM npocmpancmee Koneunue MHootcecmea 
3aMmymu. 

floKasaTejibCTBO. OneBimHO. □ 

ripe/j,ejibi iiocjie/;oiiaTejibHOCTei4. r ZIpyroe iia>KHoe cjie^CTBiie xay- 
CfloptJ)OBOCTH KacaeTca cxo,hhih;iixch nocjie^OBaTejibHOCTeii. 

0 1 1 pc/j.e jiemie . IlycTb b TonojiornHecKOM npocTpaHCTBe X no- 

cjieflOBaTejibHOCTb tohck oi, <22, . . . , a n , ■ • . Tonna a Ha 3 biBaeTCH ( monojio - 
zunecKUM ) npeflejiOM nocjie^OBaTejibHOCTH {a„}, ecjin ,h,jih jho 6 oii OKpecT- 
hocth U tohkii a Hait^eTCH TaKofi HOMep N, hto ecjin n > N, to a n £ 
U. B TaKOM cjiynae roBopHT, hto nocjieflOBaTejibHOCTb {a n } cxodumcfi 
k TOHKe a. 

IIpmviepL. 1 . 1. B aHTi-miiCKpeTHOM npocTpaHCTBe jno 6 aa nocjieflOBa- 
TejIbHOCTb CXOflHTCH K JH 060 II TOHKe. 

2. Hto6bi nocjie^OBaTejibHOCTb {a n } b flHCKpeTHOM npocTpaHCTBe cxo- 
^iijiacb k TOHKe a , Hynoio hto6bi Bee ee HjieHbi, HaHimaa c HeKOToporo, 
coBnaflajiii c tohkoii a. 

KaK o6bihho, flHCKpeTHoe h aHTiifliiCKpeTHoe npocTpaHCTBa fleMOH- 
CTpiipyiOT ^Be KpaiiHOCTii. Boo 6 m;e xce, bo mhotiix cjiynanx npii noMomii 
npe^ejiOB mojkho oniicaTb Sojibihiihctbo TonojioniHecKiix HBjiemm, thkhx 
K aK OTKpbITOCTb H 3aMKHyTOCTb MHOJK 6 CTB, HCnpepblBHOCTb OToGpajKemm 
h flp. Mbi He 6 yfleM stiim 3am-iMaTbCH, a orpaHiiHiiMCH ,n,OKa3aTejibCTBOM 
cjie^yiomeH TeopeMbi. 

TeopeMa 2 (efliiHCTBeHHOCTb npe^ejia). B xaycdoptfioeoM npocmpan- 
cmee X noc.aedoeameAt>Hocrm> {a n } UMeem He 6oJiee odnozo npedejia. 

floKasaTejibCTBO. IIpe^nojiojKiiM npoTiiBHoe. IlycTb a h b — 
npeflejibi nocjieflOBaTejibHOCTii {a n }, a U h V — hx HenepeceKaiomnecH 
OKpecTHOCTii . Torfla, HaniiHas c HeKOToporo ^ocTaTOHHO Sojibihoto homb- 
pa N, Bee HjieHbi nocjieflOBaTejibHOCTii {a n } 6ynyT jiexcaTb b U h b V, 
HTO, OHeBHflHO, HeB03MOJKHO. □ 

Hacjie/i,CTneHHbie loiiojiorii'iecKiie CBoficTBa. HeTpynpo noKa- 
3aTb, hto xayc^opcjDOBOCTb «nepeflaeTCH no Hacjie,n,CTBy» ot npocTpaHCTBa 
ko BceM ero no^npocTpaHCTBaM. 

TeopeMa 3. TIodnpocmpaHcmeo A xaycdopifioea npocmpancmea X ca- 
mo fiejisiemcfi xaycdopifioeuM. 



^OKa3aTejibCTBO. Ecjih a, 6 £ 

A — ^Be pa3jniHHbie tohxh, a U, V G 
X — hx HenepeceKaromnecH oxpecTHO- 
CTII B npOCTpaHCTBe X, TO MHOJKeCTBa 
U ft A h V D A 6ynyT Henepecexaiomii- 

MHCH OKpeCTHOCTHMI-I 3THX JKe TOHeX B 

no,a,npocTpaHCTBe A (puc. 16). □ 

TonojiornHecKiie CBOHCTBa, koto- 
pbie nepe^aiOTCH TaKUM o6pa30M ot 
npocTpaHCTBa k ero no/pipocTpaH- 
ctbrMj Ha3BiBaroTCH HacjiedcmeeH- 
HUMU. 

IIpHMep. KoHenHOCTB, CMfi'i’iiocTi, h MeTpH3yeMOCTB — nacjie^CTBeH- 
Hbie CBOHCTBa, b OTjiPiHue, HanpiiMep, ot cbh3hocth h jraHemiofl cbh3- 

HOCTH. 



§ 4. KoMnaKTHOCTb 

O npe/je jie h lie . TonojioriiHecxoe npocTpaHCTBO nasbiBaeTca kom- 
naKmHUM , ecjin bchkoc noxpbiTiie 3Toro npocTpaHCTBa OTxpbiTbiMH mho- 
»cecTBaMH coflepjKiiT KOHe^iHoe no,n,noxpbiTHe. IIoxpbiTHH OTxpbiTbiMH 
MHoacecTBaMii 6y/i,eM b flajibHeftmeM Ha3biBaTb omupumuMu. 

IlycTb X — TonojiornHecKoe npocTpaHCTBO, a {U a } a ^i — HexoTopoe 
ero OTKpbiToe noxpbiTue: U a £ fix, U U a = X. Tor^a Hame onpe^ejie- 

ct€l 

rare 03HanaeT, hto ecjin npocTpaHCTBO X KOMnaxTHO, to cpe^n mhojxcctb 
U a Haii^yTca Hecxojibxo mhojkcctb: U ai , U a2 , U ak (,h,jih HexoToporo 

k 

k £ N), yjxe noxpbiBaromux ero: X = (J U ai . MHOJxecTBa U ai , ■ ■ ■ , U ak 

i= 1 

h o6pa3yiOT xoHenHoe noflnoxpbiTiie OTxpbiToro noxpbiTiia {U a } ae j. 

OaeBii^HO, fljia Toro HTo6bi npocTpaHCTBO He 6 bijio xoMnaxTHbiM, y 
Hero flOjcxHO cyipecTBOBaTb OTxpbiToe noxpbiTiie (3aBeflOMO 6ecxoHen- 
Hoe), Huxaxaa xoHeHHaa nacTb xoToporo He hbjihctch noxpbiTiieM. 
ITpHMepti. 1. Bcaxoe aHTH^HCxpeTHoe npocTpaHCTBO xoMnaxTHO. 

2. Bcaxoe xoHenHoe TonojiorHnecxoe npocTpaHCTBO xoMnaxTHO. 

3. Boo6me, Bcaxoe npocTpaHCTBO, b xotopom xoHenHoe hiicjio OTxpbi- 
TblX MHOJXeCTB, XOMnaXTHO . 

4. ^iicxpeTHoe npocTpaHCTBO c 6ecxoHeHHbiM hiicjiom Tonex He xom- 


naxTHO. 


IIpiiMep OTKpbiToro noKpbiTiia, He o6jiaflaiom;ero kohchhbim no^no- 
KpblTIieM, flaeTCH nOKpblTIieM OflHOTOHeHHBIMII MHOJKeCTBaMII. 

5. HiicjiOBaa npaMaa R He KOMnaKTHa. 

KoHenHBiM noflnoKpbiTiieM He oSjia^aeT noKpBiTiie BceB03M0JKHBiMn 
OTKpbiTbiMii npoMe»cyTKaMH Biifla (a, b), a, b £ R. ^pyrolt npiiMep 
noKpbiTiie jiynaMi-i BH^a (a, +oo), r^e a £ R. 

C .npyrofi ctopohbi, noKpBiTiie BceMii otkpbitbimii jiynaMH (a, +oo), 
(—00, a) 3aBeflOMO co^epnaiT KOHenHoe noflnoKpBiTiie: (—00, 1 ) U 
( 0 , +00) = R. 

0 1 1 pe;i,e jig h mc . Mno/Keonio A b TonojioniHecKOM npocTpaHCTBe X 
Ha3BiBaeTCH KOMnaumnuM , ecjni oho KOMnaKTHO b iiHflypiipoBaHHOii to- 
nojiorrni, KaK no^npocTpaHCTBO, t. e. ecjin TonojioniHecKoe npocTpaHCTBO 
(. A , Qa) KOMnaKTHO. 

TeopeMa 1. IlodMHOOKecmeo A mono./iozuuecKozo npocmpancmea X 
KOMnaKmno mozda u mojvbKO mozda, Kozda U3 jik>6ozo ezo noupumufi mho- 
ofcecmeaMU, omKpumuMU e X, mochcho eu6parm> k oneunoe nodnoKpu- 
mue. 

/(oKasaTentCTBO. HanHeM c HeoSxofliiMOCTH stoto ycjiOBHH. 
IlycTb MHOJKecTBO A KOMnaKTHO, a {U a } a ^i — npoii3BOjiBHoe ero noKpBi- 
Tlie OTKpBITBIMII B npocTpaHCTBe X MHOXCeCTBaMI-K A C U u a , U a £ Q x - 

aGl 

BbiflejiiiM b noKpbiTHii {U a } KOHenHoe noflnoKpbiTiie. ,H,jih stoto paccMOT- 
priM nepeceneHHH MHOxcecTB U a c mhojkoctbom A: nojiOHtHM V a = U a nA. 
MHOJKCCTBa V a OTKpbiTbi b no^npocTpaHCTBe A h, o'I6bh;i,ho, o6pa3yiOT 

ero noKpBiTiie: A = A n \ju a = u V a . B CHJiy KOMnaKTHOCTH MHO- 

a£l a£l 

HcecTBa A, H3 noKpBiTria {V a } a£ i mojkho BBiflejiiiTB HeKOTopoe KOHenHoe 
no/piOKpBiTiie V ai , V ak . Ho Tor^a MHOJKecTBa U ai , U ak , one- 
bh^ho, o6pa3yiOT HCKOMoe noflnoKpbiTiie iicxo^Horo noKpBiTiia MHoncecTBa 

A: A= U V at C U U ai . 

i= i i=l 

/],0CTaT0HH0CTB ^,OKa3BiBaeTCH aHajioniHHO. □ 

KoMnaKTHOCTb H 3aM Kiiy TOCTB . PaCCMOTpiIM HeKOTOpbie CBOIICTBa 
KOMnaKTHBIX MHOHteCTB H npOCTpaHCTB. 

TeopeMa 2. 3a,MKHymoe nodMnootcecmeo A KOMnanmnozo npocmpan- 
cmea X KOMnaKmno. 

floKasaTejiiiCTBO. B cnjiy TeopeMBi 1 floCTaTOHHO H3 npoii3BOjiB- 
HOrO nOKpBITIIH {U a }a£l MHOHCeCTBa A OTKPBITBIMII B X MHOJKeCTBaMII 
BBi6paTB KOHenHoe noflnoKpBiTiie. ^jih SToro ,n,o6aBiiM k sthm MHoace- 
CTBBM OTKpBITOe MHOJKeCTBO l\in nOJiyHIIM OTKpBITOe nOKpBITIie Bcero 



npocTpaHCTBa X . B cnjiy KOMnaKTHOCTH npocTpaHCTBa X 113 3Toro noKpbi- 
th2 mojkho Bbi^ejiHTb KOHenHoe noAnoKpbiTiie, npuneM Mbi Bcer^a MOxeM 
CHIlTaTb, HTO B 3TO nOflnOKpbITIie BXOflHT MHOJKeCTBO A' \ A. IlyCTb, Ha- 
npiiMep, 

X = U ai U...U ak U(X\A). 

OneBHflHO, hto MHOxcecTBa U ai , . . . , U ak o6pa3yiOT iiCKOMoe KOHenHoe 
no,a,noKpbiTiie MHOxcecTBa A. □ 

O^HaKO H3 KOMnaKTHOCTH MHOJKecTBa ero 3aMKHyTOCTb, BOo6m;e ro- 
Bopa, He cjie^yeT (AOCTaTOHHO bchomhhtb 06 aHTHfli-iCKpeTHOM npocTpaH- 
CTBe, rfle KOMnaKTHbi Bee MHOxcecTBa, a 3aMKHyTbix — TOjibKO Asa) . Hto 6 bi 
3to BbinojiHHjiocb, AO CTaTOXIHO noTpe6oBaTb xaycAopcjjOBOCTii npocTpaH- 
CTBa. 

TeopeMa 3. KoMnanmnoe nodMHootcecmeo A xaycdopcfioea npocmpan- 
cmea X 3aMKnymo. 

/JoKasaTejibCTBO. ^OKaiKeM, hto A\A 
OTKpbITO. ^JIH 3T0T0 AOCTaTOHHO HailTH RJIS1 npO- 
H3BOJIbHOH TOHKII Xq H3 AOnO-HH^H^ K MHOJKe- 
CTBy A OKpecTHOCTb, KOTopaa He nepeceKajiacb 6bi 
c MHOJKecTBOM A. B cnjiy xaycAopt|)OBOCTH npo- 
cTpaHCTBa X y KajKAOH tohkh x € A HaiiAeTCH 
OKpecTHOCTb U x , He nepeceKaiomaaca c HeKOTopofi 
OKpeCTHOCTblO V x TOHKII Xq (pHC. 17). 

BceB03MO?KHbie OKpecTHOCTH U x , oneBHAHO, 
o6pa3yiOT OTKpbiToe noKpbiTiie MHoacecTBa A: 

Ac U U x . 

x£A 

B cnjiy KOMnaKTHOCTH MHoncecTBa A y stoto noKpbiTHH naftAOTca hcko- 
Topoe KOHenHoe noAnoKpbiTHe: A C U Xl U. . .U U Xk AJia KaKiix-TO tohck X\, 
Xk & A. Tenepb b KanecTBe hckomoii OKpecTHOCTH tohkh xq mojkho 
b 3 htb OTKpbiToe MHO»cecTBO V Xl D . . . D V Xk ; oho He nepeceKaeTca He tojib- 
KO C MHOJKeCTBOM A, HO A a *fi C SojIbHIHM MHOJKeCTBOM U Xl U . . . U U Xk . 

k 

(^eftCTBiiTejibHO, nycTb x € f) V Xi — npoiOBOjibHaa tohkh . TaK KaK OHa 

2—1 

npiiHaAJiejKHT KajKAOMy 113 mhojkcctb V Xl , , V Xk , to OHa He npiiHaAJie- 

jkht hii OAHOMy H3 MHOJKecTB U Xl ,■■■■, U Xk . 3HaHHT, OHa hc npimaAJiejKHT 
II IIX o6 r beAHHeHHFO.) □ 

CjieACTBHe. KoMnanmHoe Mnootcecmeo e MempunecKOM npocmpan- 
cmee 3aMKnymo. 

/JoKasaTejibCTBO. ,HocTaTOHHO Bocno jib30BaTbca npeAbiAymeii 
TeopeMon h TeM, hto BcaKoe MeTpimecKoe npocTpaHCTBO xaycAopcJiOBO. □ 



KoMnaKTHtie MHoacecTBa b wc rpii'iccKiix npocTpaHCTBax, xpo- 
Me 3aMKHyT0CTn, o6jia^aKiT mhothmh flpyrnMii c i re r i,it <Jj h nee k h m h cboh- 
CTBaMH. 

TeopeMa 4. KoMnaKmnoe MHOMcecmeo A e MempuuecKOM npocmpan- 
cmee M ozpaHUHeHo. 

floKasaTejitCTBO. HaM HyjxHO yxa3aTb map, pejn-ixoM co^epjKa- 
miiii mhojkcctbo A. IlycTb a € M — npoiraBOjibHaH Touxa. BceB03M0JXHbie 
OTKpBiTBie mapbi B a (r) c peHTpoM b stoii tohxc o6pa3yiOT, oaeBii^HO, 
OTKpt>iToe noKpbiTiie Bcero npocTpaHCTBa M n, b uacTHOCTii, MHOJxecTBa 
A. Tax xax MHOJxecTBO A xoMnaxTHO, to y stoto noxpbiTna HaftfleTCH 
xoHenHoe noflnoxpbiTiie. IlycTb, HanpiiMep, A C B a (ri) U ... U B a (rfc) 
pjis HexoTopBix n, . . . , r/j > 0. Toiyja b xauecTBe iicxomoto rnapa mojx- 
ho B3HTB Haii6ojibmim H3 mapoB B a (ri): hcho, hto A C B a (R), iyje 
R = max(n t . . . , r fc ). 

TaxHM o6pa30M, e MempuuecKOM npocmpancmee KOMnaKrrmue mho- 
mcecmea 3aMKnymu u ozpaHuueHU. 

B xanecTBe cjieflCTBim nojiynaeM o,h,ho BajxHoe cboiictbo xoMnaxTHbix 
MHOJXeCTB Ha hiicjioboii npaMOH. 

TeopeMa 5. KoMnanmnoe nodMHOOKecmeo A v,ucjioeoil npaMou R 
codepwcum ceou mouHue eepxHwm u huokhww zpanu. 

/],oxa3aTejibCTBO. Tax xax mhojxcctbo A xoMnaxTHO, to oho orpa- 
HiineHO h o6jiaflaeT xoHeHHori tohhoii BepxHen rpaHbro c: c = sup A = 

sup x G R. Hucjia, MeHbmne uucjra c, BepxHefl rpaHbio fljia MHOJxecTBa A 
xe A 

y»ce He 6ynyT. 3 to 3HauiiT, hto b cxojib yro^HO Majioft oxpecTHOCTii tohxii 
c HMeiOTCH tohxii MHOJxecTBa A. CjieflOBaTejibHO, Tonxa c hbjihctch toh- 
xoh npiixocHOBeHHH MHOixecTBa A. Tax xax MHOJxecTBO A xoMnaxTHO, to 
oho 3aMXHyTO h aojbxho coflepjxaTb Touxy c. 

AHajioniHHO ^oxa3biBaeTCH, hto MHOJxecTBO A co^epjxiiT cboio TOHHyio 
HIDKHKHO rpaHb. □ 

KoMnaxTHbie MHoacecTBa b curjim^oiiom npocTpaHCTBe. IIo , 1 , 0 - 
xa3aHHOMy, Bee ohii 3aMXHyTbi h orpamiHeHbi. (3 thm ii oSbHCHaeTCH Ha- 
3Bamie «xoMnaxTHoe» MHOixecTBO.) Oxa3biBaeTca, BepHO h o6paTHoe: H3 
3aMXHyTOCTii h orpaHiiHeHHOCTii MHOJxecTBa b eBxjni,n,OBOM npocTpaHCTBe 
cjie^yeT ero xoMnaxTHOCTb. Rjisi fl0xa3aTejibCTBa HaM noTpeSyeTca Ba?x- 
Hbiii uacTHbifi cjiyuafi stoto yTBepjxfleHiia — xoMnaxTHOCTb xy6a. 

TeopeMa 6. n-Mepnuu Ky6 e eenjiudoeoM npocmpancmee R KOMnan- 
men. 

/],oxa3aTejibCTBO. PaccMOTpiiM ,h,jih npocTOTbi H3JiojxeHiiH cjiynaft 
njiocxocTii: n = 2. IlycTb Kq — e^HHirmbiu xBa^paT. /],oxajxeM ot npo- 



THBHOrO, HTO MHOJKBCTBO Kq KOMnaKTHO. EcjIII 3TO He TaK, TO HailfleTCH 
TaKoe OTKpt>iToe noKpbiTiie T KBa/jpaTa AT, 113 KOToporo Hejib3H BbiflejiiiTb 
KOHenHoe noflnoKpbiTiie. Pa3o6beM KBa^paT Kq Ha neTbipe KBa/ipaTa co 
CTopoHofi 1/2. no Kpaimeii Mepe ofliH H3 hiix He MO»ceT 6bitb noicpbiT 
KOHeHHHIM HHCJIOM MHOJKBCTB H3 nOKpbITIIfl T (b npOTHBHOM CJiyHae MBI 
HarnjiH 6bi fljia Ka>Kfloro 113 stiix KBa^paTOB KOHenHoe noflnoKpbiTiie no- 
KpblTIIH r, II B COBOKynHOCTII 3TI-I nOflnOKpblTHH flajIH 6bl KOHeHHOe no- 
KpbiTiie KBa^paTa AT). 06o3HaHiiM KBaflpaT, ajih KOToporo 113 noKpbiTHH 
r Hejib3H BbiflejiiiTb KOHenHoe noKpbiTiie, nepe3 K\. Pa3^ejiHM h ero Ha 
neTbipe KBa^paTa, yxce co CTopoHofi 1/4. Tot KBaflpaT, fljia KOToporo 113 
r Hejib3H BbiflejiHTb KOHenHoe noflnoKpbiTiie, o6o3HanHM nepe3 A'2. no- 
BTopHH 3Ty npopeflypy, mm nojiyniiM 6ecKOHeHHyio nocjieflOBaTejibHOCTb 
BjioaceHHbix KBa/i,paTOB A'o, AT, AT, . . . , KajK^bifi cjie^yiomHH 113 koto- 
pbix no pa3MepaM BflBoe MeHbine npeflbmymero, n hh oflim 113 hhx He 
noKpbiBaeTCH KOHenHbiM hiicjiom MHoacecTB 113 T (puc. 18). O/piaKO o6man 
TOHKa 3tiix KBa^paTOB noKpbiBaeTCH HeKO- 
TOpblM MHOJKeCTBOM H3 T, a C Hdl ^OJI>KHbI 
nOKpbIBaTbCH 3TIIM MHOJKeCTBOM II BCe KBafl- 
paTbi Ki c floCTaTOHHO Sojibhiiim i. (/Heii- 
CTBiiTejibHO , nycTb o6m;aH Tonna jiejKiiT b 
OTK pbITOM MHOJKeCTBe U 113 T BMeCTe CO CBO- 
eil e-OKpecTHOCTbio, r^e, CKanceM, e > l/2 fc . 

Toiyi,a Bee KBa/ipaTbi Ki c i > k jieacaT b 
3Toii e-OKpecTHOCTii h TeM 6ojiee — b mho- 
»cecTBe U. npoTHBopemie. □ 

Cjic;j,ctuhc. (KpiiTepini KOMnaKTHOCTH 
b eBKjin,n,OBOM npocTpaHCTBe. ) ffjia mozo 
umo6u MHOJKecmeo A e eeKJiudoeoM npocmpancmee R" 6ujio KOMnaKm- 
ho, HeoSxoduMo u docmamouno, umo6u oho 6ujio 3aMKnymo u ozpanuue- 

HO. 

/],OKa3aTejibCTBO. Heo6xo^3,iiMOCTb stiix ycjiOBnii HaM ysce H3BecT- 
Ha. /^OKajKeM hx ^.ocTaTOHHOCTb. Tax kak mhoikcctbo A orpamineHO, to 
oho co^epjKHTCH b HeKOTopoM Ky6e. A nocKOjibKy bchkiih Ky6 b eBKjnmo- 
bom npocTpaHCTBe KOMnaKTeH, to mhojkcctbo A KOMnaKTHO kbr 3aMKHy- 
Toe no^MHOiKecTBO KOMnaKTHoro npocTpaHCTBa. □ 

ripiiMepbi. Ulapbi h c())epi>i b ep,K. in;i,oiiOM npocTpaHCTBe KOMnaKTHbi. 

KoMnaKTHOCTh h oro6pa>Keiimi. BepncMOi k KOMnaKTHbiM npo- 
CTpaHCTBaM . HeTpya,HO y6efliiTbCH, hto KOMnaKTHOCTb npocTpaHCTBa hb- 
jiaeTCH ero TonojioniHecKHM cboiictbom. HMeeT MecTO flance 6ojiee cnjibHoe 
yTBepjK,zi,eHHe. 




K 0 

k 2 



K, 



Phc. 18 


TeopeMa 7. Henpepuenuu o6pa3 KOMnanmnozo npocmpancmea kom- 
naKmen, m. e. ecAu f : X — » Y — nenpepuenoe omoOpaotcenue u npo- 
cmpancmeo X KOMnanmno, mo u Mnootcecmeo f(X ) KOMnanmno. 

floKasaTejitCTBO. Ecjii-i OTxpbiTbie MHOxcecTBa U a , a £ I, no- 
KpbiBaiOT MHO»cecTBO f(X), to iix npoo6pa3Bi MHO»cecTBa / ~ 1 {U a ) no- 
KpbiBaiOT npocTpaHCTBO X. B cnjiy HenpepbiBHOCTii OToSpaixemra f sto 
noKpbiTiie OTKpbiTO. Cjie^OBaTejiBHO, H3 Hero mojkho BbipejiiiTb xoHenHoe 
nopnoxpbiTiie. IlycTB, HanpiiMep, X = / _1 (?7 ai ) U ... U / _1 (?7 afe ). Ho 
Torfla, OHeBiiflHO, f(X) C U ai U . . . U U ak , h MHOJxecTBa U ai , ■ ■ ■ , U ak 
o6pa3yK>T HCKOMoe xoHenHoe nopnoxpbiTiie ncxopHoro hokphthh 
{U a }aei- n 

CjiepcTBHe. TonoAOZuuecKoe npocmpancmeo, so-ueoMopifmoe kom- 
nanmnoMy npocmpancmey, caMO .neAHernc.H KOMnanmnuM. Tclkum o6pa- 
30M, KOMna,KmHocmt> .neAHemc.H monoAozuuecKUM ceoucmeoM. 

floKasaTejiBCTBO. nycTb /: X — > Y — roMeoMop<J>H3M h npo- 
CTpaHCTBO X KOMnaKTHO. Torpa npocTpaHCTBO Y xoMnaxTHO, xax o6pa3 
KOMnaxTHoro npocTpaHCTBa X npii HenpepbiBHOM oro6pa>KeHnn /. □ 
nonyTHO mbi nojiynaeM eipe opHO cjiepcTBiie H3 poxa3aHHOii TeopeMbi. 
Oho BbipajxaeT BajxHeftmee cboiictbo xoMnaxTHbix npocTpaHCTB h mho- 
>xecTB, iicxjHOHiiTejibHO nojie3Hoe npii poxasaTejmcTBe pa3JiiiHHbix TeopeM 
cymecTBOBaHHH. 

TeopeMa 8. HenpepuenaA HUCAoeax, cpyrntyuA na KOMnanmnoM npo- 
cmpancmee ozpanuHena u oS.nadaem nau6oAtiiuuM u nauMewbrnuM 3na- 
nenusiMu. /( pyzuMU CAoeaMU, ecAu f: X — > R - nenpepuenaA tfoynKyuA 
u npocmpancmeo X KOMnaKmno, mo naudymcA dee maKue mov,KU x\, 
X 2 £ X, nmo f(x i) ^ /(x) Sj f(x 2) Saa ak>6ou moHKU x £ X. 

floxasaTejitCTBO. MHOixecTBO / ( X ) xoMnaxTHO xax o6pa3 xom- 
naxTHoro npocTpaHCTBa X npii HenpepbiBHOM OTo6pajxeHiin /. Cjie- 
^OBaTejibHO, oho copepixiiT cboii TOHHbie hii>xhk>k> ii BepxHioio rpami 
inf (/PO) = a n sup(/(X)) = b. 

nycTb a = f(x 1) h b = f(x 2). Torpa, ohbbiipho, tohxii x\ h X2 — 
iicxoMbie. TeopeMa 8 poxa 3 aHa. □ 

KpHTepnH l - o m c o m o p c }) h 3 m a . CjiepyiomaH Hama pejib coctoiit b po- 
xa3aTejibCTBe BajxHoro xpirrepiis Toro, xorpa HenpepbiBHoe OTo6pajxeHiie 
HBjiaeTCH roMeoMop(J)H3MOM. CHanajia papiiM opHO onpepeaemie. 

HenpepbiBHoe OTofipaxcemie Ha3biBaeTCH 3aMKHymuM, ecjni npn stom 
OTo6pa>xeHiiii o6pa3bi 3aMXHyTbix mhojxcctb 3aMXHyTbi. Hcho, hto bchxhii 
roMeoMop(J)H3M ecTb 3aMXHyToe OTo6pajxeHiie, h HaoSopoT: ecjin Henpe- 
pbiBHoe o6paTHMoe OToSpaixemie 3aMXHyTO, to oto roMeoMoptfuoM. 



TeopeMa 9. Henpepuenoe omo6paotceHue KOMnanmnozo npocmpan- 
cmea e xaycdoptpoeo ecezda 3aMKHymo. /(pyzuMU caobclmu, ecjiu f\X—* 
Y — Henpepuenoe omo6paotcenue, npocmpaHcmeo X KOMnanmno , a npo- 
cmpaHcmeo Y xaycdop$oeo, mo djm ak>6ozo 3aMKuymozo MHootcecmea 
Ac X MHODtcecmeo f(A) C Y 3aMKnymo. □ 

^OKa3aTejibCTBO. 3ia TeopeMa HBMefljieuHO cjie,nyeT H3 Tpex ,no- 
Ka3aHHbix paHee TeopeM. ^eftcTBiiTejiBHO, mhojxcctbo A KOMnaKTHO xax 
3aMKHyToe no^MHOJKecTBO KOMnaKTHoro npocTpaHCTBa X. MHOJxecTBO 
f(A) KOMnaKTHO xax o6pa3 xoMnaxTHoro MHoacecTBa A npn HenpepBiBHOM 
OTo6pa»ceHiiii /. Haxoiren,, mhojxcctbo f(A) 3aMXHyT0 xax xoMnaxTHoe 
no^MHOJxecTBO xayc^opcjjOBa npocTpaHCTBa Y. □ 

B xanecTBe cjieflCTBiia mm nojiyaaeM BaxcHBiii xpiiTepiiii roMeoMop- 
cjDH3Ma. 

TeopeMa 10. Henpepuenaji 6ueKV ) u.u f 
KOMnanmnozo npocmpancmea X na xaycdop- 
cfioeo npocmpancmeo Y nejiHemcH zoMeoMop- 

$U3M0M. 

floxasaTejiBCTBO. B ciuiy TeopeMBi 
9, OTo6pajxeHiie / 3aMXHyTO, a, xax OTMe- 
najiocB nHTBio a63an,aMii BBiine, ecjiH Henpe- 
pBiBHaa 6nexu;iiH 3aMXHyTa, to sto — roMeo- 

M0p(J)H3M. □ 

IIpHMep. JIm6an nenpepuenasi 6ueKyun 
ompe3Ka [0, 1] e ce6n ecmn zoMeoMop$u3M. 

3tot (Js^xt ,a,OBOJiBHO o^eBHfleH HarjiHflHO. rpatfjiix OTo6pajxeHiia b stom 
cjiyaae — xpimaa 6e3 pa3pBiBOB (pnc. 19). H OHa jxe ^acT naM rpatfaix 
o6paTHoro OTo6pa>xeHiia, ecjin ee 0Tpa3HTB othochtcjibho npaMoii x = y. 

FjiaBa III 

MHOTOOBPA3H5I 

§ 1. TonojiorHHecKHe MHoroo6pa3HH c xpaeM h 6e3 xpaa 

IIoHHTHe MHoroo6pa3iiH HBjiaeTca Oflimi H3 Ba^xHeftmux b MaTeMaTH- 
xe. HHTepecHO, hto, b cyipHOCTii, sto noHHTiie, a Taxace noHariia pa3- 
MepHOCTu h xpaa BCTpeaaiOTCfl yjxe y EBxjinfla. HaaHeM stot naparpacj) 
nyiTaToft H3 EBXjuma («Haaajia», Kmira I): 

Onpe^ejieHHH. 

1. Toaxa ecTB to, hto ne iiMeeT aacTefl. 



2. JIhhhh xe — fljnma 6e3 innpnHf,i. 

3. Kpaa ace jihhhh — to'ikh. 


5. IIoBepxHOCTb ecTb to, hto HMeeT tojibko /piimy h miipimy. 

6. Kpaa see noBepxHOCTH — jihhhh. 

ToHKII, JIHHHH H nOBepXHOCTII — BCe 3TO npiIMepBI MHOrOo6pa3HH. 
OaKTHaecKii MHoroo6pa3iie — 3to Tanoe TonojioniaecKoe npocTpaHCTBO, b 
OKpeCTHOCTII KaSCflOII TO'IKH KOTOpOTO MOJKHO BBeCTII CHCTeMy KOOpflHHaT. 

^jia 6ojiee tohhoto onpe^ejiCHiia HaM noHa^oSHTca o^ho BecbMa cnepiitjai- 
aecKoe TonojioniaecKoe cbohctbo — jiOKajibHaa eBKjnmoBOCTb. IlycTb n — 
HeoTpupaTejiBHoe pejioe hhcjio. Hepea R" 6ya,eM o6o3HaaaTb 3aMKHyToe 
noaynpocTpaHCTBO b eBKjiiiflOBOM n-MepHOM npocTpaHCTBe R” , cocToaipee 
H3 tohbk, nepBaa KOopflimaTa KOTopbix HeoTpiipaTejibHa (puc. 20): 


R+ = {(* 1 ,.-. J *n)eR n : an^o}. 
(3aMeTHM, hto R+ = R° coctoht 113 o^hoii to'ikh.) 



Phc. 20 


Phc. 21 


Oiipc;i,cjicHHC. TonojioriiaecKoe npocTpaHCTBO X Ha3biBaeTca jio- 
KajibHO eeKJiudoebiM pa3.uepHocmu n 1 ecjin BcaKaa ero TOHKa xq o6jia- 
,n,aeT OKpecTHOCTbio U, roMeoMopc|)HOH n-MepHOMy eBKjniflOBy npocTpaH- 
CTBy R” hjih nojiynpocTpaHCTBy R” (pnc. 21). TamiM o6pa30M, b OKpecT- 
HOCTH U TOHKII Xq MOJKHO BBeCTH CHCTeMy KOOpflHHaT, B KOTOpOII nojiosee- 
Hiie ToaeK, 6jih3kiix k xo, 6ya,eT onucbiBaTbca n napaMeTpaMii. flonycKaa 
BOJIbHOCTb pe'IH, MOJKHO CKa3aTb, HTO b6jIH3H TOHKII Xq npocTpaHCTBO X 
« HMeeT n H3MepeHHH». IIocKOjibKy n-MepHoe eBKjnmoBO npocTpaHCTBO ro- 
MeoMopiJiHO OTKpbiTOMy eBKjin^OBy inapy: R" = B™, to b npnBefleHHOM 
onpeflejieHHii bmccto R ra h R" mojkho roBopiiTb 06 otkpmtom rnape h 
nojiyniape hjhi npocTO 06 otkpbitom MHOseecTBe b R™. 


ripmviepL.1. 1. TonojioniHecKoe npocTpaHCTBO HBjiaeTCH jiOKajibHO eB- 
KjuiflOBbiM pa3MepHOCTH 0 b tom h tojibko b tom cjiynae, eCJIH OHO ffac- 
KpeTHO. 

2. HiicjiOBasi npuMan R 1 , OKpyamocTb S 1 , jiyn [0, +oo), HHTepBaji 
[0, 1), 0Tpe30K [0, 1] HBJI5HOTCH 0,H,HOMepHbIMH JiOKajibHO eBKJII'IflOBBIMH. 

3. JiOKajibHO eBKjiHflOBbiMii pa3MepHOCTH n HBjunoTCH caMH npocTpaH- 
ctbo R“ h nojiynpocTpaHCTBO R 1 ? , npon3BOjibHbie hx OTKpBiTbie no^MHO- 
acecTBa, ?z-MepHaa ccjjepa S" h ro-MepHbiii map D n , a TaKace n-MepHoe 
npoexTiiBHoe npocTpaHCTBO. 

4 . JIio 6 oe OTKpbrroe noflMHoacecTBO n-MepHoro jiOKajibHO eBKjniflOBa 
TonojiornHecKoro npocTpaHCTBa caMO HBjraeTCH ro-MepHbiM jiOKajibHO eB- 
KJIHflOBblM. 

JloKajibHaa eBKjnmoBOCTb — oneHb cmibHoe TpeSoBamie, ho caMO no 
ce6e oho He rapaHTHpyeT BbinojiHeHira flpymx ^OBOJibHO ecTecTBeHHbix 
TonojiorHHecKHx cbohctb. IIpHBefleM npiiMep, KOTopbiii noKa3BiBaeT, hto 
jioKaji'bHo eeKJiudoeo npocmpancmeo MocHcem ne 6urm> xaycdopifioeuM. 

IIpHMep. PaccMOTpiiM MHoacecTBO X Ha njiocKOCTii, eocroMmee H3 
Bcex tohbk och a6cii,iicc h em,e o,zi,hoh tohkh — HanpiiMep, tohkh c xoop- 
^HHaTaMH (0, 1), puc. 22: A' = R 1 U{(0, 1)} C R 2 . 29 BBe,n,eM b MHoacecTBe 
X TonojioniHecKyio CTpyKTypy: o6t>- 
HBIIM OTKpbITbIMH Te MHOJKeCTBa B X, 
o6pa3bi KOTopbix npri npoeKipm p : 

A -► R 1 MHoacecTBa X Ha ocb a6c- 1 



H.I1CC OTKpbITbl B R 1 . B 3T0H Tonojiorini 
npocTpaHCTBO X jioxajibHO eBKjuiflOBO 
pa3MepHOCTii 1, nocKOJibKy ero mojk- 
HO nOKpbITb ^ByMH OTKpbITbIMH MHO- 
acecTBaMH, roMeoMopcJiHbiMii hhcjioboii 
npHMoii: A = R 1 U (A\{(0, 0)}). B 


Puc. 22 


to ace BpeMH npocTpaHCTBO X He xayc- 

,zi,op4>obo: tohkh (0, 0) h (0, 1) He o 6 jiaflaioT b neM HenepeceKaiomiiMHCH 
OKpecTHOCTHMH. /JeHCTBHTejibHO, nycTb U ii V — npoii 3 BOjibHbie OKpecT- 
hocth 3 THX tohck. Toiyja p{U) ii p(V) — OKpecTHOCTH tohkh 0 £ R 1 . IIo- 
CKOjibKy MHoacecTBa p{U) n p(V) 3 aBe,n,OMO HMeiOT o 6 m,He tohkii, otjiiih- 
Hbie ot 0, a npoo 6 pa 3 jho6oii Taxon tohkii floaaceH coflepacaTbca b U D V, 
to ii U D V / 0. 

B cjie^yioiii;eM ochobhom onpeflejieHiiii HaM 6 y^eT yflo 6 HO Bocnojib- 
30 BaTbCH TepMIIHOM «eBKJIIIflOBO MHOHCeCTBO » : OTKpbITOe MHOaceCTBO B 


29 3flecb R 1 = {(x, y) e R 2 | y = 0}. 


n-MepHOM jiOKajibHO eBKjnmoBOM TonojioniHecKOM npocTpaHCTBe Ha30- 
BeM eeKJiudoeuM , ecjin oho roMeoMopcJmo OTKpbiTOMy MHOxtecTBy b no- 
jiynpocTpaHCTBe R" (t. e. nepeceHemno c R" OTKpbiToro MHOJKecTBa 
b R"). 

OcHOBHoe onpe/j,cjicHiie. TonojioriiHecKoe npocTpaHCTBO X nasBi- 
BaeTCH n-MepnuM mono.nozuHecKUM MHOzoo6pa3ueM, ecjin oho: 

a) jiOKajibHO eBKjiiiflOBO pa3MepHOCTH n; 

6) xaycflopcjsoBo; 

b) o6jiapaeT noKpBiTiieM, coctohih;hm 113 hc Bojiee neM cneTHoro micjia 
eBKJIHflOBBIX OTKpBITBIX MHOJKeCTB. 

ycjiOBiie b) 03HanaeT, hto npocTpaHCTBO X He cjiiihikom BejniKO. HacTO 
ero 3aMeHHK>T ppyriiMii ycjiOBiiHMii: Tax Ha3biBaeMbiMH cenapaSejiBHOCTBio 
HJIII BTOpOII aKCHOMOH CHeTHOCTII. ycjiOBiie b) aBTOMaTIIHeCKII BbinOJIHeHO, 
HanpiiMep, pan KOMnaKTHBix jiOKajiBHO eBRjinpoBBix npocTpaHCTB. Be3 pp- 
Ka3aTejibCTBa otmcthm, hto oho rapaHTi-ipyeT MeTpn3yeMOCTB npocTpaH- 
CTBa X h pance bjiojkiimoctb ero b eBRjinpoBO npocTpaHCTBO pocTaTOHHO 
6 ojibihoh pa3MepHOCTii. 

B flajiBHeftnieM mbi nacTO 6ya,eM Ha3BiBaTB TonojioriiHecKiie mhotoo6- 
pa3IIH npOCTO MH0Z006pa3UJlMU. 

ripmviepm. 1. BcHKoe He 6ojiee 'ie.\i cneTHoe pncKpeTHoe npocTpaH- 
ctbo HBjiaeTCH HyjiBMepHBiM TonojioniHecKiiM MHoroo6pa3neM. B to ace 
BpeMH HecneTHoe piiCKpeTHoe npocTpaHCTBO (HanpiiMep: mhojkcctbo Be- 
m,ecTBeHHBix HHceji, HaflejieHHoe pHCKpeTHoii Tonojiorneii) TonojioriiHe- 
ckiim MHoroo6pa3iieM He nBjiaeTCH. /Jjih Hero bbihojihchbi ycjiOBiifl a) h 
6) onpeflejieHiiH. ho hc BBinojmeHO ycjiOBiie b): BCHKoe eBKjn-moBO otkpbi- 
TOe MHOHCeCTBO B ^HCKpeTHOM npOCTpaHCTBe COCTOIIT I-I3 OflHOII TOHKII, H 
b ciijiy HecneTHOCTH npocTpaHCTBa HiiKaKoft chcthbih Ha6op Tamix mho- 
HcecTB noKpBiTHH He o6pa3yeT. 

2. IIpocTpaHCTBO R n , nojiynpocTpaHCTBO R" , hx OTKpBiTBie no^MHO- 
acecTBa, ccjiepa S™, map D n — Bee hbjihiotch n-MepHBiMii TonojioniHecKii- 
MII MHOrOo6pa3HHMH. To, HTO OHH JIOKajIBHO eBKJIIIflOBBI, MBI yjKC OTMena- 
jih. XaycfloptJiOBOCTB hx oneBimHa. HaKOHep, hto KaeaeTCH hx eBKjnipo- 
bbix noKpBiTHH , to R", R" ii hx OTKpBiTBie nopMHOJKecTBa chmh o6pa3yiOT 
opHOSJieMeHTHBie TaKiie noKpBiTHH, a ctjiepa S n h map D" MoryT 6 bitb no- 
kpbitbi pByMH eBKjiiipoBBiMH MHOJKecTBaMii: flonojiHeHiiHMii «ceBepHoro 
nojnoca» h «iojKHoro nojnoca» cooTBeTCTBeHHO. 

3. OTKpBiToe MHOxcecTBO b n-MepHOM TonojioriiHecKOM MHoroo6pa3iiii 
caMO HBjiaeTCH n-MepHBiM TonojioriiHecKiiM MHoroo6pa3iieM. 

KoMnOHeHTbl TOIIOJIOrHHCCKIlX MHOrOo6pa3HH. IIoCKOJIBKy BCH- 
Koe MHoroo6pa3ne jioKajiBHO eBKjippoBO, to oho oneBpipiBiM o6pa30M jio- 



KajibHO jiHHeHHO cbh3ho. Tenepb H3 TeopeMbi 6, § 2 rji. II cjieflyeT TaKolt 
pe3yjn>TaT. 

TeopeMa 1. a) KoMnonenmu monoAozuuecKozo MHOZoo6pa3UA abaa- 
mmcA odnoepeMemo ezo AUHeuno cba3humu KOMnonenmaMU. 

6) KoMnoHenmu n-Mepnozo Mnozoo6pa3UA omKpumu e neM u, cjiedo- 
eameAtiHO, fiejisiwmcsi n-MepnuMu mhozoo6pcl3uamu. □ 

Cjie^yiomaa TeopeMa orpamiHiiBaeT B03M0JKHoe hiicjio KOMnoHeHT. 

TeopeMa 2. Mnozoo6pa3ue X cocmoum U3 ne 6ojiee neM cuerrmozo 
hucacl KOMnoHenm. KoMnaKmnoe Mnozoo6pa3ue UMeem Auiub Koneunoe 
hucao KOMnoneHm. 

^I,OKa3aTejibCTBO. IIo onpeflejieHino, X mojkho noKpbiTb chcthbim 

OO 

HHCJIOM eBKJII'IflOBBIX OTKpbITbIX MHOJKeCTB X = (J U t . KajKflOe H3 OTKpbl- 

i—1 

tmx MHoatecTB Ut, 6yjiy l m eBKjin^OBbiM, iiMeeT, caMoe 6ojibinee, cneTHoe 
hiicjio KOMnoHeHT (cm. tji. II, §2, BTopoe cjie,n,CTBiie H3 TeopeMbi 6). IIo- 
CKOjibKy oSTjefliiHeHiie cneTHoro Hiicjia He 6ojiee neM cneTHbix mhojkbctb 
cneTHO, to mm nojiyaaeM, hto X mojkho noKpbiTb chcthbim hiicjiom cbh3- 

03 

Hbix MHOHcecTB: X = (J Aj. ,ZI,ajiee, Tax Kan Kansan KOMnoHeHTa npo- 

3= 1 

CTpaHCTBa X co^epjKHT no KpaiiHeft Mepe o,h,ho h3 mhojkcctb Aj, npimeM 
pa3Hbie KOMnoHeHTBi , oneBiiflHO, co^epncaT pa3Hbie mhoxkcctb a , to KOMno- 
HeHT He MOJKeT 6 bitb SojiBHie, hcm MHoncecTB Aj] t. e. hhcjio komhohcht 
H e 6ojiee neM chctho. 

IlycTb Tenepb MHoroo6pa3iie X KOMnaKTHO. IIocKOjibKy ero KOMno- 
HeHTbi o6pa3yiOT, oneBiiflHO, OTKpbiToe noKpbiTiie npocTpaHCTBa X, to X 
MOJKHO, B CHJiy KOMnaKTHOCTI-I, nOKpbITb KOHeHHbIM HIICJI0M KOMnOHeHT. C 
flpyrofi CTopoHbi, b TaKOM no,n,noKpbiTini ^,oji>KHbi ynacTBOBaTb Bee kom- 
noHeHTbi. Cjie^OBaTejibHO, hx hiicjio kohchho. □ 

HHtJiopMapHH 6e3 /j,o Kasai- c j i b ct b a . CymecTByiOT CBH3Hbie (3aBe- 
flOMO HeKOMnaKTHbie) jiOKajibHO eBKjnmoBbi xayc^opiJiOBbi npocTpaHCTBa, 
He HBjuH0iH,HecH MHoroo6pa3HHMH (ohii He ^onycKaiOT cneTHoro noKpbiTHH 
OTKpblTblMII eBKJH'IflOBbIMH MHOJKeCTBaMIl) . 

HHBapnaHTHOCTb pa3MepHOCTH MHoroo6pa3HH. OcTanoisuMCii 
no^po6Hee Ha hohhthh pa3Mepnocmu MHoroo6pa3HH. BnojiHe ocmmcjich- 
hmm HBjiaeTCH Bonpoc: Mowcem au Mnozoo6pa3ue pa3Mepnocmu n 6umt> 
odnoepeMenHo Mnozoo6pa3ueM pa3Mepnocmu m npu m ^ n? Otbct Ha 
Hero OTpiipaTejibHbiH. TaKHM o6pa30M, pa3MepH0CTb MHoroo6pa3iiH hbjih- 
eTCH ero TonojioriiHecKiiM iiHBapiiaHTOM . ,H,jih ^0Ka3aTejibCTBa Ha^o 3aMe- 
THTb, HTO B npOTHBHOM CJiyHae MbI HaiHJIII 6bl y HeKOTOpOH TOHKII MHO- 
roo6pa3iiH OKpecTHOCTb, roMeoMopcJiHyio oflHOBpeMeHHO OTKpbiTOMy mho- 



»cecTBy b R m h OTKpBiTOMy MHoncecTBy b R". 3to hgbo3mo>kho b ciuiy 
cjie^yiomeH TeopeMBi Bpayspa, KOTopyio TaKxce Ha3biBaiOT «TeopeMolt 06 
i-iHBapiiaHTHOCTH o 6 jiacTH». OHa yTBepjKflaeT, hto cbohctbo MHOscecTBa b 
eBKjinflOBOM npocTpaHCTBe 6 biTb oSjiacTbio TonojioniHecKii iiHBapiiaHTHO, 
ztpyrHMH cjiOBaMii — 3 to TonojioniHecKoe cbohctbo. 

TeopeMa 3 (Bpayapa 06 HHBapnaHTHOCTii oSjiacTii). Ec.au Mnoonze- 
cmea A u B e eeKAudoeoM npocmpancmee R n zoMeoMopifmu u Mnootce- 
cmeo A omKpumo, mo u Mnootcecmeo B omupumo. 

Cjie,zj,CTBHe. EeKJiudoeu npocmpancmea pa3Hux pa3MepHocmeu nezo- 
MeoMopcfmu: ecjin to n, to R m 9 ^ R n . 

TeopeMa Bpayapa 6ecco,n,ep}KaTejibHa npii n = On HecjiojKHO flOKa3Bi- 
BaeTca npii n = 1. Y»ce npii n = 2, a TeM 6ojiee npii n ^ 3 ee ,n,OKa- 
3aTejibCTBO npeflCTaBjiaeT 3HaHHTejibHbie TpyzpiocTH, xoth ii MonceT 6 bitb 
coBepmeHHO sjieMCHTapHbiM. 

/],OKa3aTejibCTBO cjieflCTBaa. IlycTb, ^jih onpeflejieHHOCTii, 
m < n. IIojiojkI'Im, b ycjiOBi-rax TeopeMBi 3, A = R ra n B — R m . Tor^a 
TeopeMa 3 yTBepjKflaeT, hto R m otkpmto b R n (?!). □ 

Kpaii ronojioi’H'iecKoro m ii o i o o 6 p as m m . Ton kb b n-MepHOM 

MHoroo6pa3im Ha3biBaeTCH eHympeHneu, ecjin OHa oSjia^aeT OKpecTHO- 
ctbio, roMeoMop<J)Hoii eBKjuiflOBy npocTpaHCTBy R n (He nyTaTb c BHyT- 
peHHHMH TOHKaMii MHO»cecTBa b TonojioniHecKOM npocTpaHCTBe! ) . Toh- 
xa Xo Ha3biBaeTca k paeeou, ecjin y Hee cyipecTByeT OKpecTHOCTb U, ro- 
MeoMopcjsHaH nojiynpocTpaHCTBy R”, npHneM CBH3biBaioiH,iiH hx roMeo- 
Mop(J)ii3M /: U — > R" nepeBO^HT Tonxy Xq Ha rpamiiiy nojiynpocTpaH- 
CTBa R" (cp. pnc. 21). KpaeBbie totkii MHoroo6pa3iiH X o6pa3yiOT ero 
Kpau, KOTopbiii o6o3HanaeTCH nepe3 dX. MHoroo6pa3iiH, Bee tohkii koto- 
pbix hbjihiotch BHyTpeHHiiMii, Ha3biBaiOTCH MHozoo6pa3UfiMu 6e3 upasi , a 
MHoroo6pa3iia, y kotophx ecTb KpaeBbie tohkii. Ha3biBaiOTCH Mnozoo6pa- 
3uhmu c KpaeM. MHoroo6pa3ne 6e3 Kpan Ha3biBaeTCH 3aMKnymuM, ecjin 
oho KOMnaKTHO, h Ha3biBaeTCH omupumuM, ecjin y Hero HeT KOMnaKTHbix 
KOMnOHeHT. 

IIpHMepbi. 1. Bee tohkii b R" h S" hbjihiotch BHyTpeHHiiMii. B R" 
h D” tohkii. He jiejKaiipie Ha rpamme, hbjihiotch BHyTpeHHiiMii. a tohkii, 
jiejKamne Ha rpamipe — KpaeBbiMii. TaxiiM o6pa30M, R n hS" — MHoroo6- 
pa 3 iiH 6e3 Kpafl, npiineM S" — 3aMKHyToe , a R" — OTKpbiToe, a R" h D n — 
MHoroo6pa3iiH c KpaeM. 

2. IlpiiMepaMH ^ByMepHbix MHoroo6pa3im 6e3 Kpan hbjihiotch noBepx- 
hocth b R n : KpoMe ci|>epbi sto Top, KpendeAU (Bee sto 3aMKHyTbie MHoro- 
o6pa3HH), oflHonojiocTHbifi 11 flBynojiocTHbiii ninep 6 ojioiiflbi (sto OTKpbi- 
Tbie MHoroo6pa3iiH) h t. n. (pnc. 23). 
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Phc. 26 


Oco 6 o ctoht otmgthti> Bbinyxjibie MHororpaHHbie noBepxHOCTii, Ta- 
KHe KaK Ky 6 , npii 3 Ma, nnpaMn;i,a h t. .h;. Bee ohii roMeoMopc|)Hbi cc|>e- 
pe h TeM caMbiM aBjiaiOTca 3 aMXHyTbiMH ,n,ByMepHbiMH MHoroo 6 pa 3 iiaMH 
(puc. 24 ). 

3. IIpHMepaMH ^.ByMepHbix MHoroo6pa3iili c xpaeM cjiyacaT: a) 3aMbi- 
xamia pa3jiHaHbix njiocKiix o6jiacTefi: xpoMe Kpyra 3to Kojibpo, Kpyr c 
^,bipaMH h t. n. (puc. 25); 6) 3aMbixaHHa pa3JiHHHbix OTKpbiTbix MHoacecTB 
b flByMepHbix MHoroo6pa3iiax 6e3 Kpa a: -sccjaepa c ^bipaMH», «Top c ,n,bi- 
paMii», «KpeH^ejib c flbipoft» ii t. n. (puc. 26). 

4 . HHTepecHbiM npiiMepoM flByMepHoro MHoroo6pa3iia c xpaeM b R 3 
aBjiaeTca Tax Ha3biBaeMbifi jiucm Me6uyca. Oh Bbirjia^HT xax pe3yjn>- 
TaT CKjieiiBaHHa kohd;ob nepexpyaeHHOH nojiocKii 6yMara (pnc. 27 ). JIhct 
MeSnyca — npocTefimaa odnocmopoHHHsi noBepxHOCTb. Rto sto 3HaaHT? 
06 bihho y noBepxHOCTH ^Be ctopohm: bm MoaceTe noxpaciiTb cypiy CTopo- 
Hy, cxaaceM, b chhiiii upeT, a ppyryio — b xpacHbifi, Tax, hto upeTa Hnrpe 
He 6yayT rpamiHHTb ppyr c ppyroM. HaaaB ace xpaciiTb c jno6oro Me- 
CTa jihct Me6nyca, Bbi HenpeMeHHO 3axpaciiTe ero pejiaxoM — «co Bcex 
ctopoh»! ,Hpe ctopohm Hcxoppofi nojiocxri 6yMarn OToacpecTBiijnicb npii 
CX JieHB aHHH . 



Phc. 27 


HHBapHaHTHOCTb xpaa MHoroo6pa3HH. Harne onpe;i,e. , iennc BHyT- 
peHHiix ii xpaeBbix Toaex MoaceT Bbi3BaTb pe30HHbifi Bonpoc: ne Mootcem 
jiu eHympemuifi mourn MHozoo6pa3un odnoepeMeHno fiejisim'bcsi Kpaeeoul 
( r H)pyrHMH cjiOBaMii, He MoaceT jih MHoroo6pa3ne 6e3 xpaa HMeTb HenycTOii 


Kpaii?) Oh cbo^htch k Bonpocy o tom, cymecTByeT jih y tohki-i, jiejKam,en 
Ha rpaHHpe nojiynpocTpaHCTBa R", okpgcthoctb b R", roMeoMopcjsHaa 
eBKjinflOBy npocTpaHCTBy R”. Otbct Ha stot Bonpoc OTpiipaTejitHbiH, 
KaK jierKO cjie^yeT H3 TeopeMbi Bpayspa 06 iiHBapnaHTHOCTH o 6 jiacTH. B 
nacTHOCTH, Kpaii 3aMKHyToro nojiynpocTpaHCTBa coBna^aeT c rpamiHHOii 
rimepnjiocKOCTbio: <9R” = R" _1 . H 3 stoto cjie^yeT, hto Kpau n-Mepnozo 
MHozoo6pa3un c k pae.u caM HejiHemcn {n—l)-MepHUM Mnozoo6pa3ueM 6e3 
Kpaa. (Be3 o 6 pani;eHHH k TeopeMe Bpayspa jierKO noKa3aTb, hto hmciot- 
CH TOJIbKO ^Be B03M0JKH0CTH: 9R" = R ” _1 HJIH 9R" = R” . Bo BTOpOM 
cjiynae Kpaii jnoSoro n-MepHoro MHoroo6pa3ira c hum coBna^aji 6m.) 

Ilpmviepbi. 1. Kpaii OTpe3Ka coctoiit H3 flByx tohok — ero kohh;ob: 

d[o, 1] = {o, 1}. 

2. Kpaii Kpyra ecTb OKpy>KHOCTb: 3D 2 = S 1 . 

3. Bojiee o6hi,hm o6pa30M, Kpaii n-MepHoro rnapa ecTb ( n — l)-MepHaa 
ccfiepa. 

4. Kpaii jiHCTa Me6nyca roMeoMopc|>eH OKpyjKHOCTH S 1 . 

5. Top HBjiaeTCH KpaeM orpaHHneHHOii iim nacTii npocTpaHCTBa — noji - 
Homopufi . 


§ 2. TonojiorHHecKHe m hoi o o 6 p as ii >1 
Majitix pa3MepHOCTeii 

B TonojioniH MHoroo6pa3iiii npo6jieMa roMeoMopc|)H3Ma (cm. § 6 rji. 1) 
HBjiaeTCH peHTpajibHoii. 3^ecb mbi paccKaxceM o ee peineHini b npocTeii- 
hihx cjiynanx: ommieM TonojioriiHecKyio KjiacciicjOTKaiiyno oflHOMepHbix h 
KOM naKTHbix ^ByMepHbix MHoroo6pa3iiii (hjiii, imane roBopa, noBepxHO- 
CTeii). Ilpn stom ^.ocTaTOHHO orpamiHHTbca cbh3hbimh MHoroo6pa3iiaMH. 





TeopeMa 1. Bcmoe cefi3Hoe odnoMepnoe Mnozoo6pa3ue 6e3 Kpan zo- 
MeoMopfino uucjioeou npjiMOu R 1 ujiu oKpyotcnocmu S 1 . BcsiKoe cen3- 
noe odnoMepnoe Mnozoo6pa3ue c nenycmuM KpaeM zoMeoMoprfmo ompe3Ky 
I = [0, 1], uau Jiyny R),_ = [0, + 00 ). 

3 T y TeopeMy mbi flOKa3biBaTb He 6yn,eM. □ 



C flpyron CTopoHbi, hcho, hto S 1 ^ R 1 h I ^ R^_, — npocTpaHCTBa S 1 
h I KOMnaKTHbi, a R 1 ^ h R 1 — HeT. 

PyMKH, Tpy6KH, njieHKH. Jl.it >1 oimcami a bo3- 
mojkhbix TonojiornnecKHx TimoB 3aMKHyTBix flByMep- 
hbix MHoroo6pa3iift HaM noHa,i],o6HTCH TepMiiHbi «pyn- 
Ka», «Tpy6Ka» h «ruieHKa». PyuKou 6yn,eM Ha3biBaTB 
nacTb ^ByMepHoro MHoroo6pa3iia, roMeoMoptJmyio to- 
py c ,n,bipKOH (puc. 28). Tpy6Kou 6yn,eM Ha3BiBaTt> naerb 
flByMepHoro MHoroo6pa3iiH, roMeoMopcjiHyio KOJibny 
(xpyry c ^bipKoft). (Ha3Bamie sto CBH3aHO c TeM, hto 
T py6xa roMeoMop(J)Ha 6 okoboh noBepxHOCTii npaMoro KpyroBoro h,hjihh- 
,npa) . IIjieHKOu 6ya,eM Ha3HBaTb nacTb ^ByMepHoro MHoroo6pa3iia, roMeo- 
Mopc|)HyK) jiHCTy Me6nyca (puc. 29). 

OpHeHTHpyeMOCTt. Ha30BeM flByMepHoe MHoroo6pa3iie Heopuenmu- 
pyeMUM, ecjin oho coflepjKiiT xoth 6bi o^Hy njieHKy, u opuenmupyeMUM b 
npoTHBHOM cjiynae. 

CcJjepbi c /i,i>ipaMH. HanoMHHM, hto ctfiepoii c n dupaMu Ha3biBaeTCH 
^.onojiHeHHe b ccjiepe BHyTpenHOCTii n nonapHO HenepeceicaiomiixcH Kpy- 


Phc. 29 







Puc. 31 


tob. Ccjjepa c o,h,hoii flbipofi roMeoMopcjjHa Kpyry, cijiepa c flByMH flBipaMii 
roMeoMopcjjHa KOJiBiiy. Ccjiepa c n ^.BipaMH roMeoMopcjjHa Kpyry cn-1 
^.bipaMii (pnc. 30). Bee afoepu c n dupaMu zoMeoMopcfinu. (Ynpa^KHemie.) 

Ccjaepti c py'iKaiviii. 3aMKHyToe ^ByMepHoe MHoroo6pa3ne Ha3Bma- 
eTCH ccjjepou c p pyunaMU , ecjni b hcm mojkho BbiflejuiTB p nonapHO Hene- 
peceKaiomiixcs: pyneK, 3aMBiKamie ^onojiHeHiia k kotopbim roMeoMopcjjHO 
ccjiepe c p flBipaMi-i (pnc. 31). OKa3BiBaeTca, Bee ctJiepBi c pyaxaMH opueH- 
TnpyeMBi. (3Toro mbi ,n,OKa3BiBaTB He 6yn,eM.) 

Bee effiepu c p pyv,Ka,MU zoMeoMoptfmu. Bot ^pyroe hx oniicamie: opu- 
enmupyeMoe deyMepnoe Mnozoo6pa3ue zoMeoMopifmo ccfiepe c p pyunaMU, 
ecjiu e neM Mootcno eude.tiurm> p nonapno HenepeceKawiquxcA mpy6oK, 
3aMUKa,Hue donojmeHua, k KomopuM zoMeoMopcfino ccfiepe c 2 p dupaMu 
(pi-ic. 32). 

IIpHMepBi. 1. Top roMeoMopc|)eH ccjiepe c oflHofi pynKoii (piic. 33). 

2. KpeHflejiB roMeoMoptJieH c(J>epe c ,n,ByMH pyaxaMH (piic. 34). 

3. Em,e o/i,Ha CTaH^apTHaa noBepxHOCTB, roMeoMopcJmaa ctfiepe c p pyn- 
KaMii (p = 4), H3o6pa}KeHa Ha piic. 35 h 36. 

OKa3BiBaeTca, hto ecnuasi 3aMKHymasi opuenmupyeMaA noeepxHocrm> 
zoMeoMopcfina afiepe c HecKOAbKUMU pyuKaMU. ^OKasaTejiBCTBO SToro 
cjjaKTa MBI OTJIOJKIIM flO § 4. 

Ccjx'pbi c njieHKaMH. 3aMKHyToe ^.ByMepHoe MHoroo6pa3iie Ha3Bi- 
BaeTca afiepou c q nAemaMU, ecjni b hcm mojkho BBiflejiiiTB q nonapHO 
HenepeceKaiomiixca: njieHOK, 3aMBiKamie ,n,onojiHeHHa k kotopbim roMeo- 
MopcJiHO ccjjepe c q ,n,BipaMH. 

OneBii^HO, hto npn q ^ 1 ccjiepa c q njieHKaMH He opneHTiipyeMa. 
(Tan KaK HeopiieHTiipyeMOCTB , no HarneMy onpe,n,ejieHHio, — sto HajiH r me 
Ha noBepxHOCTi-i njieHOK.) 

IIpHMep. HapncoBaTB ccjiepy c njieHKaMH ^.obojibho Tpyzpio: 6ya,yHii 
HeopneHTiipyeMOii, OHa He BKjia,n,BiBaeTca b TpexMepHoe eBKjuiflOBO npo- 
CTpaHCTBO . 0^,HaKO u3o6pa3urm> ee Bce-TaKii mojkho. HanpiiMep, bot TaK 
BBirjia^iiT ctjiepa c flByMa njieHKaMH, imane Ha3BiBaeMaa SyTBijiKOii Kjieii- 
Ha (pnc. 37, a, 6). Ha pi-ic. 37, a h 6 H3o6pa:aceHO mhojkcctbo — o6pa3 C(J>e- 
pBi c ^ByMH njieHKaMH npn hckotopom ee OToOpaaceHini b R 3 (o6pa3Bi 
njieHOK 3amTpnxoBaHBi) . B stom MHoacecTBe coflepaaiTca deounasi oupystc- 
Hocmb , o6pa30BaHHaa TOHKaMii, npoo6pa3Bi kotopbix coctoht ii3 ,n,Byx to- 
neK. ByTBijiKa KjieiiHa coctoht h 3 flByx «nojiOBHHOK», roMeoMopcJiHBix 
jiiiCTy MeSnyca (cm. pnc. 38, a , 6 ). 

Tpynpee ii3o6pa3iiTB c<|>epy c o^hoii njieHKOii — xopomo 3HaKOMyio HaM 
npoeKTHBHyio njiocKOCTB. 





Phc. 32 
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Phc. 38 


Be3 flOKaaaTejibCTBa otmcthm, hto ecmati 3aMKuymafi Heopuenmupy- 
eMan noeepxHocmb eoMeoMopfina ctpepe c HecnoAbKUMu n.aeHKaMu. 

Mo^ejitHtie noBepxHOCTH c KpaeM. Ha30BeM noBepxHOCTb ctfiepou 
c p pyuKaMu ( njieHKaMU ) u r dupaMu, ecjni b hcii mojkho BbmejniTb p no- 
napHO HenepeceKaiomuxcH pyneK (njieHOK), He nepeceKaioiipixcH c KpaeM 
noBepxHOCTH, 3aMbiKaHiie ^onojiHeHiiH k kotopbim roMeoMopcjiHO ccfiepe c 
p + r flbipaMH. 

OKa3biBaeTca, hto bcsikcm opuernnupyeMasi KOMnanmnasi noeepxHocmb 
zoMeoMoptfma cifoepe c HecKOJibKUMu pyunaMu u dupaMu, a BCHKaa Heopn- 
eHTHpyeMaa: — ccjiepe c HecKOJiBKiiMii njieHKaMH h flbipaMii. 

^jih nojiHOTbi KjiacciKjjHKapmi Hy>KHO cipe ,n,OKa3aTb, hto cc|)epa 
c njieHKaMH h ^bipaMii He roMeoMopcjiHa cijiepe c pyHKaMH h ^bipa- 
MII II HTO C(|)epbl C pa3HbIM KOJIIIHeCTBOM pyHeK (eOOTBeTCTBeHHO njie- 
HOK) h flbip HeroMeoMoptJiHbi. 3toto mbi 3^ecb ,n,ejiaTB He 6yfleM. 3aTO 
b cjie^yiomeM naparpac|)e 6yn,eT yKaaaH cnoco6, no3BOjiJHOiii,Hii y3HaTB, 
KaKoft H3 MOflejiBHbix noBepxHOCTeit roMeoMopcjiHa ^aHHaa noBepx- 


HOCTb. 


MHoroo6pa3HH 6ojitmefi pa3MepHOCTH. O TpexMepHbix mhotoo6- 
pa3iiax II3B6CTHO HCMajio, ho flo caMoro nocjie^Hero BpeMemi ocTaBajiact 
He ^OKa3aHHOH h He onpoBeprHyToft Baxmaa rnnoTe3a, BbmBimyTaa eipe b 
Hanajie XX b. (J>paHHy3CKiiM MaTeMaTiiKOM Ahpi-i IlyaHKape. HtoGm c<J)op- 
MyjiripoB aTt> ee, ;(,a;(,nM o,h,ho onpe^ejieHrie. TonojioniHecKoe npocTpaHCTBO 
X Ha3biBaeTCH odHocen3H'biAi , ecjni oho jnmeinio cbh3ho ii BcaKoe Henpe- 
pbiBHoe OToSpajKeHiie S 1 — > X OKpyxcHOCTH b npocTpaHCTBO X mojkho 
npoflOjEKHTb flo HenpepbiBHoro OTofipaxcemia D 2 — > X Bcero Kpyra D 2 . 
HeTpyn,HO BiifleTb, hto npn n ^ 2 cc|)epa S” o,n,HOCBa3Ha. 

THnoTe3a IlyaHKape. BcfiKoe 3a,MKHymoe odnoc6H3Hoe mpexMepnoe 
MHozoo6pa3ue zoMeoMopifono mpexMepnou ccfiepe. 

Kax hh CTpaHHO, aHajiom rnnoTe3bi IlyaHKape, Kacaionpieca mhotoo6- 
pa3Hii pa3MepH0CTH 5 h 6ojibme, 6bijih flOKaaaHbi nepBbiMH. B 1982 r. sto 
6bijio c^,ejiaHO h /pia MHoroo6pa3ini pa3MepHOCTH 4. Bojiee Toro, 6buia no- 
jiyneHa TonojioniHecKaa KjiaccncjjHKaipia BOo6m;e ecex 3aMKHyTbix o/i,ho- 
CBH3Hbix neTbipexMepHbix MHoroo6pa3in“i. HaKOHen;, HecKOJibKO jieT Ha3afl 
iicxoflHyio rnnoTe3y flOKa3aji pocchhckhh MaTeMaTiiK rpiiropim Ilepejib- 
MaH. 

§ 3. TpHaHryjiHpHH, KJiCTO'iiibic pa36HeHHH. TeopeMa 3fijiepa 

B pe3yjibTaTe KjiaccH<J>HKan,HH Kaxc^aa KOMnaKTHaa noBepxHOCTb 
^ojiJKHa 6biTb OTHeceHa k KaKOMy-TO onpeflejieHHOMy Timy. rtpii stom mbi 
nojiynaeM npeflCTaBjiemie ee b HeKOTopoM KaHomiaecKOM Bifle. ^jia sto- 
ro ncxoflHaa noBepxHOCTb ,n,ojixcHa c caMoro Haaajia 6bitb 3aflaHa khkiim- 
jih6o cnocoSoM. Ha Harnero hiicto ^ecKpimTiiBHoro (t. e. omicaTejibHoro) 
onpeflejieHiia B03M0xcHbiii bh^, Taxoro 3a^aHHH He aceH. 0Ka3MBaeTca, hto 
yn;o6HO .zyia npeflCTaBjiemia noBepxHOCTeii B0cnojiB30BaTbca mpuamyjisi- 
yueu. 

TpnaHryjiHpHH. IlycTb F — KOMnaKTHaa noBepxHOCTb. TonoJiozune- 
ckum mpeyzojitHUKOM T Ha30BeM aacTb noBepxHOCTH F, fljia KOTopon 
ycTaHOBjieH roMeoMoptf)H3M ip: A — * T c HeKOTopbiM njiocKiiM Tpe- 
yrojibHiiKOM A. 06pa3bi ctopoh TpeyrojibHi-iKa A Ha30BeM cmoponaMU 
TpeyrojibHHKa T, a o6pa3bi Bepimra — ero eeptuunaMU. KoHeHHbifi Ha6op 
TpeyrojibHiiKOB T \ , . . . , Tk Ha KOMnaKTHOfi noBepxHOCTH F o6pa3yeT ee 
mpuanzyAfiyum, ecjni BbinojiHeHbi cjieflyromiie ycjiOBiia: 

1) TpeyrojibHiiKii T\, . . . , Tk noKpbiBaiOT noBepxHOCTb F: 

k 

U T i = F > 

i= 1 




Phc. 39 


2) nepecenemie jno6bix AByx TpeyrojibHiiKOB nycTO hjih HBjiaeTCH hx 
o6in,eii Bepmimoii jiii6o CTopoHon; 

3) ecjni A = Ti D Tj — o6maa CTopoHa TpeyrojibHiiKOB T t h Tj , to 

OTo6pa»ceHi-ie pj 1 o jiimeiiHO OTo6pa:»caeT 0Tpe30K Ha 0Tpe30K 

Vj'i-A) (pnc. 39). 

ycjiOBne 3 HecymecTBemro. Ero BbmojmemiH Bcer^a mojkho ^oGiiTbCH, 
H3MeHHB roMeoMop<J)H3Mbi ifii , ecjiH ycjiOBHs 1 h 2 yxe Bbmo.jiHeHbi. 

II p m m c j) bi . Taxiie BbinyKjibie MHororpaHHHKH, KaK TeTpaa^p h OKTa- 
3flp, flaiOT TpiiaHryjiHpuio flByMepHofi ctfiepbi S 2 (cm. pnc. 40, a, 6). Cy- 
m,ecTByeT TpHaHryjispiiH Topa, b KOTopoii ynacTByeT Bcero 14 Tpeyrojib- 
hhkob. 9to — HaiiMeHbniee B03M0>KH0e hhcjio TpeyrojibHiiKOB b TpiiaHry- 



a 


Phc. 40 



jraipm Topa. IIojib3yHCb TeopeMoii Bpayapa 06 iiHBapHaHTHOCTii o 6 jiacTH 
(§ 1, TeopeMa 3) npn n = 2, mojkho noKa3aTb, hto: 

a) Tpn TpeyrojibHiiKa b TpiiaHryjiHu,rm He MoryT HMeTb o6myio CTopo- 
Hy (t. e. o,n,Ha CTopoHa MO»ceT nprmafljiejKaTb TOjibKO o^HOMy iijih ,n,ByM 
TpeyrojibHiiKaM TpHaHryjiHpiiii) ; 


6 ) ^.onojiHeHiie oSbe/pmeHiiH Bcex TpeyrojibHiixoB c .naHHoil BepmiiHoii 
,n,o caMoit 3toh BepimiHbi Bceiyja (jihhchho) cbh3ho. 

3th ycjiOBiia: BMecTe c ycjiOBHSMH 1-3 H3 onpeflejiemifl TpiiaHryjiHpim 
mojkho b3htb 3a ocHOBy npn (hiicto KOMSiraaTopHOM) a kc h o m a r r h r rec ko m 
oimcaHHH TpiiaHryjuipoBaHHOii noBepxHOCTii. 

Kax 0Ka3tiBaeTCH (Pa^3,o, 1924 r.), Aio 6 ym KOMnaurnHym noeepxnocmb 
mochcho mpuamyAupoeamt) (HexoMnaxTHbie noBepxHOCTii tcokb TpnaHry- 
jinpyeMbi npii HafljiescameM onpeflejiemni TpnaHryjiHn,ini) . Oco6eHHO npo- 
cto 3to CflejiaTb b cjiynae noBepxHOCTeii reoMeTpiinecxoro npoiicxojx/i.e- 
hiih, KOToptie Mbi rjiaBHbiM o6pa30M h iiMeeM b Bii,n,y. BnepBbie Heo6xo,n,H- 
MOCTb TpiiaHryjiapiiii noHBiijiacb npii npoBefleHim H3MepeHHft Ha 3eMHoii 
noBepxHOCTii - b reo/i;e3nn. 

KjiCTO'iiibic pa36HeHHH noBepxHOCTefi. Xpia Harniix pejieii vviofniee 
BOcnojib30BaTbca He TpiiaHryjiHpueH, a o^hhm ee o6o6m,eHiieM — KJiemoH- 
hum pa36uenueM. Omupumou KJiemKOu pa3MepH0CTii n Ha noBepxHOCTii 
Ha3biBaeTCH ncypviHO jkcctbo , roMeoMopcJjHoe R n , r^e n = 0, 1, 2. (3aMe- 

THM, HTO OTKpblTaa XJieTXa pa3MepHOCTII n HBJIHeTCH OTKpbITbIM MHOJKe- 

k 

ctbom TOiyja h TOJibKO TOiyja, xoiyja n = 2!) Pa36neHiie F = (J Xi no- 

i—1 

BepxHOCTii F Ha OTxpbiTbie xjieTxn X\, . . . , X/~ Ha3biBaeTcn KAemonnuM , 
ecjn-i BbinojiHaeTCH cjie^yiomee ycjiOBiie. 

Kaotcdou odnoMepnou KJiemKU Xi cyiyecmeyem nenpepuenoe 
omo 6 paotceHue ompe3Kd I = [0, 1] e noeepxHocm'b F, cyotcenue Komoposo 
na uHmepea.a (0, 1) ecmb eoMeoMopcfiu3M unmepeaAa (0, 1) na Xi, a 06 - 
pa3u kohi/, 06 ompe3Ka I AeAAwmcA ny.abMepHUMU KAemuaMU ( Komopue , 
603 mook.ho, coenadawm) . 

Kpaii noBepxHOCTii npii stom Toxce nojiynaeT xjieTOHHoe pa36iiemie, 
cocTOHipee H3 HyjibMepHbix h oflHOMepHbix xjictox. 

IIpHMepbi. 1. KaiKflaa TpiiaHryjiHpiiH noBepxHOCTii oneBimHbiM 06 - 
pa30M flaeT ee KjieTOHHoe pa36neHiie. 

2. BbinyKjibie MHororpaHHiixii, Taxue xax xy6, mipaMi-ma, npn3Ma, ,n,o- 
flexasflp h t. n., floCTaBjunoT xjieTOHHbie pa36HemiH ctjiepbi (puc. 41). 

3. KjieTOHHbie pa36HemiH 6biBaiOT HaMHoro 6ojiee «3KOHOMHbiMii», neM 
TpHaHryjisipHH. Tax, y ctjiepbi ecTb xjieTOHHoe pa36Hemie, cocToamee H3 
o^hoii HyjibMepHOii h oflHOii flByMepHOii xjiCTxii, a y Topa ecTb paaSneHire 
H3 OflHOII HyjibMepHOii, flByX OflHOMepHbIX H OflHOII flByMepHOII XJieTXH 

(puc. 42). 

3aMKHyTbie kjigtkh. 3aMbixaHiie OTxpbiToii xjictxii na3i>mae r rc>i 3a- 
MKHymou KAemKOu. B OTjuiniie ot cjiyaaa TpnaHryjiannn 3aMXHyTaa flBy- 
MepHaa xjieTxa MOixeT 6biTb He roMeoMopcjjHa MHoroyrojibHiixy. Tax, b 






Phc. 41 




pa36neHHHx H3 npiiMepa 3 3aMKHyTaa flByMepHaa KjieTKa coBna^aeT co 
Bceii noBepxHOCTBio (tohho Tax nee pi 3aMKHyTaa oflHOMepHaa KjieTKa mo- 
»ceT 6bitb roMeoMopcJiHa He OTpe3Ky I, a OKpyjKHOCTii S 1 ). TeM He MeHee 
cnpaBefljiHBO HCKOTopoe 6ojiee cjia6oe yTBepHCflemie. Hto6bi ero ccjpopMy- 
jinpoBaTb, HaM noHafloSHTCH noHHTPie n-yrojiBHHKa npii n = 0, 1 ii 2. 
BnponeM, onpe^ejieHPie 6y^eT hmctb cmbicji ^jih jno6oro n. 

Onpe^ejieHHe. Ilpn n ^ 1 ModeMHUM n-yeojibHUKOM Ha30BeM Kpyr, 
Ha rpamme KOToporo OTMeneHO n tohbk (pnc.43, a-e). Hyjn>yzojit>HUKOM 
Ha30BeM ccjiepy c oflHoft OTMeneHHOH tohkoip (pnc. 43, d). 

Ilpn n ^ 3 /pin MO^ejiBHoro n-yrojiBHHKa cymecTByeT roMeoMoptf)H3M 
ero Ha jno6oii o6biHHi.ni n-yrojiBHiiK, npii kotopom OTMenermbie tohkii 



a 6 e g d 

Phc. 43 

nepexo^HT b BepmiiHbi, a flyni c OTMeneHHbiMH KOHpaMii — b CTopoHbi. 
Kaac/jbiii, MOflejibHbiii n-yrojibmiK oneBHflHbiM o6pa30M CHa6acaeTca Kjie- 
tohhmm pa36neHHeM, b kotopom ynacTByiOT n HyjibMepHbix, n o,n,HOMep- 
Hbix h o^,Ha flByMepHaa KjieTKa (iiCKjnoHemie npe^CTaBjiaeT Hyjibyrojib- 
hhk — y Hero o^Ha HyjibMepHaa, oflHa flByMepHaa h hii oflHoii oflHOMepHOii 
KJieTKPl) . 

Mojkho noKa3aTb, hto na ecHKyw 3aMKHymyw deyMepHym KAermcy 
momcho man omo6pa3urm> HeKomopuu ModeJiwuu n-yzoji'bnuK, umo6u 
Kaatcdasi ezo omupumafi KAemKa zoMeoMopfino omo6pa3Kcuiact> h a Henomo- 
pym omKpumyw KJiemKy ucxodnozo pa36uenufi ( mou otce pa3MepHocmu) . 
(IIpn 3 tom HyjibyrojibHiiK MO»ceT noTpe6oBaTbca TOjibKO b tom cjiynae, ec- 
jih 3aMKHyTaa KjieTKa coBna^aeT co Been noBepxHOCTbio h roMeoMopcjDHa 
ccf)epe S 2 .) IIpn jKejiaHHii sto cbohctbo mojkho BKjnoHiiTb b onpe^ejieHiie 
KjieTOHHoro pa36neHiia noBepxHOCTH, TeM 6ojiee hto b cjiynae TpnaHryjia- 
H,HH OHO BbinOJIHeHO aBTOMaTHHeCKII. 

IIpHMep. PaccMOTpiiM xy6 ABCDA'B'C'D'. Ero noBepxHOCTb, ro- 
MeoMop(J)HaH ccjsepe, oSjiaflaeT KjieTOHHbiM pa36iieHiieM, b kotopom Hyjib- 
MepHbiMii KjieTKaMii cjiy>KaT BepmiiHbi Ky6a, a oflHOMepHbiMii — pe6pa 
AA ' , A’D', DD ’ , D'C , C'C, A'B ' , BB' . B stom pa36Hemni Bcero o^Ha 
^.ByMepHaa KjieTKa. CooTBeTCTByroipee OToSpaacemie MHoroyrojibHHKa Ha 
3aMKHyTyK) flByMepHyro KjieTKy (coBnaflaiomyio co BceM Ky6oM) HeTpynpo 
nocTpoHTb, b3hb 3a ocHOBy xopomo H3BecTHyio pa3BepTKy Ky6a (pnc. 44). 

<&opMyjia 3fijiepa. Y o;i,hom h toii ace noBepxHOCTH F mo>kct 6biTb 



Phc. 44 


MHoro pa3jiiiHHbix TpnaHryjiHnnit h eipe Sojibihc kjictohhmx pa36neHin“i. 
Kojiiihcctbo KjieTOK b stiix kjictohhbix pasSneHiiax TO»ce mojkct 6mtb 
caMbiM pa3jiiiHHbiM. Ho 0Ka3biBaeTCH, hto ecjni 113 o6m,ero nucjia Hyjib- 
MepHbix n flByMepHbix kjictok BbinecTb kojiiihcctbo oflHOMepHbix KjieTOK, 
to pe3yjibTaT He 6yn,eT 3aBiiceTb ot Bbi6opa pa36iieHHH. IIojiyHeHHoe hiic- 
jio Ha3biBaeTCH aujiepoeou xapanmepucmuKOu noBepxHOCTii F h o6o3Ha- 
naeTCH x ( F )- Ecjiii o6o3HaHiiTb kojiiihcctbo HyjibMepHbix, oflHOMepHbix h 
^ByMepHbix kjictok pasSneHiiH nepe3 ao, a.\ h a.i cooTBeTCTBeHHO, to no- 
JiyHIIM 

a 0 - oti +a 2 = x( F )- 

3ftjiep BnepBbie 3 aMeTiui, hto b cjiynae ccjiepbi Bceiyja ao — a\ + 0.2 = 2 , 
t. e. x(S 2 ) = 2 . B nacTHOCTii, iiMeeT MecTO 

TeopeMa. Ecau dan eunyKAUu MnozozpaHHUK, y Komopozo B eepmun , 
P pe 6 ep u P zpaneu, mo 6 ydem euno.nnsim'bcsi paeencmeo 

B-p + r = 2. 

0Ta (JiopMyjia 6buia ii3BecTHa eipe OepMa h ^eKapTy. 

HeTpyn,HO npoBepiiTb Ha KOHKpeTHbix npiiMepax KjieTOHHbix pa36iie- 
Hiifi, hto sfijiepoBa xapaKTepucTHKa c<|>epbi c p pynKaMii h r ,n,bipaMH paB- 
Ha 2— 2p— r, a siuiepoBa xapaKTepucTHKa c<|>epbi c q njieHKaMii h r ,n,bipaMH 
paBHa 2 — q — r. TaKiiM o6pa30M, sftjiepoBa xapaKTepucTHKa xi F )i ^hcjio 
KOM noHeHT Kpaa r h opneHTiipyeMOCTb hjih HeopiieHTiipyeMOCTb cbh3hoii 
noBepxHOCTii F o6pa3yiOT nojiHbni Ha6op ee TonojioniHecKiix HHBapiiaH- 
TOB. 

/],OKa3aTejibCTBO TonojioriiHecKoii iiHBapiiaHTHOCTii sftjiepoBon xapaK- 
TepHCTHKH noBepxHOCTii BblXOflHT 3a paMKI-I TeOpeTIIKO-MHOJKeCTBeHHOII 
Tonojioriin. 3^ecb mbi orpamiHiiMCH TeM, hto flOKaxceM tfjopMyjiy 3ftjiepa 
B — P + r = 2 ^jih BbinyKjibix MHOrorpaHHHKOB. 

/],OKa3aTejibCTBO TeopeMbi. Byn,eM nocjieflOBaTejibHO ii3MeHHTb 
pa36neHiie ctjiepbi, cooTBeTCTByiomee flaHHOMy MHororpaHHiiKy, CTiipaa 
HeKOTopbie pe6pa h BepmriHM h cjieflH npn stom 3 a ii3MeHeHiieM niiceji 
ao, ai h ct 2 - B nepBbiii momcht ao = B, ai = P, 0.2 = r. ^ajiee 6yu,eM 
nocTynaTb TaK. KajK^biii pa3 6ya,eM 6paTb KaKoe-Hii6yn,b pe6po h Ha'in- 
HaTb CTpoiiTb npocTyio jiOMaHyio, floSaBji hh k HCMy no onepeflii em,e He 
CTepTbie pe6pa. Ecjih b HeKOTopbifi momcht mm He cmojkcm ,no6aBiiTb k jio- 
MaHoit pe6po, 3HaHiiT, mm HarnjiH Tanyio BepniHHy, hto Bee Bbixoflamne H3 
Hee pe6pa, KpoMe oflHoro, y»ce CTepTM. Toiyja coTpeM 3Ty BepniHHy h sto 
pe6po. Ilpii 3tom cooTBeTCTByromaa flByMepHaa KjieTKa lOMem-iTCH (cm. 
piic. 45), ho o6m,ee kojiiihcctbo flByMepHbix kjictok ocTaHeTCH npejKHiiM. 



Ecjiii o6o3Ha T niTt> Hepe3 a! i KOjnmecTBO i-MepHBix KjieTOK b nojiyHHB- 
ineMCH pa36neHiin, to mbi nojiyHHM 

a' 0 = ao — 1, ay = a.\ — 1, a 2 = a. 2 - 

JlerKO BimeTb, hto a' 0 — a' x + a' 2 = ao — ai + a 2 - 

Ecjiii nee mbi cmojkom nocTpoiiTB 113 HecTepTBix pe6ep npocTyio 3a- 
MKHyTyio jiOMaHyio, to nocjie CTiipamiH jno6oro H3 Bxoflumiix b Hee pe- 
6ep pa3flejineMBie iim pByMepHBie KjieTKii 30 «cojibiotch» b oppy (piic. 46), 
ii mbi nojiymiM: a' 0 = ao, o! x = ai — 1, a 2 = a2 — 1. IIo-npejKHeMy 
cx'q — a\ + a 2 = ag — ai -f- a 2 - 




IIoBTopHH 3Ty onepapmo, mbi b KOHpe kohu;ob npupeM k HyjiByrojiBHii- 
Ky, y KOToporo ao = 1, ai = 0, a 2 = 1, n, cjiepoBaTejiBHO, ao — ai+a 2 = 2. 
IIocKOjiBKy 3HaHeHiic paccMaTpiiBaeMoro BBipa^Kemin ao — ai 4- a 2 npn ne- 
pexope ot iicxopHoro KjieTOHHoro pa36neHiin k HyjiByrojiBHiiKy Hiirpe He 
MeHHjiocB, to h pjra ncxoflHoro MHororpaHHiiKa HMeeT mccto paBeHCTBO 
«o — ai + a2 = 2, hto ii Tpe6oBajiocB poKa3aTB. □ 

§ 4. Toiiojiorii'iecKaM KJiacciic)mKaii,ii>i 
opneHTnpyeMBix laMKiiyiBix noBepxHOCTeii 

Hama pejiB 3pecB coctoiit b tom, hto6bi poKaaaTB cjiepyioipyio ochob- 
Hyio TeopeMy. 

TeopeMa 1. Bcama 3aMKHymaa opuenmupyeMdfi noeepxHocmb zo- 
MeoMoprfma ccfiepe c necKOMKUMu pyunaMu. 

JlflR poKa3aTejiBCTBa BOcnojiB3yeMCH oneHB yn,o6HBiM cpepcTBOM ohh- 
camra noBepxHOCTeii, KOTopoe paiOT b Hame pacnopujKeuHe KjieTOHHBie 
pa36HeHiin. Hto6bi oniicaTB KjieTOHHoe pasSneHiie noBepxHOCTii F, 11306- 
pa3iiM Ha njiocKOCTii (oTpejiBHO ppyr ot ppyra) Bee MHoroyrojiBHiiKH, 
COOTBeTCTByiOipiie pa3JIIIHHBIM 3aMKHyTBIM KJieTKaM , H nOMCTIIM y 3TIIX 

30 9to KJieTKH , ,;re>K;iiune b pa3HBix aacTux ccjiepBi, Ha Ktyropi.ie ee pa36HBaeT nocTpo- 


eHHaa jioMaHaa. 


MHoroyrojibHiiKOB napbi ctopoh, OToOpanearomiieca b o^Hy h Ty nee OflHO- 
MepHyio KjieTKy. Ecjih o,n,Ha H3 ctopoh b Taxoii nape opiieHTiipoBaHa, to 
CKB 03H0H roMeoMop4>H3M onpeflejiHT corjiacoBaHHyio opiieHTanjno BTopon 
CTopoHbi. TaKoe ceMeftcTBO MHoroy ro jibhiikob , HexoTopbie CTopoHbi koto- 
ptix o6T>e/i,iiHeHbi b napbi n npn stom corjiacoBaHHO opneHTnpoBaHbi, 6y- 
,n,eM Ha3biBaTb euKpouKou noBepxHOCTii F. y,n,o6HO CTopoHbi, o6pa3yK>iniie 
OTMeneHHyio napy, o6o3HanaTb o^hoii SyxBOii, a opiieHTaipno yxa3biBaTb 
CTpejiKon. Bbixponxy, cocToaipyio H3 o^Horo MHoroyrojibHiiKa, Ha30BeM 
pa3eepmK0u noBepxHOCTii F. 

IT p m m e p l> i . Ha pnc. 47 nf)n Helena Bbixpoiixa TeTpasflpa, cooTBeTCTBy- 
K>iu,aa ero TpnaHryjiHiiHH, Ha pnc. 48 — Bbixpoiixa c<|>epbi c TpeMa flbipaMii. 
Ha pnc. 49 ii3o6paneeHbi pa3BepTKii H3BecTHbix npaBiuibHbix MHororpaH- 
hhkob, Ha pnc. 50 pa3BepTKii Tpy6Ki-i, jincTa MeSnyca, Topa, 6yTbuixn 
Kjieima, npoexTiiBHOii njiocKOCTii (2 niTyKii). Ha pnc. 51 - pa3BepTKa ccjje- 
pbi c flByMH pynxaMH. AnajiornnHO BbirjiafliiT pa3BepTKa cijiepbi c npoira- 
BOJibHbiM hhcjiom pyneK. Taxaa pa3BepTKa Ha3biBaeTca KaHonuuecKou. Ha 
pnc. 52 H3o6paneeHa pa3BepTKa ctfiepbi c TpeMa flbipaMii. Tax nee Bbirjia- 
fli-iT pa3BepTxa ccjjepbi c SojibimiM hhcjiom flbip. 

3aMenaHHH. 1. B cjiynae TpnaHryjiHiiHH yn,o6nee OTMenaTb oflHon 
6yKBoii He napbi ctopoh, a Bepinirabi, cooTBeTCTByioiu,He oflHOii n toh nee 
BepiniiHe TpnaHryjispHH. 

2. MoneHO noxa3aTb, hto Bcaxaa Bbixpoiixa onpe^ejiaeT HeieoTopyio 
noBepxHOCTb c xpaeM — Tax cxa3aTb, pe3yjibTaT cKJieueanufi (hjiii cihii- 
BaHiia) xycxoB Bbixponxn no CTopoHaM, o6T>e/i,HHeHHbiM b napbi. 

npncTynnM x ^oxa3aTejibCTBy TeopeMbi. nycTb F — npoii3BOJibHaa 
opiieHTiipyeMaa 3aMXHyTaa noBepxHOCTb. PaccMOTpiiM xaxyio-HH6yii,b ee 
Bbixponxy (HanpiiMep, Bbixponxy H3 TpeyrojibHiixoB, cooTBeTCTByiomyio 
xaxoii-Hii6yii,b TpnaHryjiHiiHH stoii noBepxHOCTii). 3aHyMepyeM npoH3- 
BOJibHbiM o6pa30M OTMeneHHbie napbi ctopoh MHoroy rojibmixoB, o6pa3y- 
lonpix Bbixponxy. 

PaccMOTpiiM nepByio OTMeneHHyio napy ctopoh. Ecjih sto CTopoHbi 
pa3Hbix MHoroyrojibHiixoB Bbixponxn, to Bbi6pociiM cooTBeTCTByiomyio hm 
o^HOMepHyio xjieTxy H3 pa36HeHiia noBepxHOCTii. npn stom flBe flByMep- 
Hbie xjieTxn cjniBaiOTCH b oflHy. HoBOMy pa36iieHino 6y^eT OTBeaaTb bbi- 
xpoiixa, b xoTopoft bmccto flByx npenemix MHoroyrojibHiixoB yaacTByeT 
0^,1 -ih, cooTBeTCTByiomiiii HOBOii flByMepHofi xjieTxe (cm. pnc. 53). Ecjih nee 
3 th CTopoHbi npiiHafljieneaT o^HOMy n TOMy nee MHoroyrojibHiixy Bbixpoii- 
xh, to H3MeHHM pa36neHiie cjieflyioni,HM o6pa30M. 

Pa3o6beM o^HOMepHyio xjieTxy, cooTBeTCTByiomyio Hainefl nape cto- 
pOH, Ha Tpil. n P H 3TOM npiIflCTCH flo6aBIITb X pa36HefflIIO H flBe OflHOMep- 
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Phc. 53 


Hbie KjieTKii , Ka>Kflaa H3 kotopmx « HamiHaeTCH u OKaHHHBaeTCH» b o^hoh 
H3 hobbix HyjibMepHbix KjieTOK. IIpii 3tom npexcHHH /i,ByMepHaa: KjieTKa 
pa3o6beTCH Ha Tpii hobhx. Hto6m nojiymiTb cooTBeTCTByiomyio BbiKpoft- 
Ky, HaflO 3aMeHiiTb paccMaTpiiBaeMbift MHoroyrojibHiiK Ha Te Tpn, KOTopbie 
nojiynaiOTCH H3 Hero npii pa3pe3aHiiH b^ojih ,n,Byx HenepeceKaioiH,HxcH ot- 
pe3KOB, coefliiHHiomiix OTMeneHHbie CTopoHbi. IIpii stom o6pa3yiOTCH nsTb 
HOBbix OTMeneHHbix nap ctopoh BMecTO o^hoh hcxo^hoh; cm. puc. 54. 




Puc. 54 


Hani Bbi6op opiieHTapini ,h,jih ctopoh, o6o3HaneHHbix 6yKBOft a, Tpe6yeT 
noHCHeHiifi. Ecjih 6bi o,n,Ha H3 hiix Gbijia opueHTiipoBaHa b ^pyryio CTopoHy, 
to cpeflHiifi neTbipexyrojibHHK, bxo,h,hih,hh b HOByio BbiKpoliKy (Ha puc. 54 
3aniTpnxoBaH) flaBaji 6bi HaM pa3BepTKy jniCTa Me6nyca, co^epncamerocH 
b noBepxHOCTH F. A 3to h6bo3mo>kho b cnjiy ee opneHTiipyeMOCTH. B nacT- 
hocth, OTflejibHO B3HTBIH cpeflHiifi HeTbipexyrojibHiiK o6pa3yeT pa3BepTKy 
KOJibpa. 

Tenepb npo^ejiaeM to nee caMoe co BTopoii OTMeneHHOft napoft cto- 
poH, noTOM c TpeTbefi n t. (IIpH stom mbi He 6ya,eM 3aTpaniBaTb napbi 
ctopoh, o6pa30BaBHiiiecH Ha npeflbmymux 3Tanax. Penb H^eT jiiinib 06 
hcxoaho 3 aHyMepoBaHHbix napax.) IIo OKOH'iaHnn stoh npopeflypni mhi 
nojiymiM BbiKpoliKy hcxo,h,hoh noBepxHOCTH, b KOTopoft Ka>Kflbift MHoro- 
yrojibHHK 6yn,eT jiii6o neTbipexyrojibHiiKOM Bima 


JIH60 HMeTb BHfl 


a 


a 



b~^c 


CooTBeTCTByiomiie 3aMKHyTBie kjictkh 6yn,yT roMeoMopc|)Hbi jiii6o 
KOJibpy, jih6o ctf)epe c ^bipaMH, npiiaeM kjictkh nocjie^Hero Tuna 6ya,yT 
nepeceKaTbcsr TOjibKO c KOjibpcBbiMH KjieTKaMii, t. e. c Tpy6KaMH. TaKHM 
o6pa30M, Mbi HainjiH HecKOJibKO Tpy6oK, 3aMbiKaHiie .nonojiHemia k koto- 
pbiM coctoht H3 HecKOjibKiix cc(>ep c flupaMH. OKOHnamia ,noKa3a- 

TejibCTBa HaM noTpe6yeTca em,e o^ho onHcamie ctfiep c pyiKaMH. 

IIpeflnojiojKHM, hto b opiieHTiipyeMOii noBepxHOCTH F mojkho Bbifle- 
jiiiTb HecKOJibKO nonapHO HenepeceKaioiipixcH Tpy6oK, Tax HTo6bi 3aMbi- 
KaHiie flonojiHemia k hiim coctohjio h3 n KOMnoHeHT, Kaac^a a H3 KOTopbix 
6bijia 6bi roMeoMop(J)Ha ccjiepe c ^bipaMH (pnc. 55). Tor^a HHflyKpiieft no 
n mojkho noxa3aTb (xax sto HaMeaeHO mince) , hto noeepxHocmb F ao.ueo- 
Moprfma ccfiepe c pyumMU. 

JlflR n = 1 3to BbinojiHaeTca no onpefleaemno. Ecjih n ^ 2, to Bcerfla 
HaiiflyTca flBe KOMnoHeHTbi (Ha pnc. 55 sto KOMnoHeHTbi AzB)i «co- 
e;i,HHafornaa nx» Tpy6xa (Ha pnc. 55 — Tpy6xa C), o6be,n,HHCHHe KOTopbix 
roMeoMopcjmo ccjsepe c flbipaMii (pnc. 56). 5Icho, ^ajiee, hto 3aMbiKamie 
^onojiHemia k ocTajibHbiM TpySxaM (xpoMe TpySmi C ) coctoht yace H3 
n — 1 KOMnoHGHT, Kaacflaa H3 KOTopbix no-npencHeMy roMeoMoptfma ccjaepe 





Pnc. 56 


c /ibipaMH. OcTajiocb B0cnojib30BaTBca mmyKTHBHBiM npeflnojiojKeHiieM. 

TeopeMa flOKa3aHa. □ 

B KanecTBe nojie3Horo h HHTepecHoro ynpajKHemiH npe/piaraeM Hirra- 
Tejiio npocjiefliiTB Bee ^eTajui flOKa3aTejiBCTBa Ha npiiMepe MHororpaHHii- 
kob, KaK ohh onpeflejieHBi b § 4 rji. II r r. 2. A hmbhho, flOKaxniTe, hto 
BCHKaa 3aMKHyTaa MHororpaHHaa noBepxHOCTb roMeoMop(J)Ha ccjaepe c 
HeCKOJIBKIIMH py HKaMI-I . 



HacTt. 6 

0CH0BAHH5I TEOMETPHH 


B saRjiiOHiiTejibHOH r iacTH, BO-nepBbix, ^aiOTCH 6 ojiee rjiySoKiie, HeM bo 
BT opoii nacTH, ocHOBamiH eBKjiiiflOBoft reoMeTpim. A iimchho, npiiBOfliiT- 
ch ee aKCiiOMaTi-iKa, b KOTopoii OTcyTCTByiOT aKCiiOMbi o reoMCTpiiHecKiix 
BejiM'iHHax (fljiiiHe 0 Tpe 3 Ka, Mepe yrjia, njioma^H, oSteMe) . 0 Ta aKciioMa- 
THKa yxce He oniipaeTCH Ha noHHTiie ^eftcTBUTejiBHoro nucjia. PemeHino 
npo 6 jieMBi H 3 MepemiH reoMeTpiinecKiix BejniHiiH nocBameHbi b ochobhom 
nepBbie ,n,Be rjiaBBi stoh nacTii. B hiix »ce o 6 cy»cflaeTCH BaxcHoe noHHTiie 
BejHiHiiHbi h flaeTCH ero aKCiiOMaTiiHecKoe onpeflejieHiie. 

TpeTBH rjiaBa nocBameHa Tax Ha 3 BiBaeMBiM o 6 ih,hm BonpocaM aKCiio- 
MaTHKii. KpoMe Toro, b Heii flaiOTCH h cpaBHimaiOTCH pa 3 jiHHHbie aKcno- 
MaTHKH eBKjHiflOBOii reoMeTpim. 

HaKOHen;, b nocjieflHeii rjiaBe ^aeTCH o 63 op pa 3 jniHHbix reoMeTpuii, Ha- 
HHHaa c reoMeTpim Jlo 6 aHeBCKoro h KOHnaa nceBflopiiMaHOBOii reoMeT- 
pnefi — MaTeMaTiinecKOH ochoboh oGipeft Teopiiii OTHOciiTejiBHOCTii. 

F jiaBa I 

OCHOBAHHfl TEOMETPHH 

Tenepn mbi BoftfleM b ocHOBamiH reoMeTpim rjiy 6 xce, hcm sto 6 bijio 
C flejiaHO b rji. I h. 2 . TaM pe 3 yjibTaTbi H 3 MepemiH OTpe 3 KOB h yrjiOB — hiic- 
jieHHaa fljnma h Mepa yrjia — 6 bijni BBe^eHBi npHMO b aicci-iOMax. 3 ^ecb 
nee 6 ya,yT ,n,aHbi aKCiiOMbi, KOTopbie oSecneHiiBaiOT caMy bo 3 moxchoctb H 3 - 
MepeHiiH OTpe 3 KOB h yrjiOB. KpoMe Toro, HeKOTopbie aKCiiOMbi, c 4 >opMy- 
jiiipoBaHHBie b rji. I h. 2 , 6 y^yT 3 aM 6 HeHbi flpyniMH, coflepxcamiiMH 6 ojiee 
cjia 6 bie Tpe 6 oBaHiiH, hjih pa 3 ,n,ejieHbi Ha nacTii Tax, hto 6 bi Ka^K^as aKCiio- 
Ma Bbipaxcajia tojibko o/i,ho ycjiOBiie. (Hanpiuvrep aKCiiOMa, hto flBe tohkii 
CO eflHHHMbI OTp 63 KOM , H npiITOM TOJIbKO OflHIIM, CO^epjKIIT flBa yCJIOBIIH: 
cymecTBOBamie OTpe 3 Ka h ero efliiHCTBeHHOCTb.) 

O CHOBHbie o 6 bCKTbI H OTHOHieHIIH 6 yflyT Te JKC, HTO B rji. I H. 2 . 



1. JIl4HCMHbIC aKCHOMbl 


OcHOBHLie oGteRTbi: 1) moHKU, 2) ompe3KU. 

OcHOBHLie OTHOHiemia: 1) TOHKa aejwemcfi Konyo.u OTpe3Ka, 
2) TOHKa Aeotcum Ha OTpe3Ke, 3) ppa OTpe3Ka paeuu dpyz dpyzy (o6o3Ha- 
Hemie: a = b). 

Ecjiii TOHKa M jiejKHT Ha 0Tpe3Ke a hjii-i hbjihctch ero kohd,om, to 
mbi roBopHM, hto OHa npuHadjiecucum ompe3Ky, h npiiMeHaeM oSbiHHyio 
3anncB M £ a. CooTBeTCTBeHHO npiiMeHaeM o6biHHbie o6o3HaHemiH: a C b, 
c = a U b, r^e a, b, c — OTpe3Kii, h t. n. 

I. AKCHOMbl CBH3H OTpe3KOB H KOHU,OB. 

I] . J\aa uaofcdozo ompe3Ka cyiyecmeywm dee mourn, ABAAioiyuecA ezo 
KonyaMU. 

1 2 . /J,aa Kaotcdozo ompe3Ka cyiyecmeyem ue 6oAee deyx mouen, hbaa- 
miyuxcA ezo KonyaMU. 

1 3 . JJ,aa naotcdux deyx moueK cyiyecmeyem ompe30K, KonyaMU Komo- 
pozo ohu sie.asiwmcsi. 

1 4 . Cyiyecmeyem ne OoAee odnozo ompe3Ka c daumiMU KonyaMU. 

3th aKCHOMbl flaiOT ocHOBam-ie k TOMy, hto6bi o6o3HanaTb 0Tpe30K ero 

KOHpaMH: AB h t. n. 

II. Akchomm o ro'iKax Ha OTpe3Kax. 

Hi • JJaa uaotcdozo ompe3Ka cyiyecmeyem xomji 6u odna . aeotcaiyaji ua 
neM mouKa. 

11 2 . Ecjiu C na AB, mo AB = AC U BC. 

11 3 . Ecjiu C Ha AB, mo AC D BC = C . 

11 4 . Ecau odun ompe30K codepotcum Koney u eiye odny mouny dpyzozo, 
mo ohu o6pa3ymm oduu ompe30K. 

OTpe30K He MbicjiiiTCH KaK MHOJKecTBO ToneK. h noTOMy, CTporo tobo- 
pa, Hejib3H CKa3aTb, hto o6be r nHHeHiie AC U BC ecTb 0Tpe30K. PaBeHCTBO 
AB = AC ABC 03HanaeT, hto: (1) Kansas TOHKa OTpe3Ka AB npiiHa^jie- 
3 kht AC hjih BC, (2) tohkh OTpe3KOB AC, BC npiiHa^jiejKaT AB. TaKoii 
xce cmbicji HMeeT yTBepjKfleHiie aKCHOMbl II 4 : ecjin OTpe3KH a, b yn,OBjie- 
TBopaiOT ee ycjiOBHHM, to cymecTByeT TaKoii 0Tpe30K c, hto c = a U b b 
yKa3aHH0M Bbirne CMbicjie. 

PaBeHCTBO AC (~l BC = C 03HanaeT, hto y OTpe 3 KOB AC, BC ecTb 
efliiHCTBeHHaa o6m,aH TOHKa C. 

Akchomm II 2 , II 3 BbipaxcaiOT, hto ecjin C Ha AB, to 0Tpe30K AB 
cocTaBjieH 113 OTpe3KOB AC, BC, KaK 3 to ctfjopMyjnipoBaHO b tji. I h. 2. 



IIOHHTHO, HTO aKCHOMbl II 2 , II 3 BbipajKaiOT pa 3 Hbie yCJIOBIIH H nOSTOMy 
pa 3 ^ejieHbi 31 . 

ycjiOBiie aKCHOMbi II 4 HBjineTCH nacTHbiM cjiynaeM TpeSoBaHiia aKCiio- 
Mbi I 4 b rji. I h. 2. TaM roBopiiTCH 06 OTpe3Kax, y kotopbix ecTb, BOo 6 m,e, 
^Be oSipne tohkh, 3flecb nee o,n,Ha H 3 hiix hbjihctch kohh,om oflHoro H 3 
OTpe3KOB. CKa3aHHoe b aKCHOMe I 4 rji. I h. 2 6 yn,eT flOKa3aHO b KanecTBe 
TeopeMbi. 

yxajKeM ocHOBHbie cjieflCTBiiH h 3 BbiCKa3aHHbix aKCiiOM. Ilpexyip Bce- 
ro HanoMHi-iM Tpn TeopeMbi, ,ii,OKa3aHHbie b rji. I h. 2; hx ,n,OKa3aTejibCTBa 
coxpaHHiOTCH nocKOjibKy ocHOBaHbi Ha Tex nee aKCiiOMax. 

TeopeMa 1. Touita, Aeotcaui,aji na ompe3Ke, He sie.tifiemcsi ezo kohu,om 
(a nomoMy u Koneu, ne Aeotcum na ompe3Ke). □ 

TeopeMa 2. Ecau mouKU C u D npunadAeotcam ompe3Ky AB , mo 
ecsiKasi mourn, Aeotcaxpasi na CD, Aeotcum manatee na AB. □ 

TeopeMa 3. Ompe30K onpedeAAemcA npuHadAeotcaipuMu e.uy mouna- 
mu. □ 

Tenepb ,n,Be HOBbie TeopeMbi. 

TeopeMa 4. Ecau C u D na AB, C 7 ^ D, mo au6o C na AD, au6o 
D na AC ( unane zoeopti, ec.au C ne na AD, mo D na AC). 

floKasaTejibCTBO. IlycTb C, D Ha AB, h nycTb npn stom C He 
Ha AD. ^OKanceM, hto Tor^a D Ha AC. Tax KaK C He Ha AD, to, no 
aKCHOMe flejiemiH II 2 , C Ha BD. ^onycTHM, hto D Ha BC, h TeM caMbiM, 
no aKCHOMe II 2 , BC = BD U DC. Ho sto npoTiiBopeHiiT TOMy, hto C Ha 
BD. Cjie^,OBaTejibHO, He MO»ceT 6biTb D Ha BC, h, 3HaHiiT, no aKCHOMe 
II 2 , D Ha AC, hto h Tpe6oBajiocb ,n,0Ka3aTb. □ 

TeopeMa 5. Ecau C na AB, a M ua AC u N na BC, mo C na MN. 

floKasaTejibCTBO. Tan KaK N Ha BC, to, no TeopeMe 4, C Ha 
AN. A Tan KaK M Ha AC, to , no toi"i see TeopeMe, C Ha AIN, hto h 
TpeSoBajiocb flOKa3aTb. □ 

TeopeMa 6 . Ecau dea ompe3Ka a, b uMetom dee o6vu,ue mou,KU, mo 
ohu o6pa3ytom oduu ompe30K: ezo KouyaMU CAyotcam me kohu,u ompe3Koe 
a, b, Komopue ne Aeotcam hu Ha a, hu na b. 

/JoKasaTejibCTBO. nycTb OTpe 3 Kii a, b HMeiOT ^Be o6m,He tohkii 
A, B. Ecjih OflHa H 3 hiix cjiyxaiT kohh,om o^Horo H 3 stiix OTpe3KOB, to ohii 
o6pa3yiOT 06111,1111 0 Tpe 30 K, no aKCHOMe II 4 . Ecjih »ce tohkh A He HBjiaeTCH 

31 Co6cTBeHHO roBopa, paBeHCTBO AB = AC U BC, t. e. hto 0 Tpe 30 K cjiyaaiT 06 b- 
eflHHeHHeM A^yx, BbipaacaeT flBa ycjioBHa: (1) AB D AC U BC (2) AB C AC U BC. 
I iobTOMy aKCHOMy II2 Haflo 6bi eine paycejiHTi. Ha A Be: ( a ) ocjih C Ha AB h M Ha AC, 
to M £ AB, h, MeHaa o6o3HaneHHa, ecjin M Ha BC, to M £ AB, (6) ecjin C Ha AB 
h M Ha AB, to M £ AC hjih M £ BC. 



KOHI^OM HH OflHOrO H3 OTpC3KOB a, b, TO OHa JieiKIIT Ha HIIX 060 IIX. IIo 

axcHOMaM .nejiemiH Il2,3, OHa flejniT KajK^biii H3 hiix Ha ppa OTpe3Ka c 
o 6 hj,hm kohh,om A. 

IlycTB ai, bi — Te H3 sthx OTpe3KOB, KOTopbie coflep»caT TOHKy B, Tax 
hto y hiix o 6 hi,hh kohch, A h eiu,e o6m;a h TOHKa B. IIo aKCiiOMe II4 , ohii 
o6pa3yiOT o/pm 0Tpe30K. IIosTOMy KOHeu, o^Horo H3 hiix (otjihhhbih ot A) 
coflepjKHTCH b flpyroM. Ho sto — KOHeu, OTpe3Ka a hjih b. TaKHM o6pa30M, 
,h,jih OTpe3KOB a h b BbinojiHeHBi ycjiOBiia aKCHOMBi II4 , h, CTajio 6biTb, ohii 
o6pa3yiOT Oflra: 0Tpe30K. 

Kohh,bi ototo OTpe3Ka He jiexcaT he Ha a , he Ha b, Kan cjie^yeT H3 
TeopeMbi 2. 

TaKiiM o6pa30M, TeopeMa 6 hojihoctbio ,n,OKa3aHa. □ 

Tax ace, xaK b tji. I h. 2, mbi roBopiiM o ,n,Byx OTpe3Kax c o 6 ih,iim kohh;om, 
hto o,h,iih uajiezaem Ha /ipyroii, hjih hto ohii HajieraiOT flpyr Ha flpyra, 
ecjiii ofliiH H3 hiix coflepjKiiTCH b /i,pyroM. 

TeopeMa 7. Ecjiu ompe3KU AB, AC Ha.aezamm ua odun u mom otce 
ompe30K AD, mo ohu Ha.aezamm dpyz na dpyza. 

floKasaTejibCTBO. nycTb OTpe3Kii AB , AC HajieraiOT Ha AD . Ec- 
jiii npn 3 tom, HanpiiMep, AB D AD, to TeM caMbiM AB iiMeeT o6iH,ne 
tohkh c AC, KpoMe A (Tax Kax jih 6 o AC C AD, jih 6 o AD c AC), IIo- 
3TOMy, corjiacHO TeopeMe 6, AB HajieraeT Ha AC. 

OcTaeTca ^.onycTHTb, hto hh AB, he AC He co^epucaT AD, a CTajio 
6biTb, caMii coflepiKaTCH b AD h He coBnaflaiOT c AD. Tor^a B h C Ha 
AD. H, no TeopeMe 4, jiii 6 o AB D AC, jih 6 o AC D AB. A sto h 3HaHiiT, 
hto OTpe3Kii AB, AC HajieraiOT flpyr Ha flpyra, hto h TpeSoBajiocb ,n,OKa- 
3aTb. □ 

III. Akchomm paeeHCTBa OTpe3KOB. 

1111 (aKCHOMa OTKjia/ibiBaHiiH) . JJam Kaotcdux deyx ompe3Koe AB, CD 
cymecmeyem ompe30K AE, paeuuu CD u najiezawmuu na AB. 

111 2 (aKCHOMa MeHbinero 0Tpe3Ka). Ec.au ompe30K CD codepotcumcsi e 
ompe3Ke AB u ne coenadaem c hum, mo oh He paeen AB. 

111 3 (aKCHOMa cpaBHeHiia). Ec.au ompe3KU paenu odnoMy u moMy otce 
ompe3Ky, mo ohu paenu dpyz dpyzy. 

111 4 ( aKCHOMa cjioiKeHiiH). Ec.au C na AB, C\ ua A\B\ u AC — AiCi, 
BC = BiCu mo AB = A^. 

IV. AKCHOMa HenpeptiBHOCTH. 

IV 1 . Ilycmu ece mourn Ha ompe3Ke AB pa3dejienu ua dea uenycmux 
K.aacca F\, F<i man, umo ec.au M £ F\ u N £ F 2 , mo AM C AN. Tozda 
ua AB cyiyecmeyem mauan mouna C , umo ec.au M £ F\, mo AM C AC, 
u ec.au N £ F 2 , mo AN D AC. 
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IIOHCHHM HarjIHflHO CMblCJI 3TOH aXCHOMbl. IlyCTb TOHXH BHyTpn OTpe3- 

Ka AB pa3flejienbi Ha flBa xaacca F\, F2, xax CKa3aH0 b axciiOMe. Ilpefl- 
CTaBiiM ce6e, hto Tonxa HenpepbiBHO ^BiuxeTca no OTpe3Ky ot KOHpa A k 
xoHuy B. OHa npoxofliiT CHanaaa no TonxaM H3 F\, a noTOM — no TonxaM 
H3 F2. B KaKOM-TO MecTe ,n,on:>xeH nponcxofliiTb nepexo,a,. 9to ii Sy^eT b 
Tonne C. Tax xax AM C AC fljia Bcex Tonex M 113 F\ , to, 3HannT, pp C 
Tonxa ^.BiDxeTCH no TonxaM M H3 F\ , a noTOM — no TonxaM N 113 F2 , Tax 
xax AN Z> AC. (K xaxoMy xjiaccy othochtch caMa Tonxa C — 6e3pa3Jinn- 
ho; ee mohcho othociitb x aioSoMy 113 hux iijni x o6oiim cpa3y.) Ilepexofl 
nponcxo^HT b Tonxe C . Ecjiii 6bi ee He 6bijio, t. e. axcnoMa He BbinoaHH- 
jiacb, to npii nepexo^e ot F\ x F2 npoHCxoflHa 6bi «cxanox». AxcnoMa n 
BbipaacaeT, hto stoto HeT, hto 0Tpe30x «HenpepbiBeH» (piic. 1). 

3aMenaHHe. Cpe^n nepemicjieHHbix armeftHbix axciiOM HeT axcnoMbi, 
xoTopaa o6ecneHHBana 6bi cymecTBOBamie xoth 6bi oflHoro OTpe3xa h pa- 
jxe xoth 6bi oflHOii tohxh. Hanpimep, axcnoMa Ii roBopiiT, hto ^jih xaac^o- 
ro OTpe3xa ecTb flBe tohxh, cayjxamne ero xoHpaMii, ho sto rapaHTiipyeT 
cym,ecTBOBaHHe sthx Tonex, tojihxo ecjin cyipecTByeT 0Tpe30x. IIosTOMy 
Bee jiPiHeftHbie axcnoMbi HMeiOT ycaoBHbm xapaxTep b tom CMbicjie, hto 
ecjni ecTb xoth 6bi ,n,Be tohxii iihii xoth 6bi Oflim 0Tpe30x, to axcnoMbi 
roBopHT He o nycTOM MHOxxecTBe. . . AxcnoMa, rapaHTiipyiomaH cyipecTBO- 
BaHne Tonex h OTpe3xoB, hohbiitch b xanecTBe nepBon naocxocTHoii ax- 
chombi: cymecTByroT Tpn tohxh, He npHHaflaejxam,ne o^HOMy 0Tpe3xy. C 
3toh axcuoMOH ycaoBHbiii xapaxTep HimeiiHbix axcnoM cmiMaeTCH. 

§ 2. Ajire6pa OTpe3KOB 

B 3tom n caeflyK)m,eM naparpacjxax mm Ha ochobc axcnoM, Bbicxa3aH- 
hbix b § 1, o6ocHyeM H3Mepemie 0Tpe3X0B. To ecTb mbi ,n,oxa>xeM b xanecTBe 
TeopeM to, hto paHbrne b ra. I h. 2 6biao npiiHHTO b axcnoMe H3MepeHHH. 
H3MepeHiie ocHOBaHO Ha cpaBHemni 11 caojxeHHii 0Tpe3X0B, a Taxxxe fle- 
aemm 0Tpe3xa Ha paBHbie nacTii (^eaeHiie MacniTaSa HyjxHO pus 6oaee 
TOHHOTO II3MepeHHH) . 

3th onepapini h cocTaBaaiOT coflepjxamie «aare6pbi OTpe3xoB». Ha ee 
ocHOBe caMO H3Mepemie H3aaraeTCH b cae,n,yioiH;eM naparpatjie. 


TeopeMa 1 . Omnoiuenue paeencmea ompe3Koe petfi.aeKCueHO, cum- 
MempuuHO u mpaH3umueno, m. e.: 1 ) a = a, 2) ecAu a = b, mo b = a, 
3) ecAu a = b u b = c, mo a = c. 

floKasaTejitCTBO. PaBeHCTBO 0Tpe3K0B ciiMMeTpiiHHO no noHs- 
ti-iio, Tax Kan roBopi-iTca: OTpe3Kii paBHBi Apyr APyry- IlycTb Tenept a = b 
h b = c. no ciiMMGTpi-mHOCTn Taione c = b, t. e. nojiynaeM, hto OTpe3Kii 
a, c paBHBi o^HOMy h TOMy ate b , n, CTajio 6 bitb, no aKCiiOMe III3, a = c: 
paBGHCTBO TpaH3IITIIBH0. 

^],OKa>KeM pecjDjieKCHBHOCTB. nycTb a — a&hhmh 0Tpe30K. Otjiojkhb 
b^ojib Hero ot KaKoro-TO ero KOHpa 0Tpe30K b, eMy paBHbiii, nojiymiM 
a = b, n, no CHMMeTpiiHHOCTi-i, b = a. no TpaH3iiTiiBH0CTii : a = a. □ 

AKCHOMy IIIl OTKJiaflBIBaHHS OTpe3Ka MOJKHO flOnOJIHIITB yTBepjKfle- 
Hi-ieM o efliiHCTBeHHOCTii OTKjia/i,biBaeMoro 0Tpe3Ka; iimchho, BbinojiHaeTcn 

TeopeMa 2 . IIpu dannux ompe3Kax AB u AIN cyvu,ecmeyem we 6oAee 
odnozo ompe3Ka AC, naAezawu^ezo na AB u paenozo AIN . 

/I,OKa3aTejiBCTBO. ^onycTHM, ecTb ^Ba OTpe3Ka AC, AD, Hajie- 
raiorpiix Ha AB 1-1 paBHBix AIN . no axci-iOMe cpaBHemia ohii paBHBi flpyr 
Apyry, a no TeopeMe 7 , § 1 HajieraiOT Apyr Ha Apyra, t. e. J11160 AC C AD, 
jih6o AD c AC. Ho ecjni, CKa»ceM, AC coAepJKHTca b AD h He coBnaAaeT 
c AD, to, no axcnoMe III2 MeHBmero OTpe3Ka, oh hc paBeH AD. nojiy- 
naeTca npoTHBopemie. CjieAOBaTejibHO, A B y x OTpe3KOB AC, AD 6bitb He 
mojkbt, h TeopeMa AOKa3aHa. □ 

3to no3BOjiaeT (JjopMyjinpoBaTb aKCHOMy OTKjiaAMBaHiia IIIi c Aonoji- 
HemieM o eAHHCTBeHHOCTii: 

BdoAt> ak>6ozo ompe3Ka om aw6ozo U3 ezo Konyoe mochcho omAocncumi> 
ompe30K, paenuu dannoMy, u npumoM mo.auKO odun. 

TeopeMa 3 . Bcakuu ompe30K mookho npodo.tiotcumu 3a aw6ou U3 koh- 
yoe, m. e. O.ha bcakozo ompe3Ka AB cyiu,ecmeyem ompe30K AC, cocmae- 
AenHuu U3 AB u BC. IIpu omo.M, npodojiotcumu mookho na ompe30K BC, 
paenuu Aw6oMy 3adannoMy. 

,HoKa3aTejHiCTBO. nycTB a&h 0 Tpe 30 K AB. Bo3BMeM Ha HeM toh- 
Ky D. no aKCiiOMe Anemia 0Tpe3Ka, DB C AB. Otjiojkiim baojib DB 
0 Tpe 30 K DC, paBHbiii AB (no axci-iOMe IIIi). Tonica C He MoateT npimaA- 
jie»caTb OTpe3Ky DB; imane nojiynajiocb 6 m, hto 0 Tpe 30 K DC, paBHbiii 
AB, coAepjKHTca b AB, Bonpeiai aKCiiOMe III2 o MeHbineM OTpe3Ke. 

0Tpe3Kii AB, DC HMeioT o6m,He tohkii D, B h, CjieAOBaTejibHO, o6pa- 
3yiOT oahh 0Tpe30K. 3 to 0Tpe30K AC (no aKCiiOMe II4). 

B ao jib 0Tpe3Ka BC mokho OTjioaaiTb ot tohkii B 0Tpe30K BE, paB- 
Hbiii jnoSoMy A^HHOMy. BMecTe c AC oh o6pa3yeT (no aKCiiOMe II 4 ) oaiih 



OTpe30K AE , n 0Tpe30K AB 0Ka3biBaeTca npo^ojBKeHHbiM Ha 0Tpe30K BE , 
paBHbiii /i,aHHOMy. □ 

Cjiohcchiic OTpe3KOB. OTpe30K a na3i>[iiae r r<:H cijmmou OTpe3KOB b. 
C, eCJIII OH COCTaBJieH H3 3TIIX OTpe3KOB HJIH H3 OTpe3KOB, HM paBHBIX; B 
3anHcn: a = b + c hjii-i a = c + b, noTOMy hto xor^a 0Tpe30K a COCTaBJieH 
H3 OTpe3KOB b h c, to nopaflOK hx He yKa3BiBaeTca. 

OnpeflejieHHaa: TaxiiM o6pa30M onepapua cjioaceinia o6jia,naeT cjie,ny- 

K>IH,HMH CBOHCTBaMH. 

1. CyMMu paenux ompe3Koe paenu, m. e. ecjiu a = b+c , a\ = b\ + ci u 
b = b\, c = Ci, mo maKCHce a = a\. 3to yTBepxflaeTCH aKCiiOMOfi cjioJKeHiia 

III 4 . 

nosTOMy mojkho CHiiTaTb, hto 3anHCB b + c o6o3HanaeT jik>6oh TaKofi 
OTpe30K a, hto a = b + c; Bee Taxue OTpe3Kii paBHbi. □ 

2. JIw6ue dea ompe3Ka mookho cAocHCumu, m. e. KdKue 6u ne 6ujiu 
ompe3KU b, c, cymecmeyem manou ompe30K a, umo a = b + c. 

^eiiCTBHTejibHO, jho6oh 0Tpe30K b mojkho npoflOjBKHTb 3 a jno6oii 113 
kohh;ob Ha 0Tpe30K, paBHbiii flaHHOMy OTpe3Ky c (TeopeMa 3). □ 

3. Ecjiu a = b + c u a\ = a, mo a± = b + c, m. e. ec.au ompe30K a 
cocmaejien U3 ompe3Koe b, c u a\ = a, mo ompe30K a\ cocmaejien U3 
ompe3Koe, paenux b, c. 

^encTBHTejiBHO, nycTb 0Tpe30K a = AB COCTaBJieH H3 b = AC h c = 
BC , h nycTB 0Tpe30K ai = A\B\ paBeH AB. Otjiojkhm b^,ojib Hero 0Tpe30K 
A\C\, paBHBiii AC, a 3aTeM npiuioatiiM 
k A\C\ 0Tpe30K C 1 B 2 , paBHBiii CB 
(puc. 2). IIojiyHHM 0Tpe30K A 1 B 2 , paB- 
hbih AB (no axciiOMe cjioJKemia) . Oh 
OTjionceH B/i,o.jib A\B\, a CTajio 6bitb, 
coBnaflaeT c hum (no TeopeMe 2 o e/piH- 
CTBeHHOCTH OTKJiaflbIBaHIia OTpe3Ka) . 

TaxiiM o6pa30M, bbixo^ht, hto A\B\ = 

A\C\ +C\B\, t. e. a\ = b + c, noacojib- 
Ky OTpe3KH A\C\ h C\B\ paBHbi b 11 c. □ 

^(oKa3aHHoe cbohctbo mojkho Bbipa3iiTb Tan: ecjiu TOHKa C Ha AB 11 
OTpe30K A\B\ paBeH AB, to Ha hcm ecTb Taxaa TOHKa C\, hto A\C\ = 
AC, BiCi = BC. 

4. Cjiootcenue KOMMymamueuo u accoyuamueuo ( nepeMecmumejvbHo u 
couemameJibHo) , t. e. 
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a + b = b + a, 

{a + b) + c = a + (b + c). 


IlepBoe 3aKjiiOHeHO b oirpe;i,ejieHnii. BTopoe OHeBH,n,HO, ecjin OTpe3Kii a , b , 
c o6o3HaHaTb AB, BC , CD. Tor^a 

a + b = AC , (a + 6) + c = AC + CD = AD , 
a + (b + c) = AB + (BC + CD) = AB + BD = AD. □ 

Onpc;j,cjicnnc. Ecjih pjw OTpe3KOB a, b cyrnecTiiycT TaKOii 0Tpe30K c, 
hto a = 6 + c, to mbi roBopiiM, hto a 6oJibme b hjih, hto to jkc, 6 Memiue 
a; b 3aniicn a > b hjih b < a. 

Onpe,a,ejieHHe. Mbi roBopiiM, hto 0Tpe30K c ecTb pa3Hocrm> 0Tpe3K0B 
a h b, h nimieM c = a — b, ecjin a = c + b. Ecjih 0Tpe30K b OTjiojKHTb Bflojib 
a, to ocTaTOK h npeflCTaBjineT pa3HOCTb a — b (puc. 3). 

JleMMa. Ecjih a > b u a\ = a, b\ = b, mo manatee a\ > b\ u a\ — b\ = 
a — b (m. e. ecjiu om paeuux omHnmb paenue, mo no.ayuawmcfi paenue). 
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Phc. 3 Phc. 4 

floKaiaiejibCTBO. IlycTb a > b, tslk hto ecTb TaKOii 0Tpe30K c, 
hto a = b + c. IlycTb a± = a, b± = b. Toiyi,a, no aKCHOMe cjiOHceHHH, 
a = b + c = b\ + c. Tan Kan oi = a, to a± = b± + c, t. e. a± > bi h 
ai — 6i = c. IIosTOMy a± — b± = a — b, hto h Tpe6oBajiocb flOKa3aTb. □ 

Kpariibic OTpe3KH h ^cjieiiiic OTpe3Ka. Ecjih n — HaTypajibHoe 
hhcjio, to onpe^ejiaeM 



n pa3 


a TaK»ce onpe^ejiaeM —a k&k TaKOii 0Tpe30K b, hto nb = a, t. e. 
n(— a) = a. ^ajiee, onpe^ejiaeM ^ a = m(^-a). npn stom m^'-a) = ^ ma 
(flOKa3aTejibCTBO stoto paBeHCTBa ocTaBjineM HiiTaTejno). 

TeopeMa 4. /fjui ectiKoao ompe3na a u ecunoao narnypajinnoao n cy- 
meemeyem ompe30K ^ a . 

floKanceM 3to yyia n = 2, t. e. hto y bchkoto OTpe3Ka AB ecTb cepe/pi- 
Ha — Tanaa tohkh C, hto AC = CB. 

JAflsi 3toto 3aMeTiiM cjie,nyioin,ee: Ha bchkom OTpe3Ke AB ecTb Taicne 
tohkh M, N, hto 2AM < AB h 2 AN > AB (puc. 4). 


^efiCTBHTejibHO, B03bMeM Ha 0Tpe3Ke AB KaKyK>-Hii6yn,b TOHKy P. Ec- 
jih 2AP AB (pnc. 5, a), to npiiMeM 3a M jno6yio TOHKy Ha AP. Tor^a 
3aBe^OMO 6yn,eT 2 AM < AB. ^onycTHM, 2 AP > AB , t. e. PB < AP , Tax 
hto 2 PB < AB. Tor^a ecjin otjiojkiitb b^ojib AB 0Tpe30K AM, paBHBiii 
PB, to h nojiyniiM 2 AM < AB (pnc. 5, 6). 
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Ecjih 2 AM < AB, to 2 BM > AB, h nosTOMy, otjiojkiib ot A 0Tpe30K 
AN, paBHbift BM, nojiyHHM, hto 2 AN > AB. 

Tenepb o6paTHMca k HaxojKfleHino cepe/piHbi KaKoro-jin6o ,n,aHHoro ot- 
pe3Ka AB. 

Pa3,nejiHM Bee tohkii Ha AB Ha ppa, Kjiacca F\, F 2 : b F\ OTHeceM Te 
tohkh M , fljia KOTopbix 2AM < AB ; b F 2 othgcom Bee ocTajibHbie tohkh, 
t. e. Te N, fljia KOTopbix 2 AN ^ AB. Ohcbh^ho, iipn jnoSbix thkhx M , N 
6yn,eT AM C AN. H 3 ,n,OKa3aHHoro TOjibKO hto 3aMeHaHiiH cjie^yeT, hto 
b o6ohx Kjiaccax ecTb tohkii. 

TaxiiM o6pa30M, Hainn Kjiaccbi Fi, F 2 — TaKiie, o kotopbix roBopiiTCH 
b aKCHOMe nenpepbiBHOCTH. IIo stoh aKCHOMe cyipecTByeT TaKaa TOHKa C , 
hto fljia Bcex M £ F\ h Bcex N £ F 2 

AM cACc AN. (1) 

OTpe30K AC h 6yn,eT nojiOBimoii AB, t. e. 2 AC = AB 

^onycTHM, 2 AC 7 ^ AB, h nycTb 2 AC < AB. IIo ,n,OKa3aHHOMy 3aMe- 

HaHHIO MOJKHO B3HTB TaKOII 0Tpe30K c, hto 2c < AB — 2 AC. 

Otjiohchm ot tohkh C b^ojib CB 

0Tpe30K CM\, paBHBiii c (pnc. 6). IIo- | | £ | I 

jiynaeM 0 Tpe 30 K AMi = AC + CM\ > A CM , B 

AC, T.e. A M-i z> AC, h Mi £ F 2 . 

BMecTe c TeM (TaK k&k CM\ = c Phc. 6 

H 2 c< AB - 2 AC), 2AM 1 = 2 (AC + 

CMi) = 2^C + 2c < 2AC + AB - 2 AC = AB, t. e. 2AM, < AB, h, ho 
onpeflejieHino Kjiacca Fl, M\ £ F\. (?!) 

3to npoTHBopenne ^OKa3biBaeT, hto He MoaceT 6 bitb 2 AC < AB. 


/I,onycTnM, 2AC > AB. 3to paBHOCiuiBHO TOMy, hto 2 BC < AB. Ilo- 
3TOMy TaK jxe, xax tojibxo hto CflejiaHO, npimeM k npoTiiBopeHiiio. (Hmch- 
ho, yxajxeM Taxyio Tonxy N, hto BNdBC h BMecTe c TeM 2 BN < BA. 
IlepBoe paBHOcnjibHO AN c AC, BTopoe paBHOCiuiBHO 2AN > AB, t. e. 
N € F 2 , Tax hto H3 (1) AN D AC. npoTiiBopeaiie.) 

TaxHM o6pa30M, cymecTBOBaHiie cepe/prati y bchxoto OTpe3xa h TeM 
caMBiM cymecTBOBaHne OTpe3xa ^ a floxa3aHO. 

CymecTBOBaHiie OTpe3xa —a ycTaHaBjniBaeTCH aHajiorriHHO. Ho HaM 
oho noxa He noHafloSiiTCH, a noTOMy ocTaBjiaeM ero 3^ecB 6e3 flOxa3a- 
TejiBCTBa. noTOM cymecTBOBaHne OTpe3xa —a aBTOMaTiiHecxn nocjie^yeT 
H3 cym,ecTBOBaHHH OTpe3xa jho6oh /i,aHHOH fljniHBi. □ 

§ 3. H3Meperae /j,jihhbi 

Ckojib yro^HO GojiBiime h ckojib yro/pio MajiBie OTpe3Kn. 

npaxTHHecxiiii npiieM ii3MepemiH ^jihhbi coctoiit b OTxjiaflBiBamni Mac- 
niTa6a h ero flojiefi. npii stom bo3mojxhoctb H3MepiiTB, b npiiHipme, jiio- 
6oi"i 0Tpe30x jho6bim MacniTa6oM c jik>6oh tohhoctbio o6ycjiOBjieHa flByMH 
cjjyHflaMeHTajIBHBIMH o6CTOHTejIBCTBaMII. 

(1) JIk)6oh 0Tpe30x, xaxiiM 6 bi 6ojibhhim oh hii 6biji, mojxho nepe- 
xpxiTB /i,aHHBiM MacniTaSoM, OTxjia,H,BiBaH ero .nocTaTOHHoe hiicjio pa3. 

(2) JIk>6oh flaHHbin MacmTa6 (oTpe30x) mojxho pa3flejniTB Ha cxojib 
yroflHO MajiBie ,h,ojih, Tax hto iimii mojxho H3MepHTB cxojib yro^HO MajiBie 
OTpe3xii h tcm caMBiM H3MepHTB jho6bic 0Tpe3xn c jho6oii tohhoctbio. 

B reoMeTpiiii sto BBipajxaeTCH flByMH TeopeMaMii. 

TeopeMa 1. IIpu Jito6ux deyx ompe3Kax a, b uaudemcfi matcoe namy- 
pajibuoe n, umo na ^ b. 

TeopeMa 2. IIpu jik > 6 ux deyx ompe3Kax a , b naudemcji mame na- 
mypaJibHoe n, umo —a ^ b (xax floxa3aHO, 0Tpe30x cymecTByeT no 
xpaimeii Mepe flji h n = 2 k ). 

floxasaiejibCTBO TeopeMBi 1. nycTB a, 6 - - ,n,aHHBie OTpe3xn. 
^onycTHM, Bonpexii floxa3BiBaeMOMy, hto iipn bchxom n 6yu,eT na < b. 
3to 3HaHiiT, hto ecjiH OTxjiaflBiBaTB Ha OTpe3xe b , HaniiHaji ot o^Horo ero 
xoHpa A, OTpe3xn, paBHBie a, to 6yn,eM nojiynaTB OTpe3xn AA\, A\Ai, 
. . . , coflepjxamiiecH b b. Bee hx tohxii, xpoMe A, jieacaT na b. noxaaceM, 
hto cymecTByeT Taxoit 0Tpe30x AC, xotopbiii co^epaaiT Bee sth 0Tpe3xn 
AiAi- |_i, npiiHCM ohh HCHepnBiBaiOT Bee ero tohxii, xpoMe C. 

MoaceT oxa3aTBca, hto TaxiiM 6ya,eT caM 0Tpe30x b. Ecjiii jxe sto He 
Tax, to Ha b ecTB tohxii, He nonaflaiomne b OTpe3xn A;A ; + \. CooTBeT- 
CTBeHHO, pa3flejniM tohxii Ha OTpe3xe b Ha ,n,Ba xjiacca: b xjiacc F\ OTHeceM 



tohkii Bcex OTpe3KOB AjAj+i, b Kjiacc F‘2 — Bee ocTajibHbie tohkii. One- 
bii^ho, 3Tn KjiaccBi y^OBjieTBopHiOT ycjiOBiiaM aKCiiOMBi HenpepBiBHOCTn. 
IIosTOMy, corjiacHO stoh aKCHOMe, ecTb TaKOii 0Tpe30K AC, hto oh co^ep- 
5 kht Bee tohkii Kjiacca F\ h Ha HeM HeT flpynix ToneK. Tax hto jho6oii 
OTJIOJK eHHBIII BflOJIb CA 0Tpe30K CD CO^ep>KHT TOHKII A-i. 

Bo3bMeM TaKolt 0Tpe30K CD, paBHbiii a. Tor^a OKa:steTCH, hto 0Tpe30K 
CD, paBHbiii a, co^epjKiiT BHyTpii KaKoii-TO 0Tpe30K A;A; + 1 , Toaie paBHbiii 
a. Ho 3 to npoTHBopeHiiT aKCHOMe MeHbmero OTpe3Ka. 

Cjie^OBaTejibHO, He mojkct 6biTb, hto6bi OTpe3KaMii na Hejib3H 6buio 
noKpbiTb 0Tpe30K b. TeopeMa 1 flOKa3aHa. □ 

/],OKa3aTejibCTBO TeopeMbi 2. nycTb a, b — ,n,aHHbie OTpe3Kn. 
no TeopeMe 1 cymecTByeT Tanoe n, hto nb ^ a. A sto paBHOCiuibHO TOMy, 
hto b ^ —a. TeopeMa 2 ,n,0Ka3aHa. □ 

Cym,ecTBOBaHHe /j;jihhbi. IfeMepeHiie l.i n f i i>r nyTeM oTKjia;i,i>[ii;uniM 
MaciHTa6a h ero ^.ojieii, npe^CTaBjieHHoe b imeajiH3iip0BaHH0M Biifle, npii- 
bo,h,ht k cjieflyiomeMy pe3yjibTaTy. 

TeopeMa 3 (o fljniHe OTpe3Ka) . FIpu npou360AbHo eu6pamoM ompe3Ke 
e KacucdoMy ompe3Ky a odH03HauHo conocmaeAAemcA uucao 1(a) mat t, umo 
sunoAHAwmcA ycAoeusi: 

(a) 1(a) > 0, 

( 6 ) ecAU a = b, mo 1(a) = 1(b), 

(b) l(a + b) = 1(a) + 1(b), 

(r) 1(e) = 1. 

Hiicjio 1(a) Ha3biBaeTca hucachhou dAimou OTpe3Ka a e Macmma6e e 
(naK roBopHT: «/yinHa 5 cm» ii t. n.). «Hhcjio» Bcer,zi,a 03HanaeT fleiicTBH- 
TejibHoe hiicjio. 

TeopeMa coctoiit H3 flByx yTBepjKfleHiiii: cymecTBOBamie /pniHbi h ee 
e/piHCTBeHHOCTb npn flaHHOM MacniTaSe. ^OKaiKeM nepBoe. 

TeopeMa 3a. IIpu damoM ompe3Ke e uamcdoMy ompe3Ky a mookho 
conocmaeum'b noAOOKumeAbHoe hucao 1(a) man, umo 6ydym eunoAnenu 
ycAoeuA (6) — (r). 

floKasaTejibCTBO. nycTb Bbi6paH 0Tpe30K e. 06o3HaHiiM ero ^ojih: 

e n = ^-e. 

Onpe^ejiiiM HiicjieHHyio fljnray OTpe3KOB e n : 1(e) = 1, l(e n ) = l/2 ra ; 
,h,jih OTpe3KOB ke n , cocTaBjieHHbix 113 e n , nojiaraeM 

K ke n) = 7^- ( 1 ) 

Bo3bMeM KaKoii-jiii6o otpc3ok a h, no TeopeMe 2, Haii^eM Tanoe n 0 , 
hto e n ^ a npn n ^ no, Tax hto 0Tpe30K e n yKjia,n,biBaeTCH Ha a. Bmcctc 



c TeM, no TeopeMe 1, npn jiio6om n ^ no Hait^eTca Tanoe m n , hto 

a n = m n e n < a < (: m n + l)e n . (2) 

Ecjiii nepefiTii ot n k n + 1, to k OTpe3Ky a n MoryT npn6aBHTbCH 
HeKOToptie OTpe3Kn e n +i, co^epjKanpiecH b a. IIosTOMy l(a n +i) ^ l(a n ). 

TaKHM o6pa30M, nocjie,n,OBaTejibHOCTb nuceji l{a n ) — Hey6biBaK>ir,aH n 
orpaHiineHHan. Cjie^OBaTejibHO, OHa iiMeeT npe^eji; Mbi npiiHiiMaeM ero 3a 
7,jniHy OTpe3Ka a: 

1(a) = lim l(a n ). 

n — »oo 

Ecjiii 0Tpe30K a' paBeH a, to Ha hcm ynjia^biBaeTCH CTOjibKO xce ot- 
pe3KOB, paBHbix e n , h He 6ojiee (nan 3 to HenocpeflCTBeHHO cjieflyeT n3 
BbiBO,a,OB «ajire6pbi OTpe3KOB»). CTajio 6biTb, ,h,jih a' 0Tpe3Kii a' n paBHbi 
a n . TeM caMbiM 


l(a') = \\val(a' n ) = liml(a n ) = 1(a). 

IlTan, ecjni o' = a, to l (a') = 1(a). 

IlycTb Tenepb a = b + c. Otjiojkhb Ha b h c 0Tpe3Kii, paBHbie e n , 
nojiymiM OTpe3Kii b n , c ni npiraeM 

b = b n +P n , c = c n + 7 „, 

rfle (3 n , 7„ — «0CTaTKii» nocjie OTKjiaflbiBamiH OTpe3KOB. paBHbix e n , Tax 
hto (3 n h 7 „ MeHbine e n . He HCKjHoneHO, hto OTpe3KOB /3 n , "f n hct; mojkho 
T orfla cmiTaTb hx «HyjieBbiMii» OTpe3KaMii. no npaBiijiaM ajire6pbi OTpe3- 
KOB, 

b c — b n T c n (Pn "E 7?i); 

h Tax xax P n , < e n , to Pn + 7n < 2 e n . nosTOMy ecjin OTKjia/ipiBaTb 
OTpe3Kii e n Ha OTpe3xe a = b + c, to hx yjiojKHTCH MaxciiMyM Ha o,h,hh 
6 ojibine, neM Ha b h c b cyMMe, t. e. 

bn T Cn ^ ^ b n T C n T 

h, nepexofla k fljnmaM. nojiynaeM 

l(b n ) + l(c n ) ^ l(a n ) ^ l(b n ) + l(c n ) + — . 
noaTOMy b npeflejie npn n — > oo nojiyniiM 


1(a) = 1(b) + 1(c). 



TaxiiM o6pa30M, ycjiOBne (b) ,zi,jih fljiiiHbi bbiiio jmeHO , h TeopeMa 3a flOKa- 

3aHa. □ 

TeopeMa 4. BcsiKue dee (pynKyuu ompe3Ka l, V , ydoe.aemeopfiww,ue 
ycJioeufiM (a) — (b), omAunammcfi mojibKO nocmosmHUM Mnomcume.aeM, 
m. e. l'(a) = k ■ 1(a), k = const. 

floKasaTejitCTBO. IlycTb l, V - cjjyHKnjm c ycjiOBiiHMii (a) — (b) . 
Bo3bmcm KaKOH-Hn6y;i;h 0Tpe30K e n nojionaiM e n = ^e. H 3 CBOiicTBa (b) 

(a, JTJTT-TTT-TBHOCTTT ) CJie^yeT, HTO 

2 n l(e n ) = l(2 n e n ) = 1(e), (3) 


h to nee fljin V . 

IlycTB a — KaKoft-jii'i 6 o 0 Tpe 30 K. OTKjia/i,biBaa: Ha hcm OTpe 3 Kii e ni no- 
jiynHM, no (JsopMyjie (2), 


m n e n < a < (m n + l)e n . 
IIoaTOMy (nojiB3yncb a^miiTiiBHOCTbio l ) HMeeM 

m n l(e n ) < 1(a) < (m n + l)/(e n ). 


OTcro^a, nojib3yncb (3) h flejia Ha 1(e), nojiynnM 

to 1(a) m n + 1 
2" 1(e) < 2" ’ 

IIpHMeHHH Taxon nee BbiBO^ k c^ymcipni V , nojiynnM 

m n l' (a) m n + 1 
"2"~ /'(e) < 2” ' 

3tii HepaBeHCTBa (4), (5) BepHbi npn bchkom n. IIoaTOMy 


( 4 ) 

( 5 ) 


l '(a) 

/'(e) 


/(a) 

Key 


l'(a) = l(a) l M, 

1(e) 


(6) 


hto h Tpe6oBajiocb ,ii,OKa3aTB. □ 

EflHHCTBeHHOCTB flJIHHbl. [Ti fl0Ka3aHH0II TeOpeMBI II('IIOCpe;i,CTIi('II- 
ho cjie^yeT efliiHCTBeHHOCTb fljniHBi npii flaHHOM MacniTa6e: 

TeopeMa 36. IIpu dannoM MacmmaSe e cymecmeyem moAbKO odna 
<f> ynuyufi ompe 3 Ka 1(a) c ycAoeuAMU (a) — (r). 

/)oKa3aTenbCTBO. Ecjii-i <J>yHKHHH l, V onpeflejieHBi npn o^hom 
M acniTa6e e, t. e. 1(e) = /'(e) = 1, to H3 (6 ) cjie^yeT l’ (a) = 1(a). □ 



TeopeMa 5 (o 3aMeHe MacniTa6a). Ec.au d.aunu l, l' onpedejienu npu 
MacwmaSax e, e' , mo 


l' {a) = l(a)l'(e ) = 1(a) ■ y 

/JoKasaTejitCTBO. Ecjiii l npn MacniTa6e e, to 1(e) = 1 h h3 
( 6) l'(a) = l(a)l'(e). H coBepmeHHO Tax see, ecjin l'(e') = 1, to 1(a) = 
l'(a)l(e'). □ 

TeopeMa 6 (o fleiiCTBiiax c /yrtiHaMn) . Omnowenue paeencmea, one- 
payuu cyMMU, pa3uocmu, omnomenuA «6o.ai>iue—MeH'biue» 3aa ompe3Koe 
u ux Sjiuh npu aw6om dannoM Macmma6e noAHoemum coomeemcmeymm 
dpyz dpyzy; m. e. ecjiu a = b, mo 1(a) = 1(b), u o6pamno: ecAu 1(a) = 1(b), 
mo a = b; u anaAozuHno Saa cyMM u m. d. 

/JoKasaTejiBCTBO. Ecjiii a = b, to 1(a) = 1(b) no ycjiOBino (6). 
^OKanceM o6paTHoe. IlycTb 1(a) = 1(b). ^onycTHM, o^HaKO, nTO a ^ b h, 
CKanceM, a > b, t. e. a = b + c. Tor^a 1(a) = 1(b) + 1(c) > 1(b). CjieflOBa- 
TejiBHO, Heo6xo/i,HMO a = b. 

Ecjiii a = b + c, to 1(a) = 1(b) + 1(c) no ycjiOBino (b). ^onanceM 
o6paTHoe. IlycTb 1(a) = 1(b) + 1(c). IIo ycjiOBino (b) 1(b) + 1(c) = l(b + c), 
Tan hto 1(a) = l(b + c). OTCK>,n,a, no tojibko hto flOKa3aHHOMy, a = b + c. 
/Jjis pa3HOCTii flOKa3aTejibCTBO aHajiornnHO. 

Ecjiii a > b, t. e. a = b + c, to 1(a) = l(b + c) n 1(a) = 1(b) + 1(c) > 1(b). 
^OKanceM o6paTHoe. IlycTb 1(a) > 1(b). Tor^a He mojkbt 6mtb hh a < b, 
hh a = b, Tan nan 6 bijio 6bi 1(a) < 1(b) hjih 1(a) = 1(b). Cjie^OBaTejiBHO, 
a > b. □ 

TeopeMa 7 (06 OTpe3Ke 3a;iaHHon fljniHbi). TIpu ak>6om Macmmabe e 
3 aa bcakozo noAootcumeAtiHozo hucao x cymecmeyem ompe30K c dAunou 
(e Macmma6e e), paenou x. 

floKasaTejiBCTBO. IlycTb 3a^aH MacniTa6 e; fljnmy b stom Mac- 
niTa6e o6o3HanaeM l. IlycTb ,n,aHO eme niicjio x > 0. B3sb pejioe n > x, 
nocTpoiiM 0Tpe30K AB = ne. Ha HeM ecTb tohkh M, ,h,jih KOTopbix 
l(AM) < x (HanpiiMep, AM = ecjiii l/2 m < x). nycTb F\ — Kjiacc 
Bcex TaKiix Tonen M, a F-2 — Kjiacc Bcex /i,pyriix Tonen N, jiescamiix Ha 
AB. OneBii^HO, stii Kjiaccbi yflOBjieTBopsiOT ycjiOBiisM aKCiiOMbi Henpe- 
pbiBHOCTii. nosTOMy cymecTByeT Tanas Tonna C, hto ^jis Bcex M € F\ n 
N G F 2 

l (AM) < l (AC) < l(AN). 

OTpe 30 K AC HMeeT Hysoiyio /pii-my: l (AC) = x, ^eiicTBHTejibHO, flony- 
cthm, l (AC) < x. Torfla B03bMeM 0Tpe30K b c 1(b) <x l (AC). Otjiojkhb 



ero Ha CB, nojiyHHM 0Tpe30K CD, a 6ya,eT 


l (AD) = l (AC) + l(CD) < l (AC) + x- l(AC) = x. 

TeM caMHM D £ Fi, h noTOMy aojekho 6hith l (AD) Sj l (AC), xoth 
l(AD) > l (AC). 3to npoTHBopeniie noKa3biBaeT, hto hc MonceT 6bitb 
l (AC) < x. AHajioniHHO ^OKajKeM, hto ho mojkct 6bitb l(AC) > x. Cjie- 
^OBaTejiBHO, l (AC) = x. TeopeMa 7 ,n,OKa3aHa. □ 

TeopeMa 7 BMecTe c TeopeMaMii 3 h 6 npriBO/piT k BbiBO^y: 

H3Mepenue ompe3Koe, Kozda eu6pan Macmmad, ycmanae.aueaem 63a- 
umho odno3HaHHoe coomeemcmeue Meotcdy KJiaccaMU paenux ompe3Koe 
u no.nomcumeji'bHUMU hucmmu, npu uomopoM cyMMU ompe3Koe u nuceji 
coomeemcmeywm dpyz dpyzy (a ecziedcmeue smozo u pa3Hocmu, u orrmo- 
uienufi «6oJit>we — M,em>uie» manatee coomeemcmeywm dpyz dpyzy). 

§ 4. IIjIOCKOCTHBie aKCHOMbl 

IIjiocKOCTHBie aKCHOMbi, o6ocHOBbiBaK>m,iie n3MepeHne yrjiOB, mojkho 
ccJjopMyjiiipoBaTb cjieflyromiiM o6pa30M, c HaiiMCHbrniiM OTKjiOHemieM ot 
aKCHOM, BbiCKa3aHHbix b tji. I h. 2. Bcjie^ 3a neTbipbMH rpynnaMH jniHeft- 
Hbix aKCHOM OHii o6pa3yiOT nHTyio rpynny. 

Vi. Cyiyecmeyem mpu mounu, ne Jieotcaipue na odnoM ompe3Ke. 

V 2 . Bcjwasi npsiMasi dejium ece ne npunad.aeoKaw,ue eu mounu na dea 
n.aacca: «jieotcaiu,ue c odnou u c dpyzou cmoponu om nee». 

3aMeaaHHe. B rji. I h. 2 aKCHOMa ^ejieHiiH njiocKOCTii co;icp>Kajia erne 
yTBep>K/3,eHiie, hto Bcer^a ecTb tohkii, jiejKaiipie c pa3Hbix ctopoh ot npa- 
moh. Ho Tenepb BBefleHa aKCHOMa Vi, 113 KOTopoft sto Henocpe^CTBeHHO 
cjie^yeT. 

^eitcTBiiTejibHO, ecjrn a — ^.aHHaa npaMaa, to no aKCHOMe Vi cyme- 
CTByeT tohkh A, He jiejKamaH Ha hcii. Bo3bM6M Ha a TOHKy B, npoBefleM 
0Tpe30K AB h npoflOJKKiiM 3 a TOHKy B. Ero KOHpbi 6y^yT jiexcaTb c pa3- 

HblX CTOpOH OT a. 

noMHMO SToro aKCHOMa Vi o6ecneHHBaeT BMecTe c aKCiiOMaMii cbh3ii 
0Tpe3K0B h ToneK, cymecTBOBamie OTpe3KOB. 

VI. Akchombi yrjia. 

Tenepb, onpeflejiiiB yroji h nonepenimbi, KaK b rji. I h. 2, ccjiopMyjiHpy- 
eM aKCHOMbi 06 yrjiax. 

VIi (aKCHOMa paBHbix yrjiOB). Ec.au y deyx yzjioe ecmu paeuue coom- 
eemcmeennue nonepeuuHU, mo ece ux coomeemcmeermue nonepeuunu 
paeuu. Tam-ie yrjibi Mbi Ha3biBaeM paenuMU. 



VI 2 (aKcnoMa OTKjiaflbiBamiH yrjia). Om jiw6ozo dannozo ompe3Ka om 
dannozo ezo Konya u no dannym cmopony om nezo mookho omjiooKumu 
yzoji, paenuu, dannoMy Hepa3eepnymoMy yzjiy. 

VI 3 (aKCHOMa efliiHCTBenHOCTii) . Yzoji, omJioofceHHuu no aKcuoMe VI 2 , 
eduHcmeennuu. 

3aMenaHHe. Akchomr VI 3 Ha caMOM ^.ejie jihihhhh: OHa bbibo/^htch 
h 3 ppyriix. Akchombi VI 1.2 mojkho 3aMemiTb 6ojiee npocTbiMH. Ho noxa 
mbi npiiHHMaeM Bee Tpii aKCHOMbi pa; in npocTOTbi. 

VII. AKCHOMa napajiJiejibHbix. 

B rji. I h. 2 6buin paHbi Tpii (JiopMyjiHpoBKH stoii aKCiiOMbi; mojkho 
npiiHHTb jno6yro H3 hilx. A mojkho, HanpiiMep, 3aMeHiiTb aKCiiOMy napaji- 
jiejibHbix OTpe3KOB cjie,nyiomeFi. 

Cymecmeyem xomu 6u odun npjiMoyzojibHUK, ujiu mounee: cyvufi- 
cmeymm mame uemupe ompe3Ka AB , AC, BD, CD, hto AC = BD, 
AB = CD, AC A AB, AB A BD. 

,HpyroH Bapnairr njiocKOCTHbix aKCHOM: 

B 3tom BapnaHTe aKCHOMbi V 11 VI 3aMeHHiOTCH TaKHMH, KOTopbie ro- 
bopht o TpeyrojibHiiKax. nosTOMy hx mojkho o6be^,HHHTb b o/ipy rpynny: 

V*. Akchombi TpeyrojibHHKa. 

Vi*. Cymecmeymm mpu mourn, ne JieoKamue na oOhom ompe3Ke. 

0Tpe3Kii AB, BC, CA, coe/pmaiomiie Tpn tohkii A, B, C , o6pa3yiOT 
TpeyrojibHiiK. nosTOMy 3Ty aKCiiOMy mojkho Ha3BaTb «aKCHOMoFi cyipe- 
CTBOBaHHH TpeyrojibHHKa ». 

V 2 *. Ecjiu ompe30K nepeceKaem cmopony mpeyzojiunuKa, mo oh ( u.au 
ezo npodoJioKenue) nepeceKaem em,e odny cmopony mpeyzo./ibHUKa, au6o 
npoxodum uepe3 eepmuny. (OTpe30K a nepeceKaeT 0Tpe30K b, ecjin y ot- 
pe3KOB a, b ecTb epimcTBeimaH oOipan TOHKa, jiexcarpaH Ha rax o6ohx. 
AHajiorHHHO, npaMaa nepeceKaem 0Tpe30K, ecjin OHa copepxcHT oppy, h 
tojibko oppy jiejKamyio Ha hcm TOHKy; puc. 7.) 


3ia aKCHOMa Ha3biBaeTCH «aKCHOMoFi na- 
ma» no imchii HeMepKoro reoMeTpa M. na- 
rna (1843-1930), BnepBbie BbiCKa3aBHiero ee b 
1882 r. Ee o6bihho BbipaxaiOT b cjiepyioipeH 
paBHOCHjibHofi 4>opMe: 



Ecjiu, npuMan nepeceKaem cmopony mpe- 
yzojiunuKa u ne npoxodum uepe3 ezo eepmuny, 
mo ona nepeceKaem u dpyzyio cmopony. 


Phc. 7 


AKCHOMa pejieHHH: njiocKOCTii, KaK 6 ypeT poKa 3 aHO, cjiepyeT 113 aKCii- 
OMbi narna. Ho aKCHOMa nania ropaspo npoipe, TaK KaK roBopiiT He o 


Been iuiockocth, a jiimib o tom hjih iihom TpeyrojibmiKe, — coScTBeHHO, o 
KOHeHHOM HUCJie TOH6K. 

^jih <J)opMyjiHpoBKn ^ajiBHCiimiix aKCHOM npimeM onpe^ejieHiie. 
IlycTB a — flaHHbifi 0Tpe30K h A — TOHKa, He npimafljiejKaipaH HHKaKO- 
My OTpe3Ky, co^epncameMy a. Mbi roBopiiM, hto TOHKa B jicjkht c moil 
OK.e cmoponu ot OTpe3Ka a, hto h TOHKa A, ecjin 0Tpe30K AB He HMeeT 
o6ih;hx Tonex hii c KaxiiM 0Tpe3K0M, co,nep:>KaiH,HM a. CooTBeTCTBeHHO, bbi- 
panceHiie «c flaHHOfi CTopoHbi ot OTpe3Ka a» 03HanaeT «c o,h,hoh CTopoHbi 
c ^aHHOli tohkoh». (Kan CKa3aH0, H3 aKCHOMbi IlaHia cjie,nyeT, hto ecTB 
TOJIBKO ^Be « CTOpOHBI » OTHOCHTejIBHO JIK)6orO flaHHOTO 0Tpe3Ka, HO ,H,JIH 
cjjopMyjinpoBKH cjie,nyiOHi,Hx aKCHOM sto ne HyjKHO.) 

V 3 *. Ecjiu AB = A'B', AC = A'C, BC = B’C’ , u earn D, D' - 
mame mounu na AB u A' B' , umo AD = A' D' , mo maKotce CD = CD' 
(puc. 8). 




V 4 *. ffjia aw6ozo mpeyzo.abnuKa ABC u ompe3Ka A'B ' , paenozo AB , 
c jiio6ou dannoil cmoponu om A'B' cyupecmeyem manasi mouKa C’ , umo 
A'C = AC, B'C = BC (puc. 9). 

AKCiiOMa V 3 * 3aMeHseT aKCiiOMy VI 1 paBeHCTBa yrjiOB, a aKCHOMa 
V 4 * — aKCHOMy VI 2 OTKjia^biBaHiiH: yrjia; aKCHOMa efliracTBeHHOCTH VI 3 
cjie,nyeT H3 hiix. 

Tenepb ee mojkho Bbipa3HTb b BH^e cjie^yiomeH TeopeMbi: 

Ecjiu mouKu C , C\ Aeotcam c odnoil cmoponu om ompe3Ka AB u AC = 
AC 1 , BC = BC\, mo amu mov,Ku coenadawm. 

O^HaKO BbiBOfl aKCHOM VI H3 aKCHOM V 3 *, V 4 * Mbi H3JiaraTb 3,necb He 
6yn;eM. Ero mojkho HaiiTH b KHiire: AAeKcandpoe A. JJ. OcHOBamiH reoMeT- 
Phh. M.: Hayna, 1987. C. 150-153. 

Bbmo^ aKCHOMbi ;j,ejieiiH>i njiocKOCTH H3 aKCHOMbi llama. 

TeopeMa 1. Ecau nyv, c hclhclaom e eepmune yzAa nepeceKaem od- 
ny nonepeuuny, mo on nepeceKaem u ecAKym dpyzym nonepeuuny omozo 
yzAa. 



Phc. 9 



floKasaTejiBCTBO. IlycTb jiyn a c HanajiOM b Bepimme yrjia nepe- 
ceKaeT nonepemmy AB (piic. 10). Tor,n,a, no aKCHOMe llama, oh nepecenaeT 
jno6yro nonepemmy AC, Tan nan CTopoHy BC TpeyrojitmiKa ABC oh He 
mojkbt nepeceKaTb, nocKOjitKy co^epaaiT Bepmimy yrjia. Tohho Tan nee 
jiyn nepecenaeT jno6yio nonepemmy DC, hto h Tpe6oBajiocb flOKa3aTb. □ 
TeopeMa 2 . IIpsiMasi , nepeceKamw,asi dee emoponu mpeyzojimuKa, we 
UMeem c hum dpyzux o6iu,ux mouen. 

)],OKa3aTejHjCTBO. IlycTb npaMaa a npoxofliiT nepe3 tohkii P, Q 
Ha CTopoHax AB, AC TpeyrojibHima ABC . r Hpyriix o6ih,iix Tonex c stiimh 
CTopoHaMH npaMaa a He HMeeT (eejm 6bi 6bijia em;e o6m,a h TOHKa B\, 
HanpiiMep, c AB, to npnMan co^epncajia 6bi AB). 

^onycTHM, npaMaa a nepecexaeT BC b Tonne D. OTpe30K PQ, k'ak ii 
CT opoHa BC, hbjihk)tch nonepemiHaMH yrjia A. IIosTOMy jiyn AD nepece- 
Kaji 6bi PQ b HeKOTopoii tohkc R. Ilojiynajiocb 6m, hto 0Tpe30K AD nMeeT 
^Be tohkh Ha npHMOii a n, cjie^OBaTejibHO, co^epjKHTCH b Heft; npaMaa a 
npoxo^Hjia 6bi nepe3 A, hto ncKjiiOHeHO. TeopeMa 2 ^0Ka3aHa. □ 

TeopeMa 3 . BunoJinsiemcfL ymeepcHcdenue clkcuomu dejienufi tuiocko- 
emu V2. 

/],OKa3aTejHjCTBO. IlycTb a — ^aHHaa npuMaa. IIo aKCHOMe Vi 
ecTb TOHKa, He jiejKamaa Ha a. Coe^iiHHM 3Ty TOHKy A c KaKoft-jmSo 
tohkoh P G a ii npo/i,ojiJKHM 0Tpe30K AP 3 a TOHKy P. IIojiyHaeM 0Tpe30K 
AB, nepeceKaiom,HH npHMyio a. 

Tohkii M TaKi-ie, hto AM He HMeeT c a o6ih,hx ToneK, othociim b Kjiacc 
Fa, ocTajibHbie tohkii, hc npiiHafljiejKamiie a, — b Kjiacc Fb \ b stom Kjiacce 
TOHKa B. Ecjih M, M' £ F\, to MM' He nepeceKaeTCH c a (TaK KaK imane, 
no aKCHOMe llama, a flojixaia 6bijia 6bi nepeceKaTb AM hjih AM'). 


IlycTt N, N' £ F 2 \ 3to 3HaniiT, hto AN h AN' nepeceicaiOT a, a 
cjieflOBaTejibHO, no TeopeMe 2, NN' He nepecexaeT a. TaxnM o6pa30M, Bee 
tohkii, He npiiHafljieacamiie npaMofi a , pa3flejieHbi Ha ^Ba Kjiacca, KaK h 
Tpe6yeTCH aKCiiOMolt ^enemra njiocKOCTii. □ 

§ 5. Ajire6pa yrjioe. H3Mepemie yrjioe 

^jih yrjiOB HMeeT mccto «ajire6pa», aHajioniHHaa ajire6pe OTpe3KOB, 
c Toil, oflHaKO, pa3HHH,eii, hto yrjibi orpaHHneHbi pa3BepHyTbiM yrjiOM, a 
OTpe3KH He orpaHHHeHbi. 

TeopeMa 1. OmHomenue paeencmea yzjioe petfuieKcueno, cuMMem- 
puuHo u mpaH3umu6Ho. 

floKasaTejiBCTBO. PaBeHCTBO yrjiOB onpe^ejiaeTCH paBeHCTBOM co- 
OTBeTCTBeHHBix nonepemiH, t. e. nepe3 paBeHCTBO OTpe3KOB. IIoaTOMy oho 
Tax ace petJ)jieKCiiBHO, chmmctpiihho ii TpaH3HTHBHO, KaK paBeHCTBO ot- 
pe3K0B (npocjieflHTe sto saKjnoHemie b fleTajiax) . □ 

^ajiBHeimnie bbibo^bi, OTHOcaiipiecH k ajire6pe yrjiOB, ocHOBaHBi Ha 
TeopeMax o paBeHCTBe Tpeyro jibhhkob . 3th TeopeMbi ,n,OKa3aHbi b tji. II h. 2 
Ha ocHOBe aKCHOMbi o paBeHCTBax yrjiOB, Tax hto mu MoaceM ii Tenepb hmii 
nojib30BaTbca, npeac^e Bcero b cjie,a,yioiH;eH TeopeMe o CMeacHbix yrjiax. 

TeopeMa 2. Yajiu, cMeoKHue paenuM yzMM, paenu. 

/JoKasaTejitCTBO. IlycTb 0 , 0\ — paBHbie yrjibi (o6o3HanaeMbie 
hx BepiHiiHaMii) . Ha hx CTopoHax otjiojkiim paBHbie 0Tpe3Kii: OA = 
0\A\ — Ha o6ih,hx CTopoHax stiix yrjiOB h iim CMeacHbix, h OB = 0\B\ — 
Ha flpyrux CTopoHax. Ha npo^ojiaceHim stiix ctopoh otjiojkiim Tanace ot- 
pe3Kii OC = 0\C\ (puc. 11), Tax hto BC = BiC\. 




Phc. 11 

TpeyrojibHHKii OAB , 0\A\Bi paBHbi no AByM CTopoHaM h yrjiy Meac- 
py hhmh (Tax KaK AO = AO ± no ycjiOBino). nosTOMy AB = AB\ ii 
AB = A\B\. H TpeyrojibHiiKH ABC , A\BiC\ paBHbi no flByM CTopoHaM 
ii yrjiy Meacfly hhmii ( AB = AB \ ). nosTOMy AC = A\C\. 

TaxiiM o6pa3QM, y TpeyrojibHHKOB OAC, O1A1C1 ctopohm paBHbi, a 


3HaHHT, paBHbi iix yrjibi npii Bepiiiimax O, 0\, hto n TpeSoBajiocb ,n,oxa- 

3aTB. □ 

H 3 TeopeMBi 2 BbiBOflHTca o6paTHasi eft 

TeopeMa 3. IIycmt> yzjiu ab , a\b\ paenu, yzoji be — cMeotcnuu c ab u k 
yzjiy a\b\ «npucmpoen» yzoji b\C\, paenuu be. Tozda amom yzoA ona3uea- 
emcsi cMeoKHUM c yzjioM a±bi (pnc. 12). («IIpHCTpoeH» — 3HanHT, CTopoHa 
bi y hhx o6m,aa, a a\ n c\ jieixaT no pa3Hbie CTopoHbi ot Hee.) 




Pnc. 12 


^OKa3aTejibCTBO. IlycTb BbinojiHeHbi BbiCKa3aHHbie ycjiOBiia. 
IIpo/iojiyKHB CTopoHy oi yrjia a\b\ 3a Bepniiray, nojiynaeM yroji b\C2, CMe»c- 
Hbift c cii&i . H Tax xax Za\bi = Zab , to, no TeopeMe 2, Zb\C 2 = Zbc. Ho, 
no axcnoMe OTxjiaflbiBaHiin yrjia, ot OTpe3xa b\ ot ^,aHHoro ero xoHpa 
mojxho OTjiojxHTb no OflHy CTopoHy ot bi TOJibxo oflHH yroji, paBHbift flaH- 
HOMy Zbc. CjieflOBaTejibHO, Zb\C\ coBna^aeT c Zb\C 2 , t. e. oh CMejxHbift c 
a\b\, hto n Tpe6oBajiocb ,n,oxa3aTb. □ 

Mbi roBopiiM, hto yroji ab cocmaejien 113 yr- 
jiob ac, be , ecjni 0Tpe30x c npoxo^iiT b yrjie ab', b 
stom cjiynae mbi Taxixe roBopiiM, hto Zab cjia- 
zaemcA 113 Zac, Zbc hjih HBjiaeTca nx cyMMou 
(pnc. 13). 

Ecjiii yroji ab pa3BepHyTbift, to Kawcduu ot- 
pe30x c c xonpoM b ero Bepinime (He Hajieraio- 
npift na ero CTopoHbi) ycjiOBHMcn cmiTaTb npoxoflain,HM BHyTpn yrjia ab 
n yroji ab cmiTaTb cocTaBjieHHbiM H3 yrjiOB ac ii be. Yrjibi sth, xax 6bijio 
onpe^ejieHO, CMeixHbi. 

^(jih cjiojxemiH yrjiOB BbinojiHueTca TeopeMa, aHajioraiHHaH axcnoMe 
cjiojxemia OTpe3xoB. 

TeopeMa 4 (o cjioJxeHini yrjiOB). Yz.au, cocmaejiennue U3 paenux 
yzjioe, paenu, m. e. ecjiu ompe3KU c, C\ npoxodsim enympu yzjioe ab, a\b± u 
npu 3moM Zac = Za\C\, Zbc = Zb\C\, mo maKotce Zab = Za\b\ (pnc. 14). 

/(oxa3aTejiijCTBO. npoBe^eM ,n,oxa3aTejibCTBO fljin cjiynan, xor^,a 
«cyMMa» — HacTOHiniift (He pa3BepHyTbiii) yroji. nycTb /i,aHbi yrjibi ab, a\b\ 
c BepiHiiHaMii O, 0 1 , npimeM yroji ab — HacTonin,nft. nycTb 0Tpe3xn c, Ci 



a 


a 


Phc. 14 


npoxo^HT BHyTpn yrjiOB ab h ai&i, npnneM Zac = Za\C \ , Zbc = Zb\C\. 
Tax KaK yroji ab — HacToamriii, to 0Tpe30K c nepecenaeT KaKyro-TO ero 
nonepe’THHy AB ( A Ha a, B Hat). IlycTB C — TOHKa nepeceHemiH 0Tpe3Ka 
c h nonepeHimti AB (pnc. 15). Ha OTpe3Kax a\, b\, c\ B03tMeM tohkii Hi, 
Bi, Ci Tax, hto 0\A\ = OA , 0\B\ = OB , 0\C\ = OC (ecjni OTpe3Kii 
ai, bi, Ci «He ^OTHniBaiOT » ,n,o 3 toto, to iix mojkho npoflOjcKHTb) . Tor^a 
no paBeHCTBy yrjiOB npii O 1 O 1 6yn,eT 

AOAC = A0 1 A 1 Ci, A0BC = A0 1 B 1 C 1 . (1) 

TeM caMBiM yrjibi npn C 11 C\ b sthx TpeyrojibHHKax paBHw. 




Phc. 15 

Ho yrjibi npn C — CMe>KHbie. noaTOMy yrjibi npii C\ TO»ce CMejKHbie, 
xax cjie^yeT H3 TeopeMbi 3 . CTajio 6biTb, OTpe3Kii A\C\, B\C\ o6pa3yiOT 
Oflra 0Tpe30K Hi Hi. H Tax KaK, BBHfly ( 1 ), A\C\ = AC, B\C\ = BC, 
to, no aKCHOMe cjiojKeHna, Taxsce Hi Hi = AB. TaKHM o6pa30M, y Tpe- 
yrojibHHKOB OAB , O1H1H1 Bee CTopoHbi paBHbi, a 3HaniiT, ZO = ZO\, 
t. e. Zab = Za\bi, hto ii Tpe6oBajiocb ,n,OKa3aTb. □ 

TeopeMa 4 cjiojKemiH yrjiOB flOKaaaHa, Kor^a xoth 6bi oflim cocTaBHoii 
yroji — HacTOHin,HH. Tor^a Bbixo^HT, hto h ^pyroii — HacT 05 nn,HH. CjiynaH, 
Kor^a 06a yrjia pa 3 BepHyTbie, pemaeTCH cjieflyroin,eH TeopeMon. 


TeopeMa 5. Bee pa3eepnymue yzjiu paenu. 

floKasaTejiBCTBO. Ha CTopoHax /i,Byx pa3BepHyTBix yrjiOB O, 0\ 
B03BMeM tohxii A, B h A\ 1 B\ Tax, hto OA = 0\A\ : OB = 0\B\. Topua, 
no TeopeMe 1 § 6 rji. I n. 2 o pacnojiojxeHini 
OTpe3KOB, OTP63KH OA , OB H () \ A\ . () \ B\ 

cocTaBjinroT OTp63Kii AB , A\B\ (pnc. 16). Jj ' q ^ ~g 
noaTOMy, corjiacHO axciiOMe cjiojxemin ot- 

pe3X0B, AB = AiBi, t. e. nonepenimbi paB- j j | j j 

hbi, h, CTajio 6bitb, ZO = ZOi, hto n Tpe- A O B 

6oBajiocb ,ii,oxa3aTb. □ 

Tenept mbi o6o6m,iiM noHHTiie o cjiojxchiih yrjiOB 6yxBajibHO Tax ixe, 
xax mbi o6o6ih,hjih b Hanajie § 2 noHHTiie o cjiojxemin OTpe3xoB. 

Onpe^ejieHHe. Mbi roBopiiM, hto yroji a npe^CTaBjineT cyMMy yrjiOB 
/3 n 7 , n mnneM a = /3 + 7, ecjin yroji a cocTaBjieH 113 yrjiOB, paBHBix (3 h 
7, hjih, BOo6me, paBeH yrjiy, cocTaBjieHHOMy 113 Taxux yrjiOB. 

Onepapriio cjioixeHiiH flaHHBix yrjiOB (3 n 7 mojxho npe^CTaBHTB Tax. 
Ctpoiim yroji ac, paBHBiii /3, n npiiCTpaiiBaeM x HeMy yroji cb , paBHBifl: 7 , 
t. e. CTpoiiM yroji, paBHBin 7 , co CTopoHofi c — toh jxe, hto y yrjia ac, ho c 
,H pyroH ctopohbi ot Hee (pnc. 17). npii stom moxkt oxa3aTBCH, hto CTopo- 
Ha c y>xe He 6 y^eT npoxo^iiTB Mejxfly an b: cyMMapHBitt yroji nojiymiTCH 
6 ojiBine pa3BepHyToro. 





^ajiBine mbi onpe^ejiHM h paccMOTpHM Taxue yrjiBi, ho noxa mbi stoto 
,n,ejiaTB He 6yneM, orpaHiiHiiBancB cjioixeHiieM yrjiOB, xoiyja cyMMa oxa3Bi- 
BaeTCH, caMoe 6ojiBinee, pa3BepHyTBiM yrjiOM. 


TaK ace, KaK fljia 0Tpe3K0B, onpe^ejiaeM npii HaTypajibHOM n yroji na 
h yroji jjCt (noMHH, hto yroji na .npjiJKeH 6biTb He Sojibine pa3BepHyToro) . 

/],ajiee, Tax see, KaK ,n,jia OTpe3KOB, onpe^ejiaeM BBiHiiTamie yrjiOB: Ha- 
3tiBaeM hx pa3Hocrm>K> 7 = a — (3 TaKoit yroji, hto (3 + 7 = a, ecjni ecTb 
TaKoii 7. Tohho TaK ace onpe^ejiaeM: a > (3, ecjin ecTB TaKoii yroji 7, hto 
a = (3 + 7 (pnc. 17). 

KaK h fljia OTpe3KOB, flOKa3BiBaeTca 

TeopeMa 6. Ecau a > [3 u a\ = a, (3\ = (3, mo ai > (3\, a\ — (3\ = 
a — [3. 

3Ta TeopeMa OTanaaeTca ot cooTBeTCTByiomeH jicmmbi h 3 § 2 fljia ot- 
pe3KOB jiiinib TeM, hto bmccto kohh,ob A, B h no,n,o6Hbix OTpe3KOB no- 
hbjihiotch CTopoHbi yrjiOB a, b 11 t. n. (6ojibHiiie 6yKBBi 3aM6HaiOTca Ha 
CTpoHHbie) 11 BMecTO OTKjiaflBiBamiH OTpe3Ka b^ojih flaHHoro OTpe3Ka no- 
aBjiaeTca OTKjiaflBiBaHne yrjia c toh nee CTopoHbi, r,n,e flaHHBiii yroji. 

CooTBeTCTBeHHO h ^OKa3aTejiHCTBO nojiyaaeTca TaKoii 3aM6HOii b ,n,o- 
Ka3aTejiBCTBe ,n,jia OTpe3KOB, a bmccto ccmjikh Ha aKCHOMy cjioacemia ot- 
pe3KOB ccbijiaeMCH Ha flOKa3aHHyio TeopeMy o cjioaceHim yrjiOB. 

HiiTaTejiio nojie3HO caMOMy npoBecTii nojiyaaiomeeca flOKa3aTejiB- 
ctbo. □ 

B HTore nojiyaaeM: 

TeopeMa 7 (06 ajire 6 pe yrjiOB) . /Jam yzAoe napsidy c ochoohum uoha- 
mue.u paeencmea onpedeAenu onepayuu, cAocucemui u eunumanusi u om- 
Homenue «6oAbiue^MeHt>iue». IIpu omoM 0Ka3ueaemcA, umo smu onepa- 
yuu u omHomenue oSAadawm manuMU otce ceoucmeaMU, kcik 3aa no.no- 
otcumeAbHux uuceA, ne npeeocxodnmux kclkozo-au6o dannozo hucacl (co- 
omeemcmeeHHo mo.M,y, umo yzAu ne 6oAbiue paseepnymozo) . Hmchho, 
npeoKde ecezo eunoAwiemcA CAedymipee: 

1. ffAA ak>6ux deyx yzAoe a, (3 manux, umo (3 ^ /?', zde (3' — yzoA, 
CMeotcHuu c a, onpedeAena ux cyMMa. 

2. BunoAHAwmcsi nepeMecmume.n'bHuu u conemameAbHuu 3 okohu cao- 
OKenuA. □ 

BbinojiHHiOTCH TaK»ce naTb cboiictb, KOToptie fljia OTpe3KOB ciJiopMy- 
JII'ipOBaHBI B KOHpe § 2. 

/],OKa3aTejiBCTBa Bcex 3 thx cboiictb nojiyaaiOTca tohho TaK ace. IIpo- 
cjiefliiTB Bee 3 th BbiBO^bi mhi npefloCTaBjiaeM HiiTaTejiio b KaaecTBe oaeHb 
nojie3Horo ynpaacHemia, Kor^a flOKa3aTejibCTBO He npocTO noBTopaeTca, 
a noBTopaeTca c HeKOTopbiMii He 6 ojibmiiMii lOMeHeHiiaMii b flpynix ycjio- 
Biiax. 

B aacTHOCTii, npii HaTypajibHOM n, ecjin a = (3, to —a = i/3. 3 to 
BK jnoaaeT, hto no./ioeunu paenux yzAoe paenu (h TaK KaK yroji paBeH ca- 



MOMy ce6e, to ero nojiOBiiHBi paBHBi; cooTBeTCTBeHHO , SiicceKTpuca yrjia 
tojibko o,a,Ha). IIpiiMeHaa sto k npaMOMy yrjiy, t. e. k nojiOBiiHe pa3Bep- 
HyToro yrjia, nojiynaeM: 

(1) Bee npsiMue yzAU paenu . 

(2) Bepe 3 dannym mowny na ompe 3 Ke npoxodum moJit>KO odun nepnen - 
duKy.anp ( odun c mouHocmbw da ydAuneHUM u yKopouenuJi ) . 

CuepxTyiiBie yrjiti. IIpirfSaBjiHa KaKoft-Hn 6 yzp> yroji k pa3BepHyTO- 
My yrjiy, nojiyniiM «CBepxTynolt yroji». HeHajieraiomHx OTpe3Ka c 06 - 
ih,hm kohd,om onpe^ejiaiOT flBa yrjia, jih6o pa3BepHyTBie, jiii6o ecjrn o^i-ih 
He pa3BepHyTbifi, to ^pyrofi CBepxTynoii. Oh OTjninaeTca TeM, hto ecjni 
npoflOjiJKHTb CTopoHy yrjia 3a BepniHHy, to oh npe^CTaBiiTca KaK cyMMa 
pa3BepHyToro h HacTOHipero yrjia. KaKyio H3 ctopoh mbi npoflOjiaaiM — He 
BajKHo: yrjiBi, npn 6 aBjiaeMBie b Kaac^OM cjiynae k pa3BepHyTOMy, — Bep- 
THKajiBHBie, a noTOMy paBHBi. Boo 6 m,e, onpe^ejiaeM ppa CBepxTynBix yrjia 
KaK paBHbie, ecjin ohii nojiyaaiOTca npn 6 aBjieHiieM k pa3BepHyTbiM yrjiaM 
paBHBix yrjiOB. Mbi nojiynaeM bo3mo>khoctb CKjiaflBiBaTB yrjiBi h Tor,a,a, 
Kor^a b cyMMe nojiynaeTca CBepxTynoii yroji. IIpii stom aHajioriiHHO Teo- 
peMe 4 BBinojiHaeTca 

TeopeMa 8. Ecjiu paenue yzAU a = a\, (3 = (3\ o 6 pa 3 ywm e cyMMe 
ceepxmynue yzjiu 7 = a + /?, 71 = «i + /3± , to 7 = 71 . 

/],OKa3aTejiBCTBO HiiTaTejiB nojiyniiT caM, nojiB3yacB onpe^ejieHiieM pa- 
BeHCTBa CBepxTynBix yrjiOB h CBOiicTBaMii cjiojKemia h BBiHiiTamia o6bih- 
hbix yrjiOB. □ 

CBepxTynoii yroji, KaK h o6bihhbiii yroji, mojkho eipe npe^CTaBjiaTB 
KaK «aacTB njiocKOCTii» — KaK tfiiirypy, o6pa30BaHHyio OTpe3KaMii (jiyna- 
mh) c o6hi,hm kohh,om (Kor^a roBopaT o tom, hto6bi BBipe3aTB yroji 113 
6yMarn, yroji noHiiMaiOT b stom CMBicjie). CjioateHiie yrjiOB 3aKjHoaaeTca 
Torfla b tom, hto cyMMa cocTaBjiaeTca 113 cjiaraeMBix. Yroji 7 aBjiaeT- 
ca cyMMoii yrjiOB a, (3, ecjin oh cjryaarr hx o6BefliiHeHiieM h ohii iiMeiOT 
tojibko o6m,yio CTopoHy. 

Ctopohbi HacToaipero yrjia ^ejiaT Bee OTpe3Kii, Hcxo^amne H3 ero Bep- 
HiiiHBi (hc CHiiTaa caMiix ctopoh), Ha ppa Kjiacca: Te, KOTopBie npoxo- 
ppT b yrjie, t. e. nepeceKaiOT ero nonepeHimy, h Bee ocTajiBHBie. Kaat- 
7,bih H3 3Tiix KjiaccoB BMecTe co CTopoHaMii yrjia o6pa3yeT «njiocKHii 
yroji»: o;;pih MeHBine pa3BepHyToro, coflepacairpiftcH b nojiynjiocKOCTH, 
Tpyroii SojiBine pa3BepHyToro, coflepjKamiiii nojiynjiocKOCTB, — CBepx- 
Tynoii. 

TepMHH «njiocKiiii yroji» BBipaxcaeT 3^ecB to, hto penB imeT 0 «HacTi-i 


njIOCKOCTII». 



H3MepeHne yrjiOB. XL'ia yrjiOB BbinojiHaeTca y"niep>K;i,enMe. coBep- 
meHHO aHajioniaHoe axciiOMe HenpepbiBHOCTn. 

TeopeMa 9. Ilycmb ompe3Ku, npoxodtnpue e dannoM ( HacmoAW,e.M , ) 
yzAe ab , pa36umu na dea KAacca F\, F2 mate, umo ecAu d £ F\ u e £ 
F2, mo yzo.a ad we 6oAt>uie yzAa ae. Tozda cyiyecmeyem maKou udyiu,uu 
enympu yzAa ab ompe30K c, umo ()a.h ecex d £ F\ u e £ F2 Z ad ^ Z ac 
Z ae. 

,ZI,OKa3aTe.jibCTBO. IIpoBefleM b yrjie ab nonepearmy AB. OTpe3- 
kh, npoxoflaiipie b yrjie, nepecexaiOT ee, h stum ocymecTBjiaeTca B3aiiMHO 
0flH03HaaH0e cooTBCTCTBiie MCJK^y 0Tpe3KaMii , HpyrpHMH b yrjie, h Toaxa- 
mii nonepeairabi. ITpii stom cooTHomemia yrjiOB ad h OTpe3KOB AD C AB 
cooTBeTCTByiOT Apyr flpyry. IIoaTOMy CKa3aHHoe b TeopeMe 9 aBTOMaTH- 
aecxn cjie^yeT 113 axciiOMbi HenpepbiBHOCTn. □ 

/],OKa3aHHoe Taxixe aBTOMaTiiaecxii npriBO/piT k TOMy, hto iraMepemie 
yrjiOB ocymecTBjiaeTca no [ a > o6HO n3MepeHiiio OTpe3xoB. ,Z(ocTaToaHO iiobto- 
piiTb BbiBOflbi § 3, 3aMeHaa OTpe3Kii yrjiaMii. 

Tax o6ocHOBbiBaeTca ii3MepeHiie HacToamnx yrjiOB (nocKOjibKy jumib 
Taxiie yrjibi cjanrypiipyiOT b floxa3aHHOfi TeopeMe). Ho OTCiofla ii3MepeHiie 
pa3BepHyToro h CBepxTynbix yrjiOB nojiyaaiOTca TeM, hto mm npeflCTaB- 
jiaeM hx Kax cyMMbi HacToainyix yrjiOB. 

3a e/ipHHuy i-i3MepeHiia yrjiOB npimiiMaiOT rpa^yc: npaMoro yrjia. 

3to ancTaa ycjiOBHOCTb, h BKjnoaaTb ee b axciiOMbi, KaK nopoft ^ejiaiOT, 
Hejieno, Kax 6yflTO reoMeTpua 3aBiiciiT ot e^HHapbi H3MepeHiia yrjiOB. 

3 aflaaa. CcjsopMyjnipoBaTb .zyia yrjiOB TeopeMbi, aHajiornaHbie Teope- 
MaM 06 OTpe 3 Kax: o cymecTBOBaHi-ii-i nojiOBHHbi 113 § 2 h, ^ajiee, 06 ii 3 Me- 
peHHH -Bee TeopeMbi § 3. npiiBe^HTe hx ,n,oxa 3 aTejibCTBa. (He 3 a 6 ya,bTe o 
tom, hto yrjibi orpamiaeHbi.) 

§ 6. IIpocTpaHCTBeHHbie aKCHOMbi 

npocTpaHCTBeHHbie aKCHOMbi 6 mjih ii3JiO}xeHbi b § 8 rji. I a. 2 h 3aTeM 
.zyia npocTpaHCTBa jno6oro aricjia H3Mepemm b § 1 rji. V a. 3. 3,n,ecb mm 
noBTopiiM, a 3aTeM flonojiHHM sto ii3JiO}xeHiie. 

B npocTpaHCTBCHHOii axciiOMaTiixe Hapa^y c ochobhmmii noHa- 
th3mh njiamiMeTpini BBO^aTca HOBbie o 6 1 e k t m: nAOCKoemu n 

OTHOineHiie — Toaxa npunadAeatcum iijiocxoctii, hjih, aTO to ace, ruioc- 
koctb npoxodum nepe3 Toaxy. BBO,n,iiTca onpeflejiemie: 0Tpe30K codep- 
atcumcA ( AeoK.um ) b iuiocxoctii, ecjni Bee ero Toaxii npimafljiejxaT stoh 
iuiocxoctii; Tax ace onpe^ejiaeTca, aTO npaMaa codepotcumcA b iuiocxoctii. 



Akchomm ^.ejiaTCH Ha: 1) jniHefiHbie, 2) njiocKOCTHbie, 3) npocTpaH- 
CTBeHHbie. 

JlHHefmtie aKCHOMbi ^oc.'ioiiiio noBTopaiOT ;ikchomi>i § 1. 

IIjIOCKOCTHtie aKCHOMbi nOBTOpHIOT aKCHOMbi § 4 C TOH pa3HHH,eit, 
hto Tenepb k TpeM H3 hiix (V 2 , VI 2 , VI 3 ) ,n,o6aBjiJieTC5i yKa3aHne, hto OHa 

OTHOCHTCH K KaJKflOII njIOCKOCTII. 

IIpocTpaHCTBeHHbie aKCHOMbi. Hx mbi flejiiiM 3;i,eci> Ha ;u« : * rpynnbi: 
1) aKCHOMbi njiocKOCTii h 2) aKCHOMbi pa3MepHOCTii. 

AKCHOMbi njIOCKOCTH. 

Villi. Hepe3 Kaotcdue mpu mourn npoxodum ruiocKocmb. 

VIII 2 . Ec.au dee n.aocKOcmu UMewm dee o6vu,ue mouKU, mo ux nepe- 
ceuenue ecmt> npaMaji ( m . e. e hux o6eux codepxtcumcn npjiMcui, Komopasi 
codepotcum ece ux o6m,ue mouKU u HUKCLKue dpyeue). 

Akchomm pa3MepHOCTn. 

IX. Cyiyecmeyem n u ne 6onee e3auMH0 nepnenduKyjuipHux npfiMux. 

JIfiiii TpexMepHoro npocTpaHCTBa aKCHOMbi pa3MepHOCTii mojkho tfiop- 
MyjinpoBaTb TaK: 

IX 1 . Cyiu,ecmeymm 4 mouKu, ne AeoKaipue e odnou njiocKocmu. 

IX2. Ec.au dee n.aocKocmu UMewm o6iu,yw mouny, mo ohu UMewm no 
Kpauneu Mepe eiu,e oduy o6ui,yio mouKy. r HpyraiMH cjiOBaMii: dee n.aocKocmu 
ne Moeym uMemu mojimco oduy o6m,yw mouKy. 

IlepBaH 113 3THX aKCiiOM 03HaaaeT, hto npocTpaHCTBO He cbo^htch k 
njiocKOCTii 11 , CTajio 6biTb, He MeHee neM TpexMepHO. BTopaa 03HanaeT, 
hto npocTpaHCTBO He 6ojiee hcm TpexMepHO. 

AKCiiOMa IX TOJKe coflepnaiT ,n,Ba yTBepjKfleHiiH. 

IX. 1. Cytpecmeyem n 63auMno nepnenduKyjifipHux npjiMux. 

IX. 2. Cymecmeyem ne 6osiee n e3auMno nepnenduKyjuipHux npsiMux. 
(CorjiacHO onpeflejiemiio paBeHCTBa yrjiOB h npaMoro yrjia, ,n,Be npHMbie 
a, b B3aiiMHO nepneHfliiKyjiHpHbi, ecjin y hiix ecTb e^iiHCTBeHHaH o6m,aH 
TOHKa O ii Ha a tohkii A, A\ h Ha b tohkh B ^ O Tanne, hto OA = OA \ , 
BA = BA\.) 

B aKCiiOMax CTepeoMeTpim (rji. I, h. 2) BMecTO ,n,Byx aKCiiOM VIII 2 h 
IX 2 6bijia o^,Ha: 

n P .3. Ec.au dee n.aocKocmu UMewm o6iu,ym mouKy, mo ux nepeceue- 
nue ecmu npsiMasi. 

3to OHeBiiflHO cjie^yeT 113 axciioM VIII 2 h IX 2 . 

Tax nee OHeBiiflHO aKCHOMbi VIII 2 h IX 2 cjie^yiOT 113 lip. 3. 

TaKiiM o6pa30M, aKCHOMbi TpexMepHoro npocTpaHCTBa, H3Ji0JKeHHbie 
3flecb, h aKCHOMbi CTepeoMeTpim, ii3Jio:>KeHHbie paHbine, paBHOCHjibHbi. 



^I,onojiHeHHe. Bbojoi b KanecTBe ochobhbix oSbcktob njiocKOCTii, mbi 
otxo,h,hm ot Toil ycTaHOBKn, hto ochobhbic noHHTiia aojekhbi xax mojkho 

f)J[H>Ke COOTBCTCTBOBaTb IipaKTIIKe. IljIOCKOCTb BO BCeM ee SeCKOHe^IHOM 
npoTHJKeHiiri He TOjibKO He HMeeT npHMoro npoo6pa3a b npaKTiiKe, ho, 
co6cTBeHHO roBopa, h He ^ocTynHa npaMOMy HarjiHflHOMy npe^CTaBjieHHio. 
Mojkho, o^HaKO, ^aTH aKCiiOMaTiiKy npocTpaHCTBa, b KOTopoft ochobhbic 
o6T>eKTBi tojibko Te »ce, hto b njiaHiiMeTpiin, a njiocKOCTB onpeflejiaeTCsi 
nepe3 hiix. 3to mojkho c^ejiaTB cjieflyiomiiM o6pa30M. 

0 1 1 pe/i,e jichiic . IlycTB A, B, C — Tpii tomkm. He jiejKamiie Ha o/iiiom 
OT pe3Ke, Tax hto iiMeeTca TpeyrojiBHiiK ABC. By^eM roBopiiTB, hto TOHKa 
M npuHad.aecHcum nAocKocmu (ABC), ecjin cyipecTByeT coflepjKam,HH ee 
0Tpe30K, HMeiomHit c TpeyrojiBHiiKOM ABC ,n,Be o6m,He tohkii. 

njiocKocmbw (ABC) Ha3BiBaeM (frnrypy, o6pa30Bamiyio yKa3aHHBiMii 
TOHKaMH M ; APyrHMH cjiOBaMH, njiocKOCTB — 3 to reoMeTpiinecKoe MecTO 
ToneK c yKa3aHHBiM cbohctbom. 

IIocKOJiBKy njiocKOCTB He BKjiiOHaeTCH b hhcjio ochobhbix oSbcktob, 
aKCHOMBi Ha^o (JjopMyjiiipoBaTB 6e3 Hee. B Taxon aKCHOMaTHKe njiocKOCT- 
HBie aKCHOMBi hbjihiotch o/i,HOBpeMeHHO aKCHOMaMH CTepeoMeTpiiii. JIii- 
HeiiHBie aKCHOMBi Te nee, hto h paHBine, ho njiocKOCTHBie aKCHOMBi H3- 
MeHHiOTCH . OnpeflejiaeM noHHTiie yrjia Tax »ce, Kax h paHBine. ,ZI,ajiBHie 
HMeeTCH b BH^y HacTOHiipiH (He pa3BepHyTBiii) yroji. Bbo,h,hm cjie^yioinHe 
aKCHOMBi. 

V. Akchombi yrjia. 

Vi. Cymecmeymm mpu mouKu, ne npunadAeatcaiyue odnoMy ompe3Ky 
(sTa axcHOMa rapaHTiipyeT cymecTBOBamie HacTOHipero yrjia). 

V 2 . Ec.au ompe30K, npoeedennuu U3 eepmunu yz.aa, nepeceKaem Ka- 
k yw-.au6o nonepenuny, mo oh uau ezo npodoAOKenue nepeceKawm jmo- 
6yw dpyzyjo. Mbi roBopiiM, hto 0Tpe30K npoxofliiT BHyTpn flaHHoro 
yrjia. 

V 3 . Ecau y deyx yz.aoe eernt paenue coomeemcmeennue nonepeHimu, 
mo ece ux coomeemcmeennue nonepeuunu paenu. 

V 4 . Kanue dea yzJia ab, cd hu 3adanu, cyvu,ecmeyem mamu yzo.a ae, 
paenuu cd, umo .au6o ezo emopona e npoxodum e yzAe ab, au6o b npoxo- 
dum e yzjie ae, au6o e coenadaem c b. Yroji OTKjiaflBiBaeTCH, Tax CKa3aTB, 
b npocTpaHCTBe. 

AxcnoMa napajiJiejiBHtix OTpe3KOB. Ecjiu ompe3Ku AC, BD pae- 
hu u nepnenduKyAfipHu AB, u AD, BC nepeceKawmcfi, mo CD = AB 
(ozoeopua o nepeceuenuu AD u BC 3aMenum ycAoeue, umo ompe3KU AC, 
BD Aeotcam e n.aocKOcmu). 



AxcHOMa pa3MepHOCTH. Cymecmeymm mpu u ne SoAuiue 63auM- 
ho nepnenduKyAApnux ompe3Ka, m. e. mpu ompe3Ka, nepeceKawiyuxcA e 
odnou mouKe u o6pa3ywvu,ux npaMue yzAU. 

CcJjopMyjii-ipoBaHHbie aKCiiOMBi no3BOjijnoT ,n,0Ka3aTB, hto ecjrn njioc- 
koctb noHHMaeTCH b CMBicjie /i,aHHoro Bbime onpeflejieHHH. to jyasi njioc- 
KOCTeft BBinojiHHiOTCH Bee aKCiiOMBi CTepeoMeTpmi, KaK njiocKOCTHBie, Tax 
h npocTpaHCTBeHHbie. OflHaKO flOKa3aTejiBCTBO 3Toro He npocTO. H sto 
ecTecTBeHHO : hcm Memme mbi Tpe6yeM b aKCiiOMax, TeM 6ojiee ;prnHHWH 
nyTB BbiBOflOB Ha^o npofiTii, hto6bi npmiTii k HyscHbiM pe3yjiBTaTaM. 

§ 7. IIoHHTHe (Jmrypti 

AKCHOMaTHHecKoe onpeflejiemie noHHTiia tfnirypBi yxce 6bijio h3jio:h<bho 
b § 5 rji. I h. 2. 3flecb mbi npe^CTaBjiaeM ero HecKOjiBKO imane. 

AKCHOMaTHKa c})nrypL>i. 

OcHOBHBieoSBeKTBi: 1) mouKU, 2) cfmzypu . OcHOBHoe otho- 
me Hue: TOHKa npuHad.neoK.um cjuirype; b o6o3HaHeHiiii A £ F h t. n. 

Akchomm. 

1. Ouzypa onpedeAnemcsi cboumu mouicaMU, m. e. ecAU UMewmcA $ u- 
zypu F\ u F 2 manue, umo k acHcdaA mouna, npuHad.n,eoKauj,aA odnou U3 
nux, npunadAeoKum maKOKe dpyzou u o6pamno, mo F\ h F 2 — odna u ma 
OKe tfmzypa. 

2. Touna ecmu ifiuzypa; ona npuHad.aeoKum cede, u nuKanue dpyzue 
mouKU eu, ne npuHad.aeoKam. 

3. /(aa bcakozo ycAoeuH, naAazaeMozo na mouKU, cyiu,ecmeyem ffiuzy- 
pa, codepoKatyaA ece mounu c dannuM ycAoeueM u nuKanue dpyzue. Ilpn 
3tom HMeeTca b BHfly ycjiOBne, KOTopoe: 1) BBipa»caeTCH nepe3 noHHTini, 
cjjiirypiipyiomHe b npiraaToft aKCiiOMaTiiKe reoMeTpmi, h 2) HBjiaeTca npo- 
BepaeMBiM .zyia Ka»c/i;oH tohkii — BBinojiHaeTCH oho ,hjih Hee hjih HeT. (3ia 
aKCHOMa (JuirypiipoBajia b § 5 rji. I h. 2 nofl HOMepoM 5). 

ITpn Harnefl aKCiiOMaTiiKe, HanpiiMep, to ycjiOBne, hto «TOHKa npiiHa,n,- 
jiejKHT /i,aHHOMy OTpe3Ky», cniiTaeTca npoBepaeMBiM. 

Cmbicji sthx aKCHOM 6biji pa3T)HCHeH npn hx H3Ji0JKeHini BBime (§ 5 
rji. I h. 2). AxcHOMa 3 BBipaacaeT no cyipecTBy to »ce, hto h onpeflejie- 
Hiie reoMeTpunecKoro MecTa. O^HaKO, Kan Gbijio TaM ace OTMeneHO, b Heft 
eoflepjKHTCH HeKOTopaa Heonpe^ejieHHOCTB: Kamie ycjiOBiia CHiiTaiOTCH «b 
npiiHipine npoBepaeMBiMii » . Ytohhiim sto, cifiopMyjiiipoBaB aKCiiOMy 3 ^jih 
sjieMeHTapHoft reoMeTpmi c Harneft aKCHOMaTHKoft. 

ycjiOBne, HajiaraeMoe Ha tohkii, Ha30BeM OAeMenmapnuM, ecjni oho 
MoaceT 6bitb BBipaaceHO b noHHTiiax aKCiiOMaTiiKii Tax, hto ero npoBep- 



xa ^yia KajK^ofi Toaxn npoxo^HT b KOHenHoe aiicjio maroB: npii xajx/i,OM 
mare jih6o ycTaHaBjniBaeTca o^ho h3 ochobhbix OTHomemiH, jih6o npoii3- 
BO,a,i'iTca «nocTpoeHiie» 113 Tex, xaxue ^onymeHbi axcnoMaMH. TaKiiMii no- 
CTpoeHiiHMii hbjihiotch npoBefleHiie OTpe3Ka, OTxjiaflbiBamie OTpe3Ka hjih 
yrjia, paBHoro flaHHOMy (sto MbicjieHHoe nocTpoemie ecTb He hto i-moe, 
Kax {J)HKcan,na cymecTBOBamia yKa3biBaeMoro oSaeKTa) . 

AxcnoMa 3' (aKCHOMa reoMeTpuaecxoro MecTa b sjieMeHTapHoii reo- 
MeTpi-n-i). fl.tifi ecMKozo SAeMenmapnozo yc./ioeuH, naAazaeMozo na mouKU, 
cymecmeyem cfiuzypa, codepotcaiyasi ece mourn c dannuM ycAoeueM u hu- 
KdKue dpyzue. 

B npeflbiflym,eM n3Jio>xeHnn axciiOM tfnirypbi (§ 5 rji. I a. 2) cpe^n hex 
6bijih 1) «axciiOMa OTpe3Ka» o tom, hto 0Tpe30K ecTb tfnirypa, 2) axcn- 
omm 06 onepaipiax c (JairypaMH, Kax hx oSTje/pmemie h ap. Tenepb stii 
axciiOMbi npeflCTaBjiaiOTca iraaae - He xax axcnoMbi. 

To ycjiOBi-ie, hto Toaxa M npiiHa^aesKHT ^aHHOMy 0Tpe3xy AB , caii- 
TaeTca npoBepaeMbiM, oho, CTajio 6bitb, 3 jieMeHTapHO . IIosTOMy coraacHO 
axciiOMe 3 r tohkii 0Tpe3xa AB o6pa3yiOT cjmrypy, o6o3HaaiiM ee AB. BMe- 
CTe c TeM 0Tpe30K AB onpeflejiaeTca cboiimii ToaxaMii (TeopeMa 3 § 1). 3to 
no3BOjiaeT OTOJK^ecTBiiTb cjaiirypy AB c cbmhm OTpe3KOM AB h cxa3aTb: 
«0Tpe30K ecTb tj)iirypa» 32 . 

OGae^HHeHiie h nepeceaemie xoHeaHoro aiicjia (Jmryp npe^CTaBjiaeT 
co 6 oh (Jnirypy, noTOMy aTO ycjiOBiie, npoBepaeMoe b KOHeaHoe aiicjio rna- 
tob ,zyia xaixflOH H3 ,n,aHHbix 4>iiryp, oaeBiiflHO, npoBepaeMO ,h,jih hiix Bcex 
Tax ace b xoHeaHoe aiicjio maroB. Ecjiii aiicjio (Jniryp 6ecxoHeaHO, to ,h,jih 
hiix Bcex npoBepaeMOCTb ycjiOBiia caMO co6oii He oSecneaeHa h Tpe6yeT 
oco 6 oh npoBepxii. Ho, HanpiiMep, xpyr mojxho onpeflejniTb xax o6T>e/i;H- 
HeHiie Bcex OTpe3xoB (Ha njiocxocTii) c o 6 hihm xohh,om O, paBHbix ^aHHO- 
My — paflnycy. npHHafljieaaiT jih Toaxa M ^aHHOMy xpyry, npoBepaeTca 
oaeBHflHo: npoBO^HM 0Tpe30x OM h b^ojib Hero OTxjia/ipiBaeM pa^nyc. 

^onojiHeHiie (Jarrypbi, oaeBiiflHO, ecTb tfnirypa, nocxojibxy npn onpe- 
flejieHHH <J)nrypbi npoBepaeTca, BbinojiHaeTca ,h,jih Toaxn ycjiOBiie hjiii hct; 
ecjin HeT, to Toaxa h npiiHafljiejxiiT flonojiHemno. 

B noHHTHii sjieMeHTapHoro ycjiOBiia mojxho iiMeTb b Bimy He o6a3a- 
TejibHO npiiHHTyio HaMii axciiOMaTiixy, ho ii jno6yio /ipyryio, xoTopyio 
mojxho Ha3BaTb aiiCTO reoMeTpiiaecxoii, t. e. Taxyio, b xoTopoii He tfm- 
rypupyiOT hii fleiiCTBHTejibHbie aiicjia, hii BejiiiaiiHbi. . . HanpnMep, ecjm 
ochobhbim o6T>exTOM caHTaeTCH npaMaa, to «nocTpoemie» mojxct cocto- 
htb b «npoBefleHHii» npaMOii aepe3 flBe Toaxn. 
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CoBepmeHHO aHajiorHHHO mojkho CKasaTb, hto «njiocKOCTb ecTb 4>Hrypa». 



PaccMOTpiiM npmviepbi, CBH3aHHbie c Hainefi a kc h o m a r r h ko h . Onpyac- 
HOCTb, Kpyr, npaMaa, jiya, nojiynjiocKOCTb onpeflejiaiOTca ajieMeHTapHbiMii 
ycjiOBiiaMii. 3jijninc c tf)OKycaMii F\, F 2 mojkho onpe^ejuiTb KaK reoMeT- 
piiaecKoe MecTO TaKiix ToaeK M, hto H3 OTpe3KOB, paBHbix F\M, F 2 M 
cocTaBjiaeTca flaHHbifi 0Tpe30K AB. 3to ycjiOBiie oaeBii^HO npoBepaeMo: 
^ocTaToaHO OTjioaciiTb OTpe3Kii, paBHbie F-\ M . F 2 M, b^ojib OTpe3Ka AB 
ot Toaex A, B. 

3jijnmc mojkho Taxace onpe^ejuiTb ycjiOBiieM, hto OTHomeHiie .zyniHbi 
OTpe3Ka F\M k paccToamiio tohkii M pp> ^HpeKTpucbi paBHO ^aHHOMy 
ancjiy. 3to ycjiOBiie He sjieMeHTapHO, TaK KaK TpeSyeT H3MepeHiia fljin- 
hbi, KOTopoe MoaceT He ocymecTBiiTbca b KOHeaHoe aiicjio maroB. Ho to 
ace ycjiOBiie mojkho ccjaopMyjnipoBaTb imaae: OTHomeHiie OTpe3Ka F\M k 
nepneHfliiKyjiapy MN, onymeHHOMy Ha /pipeKTpiicy, paBHO OTHomemiio 
,a,aHHbix OTpe3KOB. TaKoe ycjiOBiie npoBepaeMo nocTpoemieM. 

B o6m,eM, aKCHOMa 3', KaK OHa ctfjopMyjnipoBaHa, BbipaacaeT noHHTiie 
cjairypbi b saeMCHTapHofl reoMeTpiin h no3BOjiaeT ,n,aTb cjie,n,yioiH;ee onpe- 
^ejieHiie. 

d./ieMenmapHou zeoMempueu Ha3biBaeTca Teopiia, npe^MeT KOTopofi 
cocTaBjiaroT cjDiirypbi, onpeflejiaeMbie ajieMCHTapHbiMri ycjiOBiiaMn (KaK 
ohh 6bijhi tojibko hto onpeflejieHbi) . 

Mojkho, KOHeaHO. nomiMaTb «npoBepaeMoe ycjiOBne» b 6ojiee o6m;eM 
CMbicjie, KOiyja oho He 6yfleT ajieMeHTapHbiM, He npoBepaeTca b KOHeaHoe 
aiicjio niaroB, KaK, HanpiiMep, ycjiOBiie, TpeSyioipee npe^ejibHoro nepexo- 
^,a. Mbi Morjiii npii npeac^e npHHHToit aKCHOMaTiiKe c noHHTneM ancjieH- 
Hoii fljiiiHbi caiiTaTb npoBepaeMbiM to ycjiOBiie, aTO 0Tpe30K iiMeeT flaHHyio 
ancjieHHyio fljnmy npii flaHHOM MacuiTaSe. 

Boo6m;e, noHHTne npoBepaeMoro ycjiOBiia, a 3HaaiiT h noHHTiie tfni- 
rypbi, flonycxaeT pa3Hbie rpa/cannM. Ho nepBaa h ocHOBHaa 113 hex Ta, 
KOTopaa ycTaHOBjieHa onpeflejiemieM ajieMeHTapHoro ycjiOBiia h cootbct- 
CTByEOipriM eMy noHaTneM cjDiirypbi. 

§ 8. BejiHMHHa 

noHaTne BejiiiaiiHbi HBjiaeTca ochobhmm b ToaHOM ecTecTB03HaHini; 
no^aBjiaiomee Sojibhiiihctbo 3aKOHOB <J>h3hkh roBopiiT o 3aBiiciiMOCTax 
Meac/iy tcmii hjih hhbimh BejiriarmaMii. npocTeftmaa H3 BejniaiiH — sto 
^. jiiiHa; H3 npaKTHKii OHa Bornjia b reoMeTpino. Kan hohhtho Kaac^OMy, 
^.jiiiHa oSjia^aeT cjieflyiomiiMH CBofiCTBaMii, KOTopbie mm ctfjopMyniipyeM 
Ha HHTyHTHBHOM ypoBHe 6e3 CTporocTii. 



1. ^JIIIHbl MOJKHO CKJiaflbIBaTb (flJIIIHbl CKJiaflbIBaiOTCH, KOrfla OflllH OT- 
pe30K npiiKjia/i,BiBaeTCH k flpyroMy). 

2. Ecjiii k flaHHOii fljniHe npn6aBjiaeTCH em,e .zyiHHa, to nojiyaaeTca 
66ju.maa ^ynraa. 

3. Pe3yjitTaT cjioaceHiia — cyMMa fljiira - He 3aBiiciiT hii ot nopa^Ka 
cyioacemia, hh ot toto KaK o6 r be,niiHaiOTca cjiaraeMbie (KOMMyTaTiiBHOCTb 

H aCCOpiiaTIIBHOCTb) . 

4. ^jiiiHa MoaceT HenpepbiBHO H3M6HaTBca. 

3th CBoiicTBa /yrHHbr, ecjiii hx Bbipa3iiTb tohho b o6m;eM Bii^e KaK 
aKCHOMbi, flaiOT aKCiiOMaTHaecKoe onpe^ejieHiie o6m;ero noHaTiia BejniHii- 
Hbi (hjih, yTOHHaa, — a/yi,nTHBHoft, nojioaaiTejibHOH CKajiapHoft BejniHiiHbi; 
«a r ii y ii;HTHBHOH» noTOMy, hto ^jih Hee onpe^ejieHO cjioxceHne , «CKajiap- 
HOII» — HToSbl OTJIHHIITb OT BCKTOpHblX BejII'IHIIH) . 

AKCHOMaTHaecKoe onpe^ejiciiHC BejiHHHHM. BeAununou Ha3biBa- 
eTca sjieMeHT MHoacecTBa (coBOKynHOCTii) «oflHopo/i,Hbix BejiiiHiiH», b ko- 
topom onpe^ejieHa onepapiia, Ha3biBaeMaa CAoatcenueM, h BbinojiHaiOTca 
cjieflyiomiie ee CBoiicTBa (onepauyia o6o3HaaaeTCH 3HaKOM +). 

I. AKCHOMbi CJLO>KCI£llM. 

11. J^aa k acucdux deyx eeAunun a, b cyipecmeyem maKaA odH03HaH- 
ho onpedeAennaA eeAuuuna c, umo c = a + b (unane zoeopA, onepapuA 
CAODtcenuA conocmaeAAem Kacncdou nape eeAunun a, b onpedeAennym ee- 
Aununy c — «iix cyMMy»). 

1 2 . a + b = b + a. 

1 3 . (a + b) + c = a + (b + c). 

II. AKCHOMa HepaeeHCTBa. 

II. JJaa naatcdux deyx eeAunun a, b eepno odno U3 mpex: au6o 1) a = 
b; au6o 2) cyvpecmeyem maKaA odH03Hav,HO onpedeAennaA eeAuuuna c, 
umo a = b + c, au6o nao6opom: 3) cyvpecmeyem maKaA eeAununa d, umo 
b = a + d. 

B cjiyaae 2) roBopaT, hto a SoAviue b: a > 6; b cjiyaae 3) — hto b > a. 
(3to BnojiHe cooTBeTCTByeT o6bifleHHOMy noHaTino: Sojibhic Ta Bejiirnma, 
KOTopaa nojiyaaeTca, Kor^a k flaHHOii hto-to npn6aBjiaiOT.) 

Korfla a = b + c, to nojiaraiOT Taxace c = a — 6, t. e. ecjiii a > 6, to 
cymecTByeT o^,H03HaHHO onpe^ejieHHaa BejiiiniiHa — pa3nocmv> c = a — b. 

III. Akchomm HenpeptiBHOCTH. 

IIIi. Aaa ecAKOu eeAUHUHU ecmt> MentmaA. 


33 Ectb BejiHHHHbi, ^jih KOToptix cjiaaceHHe He onpe,u,ejieHO, HanpHMep TeMnepaTy- 
pa. E[pH6aBjiHiOT He TeMnepaTypy, a kojikhcctbo Tenjia. 3ap:a,zj, — BejiHHHHa, KOTopaa 
6biBaeT nojio^KHTejibHOH h OTpHii,aTejibHOH. 



III2 - Bcakoa ospaHUHeHHafi ceepxy nocjiedoeameAbHocrm> eeAuuun 
UMeem moHnym eepxnwm zpanuyy, m. e. ecAu Oah nocAedoeameAbHocmu 
66awhuh a\, 02, 03 , ■ ■ • ecTb Tanaa c, hto Bee a n ^ c, to jiii6o cpe^i-i Be- 
jihhhh a n ecTb Haii6ojibinaH, jih6o cyipecTByeT Tanaa BejiHHHHa a, hto Bee 
a n < a h npri bchkoii BejiHHime b Hai*meTC h TaKoe n, hto a < a n + b (hjih, 
hto to me, a — a n < b). 

3aMeHaHne. Ecjiii aKCiiOMy IIIi 3aMemiTb Ha npoTiiBonojiomHyio, — 
Ty, hto cpe^n BejiiiHiiH cyipecTByeT HaiiMeHbHiaH, — to nojiyniiM onpe^e- 
jieHiie ducKperrmou eeAununu , H3MepaeM0H HaTypajibHbiMii HHCJiaMH, KaK 
HiicjieHHOCTb coBOKynHOCTi-i npe^MeTOB. 

BbinojiHHCTCH cjie^yiomaH BamHermiaH TeopeMa. 

TeopeMa 1 (06 H3MepeHini bcjikhkh). BeAununaM {awOozo danno- 
zo muna ) mozhcho 63auMH0 odnoanauHO conocmaeurm> noAoatcumeAt>Hue 
HUCAa man, umo cyMMaM eeAUHUH 6ydym omeeuamt) cyMMU uuceA. Ta- 
me coomeemcmeue odH03HauHO onpedeAAemcA eu6opoM moti eeAUHUHU 
e, Komopou conocmaeAAemcA hucao 1. 

TaKoe conocTaBjieHiie Hiiceji BejiiiHimaM Ha3biBaeTca u3MepenueM, a 
BejiHHHHa e — edunuyeil u3MepenuA hjih Macmma6oM. 

^0Ka3aTejibCTB0 stoii TeopeMbi no cyipecTBy aHajioraiHHO flOKa3aTejib- 
CTBy TeopeM o hiicjichhoh fljnme b § 3 . □ 

B njiaHHMeTpHH ecTb Tpn BejniHiiHbi: fljniHa, yroji (naK BejiHHHHa) h 
njiom,aflb. Hm mojkho flaTb cjieflyromne onpeflejieHHH, coBepmeHHO cxofl- 
Hbie flpyr c flpyroM. 

fl , auhou ompe3Ka Ha3biBaeTCH BejiHHHHa, OTHeceHHaa 0Tpe3KaM Tan, 
hto BbinojiHCHbi /i,Ba ycjiOBHH: 

1. y paBHbix OTpe3KOB fljiiiHa oflHa h Ta me. 

2. Ecjiii 0Tpe30K a cocTaBjieH H3 otpc3kob oi h 02 , to ero fljniHa paBHa 
cyMMe HX ^JIHH. 

IlAoinadbw (fiuzypu, cocTaBjieHHOii H3 MHoroy ro jibhiikob , Ha3biBaeTCH 
BejiHHHHa, OTHOCiiMaH TaKiiM cjmrypaM, c flByMH ycjiOBiiHMii: 

1. y paBHbix cjniryp njiom,aflb oflHa h Ta me. 

2. Ecjiii cjjurypa F cocTaBjieHa H3 flByx cjjuryp F\, F 2 (t. e. cjiymnT hx 
oGBe^iiHeHiieM, ho stii cjjurypbi He HMeiOT o6ih;hx BHyTpeHHiix Tonex), to 
njiomaflb tfnirypbi F paBHa cyMMe njiomaflefi cjjuryp F\ , F 2 . (Onpe^ejie- 
Hiie njiomaflii fljia HeMHoroyrojibHbix cjjuryp cjiomHee h 6yn,eT flaHO b tji. 

II) 

BeAuuuHou yzAa Ha3biBaeTCH BejiHHHHa, OTHOCiiMaa: yrjiaM Tax, hto 
BbinojiHeHbi flBa ycjiOBiia: 

1. y paBHbix yrjiOB BejiHHHHa o^Ha h Ta me. 



2. Ecjih yroji a cocTaBjieH H3 yrjiOB a±, 02 , to ero BejiH'iHHa paBHa 

CyMMe HX BejIHHHH. 

Cjie,i]yeT oroBopiiTb, hto BejimuHa yrjia — sto BejniHiiHa «c orpamiHe- 
HneM»: OHa He mojkct 6bitb 6ojibnie BejiH'iMHbi pa3BepHyToro yrjia iijih, 
npn /i,pyroM B3rjia,n,e, 6ojibnie AByx pa3BepHyTbix yrjiOB. IIoaTOMy 3,n,ecb 
aKCHOMBi cjiojKemia ^ojBKHbi 6biTb flonojiHeHbi: cyipecTByeT Taxaa Bejni- 
Hima d, hto cyMMa a + b onpe^ejieHa .nunib Tor^a, xoiyja a ^ 2d — 6, r^e 
2d — BejiHHHHa pa3BepHyToro yrjia. 

BejiiiHiiHbi Bceiyja othochtch k xaxHM-jni6o o6T>eKTaM, xax «BejniHii- 
Ha o6i>eKTa ,n,aHHoro Kjiacca», xax fljnma, OTHoeamaaca k OTpe3KaM (hjih 
BOo6rn;e — k cnpaMjiaeMbiM xphbbim) , njioma^b k MHoroyrojibHiixaM (hjih 
6ojiee o6ih,iim cjmrypaM c BHyTpeiiHOCTbio) , xax b o6bmeHHOH >kh3hh h b 
(})H 3HKe Macca hjih Bee othociitch k TejiaM h t. n. BejiH'iHHa — sto cboh- 
ctbo o6T>eKTa ^aHHoro xjiacca, KOTopoe b xaxoM-TO OTHomemin MOixeT 
6bitb 6ojibine iijih MeHbine 11 npiiTOM Tax, hto no3BOjiaeT TOHHoe cpaBHe- 
Hiie, Ha3biBaeMoe H3MepeHiieM. IIosTOMy roBopaT, hto BejiHHHHa — sto to, 
hto mojxho H3MepriTb. CjiojxeHiie jxe onpe,n,ejiaeTca He ,n,jia jho6bix Bejiii- 
HIIH. Ho B MaTeMBTIIXe IIMeiOT B BH,Hy TOJIbXO a^milTIIBHbie BejIHHHHbl. 

FjiaBa II 

TT.7TOTTTA 7TB H OB1.EM 
§ 1. Oiipe/i,cjicHiic njioni,a^i,H 

Hjioiu,a^b MHoroyrojitHbix cjimyp. Mm 6yn,eM paccMaTpiiBaTb 
TOJibxo orpaHHHeHHbie (JiHrypbi, h cjiobo «4nirypa» 6y^eT Bceiyja o6o3Ha- 
naTb njiocxyio orpamiHeHHyio cjsurypy, t. e. Taxyio, xoTopaa co^epjxHTCH 
b xaxoM-Hii6ya,b xpyre. 

Byn,eM roBopiiTb, hto cjsHrypa cocTaBjieHa H3 
Hecxojibxiix tfinryp, ecjin OHa cjiyjxiiT hx o6t>- 
efliiHeHHeM h Hiixaxne flBe 113 hiix He HMeiOT 06- 
IH,IIX BHyTpeHHIIX TOHeX. Hofl MHOrOyrOJIbHOII 4>h- 
rypoit 6yn,eM Bcxyiy Hiuxe nomiMaTb MHoeoyzoM- 
Hym ruiomadKy (cm. §4 rji. II h. 2); pnc. 18. npoipe 
roBopa, MHoroyrojibHaa cjsHrypa — sto o6T>e/i;HHe- 
Hiie xoHeHHoro nncjia TpeyrojibHiixoB. 

IljioinadbK) MHozoyzojibHOu tfiuzypu Ha 3 ueaem- 
ch eejiuuuna , odjiadawmafi cjiedymvu^uMu deyMsi ceoucmeaMu: 

1) paenue cfiuzypu uMetom paenue n.aoiyadu ; 



2) ecjiu (fimypa cocmaenena U3 necKOJibKiix MHozoyzoM>nux (fiusyp, mo 
ee ruioipadb poena cyMMe riAoipadeu smux ifimyp. 

IlepBoe cbohctbo — iiHBapnaHTHOCTb, Hen3MeHHeMOCTb npii nepeMeipe- 
hhhx, BTopoe — a/ypiTMBHOCTb; ero pocTaTOHHO Tpe6oBaTB pjia Toro cjiy- 
naa, xorpa cjinrypa cjiaraeTca H3 pByx tjniryp. 

ypo6 H o bbgcth cjEepyioipne o6o3HaneHiia. 

PaBeHCTBO tjniryp o6o3HaniiM Tax: F = F' . To, hto (Jrarypa F cocTaB- 
jieHa H3 tfraryp F\, F 2 n t. p., 6ypeM o6o3HanaTb xax cyMMy: F = F\ + F 2 . 
Iljioipapb 6ypeM o6o3HanaTb 6yxB0ii S. 

Bmccto caMoit njioipapn xax BCjniHiiHbi ypo6HO paccMaTpiiBaTb ee hhc- 
jieHHoe 3HaneHHe npri paHHoit epnHiipe H3MepeHna n paTb cjiepyioipee 
onpepejieHHe. 

^MiicjieHHOii njioipapbio» — HiicjieHHbiM 3HaaeHHeM njioipapn (fnirypbi 
F npii paHHofi «epnHHHHon» <J>Hrype E — Ha3biBaeTca hhcjio S(F), otho- 
CHMoe MHoroyrojibHofi cjjnrype, xaixpon — CBoe, Tax hto BbinojraeHbi ycjio- 
biih: 

1) S(F) > 0, 

2) ecjni F =* F' , to S(F ) = S(F'), 

3) S(F 1 +F 2 ) = S(F 1 ) + S(F 2 ), 

4) S(E) = 1. 

IIocjiepHee ycjiOBHe 03HanaeT, hto epnHHHHaa tfmrypa — sto Ta mho- 
royrojibHaa cjinrypa E, KOTopolt OTHeceHO Hiicjieimoe 3HaaeHiie njioipapn, 
paBHoe epiiHiipe. B xanecTBe Taxon 4>nrypbi 6epyT « epiiHimHbin xBap- 
paT», t. e. xBappaT co CTopoHoii, paBHOii Bbi6paHHon epiimipe pjihhbi. Ho 
sto coBepmeHHO He o6a3aTejibHo: epiiHHHHon cjjiirypoii MOJxeT 6biTb, b 
npimpimc, jno6aa MHOroyrojibHaa cjmrypa. 

3aMeTHM, hto H3 appiiTiiBHOCTH njioipapn (cBoncTBa 2) cjiepyeT: ecjiu 
(fiuzypa F codepotcum F\ u ne coenadaem c F\, mo S(F) > S(Fi ). 

^encTBHTejibHO, ecjin F Z> F\ n F ^ F\, to oneBiippo F = Fi + F 2 , 
rpe F '2 — Tome MHOroyrojibHaa (Jjnrypa (pnc. 19). 

no appHTHBHOCTH S(F) = S(Fi) + S(F 2 ), n 
nosTOMy 

S(F) > S(Fi). 

^ajibine mbi 6ypeM roBopnTb o njioipapn, 
ponycxaa, hto nop «njioipapbio» mojxho pa3y- 
MeTb xax caMy Bejinnimy, Tax n ee nncjieHHoe 
3HancHne npn xaxon-Hii6ypb epiimipe H3Mepe- 
hhh, xoTopyio mojxho pjia pajibHeninero bm- 
6paTb pa3 HaBcerpa. B 6ojibiniiiiCTBe cjiynaeB 



yno6Hee iiMeTb b Biipy hmchho HiicjieHHoe 3HaHemie, xorpa roBopiiTca o 
cjioacemiH h cpaBHCHini njioma^elt (ho He 06 hx H3MepemiH: H3MepaeTca 
BejiHHHHa, a ee HHCjieHHoe 3HaneHHe — sto pe3yjn>TaT H3MepeHHa). 

To, hto y xaacpoH MHoroyrojibHoii tfnirypbi, b nacTHOCTii y xBappaTa, 
ecTb onpepejieHHaa njioipapb, npepcTaBjiaeTca, b o6m,eM, khk HenTO caMO 
co6oh pa3yMeronj;eecH. Ho mohcho 3&p,&Tb cjieflyromnii Bonpoc. 

npeflCTaBHM ce6e, hto, pa36nB xBappaT hjih ppyroft MHoroyrojiBHiiK 
Ha xaxue-TO MHoroyrojibHiixii, mbi nepeMeipaeM hx Tax, hto6m ohii He Ha- 
jierajni ppyr Ha ppyra. Mbi 6ypeM nojiynaTb pa3jniHHbie HOBbie (Jmrypbi. 
He mojkbt jih npii 3tom nojiyHHTbCH Taxaa (Jairypa, xoTopaa yMecTHTca 
BHyTpi-i nepBOHanajibHoro MHOroyrojiBHiixa hjih BHyTpn opHoft 113 nojiy- 
neHHbix H3 Hero hobhx tfairyp? Ecjih 6bi sto cjiyHHjiocb, to mbi hmcjih 
6bi flBe cjjnrypbi, y xoTopnix, c oppoH CTopoHbi, njioipapii pojdkhbi 6bitb 
paBHbi, Tax xax ohii cocTaBjieHbi 113 nonapHO paBHbix cjniryp. C ppyroii 
CTopoHbi, y (Jrarypbi, yMemaromeiica BHyTpi-i ppyroii, njioipapb MeHbine. 
To ecTb nojiynajiocb 6bi npoTiiBopeniie. Bbixopiuio 6bi, hto noHHTiie o 
paBeHCTBe hjih HepaBeHCTBe njiomapeft h, CTajio 6bitb, caMO noHHTne o 
njiomapn oxaaajiHCb jimneHHbiMH CMbicjia. 

Mbi cxaaceM: «He MoaceT 6bitb, hto6bi op,Ha tfairypa yMecTiuiacb BHyT- 
pn ppyrofi, Bepb y hiix njioipapb op,Ha h Ta ace». Ho hmchho 06 stom ii 
ctoiit Bonpoc: HMeeT jiii cmbicji noHHTiie njiomapn? HHane roBopa: cyipe- 
CTByeT jiii b caMOM pejie Taxaa BejiHHHHa, xax njioipapb, y MHoroyrojiBHbix 
(Jiaryp? 



Mohcho nocTaBHTb h ppyrofi Bonpoc. njioipapb npaMoyrojibHiixa onpe- 
pejiaiOT, noxpbiBaa ero xBappaTaMii (puc. 20, a ), h xBappaTbi stii 6epyTca 
TaxHMH, hto CTopoHbi hx napajijiejiBHbi CTopoHaM npaMoyrojibHiixa. A hto 
6yo,eT, ecjin 6paTb xBappaTbi, noBepHyTbie OTHOCHTejibHO npaMoyrojiBHH- 
xa, hjih, hto pHBHOCiijibHO , noBepHyTb npaMoyrojibHHx, xax na puc. 20, 61 
BypeT jih nopcneT Taxux xBappaTOB paBaTb to >xe caMoe (b npepejie, 


xorfla KBaflpaTbi yMCHbinaiOTCH)? HHaae roBopa, 6 y.neT jih (b npeflejie) 
njiomaflb MajieHbxnx xBaflpaTOB, yxjiaflbiBaiomHxcH Ha npaMoy ro jibHiixe , 
toii ace caMoit, c tohhoctbio ho KBanpaTOB, xoTopbie nepecexaiOTca co 
CTopoHaMi-i npaMoyrojiBHHKa? 

Mbi yBepeHbi. hto pe3yjibTaT 6 yneT tot ace, noTOMy hto y tfnirypbi ecTb 
onpeflejieHHaa njiomaflb, Tax hto ee H3Mepemie flOJiacHO flaBaTb Bcerna 
ohiih h tot ace pe3yjibTaT. Ho iimchho 06 stom ii iifleT penb: cymecTByeT 
jih y cjairypbi onpeflejieHHaa njioiflaflb, He3aBHCHMaa ot Toro, xax Mbi ee 
H3MepaeM? 

npiiBefleHHbie paccyacflemia noxa3biBaiOT, hto cymecTBOBaHiie iuioipa- 
HH, t. e. cymecTBOBaHiie BejiHHHHbi co CBOiiCTBaMii 1, 2, BOBce He Tax one- 
BiiflHO, xax xaaceTca Ha nepBbiii B3rjiafl. CymecTBOBaHiie ee HyacHO floxa- 
3aTb 34 . 

/],oxa3aTejibCTBO MoaceT 6 biTb flaHO. Hmchho, floxa3biBaeTca cjieflyio- 
maa TeopeMa. 

TeopeMa I. Kaotcdax, MHOzoyzo./ibHasi ifimypa UMeem onpedejieHHym 
ruioipadb. 

^jia micjieHHbix 3Ha r ieHHH sto mojxho Bbipa3iiTb Tax. 

n P H 3aflaHHOii eflHHHHHoit tfnirype E xaacfloii MHoroyrojibHoii tfrarype 
OTBeaaeT, h npiiTOM efliiHCTBeHHaa, HiicjieHHaa njiomaflb co CBOHCTBaMii 
1, 2, 3, 4. 

Ecjii-i cjmrypa E 3aMeHaeTca flpyroii E ' , to Bee HiicjieHHbie njioiHaflii 

II3MeHaiOTCH Ha OflHH II TOT jxe MHO JXI-ITejIb : 

S'(F) = kS(F), k = S'(E) = ^ 

Ty ace TeopeMy MoacHO Bbicxa3aTb iiHane. 

Cymecmeyem, u npumoM eduHcmeennafi, (pyrnyufi co ceoucmeaMU 
1-4, onpedejieHnasi na MHOotcecmee MHozoyzo.abnux cfrnzyp. OyHxpini, co- 
OTBeTCTByKHflHe pa3HbiM «eflHHHHHbiM» cjjurypaM E , OTjninaiOTca MHoacn- 
TejieM. 

iljiomaflH o6lu,hx cjmryp. Bcjiefl 3 a onpeflejiemieM njiomaflii mho- 
royrojibHbix cjmryp bcthct Bonpoc 06 onpeflejieHiiii njiomaflii fljia flpyrnx 
cjairyp. Ee onpeflejiaiOT, o 6 o 6 maa tot cnoco 6 , xaxiiM b hihojibhom xypce 
HaxoflHT njiomaflb xpyra. 


34 Ha 3 tot Bonpoc oSpaTHji BKHMawne HTajiBflHCKHH MaTeMaTHK fle-I I,Ojibr (b 1881 r.) 
h m>iTajiCH peniHTb ero, ho tojh>ko noTOM sto 6l>ijio CTporo c,n,ejiaHO npo<J>eccopoM 
yHHBepcHTeTa b O^ecce C. O. UlaTyHOBCKHM, THjibGepTOM h ,ap. 



IlycTb F — xaxan yroflHO flaHHan 
cjjnrypa. Bya,eM paccMaTpimaTb MHoro- 
yrojitHbie 4>nrypbi — coflepjxanme F h 
coflepjKam;iiecH b F\ nepBbie o6o3HaHHM 
G h hx njiom,a/i,ii — S'(G); BTopBie o6o3Ha- 
hiim H ii hx njiomaflH S(H ) (puc. 21). 

(Ecjih MHOroyrojiBHBix tfraryp H , coflep- 
iKamiixcH b flaHHOii cjiiirype F, HeT, to 
cywraeM S(H) = 0). 

Ecjih MHOroyrojibHan 4>nrypa G co- 
flepixuT F, a F D H, to, oneBHflHO, G D 
H : h, 3HaHiiT, S(G) ^ S(H) (npii stom S(G) = S(H) bo3mo>kho tojibko b 
tom cjiynae, xorfla o6e (Jnirypbi G ii H coBnaflaiOT h, 3HaHiiT coBnaflaiOT 
c F, Tax hto caMa cjiiirypa F — MHoroyrojibHan). 

B xanecTBe iuioina;in cjjHrypbi F mojkho b3htb Taxyio BejniHHHy S(F ), 
hto fljia Bcex 4>nryp G n H 

S(G) > S(F) > S(H). 

To ecTB 3a njioiimflb (JiHrypbi F npiimiMaeTCH BejiH'iiiHa, xoTopan He 
6ojiBine njiomafleii MHOroyrojiBHBix tjraryp, coflepacaimix F, h He MeHBine 
njioma^eii MHOroyrojiBHBix cjairyp, coflepjxaiimxcH b F. 

OflHaxo njiomaflii cjniryp G h H MoryT OTjiiiHaTbCH Tax, hto Meatfly 
hhmh 6yfl,eT pejibiii iiHTepBaji bcjihhhh, h, CTajio 6biTb, BejiiraiHa S(F) He 
6yfleT eflHHCTBeHHofi. IIjiomam> oxa3biBaeTCH HeonpeflejieHHolt. OHa 6yfl,eT 
onpeflejieHHofi, ecjni pa3HOCTb njiomafleii S(G), S(H) MoateT 6biTb cxojib 
yroflHO Majioii. 

TaxiiM o6pa30M, mm npuxofliiM x oxoHHaTejibHOMy onpeflejieHiiio, xo- 
Topoe, xax jierxo BHfleTb, B0cnpoii3B0flHT b o6ni,eM Biifle mxojibHoe onpe- 
flejiemie njioipaflH xpyra. 

IlAoiu,adbK> (Jnirypbi F Ha3biBaeTCH BejiiiHima, xoTopan He 6ojibine njio- 
maflefl MHoroyrojibHbix tfniryp, coflepjxaiipix F, h He MeHbinc naomaflefl 
MHOroyrojiBHBix cjmryp, coflepacamiixcH b F, npii ycjiOBHH, hto pa3HOCTii 
3Tiix njiomafleii MoryT 6biTb cxojib yroflHO MajibiMH. 

Mbi roBopiiM Torfla, hto cfimypa F uMeem onpedeAennym nA0iu,adi>. 
BcHxaa MHoroyrojibHaa cjiiirypa F nonaflaeT nofl sto onpeflejieHiie, no- 
cxojibxy Torfla caMa F oxa3biBaeTCH MHoroyrojibHofi tfinrypoii, coflepixa- 
meii F ii cofl,epjxam;eiiCH b F. 

Oxa3biBaeTca, hto Tax onpeflejieiiHaji njiomaflb n fljia HeMHoroyrojib- 
HBix (finryp o6jiafl,aeT TeMii ace CBOiicTBaMH, xaxue onpeflejiniOT njiomaflb 
MHoroyrojibHbix (fniryp, t. e. BbinojiHueTCH 



TeopeMa II. OnpedeAeunasi moMKo umo ruiovu^adt oSjiadaem ceou- 
cmeaMu uHeapuaumnocmu u addumueuocmu: 

1 . Ecjiu (fiuzypa F uMeem onpedeAeunym ruioipadb S(F), mo ocakoa 
paeuan eu tfiusypa F' mootce UMeem onpedeAeunym nAov^adu, u npumoM 
paenym S{F). 

2. Ecau (fiuzypa F cocmaeAena U3 cfimyp F\, F2 c onpedeAenuuMu 
nAoipadfiMu S(Fi), S(F2), mo oua mootce UMeem onpedeAeunym nAou^adt 
S{F) u S(F) = 5(Fi) + S(F 2 ). 

Bbipa3iiM ycjiOBiie, npri kotopom cjairypa iiMeeT onpe^ejieHHyio njio- 
ipaflb, HecKOjibKO imaae. 

Ecjiii MHoroyrojibHaa cjinrypa FI coflepaaiTca b tfmrype F, to mho- 
royrojibHaa cjuirypa G, co^epacamaa F, nojiyaaeTca npii6aBjieHHeM k H 
HeKOTopoli MHoroyrojibHofi cjairypbi K — «pa3HOCTii» G — FI . 3ia cjiiiry- 
pa, oaeBHflHO, co^epaaiT rpamiuy tfnirypbi F (pnc. 21, 22). Ee njiom,a,zi,b 
paBHa pa3HOCTii njiomafleii cjinryp G h H : 

S(K) = S(G) — S(H). 

CTajio 6biTb, to, hto njiomafln (fniryp G h H MoryT 6biTb ckojib yro,n,HO 
6 jih3kii h TeM caMbiM 4>iirypa F iiMeeT onpe^ejieHHyio njiomaflb, paBHO- 
chjibho TOMy, hto njiomaflb (]jnrypbi G — H MoaceT 6biTb ckojib yrofl- 
ho Majioii. To ecTb rpaHHpa ^aHHOft tfrarypbi F MoaceT 6 bitb 3aKjiiOHe- 
Ha b MHoroyrojibHyio (Jrnrypy CKOjib yro^HO Majioii iuiom,aflH. H mojkho 
ccjiopMyjiHpoBaTb: cjiiirypa iiMeeT onpe^ejieHHyio njiomaflb Tor^a h tojib- 
ko Torfla, KOiyja ee rpamiriy mojkho 3aKjnoHiiTb b MHoroyrojibHyio cjnirypy 
ckojib yro^HO Majioii njiorn.a.nH. Ho ecjm tfrarypa MoaceT 6 bitb 3aKjnoaeHa 
b MHoroyrojibHyio (Jairypy CKOjib yro^HO Majioii njiorn,a,nH, to ee njiom;aflb 
paBHa Hyjno (k&k, HanpiiMep, paBHa Hyjno njiomaflb OTpe3Ka). 




Phc. 22. 


Pnc. 23. 


3to no3BOjiaeT Bbipa3iiTb nojiyaeHHoe ycjiOBiie cymecTBOBamia y (Jjh- 
rypai onpe^ejieHHOii njiomapn tsk. 

TeopeMa 1. Ouzypa UMeem onpedejieHHym ruiovnadb mozda u moAbKO 
mozda, nozda n.aoui t ad , b ee zpanuyu poena Hy.aw. 

H mojkho nepecKa3aTB TeopeMy II; 

TeopeMa II a. Iljioinadb ifiuzyp c onpedeziemou ruioipadbw o6.aadaem 
meMU otce ceoucmeaMU 1-4, kclk, e uacrrmocmu, nA0iu,adb MnozoyzoAbnux 
cfiuzyp. 

3Ta TeopeMa 6yn,eT ,n,OKa3aHa b cjieflyiomiix naparpacjaax. 

K onpeflejiemiio njiomapii mojkho iropoftTH, iicxopa H3 cnoco6a ee H3- 
Mepemia c noMOipBio KBappaTHBix ceTOK (piic. 23). 3to o6o6m;aeT tot npn- 
eM, xaKHM Haxo^piT njiorpapB npaMoyrojiBHiiKa hjih ii3MepaiOT njiom,aflb 
npaKTiiaecKii c noMOipBio najieTKii. Kopotko mojkho CKa3aTb: 

njiovnadb (fiuzypu mochcho onpedeAumb kwh eeAununy, u3MepfteMyw 
njiomadbw ueadpamoe cemKu, codepxicaw,uxcA e (fiuzype u noKpueaww^ux 
(fiuzypy, ecjiu y amux nuceji ecrm> o6ui,uu npedezi. 

3to onpeflejiemie o/pmaKOBO pjia MHoroyrojiBHBix h ppynix cja-iryp h 
paBHOCiijiBHO paHHbiM BBime. Ha ero ochobc n 6ypyT pajiBme poKa3aHBi 
TeopeMBi I, II. 

3aMeaaHHe 1. To ycjiOBiie, hto cjanrypa iiMeeT onpepejieHHyio njio- 
ipapp, ecjin njioipapB ee rpamipBi paBHa Hyjno, Majio Harjiappo n, hto 
6ojiee cymecTBeHHO, caMO ucnoAb3yem nowmue n.aoui,adu. OppaKO 3a- 
Mem-iTB ero ppyniM He ypaeTca, h mojkho yica3aTB tojibko Te hjih iiHBie 
6ojiee aacTHBie ycjiOBiia, Korpa oho BBinojiHaeTca. Cjiepyioipee ycjiOBiie 
6ypeT Bee ace pocTaTOHHO o6ih,iim. 

Ha30BeM Kpueo.nuHeuHUM ompe 3 KOM Taxyio cjinrypy — KpiiByio, — ko- 
Topaa b nopxopanpix KOoppimaTax npepcTaBjiaeTca ypaBHCHiieM y = /( x) 
c HenpepbiBHOii tfjyHKpiieii /, 3apaHHOfi Ha KaKOM-jni6o 3aMKHyTOM npo- 
MeacyTKe. B § 8 6ypeT poKa3aHa 

TeopeMa III. Bcjikcmi (fiuzypa , ozpaHuueHnaM kohcohum hucaom upu- 
eoAuneunux ompe3Koe, UMeem onpedeAennym nAoipadb; djia maKux cfiu- 
zyp eunojiHfiemcfi ece mo, umo 6 uao CKa3ano o nAoipadu MnozoyzoAbnux 
(fiuzyp. 

3aMeaaHHe 2. npHBepeM npiiMep tfnirypBi 6e3 onpepejieHHOH njioipa- 
pn. npepcTaBHM ce6e npaMoyrojiBHiiK, cocTaBjieHHBiii H3 pByx KBappaTOB 
P, Q c o6ipeft CTopoHofl. nycTb Ha opHOii CTopoHe KBappaTa P BBepeHa 
KOoppimaTa x. npepcTaBHM ce6e TaioKe cjairypy R, cocToaipyio H3 Bcex jie- 
>Karpiix b 3tom KBappaTe OTpe3KOB, napajijieaBHBix ppyroii ero CTopoHe h 
HM eK>IH,HX KOHpBI B TOHKaX C papHOHajIBHBIMH 3HaaeHIIHMII KOOpflHHaTBI X. 
3th 0Tpe3Kii njiOTHO «HiTpnxyiOT» Becb KBappaT. Onrypa F, cocTaBjieH- 



Haa H 3 KBa/i,paTa Q h cjnirypbi R , coflepaaiTca b npaMoyrojibmixe P + Q, 
coflepaaiT KBa/i,paT Q , ho 6 ojn>meH MHoroyrojiBHofi 4>iirypbi He coflep>xiiT. 
3Ta cjjHrypa F He iiMeeT onpeflejieHHOii njioiflaflii. 

B 3 tom npiiMepe 4>iirypa F i-meeT nacTb R aobojibho Heo 6 biHHoro «na- 
TOJiorHHecKoro» erpoemia. Ho mojkho npHBecTH npiiMepbi o 6 jiacTeii, xo- 
Topbie He HMeiOT onpeflejieHHOii njioiflaflii. 3 tii npHMepbi ctpohtch He Tax 
npocTO, h Mbi hx 3flecb npiiBOfliiTb He 6 yn,eM. nojie3HO, oflHaxo, 3HaTb, 
hto flaace He Bcaxaa oSjiacTb iiMeeT onpeflejieHHyio njiomaflb b CMbicjie 
npiiHHToro Bbirne onpefleaemia. 

3to mojkho noHHTb npaKTHHecKii. npeflCTaBHM ce 6 e 3eMejibHbiii yna- 
CTOK, OrpaHIIHeHHbHI C OflHOII CTOpOHbl OBparOM C CIIJIbHO I-I3pe3aHHbIM 
KpaeM. ^jih Bjia^ejibpa ynacTxa 3nr3arn xpaa Heyflo 6 Hbi, h iuiornaflb 
ynacTxa oh 6 yn,eT H3MepaTb 6e3 hiix. Ho 3eMjieycTpoiiTejib MoaceT Ha- 
CTaiiBaTb Ha tom, hto 6 bi yHHTMBaTb h njioiflaflb « 3 nr 3 aroB». TaxiiM 06 - 
pa30M, npaKTHHecKii oxa3biBaeTca, hto njioiflaflb mojkho opeHiiBaTb no- 
pa3HOMy. MaTeMaTHHecKaa iifleajimafliia h npiiBOflHT k o 6 jiacTaM, He mie- 
k>ih,hm onpeflejieHHOii iuioipaflH H3-3a oco 6 eHHOCTeii rpamiflbi. 

3aMenaHHe 3. noflo6HO TOMy, Rax fljia MHoroyrojibHbix cjn-iryp njio- 
m,aflb ecTb 4>yHKn,iiH co CBOiiCTBaMH 1-4, mojkho cxa3aTb, hto, BOo6m,e, 
njioiflaflb flpynix tfniryp — sto 4>yHXflna c TeMii >xe CBOiiCTBaMH. OflHa- 
ko fljia toto HTo6bi t|)yHKLi;iiH 6buia onpeflejieHa, HyjxHO yxa3aTb oSjiacTb 
ee 3aflaHiia, b HarneM cjiynae — MHoacecTBO Tex tfniryp, fljia KOTopbix OHa 
onpeflejieHa, ho xapaxTepii3yeTca flpyriiMii CBOHCTBaMH, o neM mhi 3fl,ecb 
roBopHTb He 6 yfleM. 

§ 2. Oiipe/j,ejieiiMe iuioiu,aflH H3MepeHneM 

npeflCTaBHM ce 6 e, hto njiocKOCTb pa36iiTa npaMMMii Ha efliiHiiHHbie 
KBaflpaTbi no,n,o 6 HO xjieTHaToii SyMare. 3 tii KBaflpaTbi, b cboio onepeflb, 
pa36iiTbi Ha MeHbiHHe paBHbie KBaflpaTbi, Te Ha ein,e MeHbiHne h t. fl. Tax 
mhi npeflCTaBjiaeM ce 6 e nocjieflOBaTejibHOCTb Bee 6 ojiee yMeHbmaiomHxcH 
KBaflpaTHbix ceTOx, noxpbiBaioni,iix njiocxocTb. 3 tii ceTxi-i mm nepeHyMe- 
pyeM: nepBaa, cocToaipaa H3 efliraiiHHbix KBaflpaTOB, BTopaa, TpeTba h 
T* fl* 

EfliiHiiHHOMy KBaflpaTy h, cootbctctbchho , BceM KBaflpaTaM nepBoii 
ceTxii npiimiHieM njioiflaflb, paBHyio efliiHiipe: 


S(Si) = 1. 

Ecjih b n-ft ceTxe efliiHiiHHbiii KBaflpaT pa3flejieH Ha N n KBaflpaTOB, to 



Ka^K^OMy KBa^paTy n- n ceTKn npmiHCbiBaeM njionja^b 

S(E n ) = -f . 

iy n 

Onrype, cocTaBjieHHOft H3 xBa^paTOB cctxii, npiiniicbiBaeTca njioma^b, 
paBHaa cyMMe hx iuioina^eH. (Mbi roBopiiM 3^ecb «njioin,aflb» ,n,jia xpaT- 
kocth, xoth iiMeeM b Bnfly aiicjieHHyio njioma^B; CTporo roBopa, noxa 
penb n^eT o HHCJiax, npimiicbiBaeMbix (JnirypaM b xaaecTBe hx hiicjichhoh 
njioipaflH.) 

IlycTb TenepB F — xaxaa-jiiiSo (Jnirypa. ConocTaBiiM eft ,a,Be cjaiirypbi 
H 3 KBa/i,paTOB n-ft ceTxn: F'‘ t , F£ (i, e — nepBbie 6 yKBbi cjiob interior — 
BHy Tpemnift , exterior — BHeinmift). Oiirypa F^ coctoiit h 3 Bcex xBa^paTOB 
n-ft ceTKi-i, BHyTpeHHOCTii xoTopbix co^epacaTca b F (pnc. 23 ). Oiirypa F£ 
coctoiit H 3 Bcex KBa^paTOB n-ft ceTxii, BHyTpii xoTopbix ecTB tohxii h3 
F (pnc. 23 ). IIjiomaflH stiix (Jniryp o 6 o 3 HanaeM S(F^), S(F^). OaeBHflHO, 
KancflBift KBa^paT H3 F‘‘ t bxo,h,ht b F®, h nosTOMy 

F l n c F-, S{Fi) ^ S{F e n ). ( 1 ) 

IlepeftfleM k (n + l)-ft ceTxe. Kajxflbift xBa/ipaT n-ft ceTKii, BxoflHmiift 
b (Jrarypy F£, pa3o6i>eTca Ha xBaflpaTbi (n + l)-ft cctkii. BHyTpeHHOCTii 
hx 6ya,yT Taxace coflepjxaTbca b tfrarype F, h, CTajio 6 bitI), Bee ohii 6y- 
^yT bxoahtb b cjsiirypy F^ +1 . IIosTOMy F'' n+l D F^ (x xBaflpaTaM H 3 F £ 
MoryT npn6aBHTbCH xBa^paTbi, coflepixairpieca b xBa/ipaTax H 3 F%). Co- 
OTBeTCTBeHHO 

S(K +1 ) > 5(K). (2) 

KBa^paTbi, Bxoflanpie b cjairypy F% +1 , t. e. coflepjxamiie BHyTpii tohxh 
H3 F, 6yn,yT, oaeBHflHO, co^epjxaTbca b xBa^paTax, cocTaBjiaiomux cjiiiry- 
py F%. IIosTOMy F^ +l C F% h, cootbctctbchho, 

S(F* +1 ) < S(FZ). (3) 

TaxiiM o6pa30M, nepexo^a ot nepBoft ceTxii xo BTopoft h t. fl., Mbi no- 
jiynaeM flBe nocjieflOBaTejibHOCTii nuceji S(F^) n S(F^). IIpii stom BBH^y 
(2) 

S(Fi)^S{Fi)<S{Fi)<... 

0Ta nocjie^OBaTejibHOCTb orpamiaeHa (Tax xax Bee xBa^paTbi tjniryp F^ 
coflepjxaTca b efliiHiiHHbix xBa^paTax, noxpbiBaiomiix cjaiirypy F). 



TaKHM o6pa30M, nocjieflOBaTejibHOCTb Hiiceji S(F^) Hey6biBaioinaH h 
orpaHiiHeHHaa. IlosTOMy OHa iiMeeT npe^eji; o6o3HaHHM ero Si(F), t. e. 
nojiojKiiM 

Si(F) = lim S(Fl). (4) 

n—> oo 

3to hhcjio Si(F ) mbi Ha30BGM sHympemeu n.aoipad’bw cfmsypu F. 
PaccMOTpiiM Tenepb nocjie^OBaTejibHOCTb Hiiceji S(F^). H 3 (3) cjie^y- 

eT, HTO 

S{FZ)>S{FS)>S{FZ)>... 

TaKHM o6pa30M, Hiicjia S(F£) o6pa3yiOT HeB03pacTaK>in;yio nocjieflOBa- 
TejibHOCTb , h npiiTOM orpaHiiHeHHyio, Tax KaK Bee 3 th nucjia ^ 0. IIosTOMy 
nocjieflOBaTejiBHOCTb iiMeeT npe^eji; o6o3HaHHM ero S e (F), t. e. nojioiKHM 

Se(f) = lim S(F*). (5) 

n—> 00 

3to hhcjio S e (F ) Ha30BeM ew eiuneu n.ncnpad’bm (fiusypu F. 

BHeniHHH njioipaflb bchkoii (Jmrypbi He MCHbrne BHyTpeHHefi: 


S e (F) > Si(F). (6) 

^eitcTBiiTejibHO, corjiacHO (1) S(F£) ^ S(F^) npn bchkom n. IIosTOMy 
TaKoe nee HepaBeHCTBO 6y^eT Mexyiy npeflejiaMii stiix nnceji, t. e. Bbinoji- 
HHeTCH (6). 

0 1 1 pe;j,e jichhc . Ecjii-i BHenmnsi h liiiyi pemiMM iijioiiuyiii (Jrarypbi paB- 
hm, t. e. S e (F) = S l (F), to hx o6m,ee 3HaHeHiie npimiiMaeTCH 3 a njiomaflb 
cjjurypbi F, h mbi roBopiiM: cjinrypa F HMeeT onpe^ejieHHyio njioipaflb 
S(F): 

S(F) = S e (F) = Si(F). (7) 

TaKHM o6pa30M, mojkho ^aTb onpeflejiemie: 

IIjioinadbK) {uucjieHHOu ruioipad'bw) cjmrypbi Ha3biBaeTCH o6iu,ee 3Ha- 
HeHiie ee BHeniHeii h BHyTpeHHeii njioma,n,H, Kor^a ohh paBHbi. 

BHanajie tfnirypaM, cocTaBjieHHbiM 113 KBa/ipaTOB KaKOH-jiii6o ceTKii, 
6buia npiimicaHa njioin,aflb — cyMMa njiomaflefi stiix KBa^paTOB . HyjKHO 
y6eflHTbca, hto sto corjiacyeTca c flaHHbiM o6ih,hm onpeflejiemieM njioin,a- 

AH. 

IlycTb (Jnirypa F coctoht h3 KBa^paTOB to- h ceTKii; TeM caMbiM F = 
F ^ = F ^ h npii Bcex n > m TaKJKe F = F^ = F%. IIosTOMy npn Bcex 
n > m njioipaflb, nepBOHanajibHO 1 rpm mcaHHair tfnirype F, 6yu,eT 


S(F) = S(F^) = S(F*). 



B npe^ejie npn n — » oo nojiynHM 

S(F) = Si(F) = S e (F), 

t. e. S(F) HBjiaeTCH o6ih,hm 3HaneHiieM BHyTpeHHefl h BHenmefi njioma- 
pfi. Tcm caMBiM S(F) HBjiaeTca njiomaflbio (JnirypBi F b CMbicjie flaHHoro 
o6in,ero onpeflejiemiH. 

HTaK, mbi conocTaBnjiH hckotopbim tfnirypaM nncjia S(F) no cjjopMyjie 
( 7 ) h Ha 3 Bajni hx njiom,aflBio. Ho HyxcHO em,e ,ii,OKa3aTB, hto stii nncjia 
^encTBi-iTejiBHO o6jia,n,aiOT CBoftcTBaMH, xapaK'repnsyrorunMH iuiomaflb, n 
bbihchiitb, fljra KaKiix cjanryp 3 Tii nncjia onpe^e jichbi . Kopone, HyntHO ^1,0- 
Ka 3 aTB, hto ohh — Te, o KOTopBix roBopiiTCH b TeopeMax I, II. 3 to mbi 
^ ajiBine n flOKajKCM. nonyTHO mbi ycTaHOBiiM Taione ocHOBHBie CBoftcTBa 
BHyTpeHHefl h BHeniHeii njiomaflii. 

§ 3. AflflHTHBHOCTB IIJIOIH,a;i,H 

3 ^,ecB mbi flOKajKeM TeopeMy 06 a/miiTiiBHOCTii nnoma^eft: 

TeopeMa 1. Ecau cfimypu F\, F 2 UMewm onpedejieHHyw nAoipadt u 
ne UMewm o6iu,ux enympenHux mouen, mo ifomypa F\ + F 2 moowe uMeem 
onpedejieHHyw nAoipadb u 

S(F 1 +F 2 ) = S(F 1 ) + S(F 2 ). (1) 

3 Ta TeopeMa 6y^,eT nojiyneHa KaK cjie^CTBne TeopeMbi o ccnojiya^HTHB- 
hocth» BHeniHeii h BHyrpeHHeii njiom,a,zi;H. 

TeopeMa 2. JJasi ato6ux deyx $myp F \ , F 2 6e3 o6iu ) ux enympeuHux 
mouen 


S e (F 1 +F 2 )^S e (F 1 ) + S e (F 2 ), 

S i (F 1 + F 2 )^S i (F 1 ) + S i (F 2 ). (2) 

(Tanne xce cooTHomemiH. Kan ( 1 ), ( 2 ), bbihojihjhotch ,n,jin jno6oro nncjia 
cjiaraeMBix F\, F2 , . . . , F/-, hto bbibo^htch h3 ( 1 ), ( 2 ) o6bihhbim nyTeM.) 

/],OKa3aTejiBCTBO TeopeMBi 2 . Asia BHeniHeii njiomaflii BBinoji- 
HsieTCH o6mee yTBepjKflemie: 

JleMMa 1 . J^.nsi jim 6 ux $myp F\, F2 u ux odveduHenusi F\ U F2 
S e (F 1 UF 2 )^S e (F 1 ) + S e (F 2 ). 

/I,OKa3aTejiBCTBO. nycTB F = F\ U F2. Ecjih KBa^paT n-fl ceTKii 
BxoflHT b F®, to 3to 3HamiT, no ycjiOBino. hto oh coflepnaiT BHyTpn ce6a 



tohxii H3 F . TeM caMMM oh coflepHtiiT BHyTpii ce6a tohxii xoth 6m o^hoii 
H3 tfniryp F\, F 2 , cxajxeM, (}>Hi ypbi F\. 3to 3hhhht, hto oh bxo^iit b 
4>Hrypy Ff n . 

HTax, bchxhh xBa^paT (Jjiirypbi F^ npiiHafljiejxiiT xoth 6 m o^hoh 113 
cjniryp Ff n , F£ n . IIjiomaflH »ce Bcex sthx tfniryp cjiaraiOTCH H3 njioin,a,zi,eH 
cocTaBjiHiomiix hx KBa/i,paTOB. TeM caMMM 

S(FZ)^S(Fl n ) + S(FlJ. 

IlepexoflH k npe^ejiy npii n —* oo, nojiyniiM 


S e (F)^S e (F 1 ) + S e (F 2 ). □ 

JleMMa 2. Ecau (fmeypu Fi, F 2 ne uMewm o6ui ) ux enympeunux mo- 
ueK, mo 

S i (F 1 + F 2 )>S i (F 1 ) + S i (F 2 ). 

^OKa3aTejibCTBO. IlycTb tfnirypa F cocTaBjieHa H3 F\ h F 2 : 

F = F\ + F 2 . 

IlycTb xaxofi-TO KBa^paT Q n-i i cctxii coflep>xiiTCH b tfrarype F[ n , t. e. 
BHyTpeHHOCTb ero coflepxaiTCH b F\. TeM caMMM OHa co^epjKiiTCH b F , h, 
3HaHHT, Q coflepjKHTCH b cfnirype F^. BMecTe c TeM BHyTpeHHOCTb stoto 
KBa^paTa He coflepxaiTCH BHyTpii F 2 , Tax xax F 2 He iiMeeT c F\ o6ih,hx 
BHyTpeHHiix Tonex. TeM caMMM xBa/ipaT Q He co^epjxiiTCH b tfnirype F 2 n . 
AHajioniHHO, ecjrn xBa^paT coflepixiiTCH b F 2<n , to oh He coflepjxiiTCH b 
Fi tn . TaxiiM o6pa30M, mm bh^hm, hto tfnirypbi F'[ n , F. \ n He HMeiOT o6ih,iix 
xBa,a,paTOB h Bee hx xBa^paTbi bxo,h,ht b tfnirypy F n . TeM caMMM ^jih cyMM 
hx njioin,a,zi,eH nojiynaeTCH, hto 

S(FlJ + S(Fl n ) < S(Fi). 

IlepexoflH x npe^ejiy npn n —> 00 , nojiynaeM 


SiiFj) + Si(F 2 ) < Si(F) = + F 2 ). 

TaxiiM o6pa30M, jieMMa 2 ,n,oxa3aHa. □ 

BMecTe c jicmmoii 1 ohii ,n,aiOT TeopeMy 2. □ 

/],oxa3aTejibCTBO TeopeMM 1. TeopeMy 1 mojxho ctfiopMyjnipo- 


BaTb Tax: 



Ec.au cf>mypa F cocmae.aena U3 cfmzyp F\, F 2 c onpedejienHou ruioiu,a- 
dbw, mo ona mootce uMeem onpede.aeHHym ruioipadb u 

S(F) = S(Fi) + S(F 2 ). 

/],OKa 3 aTeiibCTBO. IlycTB (fairypa F cocTaBjieHa H 3 cjanryp F \ , F 2 
c onpe^ejieHHOfi ruiomaflBio, t. e. S e (Fi) = Si(Fi) = S(Fi), n to *e ^jih 
F‘2 . Torfla 113 jieMM 1 , 2 


S e (F) sC 5(F0 + S(F 2 ), 

Si(F) > 5(Fi) + S(F 2 ). 

A TaK KaK 3aBe^OMO Si(F) ^ S e (F), to nojiyaaeTca, BO-nepBbix, hto 

S e (F) = S,(F), 

t. e. (Jairypa F i-meeT onpe^ejieHHyio njioipaflb S = Si = S e . H, bo-btopbix, 

5 (F) = 5 (F 1 ) + 5 (F 2 ). 


TeopeMa 1 ,n,0Ka3aHa. □ 

MoHOTOHHOCTb iuioiu,a,zi,H. 
TeopeMa 3. Ecjiu F C F' , mo 


Si(F) > Si(F'), S e (F ) > S e (F'). 

IJoomoMy ecjiu (fiueypu F, F' u.M,ewm onpedejiennue ruioipadu (m. e. y 
hux S = S e = Si)), mo 

S(F) > S(F'). 

/I,OKa3aTeiibCTBO. IlycTb F' D F' . Tor^a b n-i t ceTKe bchkiih 
KBa,npaT, coflepjKamini BHyTpii ce6a tohkii 1-13 F' , TeM caMBiM co,n,ep:>KHT 
BHyTpi-i ce6a tohkh h3 F . CjieflOBaTejiBHO, F'^ C F£ h 

S(F ':) < S(F^). 

Ilepexofla k npe^ejiy (npii n — > 00), nojiyaiiM: 

SeiF 1 ) < S e (F). 

Bbiboa fljia Si aHajioniHeH. Bchkhh otkpbitbiii KBa^paT, coflepjKamniica 
b F' , coAepjKHTca h b F. IIoaTOMy F^ C F^, Tax hto S(F£) ^ S(F^) h b 
npe^ejie Si(F') SC S(F), hto h Tpe6oBajiocB floxa3aTB. □ 



§ 4. Onrypti c onpe^ejieHHofi njioipafltio 

O 6 03 ii a 'i c mi e . 3/iecb o6o3HaHemiH rpaHHUBi BOcnojib3yeMCH ciim- 

bojiom d (a He fr). 

TeopeMa 1. Bcmkclsi MHozoyzo.annaJi ifiuzypa UMeem onpedeAennym 
njiomadb. 

3ia TeopeMa BbiTexaeT H3 cjieflyiomeii o6meit TeopeMBi. 

TeopeMa 2. Quzypa UMeem onpedeAennyw riAoipadb mozda u moAbKO 
mozda, Kozda enemnjiH ruiovnadb ee zpanuyu paena ny.tiw. 

Tax Kan Bcer^a S e / S, to h3 S e (F) = 0 cjie^yeT Si(F) = 
0, t. e. S e (F) = Si(F), h, 3HaHiiT, tfnirypa F HMeeT onpe^ejieHHyio 
njiomaflB, paBHyio Hyjno. IIosTOMy TeopeMy 2 mojkho (fiopMyjnipoBaTb 
h Tax: 

TeopeMa 2a. Quzypa UMeem onpedeAennyw ruiovnadb mozda u moAb- 
ko mozda, Kozda njioiu,adb ee zpanuyu paena ny.aw. 

/],OKa3aTejibCTBO TeopeMbi 2. TeopeMa 2 BbiTexaeT H3 cjie^y- 
romero H3Hm,Horo yTBepjK^eHiiH. 

JleMMa 1. /[.ah ecHKoti cfmzypu F 

S e (F) - Si(F) = S e (dF), 


zde dF — zpanuya F. 

/(oKasaTejibCTBO. IlycTb F — ^aHHaa tfnirypa h dF — ee rpamiu,a. 
PaccMOTpiiM b ^.aHHOii n-i i ceTKe tfnirypbi F£, F/ (dF)^. IIoKajKeM, hto 
tfnirypa (3T)® coctoiit ii3 tcx KBa^paTOB tfnirypbi F%, KOTopbie He bxo,h,ht 
b F^ (pnc.23). 

B caMOM ^ejie, ecjin KBa^paT Q bxo/i,ht b F', ho He b f ‘ , to 3to 3HaHiiT, 
hto BHyTpn Hero ecTb tohkii ii3 F, ho TaKxce tohkii, He npimafljiejKaiipie F 
(imane oh co^epucajiCH 6bi bF^). CjieflOBaTejibHO, BHyTpn 3Toro KBa^paTa 
ecTb tohkii rpaHiipbi F. TeM caMbiM TaKofl: KBa^paT bxo,h,ht b ( dF . 

IlycTb Tenepb Q — KBa^paT, Bxo/pirrptii b ( dF )®. Oh co,a,ep}KiiT BHyT- 
pii ce6a tohkii 113 dF, t. e. tohkii rpaHiipbi tfnirypbi F. TeM caMbiM oh 
coflepjKiiT BHyTpn ce6a k'ak tohkii, npiiHa^jiejKamHe F, tak h tohkii, He 
npiiHafljiejKamne F. A sto 3HaHiiT, hto oh bxo^iit b tfnirypy F£, ho He b 
F\ 

n 

TaKiiM o6pa30M, tfnirypa ( dF o6pa3yeTCH BceMi-i KBaflpaTaMii, ko- 
Topbie BxoflHT b F', ho He b F^. IIosTOMy fljia njiomafleii BbinojiHaeTCH 
paBeHCTBO : 


S(F*) - S(K) = S((dF) e n ). 



IIepexo/];a k npe^ejiy, noaynaeM 


S e (F)-Si(F) = S e (dF), 

hto h Tpe6oBajiocb ,xi,OKa3aTb. □ 

H 3 ^,OKa3aHHOfi jieMMbi cpa3y cjie^yeT TeopeMa 2. 
/JoKasaTejiBCTBO. To, hto (Jrarypa F HMeeT onpefleaeHHyio nao- 
ipaflb, 03HanaeT no onpe^eaemno, hto S e (F) = Si(F). A 113 ,a,OKa3aHHOH 
jieMMbi cjie^yeT, hto sto paBHOCiiabHO 

Se{dF) = 0. 


TeopeMa 2 ,n,OKa3aHa. □ 

/IoKa3aTenbCTBO TeopeMbi 1. TeopeMa 1 o tom, hto mhoto- 
yrojibHaa cjnirypa imeeT onpefleaeHHyio nnoiH,a,n,b, bbibo^htch 113 ,a,OKa- 
3aHHOii TeopeMbi 2. ^jia stoto ^OKaaceM Tpn aeMMbi. 

JleMMa 2. Ecjiu a — djiuna cmopcmu k eadpama dannou cemKu, mo 
ompe30K djiimu l nepecemem ne 6ojiee 21 /a + 4 ueadpamoe. 

/],OKa 3 aTejibCTBO. IlycTb ,a,aHa KBa^paTHaa ceTKa c /ijiuhoh cto- 
poHbi KBa^paTa, paBHon a. CeTKa o6pa30BaHa npaMbiMn ,n,Byx B3anMHO 
nepneHflHKyjiapHbix HanpaBjieHHit. JI 106011 ,n,aHHbiH 0Tpe30K o6pa3yeT c 
hums yrjibi, b cyMMe paBHbie 90°, n, CTajio 6 biTb, c npaMbiMn o^hoto H3 
3tiix HanpaBjiemiH — yroji, He 6ojib- 
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(pnc. 24). Phc.24 

Ecjiii flairaa OTpe3Ka paBHa l, to oh 

nepecexaeT hphhkom hiikhk He 6oabine l/a noaoc. BMecTe c hiimii oh ne- 
peceKaeT, caMoe 6oabinee, 2 l/a KBa/ipaTOB. 

y KaiK^oro 113 kohh;ob oh MoaceT nepeceKaTb no o^hoh noaoce h, 3Ha- 
hht, em;e no 2 KBa^paTa. Tax hto b peaoM oh nepecexaeT He 6oaee 2Z/a + 4 
KBa^paTOB, hto h Tpe6oBaaocb ,n,OKa3aTb. □ 

JleMMa 3. n.aoinadb ompe3Ka poena hijjiw. 


^],OKa3aTejibCTBO. IlycTb (Jrarypa F npeflCTaBjiaeT co6oii 0Tpe30K 
jjjihhbi l. IlycTB a n — /yiiraa CTopoHbi KBajjpaTa n-i t ceTKii. Toiyja, no jjOKa- 
3aHHOfi jieMMe 2, 0Tpe30K nepecexaeT He 6ojiee 2l/a n + A KBa/jpaTOB ceTKH. 
3HamiT, 4>nrypa F£ coctoht He 6ojiee neM H3 TaKoro micjia KBa/jpaTOB . 
IIocKOJibKy njiom,aflb o/jHoro KBa/jpaTa paBHa , to njionjajjB <J>mypBi F% 
opeHHBaeTCH Tan: 


S(F*) < (2— + 4 ) a 2 n = 2 lan + 4 a\. 

Koiyja n — > 00, to a n — > 0, a S(F%) — > S e (F). CjiejjOBaTejiBHO, S e (F ) = 0, 
hto h Tpe6oBajiocb ,n,OKa3aTB. □ 

JleMMa 4. n./iomadb o6seduHeHUfi kohchhozo uucjia fiuzyp nyjieeou 
ruioinadu paena ny.nw. 

/],OKa3aTejitCTBO. Ecjii-i 4>nrypa F cjiy>KHT oGnefliiHeraieM cjarayp 
F\ , F2, . . . , F m , to no jieMMe 1 § 3 


S e (F) < S e (Fi) + S e (F 2 ) + ... + S e (F m ). 


IIoaTOMy ecjin Bee tfrarypBi F\, . . . , F m HyjieBOii njionjajjH, to ii 

S e (F) = o.b 

/],OKa3aTejiBCTBO TeopeMti 1 nojiynaeTCH Tenepb cpa3y. T pa- 
ranja MHoroyrojibHon (Jnirypbi coctoiit h 3 KOHenHoro micjia OTpe3KOB, a 
noTOMy, Kan cjiejjyeT 113 jicmm 4, 3, njionjaflb ee paBHa Hyjno. CjiejjOBa- 
TejiBHO, corjiacHO TeopeMe 2, MHoroyrojiBHaa (Jnirypa iiMeeT onpe/jejieH- 
Hyio njioiijajjb. □ 

§ 5. rLionja/jM paBHbix MHoroyrojitHtix (fmryp 

TeopeMa 1. y paenux Mnozoyzojibnux (fimyp n.aoui,adu paenu. 

/],OKa3aTejiBCTBO npoxojpiT b Tpii 3Tana. 

PaBeHCTBO iuioiijajjeH /jjiji napajuiejitHO nepeHeceHHbix c}ni- 

ryp. 

JleMMa 1. Iljioinadb npHMoyzoA'bHUKa co cmopcmaMU, napaAJieAmu- 
mu jiuHusiM Keadparrmou cemKU, paena npomeedenum d.aun ezo cmopon. 

,ZI,OKa3aTejibCTBO nojiynaeM o6binHbiM nyTCM, xan b ihkojibhom xypce, 
6epa KBajjpaTbi, cojjepjKamiiecH b jjaHHOM npHMoyrojiBHiiKe F h noKpBi- 
Baromne ero, t. e. 6epa (JrarypBi F ^ h F^. (IIpaBjja, b ihkojibhom Kypce 
KBajjpaTBi «HaKjiaflBiBaiOT» ot flByx ctopoh npaMoyrojiBHiiKa, TyT »ce ohh, 
BOo6in,e roBopH, pacnojiararoTCH iiHane. Ho sto HecymecTBeHHO.) □ 



JleMMa 2. Ouzypu, cocmaeJienHue U3 paenux npstMoyzoAbHUKoe 
co cmopoHciMu, napaJuiejibHUMu jiuhusim cerriKu, uMewm paenue ruio- 
w,adu. 

^OKa3aTejibCTBO. H 3 jieMMbi 1 cjie,nyeT, hto paBHbie npHMoyrojib- 
HIIKH, O KOTOpBIX TyT TOBOpHTCH, IIMGIOT paBHBie njiorna/ai. Cjie^OBaTejiB- 
ho, no a^miiTiiBHOCTH njiom;aflH, 11 (}.>nrypbr. cocTaBjieHHBie E3 hiix, meiOT 
paBHbie njiorn;a/i;n, hto ii TpeSoBajiocb floxaaaTb. □ 

JleMMa 3. /Jjisl MHozoyzojibHux 
(fiuzyp F ecezda C F C F®. 

3to oneBiiflHO. □ 

3aMenaHHe. CoBepmeHHO Tax >xe 
HMeeT MecTO o6m,ee yTBepjK/i,eHiie: ec- 
jih 4>nrypa F coctoht h 3 BHyTpeH- 
hocth n ee rpaHHpbi (t. e. (Jmrypy 
F orpaHiimiBaeT ee rpamipa <9F; cm. 
n.II, rji.2, §2), to F^ C F C F®. 

Ho ecjni (Jinrypa HMeeT flpyroe CTpo- 
emie, to 3th BKjnoneHiiH MoryT He 
BbinojiHHTbCH. npocTenniiiii npnMep: 
ecjni F — BHyTpeHHOCTB KBa^paTa Q 
n- ft ceTKi-i c ^o6aBjieHHOH CTopoHoft flpyroro xBa^paTa, r ro F* = F£ = Q. 
ho Q (jflF h F (fiQ (puc. 25). 

JleMMa 4. Ecjiu odna MHOZoyzoA'bnasi (fiuzypa noAyuaemcA U3 dpyzou 
napcuuieMHUM nepeuocoM, mo ux ruioiyadu paenu. 

/],OKa3aTeiibCTBO. nycTb F, F' — MHoroyrojitHbie <J)Hrypbi, h 
nycTb F' = tF, r^e t — napajuiejibubifi nepeHOC. Bo3bMeM b n- ft ceTxe 
4)iirypbi F*. F®. no jieMMe 3 HMeeM F' n C F C F ® . nosTOMy Taxjxe 
tF , C tF C tF, '%■ OTcro^a no mohotohhocth njiomaflii 

S(tFt) < S(tF) < F(iF®). 

Onrypbi F^, F® coctoht H3 npHMoyrojibHiixoB co CTopoHaMH Ha npaMbix 
ceTKi-i, nosTOMy corjiacHO jieMMe 2 

s{tK) = S(K), s(tFZ) = S(FZ). 

Bjiaro^apa 3TOMy npeflbmymne HepaBeHCTBa mojkho nepemicaTb Tax: 

S(Fi) < S(tF) < S(F®). 

n P H n — > 00 3flecb xpaftmie njieHbi cxo^htch x S(F), CTajio 6biTb, 



S(tF) = S(F ), 

hto h Tpe6oBajiocb AOKa3aTB. □ 

KBaApaTbi KaacAoii H 3 Hainiix ceTOK iiMeiOT o^Hy h Ty ace onpeflejieH- 
Hyio njiomaflB h nojiynaiOTCH flpyr 113 Apyra napajijiejiBHbiMii nepeHOcaMii. 
Ecjiii noABeprHyTb hx KaKOMy-jni 6 o nepeMememno, to nojiynaTca onuTb 
ceTKii 1-13 paBHbix h napajijiejiBHO pacnojioaceHHbix KBaApaTOB. IIoaTOMy 
113 jieMMbi 4 BbiTeKaeT: 

CjieACTBHe. Keadpamnue cemKU, no.ayuaeMue U3 dannux nymeM k a- 
kozo yzodno nepe.M,evj ) eH/u.H, cocmosim Kaotcdasi U3 Keadpamoe odnou u mou 
otce njioiu,adu. n./ioipadb Kaotcdozo k eadpama cocmaejiaem noomoMy ma- 
Kyw wee do.nw ocnoenozo k eadpama, kcik e dannux cemnax. □ 

(Ho noxa ern,e Heii3BecTHO, paBHBi jih iix ruiomaAn njioru,aAHM KBaApa- 
tob hcxoahoh ceTKH. 3 to HaAO AOKa 3 aTB.) 

PaBeHCTBO luioinaAcii MHoroyrojitHtix cjmiyp. nojiynaeMtix 
OTpa*eHHeM. 

JleMMa 5. Ecjiu cfiuzypa F' no.aynaemcsi U3 MnozoyzoAbnou cfjuzypu 
F ompao+cenueM e npnMou, mo ona UMeem my otce nzioiyadb, umo u F. 

floKasaTejiiCTBO. nycTb F — AaHHan MHoroyrojitHaa tfrarypa. 
npoH3BeAeM OTpaacemie b KaKOH-Hii6yAb npaMofi; o6o3Haaaa ero r, HMeeM 
cjairypy F' = rF. BMecTe c cjjiirypoii F noABepraeM TOMy ace OTpaacemiio 
Bee Hamii KBaApaTHBie ceTKii. nojiynHM, KaK yKa3aHO b cjieACTBiiii jieM- 
mbi 4 , Taxiie ace ceTKii, tojibko Heii3BecTHO , 6yA6T jih ochobhoii KBaApaT 
eAHHiiaHbiM. Ecjiii ero njiom,aAi> paBHa k, to Bee KBaApaTbi OTpaaceHHbix 
ceTOK 6yAyT Toace OTjniaaTbca b k pa3 ot njiom,aAn eooTBeTCTByioiu,iix 
KBaApaTOB hcxoahbix ceTOK. 

Oiirypbi E r ( , E® nepeiiAyT iipn stom b (fnirypbi rF , ^ , rE® , nocTpoeHHBie 
no n-i i OTpaaceHHOii ceTKe Tax ace, KaK E^, E^ nocTpoeHbi no iicxoahoii 
ceTKe. noaTOMy OTHonieHiia hx njiomaAeii k njioni,aA aM ochobhbix KBaA- 
paTOB 6 yAyT oahh h Te ace, TaK hto 

S(rF, i) = kS(F^), 5 (rE®) = kS(F^). 

Tax KaK, no jieMMe 3, E^ C E C E®, to tohho TaK ace rE^ C rF C rE®. 
nosTOMy ajis njiomaAeii nojiynaeM: 

S{rF' n ) < S{rF) < S(rE®), 

hjih, npHHHMaa bo BHHMaHHe npe^byiymHe paBeHCTBa: 

kS{Fi) < S{rF) < kS(FZ). 



IIpii nepexo^e k npe^ejiy npii n — * oo njiomaflii S(F^), S(F£) cxo^piTca k 
S(F ), h noTOMy nojiyaaeM: 

kS{F) < S{rF) < kS(F). 

C jieflOBaTejibHO , 

S(rF) = fcS(F). (1) 

Becb 3tot BbiBOfl npnMeHHM k jiioGoii MHoroyrojibHofi (])Hrype h, 3Ha- 
hht, k rF . IIoaTOMy, no,n,CTaBjiaa b nocjieflHee paBCHCTBO rF BMecTO F, 
nojry'iHM 

S(rrF) = kS(rF) = k 2 S{F). 

Ho noBTopHoe OTpaacemie ^aeT TOJK^ecTBCHHoe npeo6pa30BaHiie, Tax hto 
rrF = F. nosTOMy k 2 = 1, h h3 (1) nojiyaaeM, hto 

S(rF) = S(F), 

hto n Tpe6oBajiocB ,n,oxa3aTb. □ 

floxa3aTenbCTBO TeopeMbi 1. TeopeMa 1 o paBCHCTBe njioipa- 
^efi paBHbix MHoroyrojibHbix tfniryp HenocpeflCTBeHHO cjie^yeT 113 floxa- 
3aHHOfi jieMMbi 5. ^eftcTBHTejibHO, tfnirypa, paBHaa flaHHOii, nojiyaaeTca 
H3 Hee HexoTopbiM nepeMememieM, a Bcaxoe nepeMeipeHiie MoaceT 6biTb 
nojiyaeHO xax pe3yjibTaT Hecxojibxiix (He 6ojiee 3) nocjieflOBaTejibHbix ot- 
pa>K6HHH (TeopeMa 1.3.5, a. 3). npi-i xaacflOM OTpa>xeHnn MHoroyrojibHaa 
cjairypa, corjiacHO jieMMe 5, nepexo^HT b MHoroyrojibHyio tfairypy c toii 
ace njiom,aflbio. nosTOMy to ace 6yn,eT h npii Hecxojibxiix OTpaacemiax. 
TeM caMbiM (Jsiirypa, paBHaa /jaHHOii, iiMeeT Ty ace miomaflb, hto ii Tpe- 
6oBajiocb ^oxa3aTb. □ 

§ 6. OKOHHaHne /j,OKa saTCJibCTLsa TeopeMbi I 

B § 1 6buia Bbicxa3aHa TeopeMa I: 

IIycrm> eu6pan HeKomopuu Keadpam E. Tozda uaotcdou MHoeoyeojibnou 
ifoueype F Mootcem 6urm> orrmecena, u npumoM eduHcmeennaJi, uucjieHHasi 
nAoipadb, m. e. maKoe h ucjio S(F), umo 6ydym euno.tmenu CAedymipue 
nemupe ycjioeusi: 

1) S(F) >0, 

2) ecjiu F = F 1 , mo S(F) = S(F') (uneapuaumHocmb) , 

3) S(F\ + F 2 ) = S(Fi) + 5 (^ 2 ) (addumuenocmb ) , 

4) S{E) = 1. 



Ec.au eMecmo ueadpama E 63 fimb dpyeou E' , mo coomeemcmeymmue 
uucjia S' omjiuuawmcfi om S moAbKO o6uu,um MHoatcumejieM: 

S'{F) = kS(F); k = S'(E) = ^ ry (1) 

B § 2-5 Mbi onpeflejiiijiii nncjieHHbie njioin,afln — nncjia S(F), — b nacT- 
hoctii fljra MHoroyrojibHbix 4>nryp, h flOKa3ajin, hto ohii .neiicTBHTejibHO 
o6jia^aiOT CBOiiCTBaMii 2, 3. TeM caMbiM ,n,0Ka3aH0 cymecTBOBamie niicjieH- 
Hoii njiomaflii y MHoroyrojibHbix cjniryp. 

OcTaeTca ,n,OKa3aTb ee efliiHCTBeHHOCTb npii flaHHOM KBa^paTe E h npa- 
bhjio ee nepecneTa (1) fljin flpyroro KBa^paTa E' . 

EflHHCTBeHHOCTB HHCJieHHOH njIOLU,a,Zl,H. 

TeopeMa 1. IIpu dannoM edunuunoM tteadpame E hucachhcla n.ao- 
iu,adb MHosoyzo.abHux cfiuzyp onpedeAAemcA odH03HauHo. To ecmb ecAu 
MHozoyzoAbHUM cfiuzypaM conocmaeAenu hucacl S co ceoucmeaMU 1-4 
meopeMU I, mo ohu npedcmaeAAwm co6ou HucAennue nA0iu,adu, onpede- 
Aennue c noMom,bm Keadpamnux cemoK. 

floKasaTejibCTBO. ^onycTiiM, MHoroyrojibHbiM cjnirypaM OTHece- 
Hbi HHCJia S'(F) co CBoncTBaMii 1-4. HyjKHO ,n,OKa3aTb, hto S'{F ) = S{F). 
no CBOiicTBy 4, S'(E) = 1, hh3 iiHBapiiaHTHOCTi-i cjie^yeT, hto b KajK^oft 
Hameft ceTKe KBa^paTaM OTBenaeT o^ho ii to »ce 3HaaeHne S'(E n ). Ecjih b 
efliiHiiHHOM KBa/i,paTe hx N n nrryK, to N n S'(E n ) = S'(E) = 1. Ho tohho 
Tax jkb, no HameMy onpeflejiemiio hiicjichhoh njiom,afln, N n S(E n ) = 1. 

CTajio 6biTb, 

S'(E n ) = S(E n ). 
noaTOMy npn jno6on cjmrype F 

S'iK) = S(FiJi S\F*) = S{F*). (2) 

fljisi MHOroyrojibHOii cjmrypbi F 

F l C F C F e 

n «pa3HOCTH» F — F^ n F^ — F npe^CTaBjunoT co6ofi MHoroyrojibHbie 
cjmrypbi (hjih nycToe mhojkoctbo, ecjrn F = F^); no a^miiTiiBHOCTii 

S'(F) = S'(F^+S\F-F 1), 

a no CBoncTBy 1 HMeeM S'(F — F£) ^ 0. noaTOMy S'(F) ^ S'(F^). Anajio- 
nmHO 3aKjnonaeM, hto S'(F) Sj S'(F^). TaxiiM o6pa30M, b cnjiy paBeHCTB 
(2) nojiynaeM, hto 

S(K) < S'(F) < S(F 



IIpii n —> oo xpainme njieHbi cxo^htcs k S(F), h, CTajio 6biTb, S'(F) = 
S(F), hto ii Tpe6oBajioci> ,n,oxa3aTb. □ 

3aMeHa e^mimjpi luioipa/tM. 

TeopeMa 2. IIpu 3aMene edunuyu nAoiyadu ece HUCAennue ee 3nav,e- 
husi 3ah MnozoysoAbHux tfiuzyp yMHOotcawmcsi na odun u mom otce mho- 
otcumeAb. Ec.au E' — «Hoeuu» edunuunuu k eadpam u S' — onpedeAennaM 
no ne.M,y nucAemasi nAou^adu ( m . e. Kozda S'(E') = 1 ), mo d.aA cfiuzypu F 

S'(F) = kS(F), k = S , (E) = -^ ry 

/],OKa3aTejibCTBO. IlycTb E ’ — «hobbii“i» e/pnnrnHbrii xBaflpaT h 
k = S'(E) — niicjieHHaa njioin,a,n,b», xaxyio nojiynaeT npn stom «nepBOHa- 
HajiBHBiii » e^HHHHHbiH xBa^paT E. «HoBaa» niicjieHHaa njioipaflb Bcaxofi 
cjmrypbi G, cocToain,en ii3 xBa^paTOB n-i t ceTKii, nocTpoeHHOii no E, 6yu,eT 
paBHa cyMMe njiomaflefi S' cocTaBjiaiomiix ee xBa^paTOB (corjiacHO ,n,oxa- 
3aHHbiM CBOiiCTBaM hhcjichhoh iuioin,aflH) . Ecjiii KBa/i,paT E n n-ii ceTxn 
cocTaBjiaeT 1 / N n xBa,npaTa E, a micjio xBa^paTOB b cjmrype G paBHO 
M n , to 

S'(G) = M n ^- = S(G)S'(E), 

Tax xax M n /N n = S(G) (no onpe^enemno). 

IloaTOMy fljia cjmryp F*. F%, nocTpoeHHbix fljia jno6oft (Jnirypbi F, 

S'(Fl) = S(Fl)S'(E), 

S'(F*) = S(FZ)S'(E). 

MHoroyrojibHoii (Jmrypbi (no jieMMe 3, § 5) F^ C F C F^. EtosTOMy 
S'iK) < S\F) < S\F*), 

H H3 npe/T^TJTyTTTPTX paBeHCTB 

S(Fl)S'(E ) < S\F) < S(F*)S\E). 

ITpii n — > oo BejnimiHbi S(F^), S(F£) cxo/piTca x S(F). IIosTOMy b npe- 
^.ejie nojiynaeM 


S{F)S'{E) ^ S'(F) > S(F)S'(E), 

T.e. S'(F) = S(F)S'(E), hto h TpeSoBajiocb ,n,oxa3aTb. □ 

C ^,oxa3aTejibCTBOM TeopeM 1, 2 TeopeMa I ,noxa3aHa nojmocTbio. □ 



§ 7. IIjioina;i,L) HeMHOroyrojitHMX (JjHryp: rcopcMbi II, Ila 


B § 1 6bijih BbiCKa3aHbi ,n,Be TeopeMBi o njiom,a,n,ii jik>6bix tfniryp, y xo- 
TopBix njioipaflb rpamipBi paBHa Hyjno. TeopeMa Ila roBopiiT, hto hhc- 
jieHHaa njioin,a,zi,B Taxnx tfniryp yflOBjieTBopaeT TeM jxe ycjiOBiinM, hto h 
njiom,aflb MHoroyrojiBHbix tfniryp. TeopeMa II yTBepjK^aeT, hto njioipa- 
pp . 3Tiix tfniryp mojkho HaxofliiTB, Kax HaxoflHT njioipaflB xpyra, no njio- 
maflaM «BnncaHHBix» n «onncaHHbix» MHoroyrojiBHbix tfniryp. 3flecn mbi 
^oxanceM CHanajia TeopeMy Ila, a noTOM — TeopeMy II, n ycTaHOBiiM erpe 
OflHO BajKHoe cbohctbo tfniryp c onpe^ejieHHOii njioma^Bio. 

Haxo>KfleHHe luioipa^n nocpe^CTBOM MHoroyrojitHtix cfmryp. 
YcTaHOBiiM CHanajia o6m,ee ycjiOBiie cymecTBOBaHira njioipaflii. 

TeopeMa la. Ecjiu d.an cfiuzypu F cymecmeywm maKue ifimypu 
G D F u H C F c onpedeJienHUMU n.acnyadsiMu, umo pa3Hocmu ux n.ao- 
xyadeu ckojiu yzoduo Ma.au, mo F uMeem onpedeyieunyw ruiovnadb u ona 
poena o6uifiMy npede.ay nAoiyadeu S(G), S(F[). 

^I,OKa3aTejiBCTBO. Ecjni G D F Z) H n tfnirypBi G, H nMeiOT 
njiom,afln S(G), S(F[), to (no TeopeMe 3, §3) 

S(G) > S e {F) > Si(F) > S(H). 

IIosTOMy ecjin pa3H0CTB S(G) — S(F[) mojkct 6bitb ckojib yroflHO Majion, 
to S e (F) = Si(F), t. e. F iiMeeT onpe^ejieHHyio njioma^B S = S e = Si. H 
6epn tf>nrypBi G ni F[ n Tax, hto S(G n ) — S(F[ n ) —> 0, nojiynnM, hto 

S(G n ) - S(F), S(H n ) - S(F). 

TeopeMa 1 a ,n,oxa3aHa. □ 

B nacTHOCTii, tfnirypBi G, F[ MoryT 6bitb MHoroyrojiBHBiMii. IIosTOMy 
b ^,oxa3aHHOfi TeopeMe la co^epnaiTcn yTBepjxflemie: ecjiu djw ifiuzypu F 
cymecmeywm MHOzoyzo.aunue (fmzypu GdFuHcFco ck o.au yzodno 
Majiou pa3Hocmbw n-aomadeu, mo F UMeem onpedeJieHnyw nJiom^t>. 

BBinojiHneTCH Taxjxe o6paTHoe yTBep>xflemie: 

TeopeMa 16. Ec.au cfiuzypa F u.ueem onpede.aeHnyw ruiovj/idb 
S(F), mo cymecmeywm maKue MHOzoyeoAunue (fiuzypu G n , F[ n (n = 
1, 2, 3, . . .), umo G n D F D H n u 

S(G n ) - S(F), S(H n ) - S(F). 

/(oxa3aTeiiBCTBO. IIo npiiHHTOMy 3,n,ecB onpeflejiemiio njiom,afln 

S(F) = lim S(Fi) = lim S(F «). 

n—*oo n—> oo 



•Piirypa coctoiit 113 KBa^paTOB, BHyTpeHHOCTii kotopbix coflepacaTca 
b F. IIocTpoi-iB BHyTpi-i KajKfloro Taxoro KBa/ipaTa KBa/ipaT, k HeMy flo- 
CTaTOHHO 6jih3khh, mojkho nojiymiTB MHOroyrojiBHyio (Jairypy H n C F c 
njiom,aflbio, KaK yro^HO 6jih3koii k S(F^). 

IIojiyHiiM Taxyro nocjieflOBaTejiBHOCTB MHoroyrojiBHBix tjairyp H n C 

F, hto S(H n ) — > 5(F). 

Oiirypa F ’® coctoht H3 KBa^paTOB, BHyTpn kotopbix co^epacaTca toh- 
kh H3 F. Ho y cjsi-irypBi F MoryT 6bitb eine tohkh, jieacamiie Ha CTopo- 
Hax KBa,a,paTOB ceTKH. Bee TaKiie ctopohbi mojkho OKpyaaiTB npHMoyrojiB- 
HiiKaMH ckojib yro/pio Majioii njiomaflii. npncoe^nHHB nx k cjjnrype F®, 
nojiyniiM MHOroyrojiBHyio (Jjnrypy G n c njioma^Bio, ckojib yro^HO 6jih3- 
koii k F®. nojiyaHM TaKyio nocjieflOBaTejiBHOCTB MHoroyrojiBHBix cjaiiryp 
G n C F, hto S(G n ) — > 5(F). TeopeMa 16 ,n,OKa3aHa. □ 

TeopeMa 16 BMecTe o TeopeMoft la flaiOT: 

TeopeMa 1 . Ouzypa F uMeem onpedeAennym nAoiyadt e CMUCAe onpe- 
dejienusi c noMoupbw k eadpamnux cemoK mozda u mojit>KO mozda, Kozda 
cymecmeywm kok codepotcaiyue ee, maK u codepatcaiyuecsi e neu mhozo- 
yzo.abHue (fiuzypu G u H {G D F D H) co CKOAt yzodno moaou pa3Hocrm>m 
nAoiyadeu S(G) — S(H). n.aoiyadb cfjuzypu F poena npu 3moM o6vu,eMy 
npedejiy ruioipadeu S(G), S(H). □ 

PaueHCTBO njioipa^efi pamiBix cjairyp. 

TeopeMa 2. Ecau cfmzypa F UMeem onpedeAennym nAoiyadn, mo ecsi- 
koa paenasi eu cjjuzypa mootce UMeem onpedeAennym nAoiyadn, u npumoM 
my otce caMyw. 

floKasaiejiBCTBO. nycTB F — (Jairypa c onpe^ejieHHOii njiom;aflBio 
5(F), a F' — cjjnrypa, eft paBHaa, t. e. nojiyaeHHaa H3 F hckotopbim ne- 
peMemeHiieM d: F' = dF. no TeopeMe 16 cyipecTByiOT TaKne G n , H n — 
MHoroyrojiBHBie <J>nrypBi: G n D F D H n , hto 

S(G n ) - 5(F), S(H n ) - 5(F). (1) 

TaK KaK G n D F D H n , to .zyia (Jraryp G' n , H' n , nojiyaeHHBix H3 G n , H n 
TeM ace nepeMememieM d, 6ya,eT 

G' n DF'D H' n . 

noaTOMy 

S(G' n ) > 5 e (F') > Si(F') > S(H’ n ). (2) 

Ho TaK KaK (JairypBi G ' n , H’ n paBHBi MHoroyrojiBHBiM (JairypaM G n , H n , to 
no TeopeMe 1, § 5 nx njiomaflii Te »ce. nosTOMy npeflBmymne HepaBeHCTBa 



( 2 ) mojkho nepemicaTb Tax: 

S{G n ) > S e (F') > Si(F') > S(H n ). 

no cooTHomeHiiaM ( 1 ) Kpafinne hjichbi 3 ^ecB, npri n — > oo, CTpeMHTcn 
k o,a,HOMy h TOMy are npe^ejiy S(F). noaTOMy b npeflejie nojiynaeM 

S{F ) > S e (F') > Si(F') > S(F), 

t. e. S e (F') = Si(F') = S(F). 3to 3HaniiT, hto 4>iirypa F / HMeeT onpe- 
^ejieHHyio njioma^b h npiiTOM paBHyio S(F), hto h Tpe6oBajiocb ,n,OKa- 
3aTB. □ 

CoBOKynHOCTb ([mryp 01 ipc/j,cjici£HOM njioipa^H. CAepyionuui 
TeopeMa ,n,aeT ocHOBamie nojiynaTb H3 4>nryp onpe^ejieHHOH njioru,a,n,H 
ppyrne TaKiie (Jrarypti. 

TeopeMa 3. 06seduHenue u nepeceuenue ak>6ozo kohchhozo hucacl 
( fiuzyp onpedejieHHOu riAoiyadu, nan u pa3Hocrm> deyx manux cfiuzyp, ece- 
zda 0Ka3ueaemcfi cfiuzypou c onpedenenHou nAou^aduto (3flecb «pa3HOCTb» 
cjairyp F, F' — b o6o3Han:eHHHx F\F' — sto MHoarecTBO Bcex tohck, npn- 
Ha/yieacaiipix F, ho He nprraafljiexcamnx F'). 

/JoKasaTejibCTBO. ^QpcTaTOHHO ^0Ka3aTb CKa3aHHoe ,h,jih ,n,Byx cjni- 
ryp: ecjni (JnirypBi F\, F 2 invreiOT onpe^ejieHHyio njioma^B, to ee iimciot 
T axace (Jrarypu F\ U F 2 , F\ fl F 2 , F\ \ F 2 . Hajinnne onpeflejieHHOii njio- 
ipafli paBHOCiijiBHO TOMy, hto ruiomaflb rpaHHUbi paBHa Hyjno. nosTOMy 
TeopeMa cbo,h,htch k TOMy, hto ecjn-i y F\, F 2 njioma^B rpammbi paBHa 
Hyjiio, to to are 6y^eT h y (Jniryp F\ U F 2 , F\ fl F 2 , Fi \ Fj. 

HeTpynpo ,noKa3aTb, hto rpammbi Tpex nocjieflHiix (Jrnryp Bceiyi,a co- 
^.epjKaTca: b o6T>efliiHeHiiii rpamin, caMHx F\ h F 2 . (3to npocToe ^0Ka3a- 
TejiBCTBO HiiTaTejiB MOJKeT npoBecTii caM.) A no jieMMe 4, § 4 o6T>e,n,HHeHHe 
cjairyp HyjieBOii njiom,aflH Toare HMeeT HyjieByio njiom,aflb. 

TaKHM o6pa30M, ecjin S(dF\) = S(dF 2 ) = 0, to S(dFi U dF 2 ) = 0, a 
BMecTe c 3THM paBHbi Hyjno njiomaflii rpamip oStefliiHeHiiH, nepecenemiH 
h pa3HOCTii. TaKiiM o6pa30M, TeopeMa 3 ,n,OKa3aHa. □ 

E^HHCTBeHHOCTB njioiu,a;i,i4. 

TeopeMa 4. IlAoiyadb cfmzyp, y Komopux nAoipadt zpanuyu poena 
nyAw, onpedeAAemcA odH03nauno. To ecmt ecAu 3 ah omux cfiuzyp 3ada- 
hu HUCAa S' c me.HU otce ycA06UH.HU, kok e meopeMe I, Auim> c 3aMe- 
hou ycAoeuH 1 Ha S' ^ 0, mo smu hucao coenadamm c nucAennou n.tio- 
ipadmo S. 

/],OKa3aTejiBCTBO. ^jin njioin,a,n,H MHoroyrojiBHBix 4>iiryp e/pH- 
CTBeHHOCTb ycTaHOBjieHa TeopeMofi 1, § 6, a corjiacHO TeopeMe 1 njiom,a- 
Pfi flpynix (fniryp onpep,ejunoTCH no njiom;aflHM MHoroyrojiBHBix tfniryp, 



noaTOMy hx njiomaflH Toace onpeflejiaiOTcn o^hoshrhho . IIo/i,po6Hee sto 
coo6pajxeHiie npe,a,CTaBjineTcn cjie,n,yioin,iiM o6pa30M. 

IlycTB cjuirypaM c onpeflejieHHOfl njiom,a,n,bio conocTaBjieHbi uncjia S' c 
yKa3aHHbiMri b TeopeMe CBoficTBaMii. IlycTb F D H, rpp F, H — (Jnirypbi 
c onpe^ejieHHOfi njiom,aflbio, Toiyja, no TeopeMe 3, F\H — Toace (Jnirypa 
c onpeflejieHHon njioin;aflbio. CTajio 6bitb, no a/miiTiiBHOCTi-i nnceji S ' , 

S\F) = S\H) + S'{F\H), 

n Tax Kax S' ^ 0, to S'(F) ^ S' (FI). 

CjieflOBaTejibHO, ecjin F — ^aHHaa (frarypa, a G, H — Taxne MHoro- 
yrojiBHbie (])nryphi, uto G D F D if, to 

S'(G ) Ss S'{F) > S'(H). 

fljisi MHoroyrojiBHbix (fuiryp efliiHCTBeHHOCTb njiomaflii 6buia ,n,oxa3aHa b 
T eopeMe 1, §6. IIoaTOMy S'(G) = S(G), S' (FI) = S(F{) 1 n nocjieflmie 
HepaBeHCTBa mojkho nepemicaTb Tax: 

S(G) ^ S'(F) ^ S(H). 

no TeopeMe 1 cjn-irypti G, FI mojkho b3htb Tax, hto6bi S(G) h S(F[) cxojib 
yroflHO Majio OTjnmajnicb ot S(F). Cjie^OBaTejibHO, S'(F) = S(F). Teo- 
peMa 4 floxa3aHa. □ 

PlTax, mm ^oxa3ajin TeopeMy Ha: 

/{am cfmzyp c zpanuyeu ny.aeeou nJiow,adu odH03Hav,Ho onpedejisiemcfi 
HUCAeHHafi nAoui,adb co ceoucmeaMu: 

1) 5(F)>0, 

2) ec,au F' = F, mo S(F') = S(F), 

3) S(F 1 +F 2 ) = S(F 1 )+S(F 2 ), 

4) S(E) = 1. 

B § 2 mm onpeflejiHjn-i nncjieHHyio njioipaflb S, npnueM CBofiCTBa 1), 4) 
BbinojiHHiOTCH fljia Hee Henocpe^CTBeHHo; cboiictbo 2) ycTaHOBjieHO Teope- 
Moit 2, a 3) — TeopeMoii 1 § 3; e^riHCTBenHOCTb (o,n,H03HauHOCTb onpefleae- 
hi-ib) floxa3aHa nocjieflHen TeopeMoii 4. 

TaxiiM o6pa30M, TeopeMa II nojmocTbio floxa3aHa. □ 

^onojiHeHHe. AnajiornuHO TeopeMe 16 mojkho floxa3aTb, uto: 

/{am aw6ou cfiuzypu F u MHOzoyzoAbHux cfiuzyp G, FI , zde G D F D F[ , 
6ydem 

S e {F) = inf 5(G), Si(F) = sup S(H). 

OTcro^a aHajiornuHO TeopeMe 2 ,n,oxa3biBaeTca, uto: 



Ec.au F' = F, mo S e (F') = S e (F), Si(F') = Si(F). CaMii TeopeMbi 1 

H 2 HBJIHIOTCH HaCTHbIMH CJiyHaHMH 3THX o6lH,IIX yTBepJKfleHIIII. 

§ 8 . Em,e o cjmrypax c o 1 1 pc/j,c jic h hoh imoina/ipio 

B HanieM pacnopjcKeHiin ecTb flBa Kpi-iTepna Toro, hto cjmrypa HMeeT 
onpe^ejieHHyio njioipaflb. IlepBBiH — sto to, hto njioipaflb rpamipbi cJjh- 
rypti paBHa Hyjno. BTopoft coctoiit b tom, hto cyipecTByiOT ,n,Be MHoro- 
yrojiBHbie 4>iirypbi co ckojib yro^HO Majioft pa3HOCTbio njioma^eii — co- 
^.epjKaipaa flaHHyio tfnirypy h coflepjKaipaaca b Heft. Ho 3th KpiiTepim 
HeflOCTaTOHHO HarjiHflHbi: ohii He no3BOjunoT no Bimy caMoft tfnirypbi cpa- 
3y onpeflejiiiTb, hto OHa HMeeT onpeflejieHHyio njiom;a/],b. nosTOMy ncejia- 
TejibHO Haft™ nycTb h 6ojiee nacTHbie, ho Harjia^Hbie ycjiOBiisi; nona mm 
ycTaHOBHjiii TOjibKO oflHO TaKoe ycjiOBiie — hto cjjurypa MHoroyrojibHaa. 
Ho ero mojkho 3HaHHTejibHO o6o6m;iiTb. 

TeopeMa 1 . Quzypa UMeem onpedejienHyio njioiyadb, ec.au ee zpanuya 
ne.afiemcsi od’sedunenueM Koneunozo hucm ifiuzyp ( auhuu ), Kawcdan U3 
Komopux npedcmaejisiemcji e nodxodjnyux Koopdunamax ypaenenueM y = 
f(x) c Henpepuenou cjayuKyueu f na KaK0M-nu6ydb npoMexcymKe [a, b] 
(Tan Ha3biBaeMbix KpHBOjnmeftHMx OTpe3KOB). 

Otjiojkiib nona ,n,OKa3aTejibCTBO stoii TeopeMbi, yKanceM Apyryio. 

TeopeMa 2. Quzypa UMeem onpede.aeHHym n.aovyadb, ec.au ee zpanu- 
ya ne UMeem enympennux monetc 35 u cyiyecmeymm dee manue nepece- 
Kamiyuecsi npsiMue, umo ecmafi npsiMasi, napa.ajieAbHafi odnou U3 hux, 
nepeceKaem zpanuyy no KoneunoMy uucjiy ( u.au daxce no cuemuoMy mho- 
otcecmey) omdejibnux mouen u ompe3Koe ( au6o eoece ee ne nepeceKaem). 

Ecjiii (Jnirypa co^epjKHT cboio rpaHiipy, to rpamipa 3aBe,n,OMO He HMe- 
eT BHyTpeHHiix Tonex, Tan hto b stom cjiynae ocTaeTCH tojibko BTopoe 
ycjiOBiie TeopeMbi. 

ycjiOBiia TeopeMbi BbinojiHHiOTCH, HanpiiMep, ^jih jho6mx BbinyKjibix 
cjjiiryp ii hx oSTjefliiHeHiiii b kohchhom Hiicjie (MHoroyrojiBHbie (Jnirypbi 
ciofla BKjnonaiOTCH) . 

0^,HaKO 3Ty TeopeMy mbi He 6yn,eM 3,n,ecb ,n,OKa3biBaTb, Tax KaK ee flo- 
Ka3aTejibCTB0 cjiojkho. 

/],OKa3aTejibCTBO TeopeMbi 1. ^jih floxasaTejibCTBa TeopeMbi 
1 ^.ocTaTOHHO ^0Ka3aTb, hto npii ee ycjiOBiiax njioipaflb rpammbi 4>iiry- 
pbi paBHa Hyjno. To ecTb floCTaTOHHO ,n,0Ka3aTb, hto ecjrn tjuirypa cjiy- 

35 HanpHMep, rpaHiipa (jn-n ypi.!, cocTOHipefi H3 napajuiejibHbix OTpe3KOB, iuiotho pac- 
nojio^KeHHbix Ha KBa,u;paTe, hjih cJ)Hrypbi, coeraBjieHHOH H3 Bcex ToneK KBa^paTa c pa- 
D,HOHajibHbiMH KOop,u;HHaTaMH, npe,n,CTaBjmeT co6oh KBa^paT. 



jkht oGtefliiHemieM xoHenHoro nucjia xpiiBbix y = f(x) c HenpepbiBHbiMii 
cjjyHKpiiHMn /, to ee njiomaflb paBHa Hyjiio. A fljia stoto ,n,0CTaT0HH0 ^o- 
Ka 3 aTb to ate ,h,jih o^hoii Taxoii xpiiBoii, t. e. ,n,oxa 3 aTb cjieflyiomee. 

JleMMa 1. @usypa [upuean), npedcmaeuMasi e npxMoyzoAbHux ko- 
opdunamax ypaenenueM y = f(x) c nenpepuenou (fiynKyueu /, uMeem 
Hyjieeyw ruioipadb. 

floKasaTejibCTBO. IlycTb xpiiBaa F 3a,n,aHa ypaBHemieM y = f(x) 
c HenpepbiBHOft / Ha HeKOTopoM npoMeacyTxe [a, b\. OyHKpiiH, HenpepbiB- 
Haa Ha 3aMKHyT0M npoMeacyTxe, paBHOMepHO HenpepbiBHa. 3to 3HanHT, 
hto npn jho6om nojiojKHTejibHOM e Haft^eTca TaKoe 8 > 0, hto Ha bchkom 
npoMexyTKe ^jiiiHbi, He 6ojibnieii <5, KOJie6aHne 4>yHKrpm oxa3biBaeTCH 
MeHbHie e. FeoMeTpHnecxn sto 03HanaeT, hto xpriBaa F Ha,a, OTpe3KOM 
fljiiiHbi He 6ojibnie S mojkct 6bitb 3 a- 
KjHoneHa b npaMoyrojibHiix c bmcotoh 
e; ocHOBaHne ero napajuiejibHO ocii x h 
He 6ojibnie 8 (puc. 26, a). 

Pa3flejiHM Been npoMexcyTOx [a, b] 

Ha npoMeacyTKH c /yinnaMH <5i, 82 , . . . , 

S n , MeHbniHMH 8. Tor^a xpimyio F 

MOJKHO BKJHOHIITb B (J)Hrypy G, COCTOH- 

rnyio H3 npHMoyrojibHHKOB bbicotoh e, 
pacnojioaceHHbix Ha,n, B3HTbiMii npoMe- 
HcyTKaMH. njiomaflb Taxoro npaMoyrojibHHKa S k = eS k - IIosTOMy njio- 
maflb Been (Jnirypbi G 6ya,eT 

5(G) = J2s k = sJ2^=e(b- a). 

Tax xax F C G, to S e (F) 5(G), h, CTajio 6biTb, 

S e (F) < e(b - a). 

A Tax xax e mojxho b3htb cxojib yro^HO MajibiM, to S e (F) = 0. TaxiiM 
o6pa30M, jieMMa 1 floxa3aHa, a BMecTe c sthm ,n,oxa3aHa h TeopeMa 1. □ 

FLioniyptb h HHTerpaji. Me*;iy iiHTerpajiOM h luiomaaibio ecTb xo- 
pOHIO H3BeCTHaH CBH3b. 

IlycTb f(x) — HenpepbiBHaa cjjyHxuyiH Ha npoMe>xyTxe [a, b\. B npa- 
MoyrojibHbix xoop^HHaTax OHa npe^CTaBjiaeTCH xpiiBofi y = f{x). 3ia 
xpiiBaa F BMecTe c OTpe3xoM [a, b] 11 OTpe3xaMH, npoBefleHHbiMH 113 ero 
xohd,ob napajuiejibHO och y, orpaHHHHBaeT HexoTopyio cjnirypy T (noHHT- 
ho, hto ecjiH xoHeii, xpriBOii F coBnaflaeT c xohijom OTpe3xa [a, 6], to 




pa T + orpamineHa KpiiBoii y 
TaM, r^e f(x) ^ 0; TyT OHa 

niHHO.) 

CorjiacHO TeopeMe 1 , (JiiirypBi T + , T. 
S(T + ), S(T _), h BMecTe c TeM 


OTpe30K H3 3Toro KOHpa He npoBO- 
^htch) . Ecjih KpiiBaa He iiMeeT 06- 
rtpix tohbk c ocbio x , to 3Ta (Jni- 
rypa npeflCTaBjiaeT «KpiiBOjniHeiiHyio 
TpaneH,ino». Boo6m,e roBopa, 4>nry- 
pa T MoaceT coctohtb 113 A B y x 4 ,n_ 
ryp T. |_ h T_ — pacnojioaceHHBix Ha,n 
ocbio x h nofl Hen (puc. 26,5). OTpe- 

30K [a, b] MOJKHO OTHeCTH H K TOH, 

h k flpyroft (Jairype. (Tor^a (Jinry- 
= f(x), rpp f(x) > 0, n y = 0 
jie^cHT Ha och x. T- — aHajio- 


HMeiOT onpe^ejieHHyio mioiija^b 


J f(x)dx = S(T+) - S(T-). 


a 


,ZI,0Ka3aTejiBCTB0 cymecTBOBamia HHTerpajia y HenpepBiBHOii <J>yHKHHH 
coBnaflaeT c ^,OKa3aTejiBCTBOM cymecTBOBamia njioin;a;iH y cjjmyp TaKoro 
Bii^a, KaK T + h T_, FoBopa reoMeTpiiaecKii, paccMaTpriBaiOTca CTyneH- 

aaTBie cjiiirypBi, 3aKjiiOHaioiu,He Ta- 
Kyio cjinrypy T h 3aKjnoaeHHBie b 
Heii (puc. 27), h ^OKa3BiBaeTca, hto 
hx njiomaflii HMeiOT o6hi,hh npe^eji, 
Kor^a npoMeacyTKii, Ha KOTopaie pa3- 
6iiBaeTca npoMeacyTOK [a, b ], 6e3rpa- 
HIIHHO H3MejIBHaiOTCa. Pa3HOCTB Ta- 
khx cjsnryp o6pa3yeT MHoroyrojiBHyio 
(Jjurypy, 3aKjHoaaioiii;yio Ty KpiiByio, 
KOTopaa BMecTe c ocbio x orpaHiiaiiBaeT T, h ^,OKa3aTejiBCTBO CBO^iiTca 
k TOMy, hto njiomafln Taxiix (Jiiiryp CTpeMaTca k Hyjno, t. e. njioma^B 
KpiiBoii F paBHa Hyjno. Hmchho sto h 6bijio ^OKa3aHO BBime b jieMMe 1. 

TaxiiM o6pa30M, cymecTBOBaHiie HHTerpajia HenpepBiBHOii cjiymcipiii h 
cymecTBOBaHiie njiorn,aflH y cooTBeTCTByiomeii (JairypBi T — sto o^ho ii 
to ace, ii, flOKa3aB bbihic cymecTBOBaHiie ee njiomaflH, mbi (JiaKTiiHecKii 
^0Ka3ajiH cymecTBOBaHiie HHTerpajia HenpepBiBHOii (|)yHKH,HH. 



§ 9. 06'l.gm 


3^,ecb Mbi 6yn,eM paccMaTpimaTb orpamiHeHHbie 4>iirypbi b npocTpaH- 
ctbg jno6oro micjia ii3MepeHiiii. ByneM roBopiiTb, KaK o tjuirypax Ha njioc- 
kocth, hto 4>nrypa cocTaBjieHa H3 HecKOjibKiix cjmryp, ecjin OHa cjiyaniT 
hx oG'be^iiHeHiieM h HHKaKne ,a,Be H3 mix He iiMeiOT o6ihhx BHyTpeHHnx 
ToneK. rtumeM F = F\ + F 2 + . . . IIo/i, MHororpaHHOii (Juirypoii 6ya,eM 
3flecb noHHMaTb MHororpaHHoe Tejio (cm. § 4 rji. II h. 2) hjhi, npoipe tobo- 
pH, o6 r be r zi 1 HHeHiie KOHenHoro micjia TeTpas^poB (ciiMnjieKCOB). 

IIoHHTHe o6T>eMa onpe^ejiaeTCH TaK ace, Kax nommie njiom,aflH, c toii 
jiiimb pa3HHii,eH, hto Ha MecTO MHoroyrojiBHbix cjaiiryp CTaBHTCH mhoto- 
rpaHHbie cjimypbi; npn stom bcc BbiBOflbi, Ramie 6 bijih c^ejiaHbi ^jih njio- 
maflii, nepeHOCHTCH Ha o6T>eM. 

OSseMOM MHozozpaHHou (fmzypu Ha3biBaeTCH BejniHima co CBOHCTBaMH 
HHBapiiaHTHOCTH h a^i-iTi-iBHOCTH, t. e.: 1) paBHbie (Jnirypbi iiMeiOT o/i,hh h 
tot ate o6T>eM; 2) ecjin cjairypa cocTaBjieHa H3 HecKOjibKiix MHororpaHHbix 
cjmryp, to ee o6T>eM paBeH cyMMe hx o6T>eMOB. 

CooTBeTCTBeHHO onpe^ejiHCTCH uucjieHHuu o6seM V ( F ) npii flaHHOii 
eflHHHHHoft (Juirype E. 3to Tanoe hhcjio, hto: 1) V(F) > 0; 2) ecjin F = 
F', to V(F) = V{F')\ 3) V(Fi + F 2 ) = V(Fi) + V(F 2 ); 4) V(E) = 1. 3a 

E npiIHIIMaiOT e^HHHHHBIH Ky6. 

AHajioniHHO TeopeMe I § 1 o miomaflH BbinojimieTCH 

TeopeMa 1 . IIpu aadamou eduHwmou tfmzype E Kaotcdou Mnozozpan- 
hou (fouzype omeeuaem, u npumoM eduHcmeennoe, hucjio co ceoucmeaMU 
1-4. Ecjiu ifouzypy E 3aMeHumt> ua E' , mo ece uucjieunue o6veMU yMuo- 
McamcH na odun u mom otce MHOOKume./i'b: 

V’{F) = kV{F)- k = V'(E) = v ^ 

Jlflfi. jho6bix cjmryp npiiHiiMaiOT onpeflejiemie. 

OSseMOM (Jmrypbi F Ha3biBaeTCH BejiiiHima, KOTopaa He 6ojibme o6t>- 
eMOB MHororpaHHbix (Jmryp, coflepacairpix F, h He Memme o6T>eMOB MHo- 
rorpaHHbix cjmryp, coflepjKam,HxcH b F, npn ycjiOBini, hto pa3HOCTii stiix 
o6T>eMOB MoryT 6 bitb ckojib yro^HO MajibiMi-i. 

Torfla roBopiiM, hto (Jinrypa iiMeeT onpe^ejieHHbiii oGbcm; imane y Hee 
HeT onpe^ejieHHoro o6T>eMa. 

TeopeMa 2. Ouzypa UMeem onpedejieHHUu o6zeM mozda u moAbKO 
mozda, rcozda o6zeM ee zpanuyu paeen ny/iw. manux ifiuzyp o6veM 
oS.aadaem eceMU ceoucmeaMU o6seMoe MHozoepannux tfiuzyp, ymsanHU- 
mu e meopeMe 1. 



^II,0Ka3aTejibCTB0 TeopeM 1 , 2 MO*eT 6biTb nocTpoeHO coBepineHHO TaK 
»ce, KaK flOKa3aTejibCTBO cooTBeTCTByiomiix TeopeM ,h,jih njioipaflH, hcxo- 
,zpi H3 onpeflejiemiH oGbcmob no cnoco6y ero H3MepeHiin. Hmchho, o6i>eM 
mojkho onpe^ejn-iTb KaK BejniHimy, H3MepneMyio oSteMOM Ky6oB penieTKH, 
3aKjnonaiom;iixca b 4>nrype n noKpbiBaiom,iix cjanrypy, ecjin y stiix Hiiceji 
ecTb o6ih,hh npe^eji. 

IlpocTpaHCTBO pa36iiBaeTca Ha efliiHiiHHbie Ky6bi E\, npiiMbiKaiomiie 
flpyr k flpyry pejibiMi-i rpaHSMn, TaK hto ohii o6pa3yiOT Ky6nnecKyio pe- 
meTKy. 3 thm Ky6aM npiiniicbiBaeTca 3HaneHiie V(E\) = 1. 3th Ky6bi fle- 
jihtch Ha paBHbie Ky6bi E 2 , h nojiynaeTca BTopaa pemeTKa; ecjin npn stom 
K a>Kflbifi Ky6 Ei flejniTca Ha N 2 Ky6oB E 2 , to sthm Ky6aM npiiniicbiBaeTca 
o6T>eM V{E 2 ) = 1 / N 2 . 3aTeM Ky6bi E 2 ^ejiaTca Ha paBHbie h t. r. Ilojiy- 
naeM nocjieflOBaTejibHOCTb HeorpamiHeHHO H3MejibHaioiii,Hxcji Ky6iiHecKiix 
pemeTOK. 

06T>eM cjmrypbi onpeflejiaeTca c noMombio stiix pemeTOK 6yKBajibHO 
TaK »ce, KaK onpe^ejiajiacb njioiH,a,n,b c noMOipbio KBa^paTHBix kjictok. 

nocjieflyiomHe ,n,0Ka3aTe,jibCTBa cboiictb o6T>eMa nponcxoflHT noHTH ,n,o- 
cjiobho TaK »ce, KaK fljia njiom,aflH, jiiihib c TpeMa otjihhhhmh: 1) bmccto 
KBa^paTOB HyjKHO roBopiiTb o Ky6ax; 

2) BMecTO flOKa3aTejiBCTBa toto, hto njioipaflb 0Tpe3Ka paBHa Hyjiro, 
HyacHO ^0Ka3biBaTb, hto oGteM KBa^paTa paBeH Hyjno (nocKOjibKy jho6oii 
MH oroyrojibHiiK mojkho 3aKjiiOHiiTb b KBa^paT) ; 

3) BMecTO OTpajKemia b npaMoii HyjKHO npn ,n,0Ka3aTejibCTBe iiHBapn- 
aHTHOCTH o6T>eMa BOcnojiB30BaTbCH OTpajKemieM b njiocKOCTi-i. 

B ocTajibHOM Bee BbiBO,n,bi npoxoflHT TaK »ce, KaK fljia njiom,a,n,H. Ohii 
6y;iy r r Te ace h b n-MepHOM npocTpaHCTBe — fljia n-MepHoro oGteMa. Tor^a 
b nyHKTe 2) HyjKHO paccMaTpiiBaTb He KBa/ipaT, a (n — l)-MepHbift Ky6. 

Hi-iTaTejib CMonceT caM npo^ejiaTb Bee stii BbiBOflbi c HeMajiofi fljiH ce6 a 
nojib3ofi. 

^octohhctbo npoBe^eHHoro Bbime ^,0Ka3aTejiBCTBa cymecTBOBaHiia 
njiomaflH coctoiit, Meayiy nponiiM, KaK pa3 b tom, hto oho 6e3 H3MeHeHHH 
nepeHOCHTCH Ha o6T>eM jho6oto Hiicjia H3MepemiH. 



FjiaBa III 


APyiTHE OCHOBAHHfl TEOMETPHH 

§ 1 . KoOp^HHaTtl 

Hamn aKCHOMbi o6ecneHHBaiOT bo3mojkhoctb BBecTii npaMoyrojibiibie 
KOopflHHaTbi Ha njiocKOCTii h b npocTpaHCTBe h TeM onepeTb aHajiHTHHe- 
CKyro reoMeTpmo Ha aKCiiOMaTiiHecKoe ocHOBaHiie. B tom, KaK npn stom 
BBO^HTCH KOOpflHHaTbl, HeT HIIHerO HOBOTO B CpaBHCHIIH C TeM, KaK 3TO fle- 
jiaeTca b aHajiiiTHHecKOH reoMeTprni; HOBoe — b tom, hto HyjKHO npocjie- 
^HTb, KaK 3TO OCHOBbIBaeTCH Ha aKCHOMaX H BblBO^aX H3 HIIX, C^ejiaHHblX 
b rji. I. 

Mbi HaniiHaeM c toto, hto Bbi6npaeM KaKofi-jiiiSo 0Tpe30K h npimii- 
MaeM ero 3a MacniTa6 ^jhih. Toiyja corjiacHO BbiBO^aM § 3 rji. I, Kaac^OMy 
OTpe3Ky othochtch HHCJieHnaa fljiima c H3BecTHbiMH CBOHCTBaMH , yKa3aH- 
HblMH TaM >Ke, H flJIH KajKflOTO fleHCTBHTejIbHOTO Hiicjia x cyrpecTByiOT 
0Tpe3KII C HIICJICHHOII flJIHHOH X. 

BBefleM KOopfliiHaTbi Ha npHMOii. ^jih stoto flOKaxceM: 

Kaoicdan mourn O aw 6 ou npfiMOu a deAum ee (3a euuemoM cclmou 
mourn O) Ha dee noAynpuMue, t. e. Ha ,n,Be Tanne cjmrypbr, hto 0Tpe30K, 
coe/[,nHi-rromHH tohkii o,h,hoii nojiynpaMOii, He co^epacHT TOHKy O, a co- 
e/piHHioiniiii tohkii H3 pa3Hbix nojiynpHMbix — co^epaaiT TOHKy O enympu 
ce6 a (t. e. TOHKa O jie>KHT Ha hcm). 

/],OKa3aTejibCTBO. IlycTb ^aHa npaMaa a h Ha Heil TOHKa O 
(puc. 28). Bo3bMeM Ha a eipe TOHKy A it, npo^ojiaaiB 0Tpe30K AO 3a TOHKy 
O, nojiyHHM 0Tpe30K AB , Ha kotopom 

jieaaiT O. IIpaMaa a npe^CTaBjiaeT co- , , , ^ ! 

6oii oSBe^HHeHiie OTpe3KOB MN, co- N B O A M a 

^,ep>KaiH,iix tohkii A, B. H TaK KaK toh- 

Ka O jieaaiT Ha 0Tpe3Ke AB, to OHa p HC 2 § 

jieaciiT Ha Kaac^OM H3 OTpe3KOB MN 

(TeopeMa 2, § 1 rji. 1) 11 ^ejniT hx Ha OTpe 3 Kii OM , ON (no aKCHOMaM 
II 2 . 3 ); CHinaeM, hto A G OM, B G ON. 06T>e,zi;HHeHH5i sthx 0 Tpe 3 K 0 B 
3 a BbineTOM tohkii O ii ,zi,aiOT nojiynpaMbie, Ha KOTopbie TOHKa O flejniT 
npaMyio a. ^eficTBiiTejibHO, ecjin, HanpiiMep, tohkii P, Q jieacaT na OM , 
to 0Tpe30K PQ He co^epaaiT O; HanpoTiiB , ecjin P Ha OM h Q Ha ON, 
to O Ha PQ (no TeopeMe 5, § 1 rji. I). 

Tenepb bbo^iim KOop/pmaTbi Ha npuMoft. Ha ^aHHoii npaMoii 6epeM Ka- 
KyK)-jiii6o TOHKy O; OHa flejiHT npaMyio Ha ^Be nojiynpaMbie; o^Hy 113 hiix 


a + Ha3biBaeM nojioxtcumeji'bHOu, ^,pyryro a~ — ompuv 1 ame.iibHOu. Tonne M 
Ha npHMOii a othociim hiicjio Xm — «KOop/[HHa r ry tohkii M » - no ii3B6ct- 
HOMy npaBiijiy: 1) ecjin M £ a + , to Xm = |OM|, t. e. paBHO hhcjichhoii 
/pniHe OTpe3Ka OM\ 2) ecjin M £ a~, to xm = — \OM\-, 3) ecjin M = O , 
to xm = 0. 

Tan Mencfly TOHKaMH npHMOH h Bem,ecTBeHHBiMii HiicjiaMH ycTaHaB- 
jiHBaeTCH B3apiMHO 0flH03HanHoe eooTBeTCTBiie. IIpii stom OTpe3KaM co- 
OTBeTCTByiOT niicjiOBBie npoMexyTKii (3aMKHyTBie iiHTepBajibi) : TonnaM 
OTpe3Ka M N OTBenaiOT — ecjm % < x n — niicjia x £ [xm,%n], t. e. 
xm ^ x xn • IIpn stom \MN\ = x N — xm- 

3tii H3BecTHbie yTBepjK^eHHH fl0Ka3biBai0TCH Ha ocHOBe TeopeM H3 
«ajire6pBi OTpe3KOB» h flOKa3aHHOH 3,necb TeopeMBi o pa36iieHHH npaMOii 
Ha nojiynpHMbie. IIpoBeflHTe stii ,xi,OKa3aTejibCTBa (HanpHMep, ecjin M £ 
a~ , N £ a + , to O Ha MN no flOKa3aHHOft TeopeMe; |M7V| = \MO\ + \ON\ 
no aKCHOMe cjioJKemiH; Tan nan M £ a + , N £ a~ , to no onpe^ejicHino 
xm = ~\OM\, x = \ON\. IIosTOMy \MN\ = xn — ijm). 

Koop^HHaTBi Ha njiocKOCTii bbo,h,ht H3BecTHbiM nyTeM nan b aHajin- 
TiinecKOH reoMeTpiiii, Hcnojib3yH npoBe^eHiie nepneH^HKyjiapoB ii anai- 

OMy napajijiejiBHBix OTpe3KOB (npo^ejianTe co- 
OTBeTCTByromi-ie BbiBO,n,bi c flOjHKHbiMii ccbunca- 
MIl) . KoOp^HHaTbl TOHKII M — 3TO KOOpflHHaTbl 
x, y ee npoeKnyiH M x , M y Ha B3aiiMHO nepneH- 
flHKyjiHpHbie ocri x, y (puc. 29). 

TaxiiM o6pa30M, Menyny TOHKaMii njiocKO- 
cth h napaMH KOop/pmaT ycTaHaBjniBaeTca B3a- 
hmho o,n,H03HaHHoe cooTBeTCTBiie. ToHKa npep- 
CTaBjineTCH cboiimh KOopflimaTaMii x, y. 
BbipancaeTca nepe3 KOoppiraaTbi ero kohh;ob h3- 


= V (xa - Xb ) 2 + ( VA - Vb) 2 - ( 1 ) 

3ia cjjopMyjia bhibo^htch, Kan sto cpejiaHO em,e b § 3 tji. I n. 1, H3 TeopeMbi 
IIiKjiaropa, ,n,OKa3aTejibCTBO KOTopoft ynasaHO b § 2 tji. II n. 2. 

Koop/j,miaTbi b npocTpaHCTBe. B npocTpaHCTBe ecTb, no Kpaiiiieii 
Mepe, 4 tohkh, ho jiejKaiipie b o,h,hoh njiocKOCTii (no aKCHOMe IXi § 6 tji. I). 
BepeM KaKyK)-Hii6ynb TOHKy O h eipe ppe tohkii A, B. IIo aKCHOMe Villi 
nepe3 Hiix npoxoflHT nnocKOCTb. B stoh hjiockocth a npoBopiiM nepe3 toh- 
Ky O flBe B3aHMH0 nepneHflHKyjiHpiibie npaMbie a, b h bbo^hm KOoppHHaTbi 
x : y, KaK omicaHO Bbinie. IIpaMbie a, b CTaHOBHTCH ochmh x ii y. 



Piic. 29 

^jiima OTpe3Ka AB 

BeCTHOH (J)OpMyjIOH 


\AB\ 


^ajiee, npoBO^iiM nepe3 TOHKy O npa- 
Myro c, nepneHflHKyjiapHyio npHMbiM a h b , 
h bbo^iim Ha Heit KOopflHHaTy z c TeM nee 
HanajiOM O. IIpHMaH c CTaHOBHTCH ocbio z. 

Tenepb Kancfloii TOHKe M conocTaBjia- 
iotch b KanecTBe ee KOop/pmaT xm, Vm , 
zm KOopflHHaTbi ee npoeKipni M x , M y , M- 
Ha och x, y, z. 

OppaKO HyiKHO o6ocHOBaTb nocjieflHiie 
nocTpoeHHH, HaHiiHan c npoBepemiH npa- 
moii c. CflejiaeM sto (puc. 30). 

no aKCHOMe IXi cyipecTByeT tohkh C, 

He jiejKamaa b njiocKOCTii a. nepe3 Hee h npHMyio a npoxopiiT njiocKOCTb 
(3. B 3Toii njiocKOCTii npoBopHM nepe3 TOHKy O npHMyio d, nepnepipiKy- 
jiapHyio npHMolt a. nepe3 npaMbie b, d npoBopiiM njiocKOCTb 7. 

Tax KaK npaMbie b , d nepneHfliiKyjiHpHbi a , to BCHKaa npuMan, npo- 
xopjnpaji b njiocKOCTii 7 nepe 3 TOHKy O, nepneH/piKynupHa a . 36 noaTOMy 
npHMaa c, npoxoflarpaa b stoh njiocKOCTii nepneHfliiKyjiHpHO npsMOH b, 
6yn,eT nepneH/piKyjiHpHa h a, h b. 

HTax, KaiKflOH TOHKe M conocTaBjiaeTCH Tpoinca (ynoppuoHeHHaH 
TpofiKa) Bein,ecTBeHHbix Hiiceji x m , i/m, zm — KOoppimaTbi ee npoeKipm 
M x , M y , M z na och x, y, z. 

n P H 3 tom OKa3biBaeTca BbinojiHeHHbiM h o6paTHoe: KaiKpoft TpofiKe 
Hiiceji Xo , yo, ~o cooTBeTCTByeT onpepejieHHaa (epimcTBCHHan) tohkh M 
c TaKHMH KOopflimaTaMii: xm = Xo, yu = Vo, zm = zq. 

nycTb flaHbi Tpn Bein,ecTBeHHbix Hiicjia Xq yo, Zq', HaiipeM TOHKy c Ta- 
KHMH KOopflimaTaMH. 

Ecjiii oflHO H3 Hiiceji xo, yo, zq paBHO Hyjiio, CKanceM, zq = 0, to 6epeM 
TOHKy M Ha njiocKOCTii zo = 0, t. e. Ha njiocKOCTH, copepncameii och x, y 
c KOopflimaTaMii xm = Xq, yM = Vo- 

Ecjiii Bee nncjia xo, yo, zq otjihhhhi ot Hyjia, to 6epeM Ha njiocKOCTii, 
coflepiKaiH/eii och x, y, TOHKy N c KOop/pmaTaMii x = xq, y = yo ( no 
,n,OKa3aHHOMy o KOoppimaTax Ha njiocKOCTii Tana h TOHKa ecTb, h npnTOM 
efliiHCTBCHHaa:) . Hepe3 3Ty TOHKy h och z npoBopHM njiocKOCTb a. Ha och 2 
6epeM TOHKy M z c KOoppimaTOH z = zq. B njiocKOCTii a npoBopiiM 0Tpe30K 
NM _L ON, paBHbifi OM z 11 pacnojioJKeHHbiii c toh *e ctopohm, hto h 

36 9tot H3BecTHbifi rjtaKT Mbi 3fleci> He flOKa3MBaeM. /r,OKa3a:rejn,crno b iiohhthhx 
3JieMeHTapHOH reoMeTpim 6e3 BeKTopoB mojkho HaiiTH b niKOJiBHbix yneSmiKax, HanpH- 
Mep, b KHHre: AjieKCcmdpoe A./f., Bepnep A. JI., Puoicuk B. M. reoMeTpma 9-10. M.: 
npocBem,eHHe, 1984. 




OM z . Toiyja MM Z i_ OM z , Tax hto 
M z ecTt npoeKipra tohkii M Ha ocb z, 
h, CTajio 6biTb, ee Koop^HHaTa zm = ~o 
(puc. 31). 

npoeKpiiii tohkh M Ha och x 1 y cob- 
na^aiOT c npoeKipiHMii tohki-i N BCJie^- 
CTBne H3BecTHOii TeopeMbi «o Tpex nep- 
neH/i,HKyjiHpax». B 6ojiee pa3yMHOii tfjop- 
Me OHa KaK pa3 h yTBepjKflaeT, hto ecjin 
N — npoeKipia tohkh M Ha njiocKOCTb a 
h a — npHMaa b njiocKOCTH a, to npoeK- 
d,hh ToneK M h N Ha npaMyro a coBna^a- 

H3T 37 . 

B o6meM, BBe^emie KOop/pmaT ycTaHaBjuiBaeT B3aHMHO opH03HaHHoe 

COOTBOTCTBHe MeHCpy TOHKaMH npOCTpaHCTBa H TpOIIKaMH Hlicejl. H TaK see 
KaK b cjiynae njiocKOCTH, mbi nojiynaeM B03M0>KH0CTb BbipaxaTb yTBep- 
»c/i,eHiiH CTepeoMeTpini Ha H3biKe KOoppHHaT — na H3biKe ajire6pbi h aHa- 
jni3a. B nacTHOCTH, fljiHHa OTpe3Ka BbipancaeTca nepe3 KOoppimaTbi ero 
KOHpOB II3BeCTHOIl (|)OpMyjIOH. 

BcKTopu. Ha njiocKOCTH, KaK h b npocTpaHCTBe, mojkho onpepejniTb 
BeKTopbi h oiiepannH c hiimii, KaK 3to cpejiaHO b aHajiiiTiiHecKOH reoMeT- 
Phh, ho CTporo onupaacb Ha KaHcpoM rnary Ha aKCHOMbi h iix 6jnD«aii- 
Hllie CJie^CTBIIH. nOJIb3yHCb BeKTOpaMI-I , MOJKHO 3aTeM BBeCTII KOOp/],HHa- 
tbi. npocjieflHTb TaKoe aKCiiOMaTiinecKoe o6ocHOBaHiie BeKTopHoro hchhc- 
jieHiiH - oneHb nojie3Haa 3a,a,aHa. 


§ 2. AliajLMTH'ieCKMC OCHOBaHHfl reoMeTpHH 

B npepbmyipeM naparpacjae 6buio noKa3aHO, hto BBepemie npaMO- 
yrojibHbix KOopfliiHaT o6ecneHCHO aKCuoMaMi. B nacTHOCTH, pjiH njiocKO- 
cth 3to 03HanaeT, hto 113 npiiHHTbix HaMii aKCiiOM njiaHHMeTpini BbiTeKaeT: 
cymecTByeT Tanoe B3aHMHO o,n,H03HaHHoe cooTBeTCTBiie Mexcpy TOHKaMH h 
napaMH nuceji, iipn kotopom HHCjieHHaa prima OTpe3Ka BbipajKaeTca H3- 
BeCTHOH (J)OpMyjIOH (1) § 1. 

OKa3biBaeTca, sto mojkho nojioJKHTb b ocHOBamie njiamiMeTpiiii BMe- 
cto Harniix aKCHOM h paTb TaKHM o6pa30M hiicto aHajniTiiHecKoe ee o6oc- 

37 ,ZI| OKa3aTeji6CTBO. To'iKa N — npoeKipiH M Ha a, h nycTB P £ a. TpeyrojiBHHK 
MNP npHMoyrojibHBiii; yroji N npHMoii. IIosTOMy \MP \ 2 = M N | 2 + \NP\ 2 . OTCiofla 
cjie/jyeT, hto \MP\ flocTiirHeT MHHHMyMa BMecTe c N P | . A m huh MBjn.noe paccTOHHne — 
no nepneH^HKyjinpy. Cjie^OBaTejiBHO, o^HOBpeMeHHO MPPanaPNP. 


HOBam-ie b OTjuiniie ot reoMeTpiinecKoro. ^pyniMii cjiOBaMH, mojkho He 
bbo^htb KOopfliraaTBi h He HannHaTb aHajiiiTHHecKyro reoMeTpnio, hcxo^h 
H 3 sjieMeHTapHOH njiaHHMeTpiiii, a Hao6opoT: npiiHHB 3a ocHOBy Hanajia 
aHajiHTiiHecKOii reoMeTpmi, bbibo,h,htb h3 hiix njiamiMeTpino — ee reoMeT- 
pH'iecKiie aKCiiOMBi h TeopeMBi. To »ce mojkho c,n,ejiaTB fljin CTepeoMeTpim, 
ho mbi orpaHHHHMCH njiaHiiMeTpiieii, pa,n,H npocTOTbi. 

PIthk, cjie^yH CKa3aHHOMy, mbi npimiiMaeM cjieflyiomiie ncxo,zi,HBie no- 
jiOHceHiia: 

1. Tohku njiocKOcmu nocmaejienu eo 63auMno odno3Ha,HHoe coomeem- 
cmeue c napaMU, uuceA ( x , y ) ( co eceeo3MoatcHUMu napaMU ). 

2. Kaotcdou nape monen A, B conocmae.ifiemcsi hucjio — «HUCAeHHoe 
paccmosiHue Meotcdy humu»: 

\AB\ = sj (x A - X B ) 2 + {yA - Vb) 2 - ( 1 ) 

3 . reoMempuHecKuil cmuca uMewm me u moAbno me coomnomeHUA, 
Komopue onpedeAAiomcA uepe3 9mu paccmoAHUA, u npumoM mate, umo 
ohu — smu coomnouieHUA — coxpaHAwmcA npu yMHOCHcenuu ecex paccmo- 
smuu na aw6ou, no odun u mom otce nojiootcume.ai>nuu MHOOKumeAb. 

Cmbicji 3Toro nocjie^Hero ycjiOBiin nceH: HiicjieHHoe paccTOnmie nosiB- 
jineTCH, Kor^a BBi6paH MacniTaS, a npu H3MeHeHHH MacniTa6a Bee paccTO- 
hhiih yMHO»caioTCH Ha oflHO h to »ce hiicjio. TeoMeTpiiHecKiie 4mKTBi He 

3aBHCHT OT npOII3BOJIBHO BBl6paHHOTO MaCHITaSa, nOSTOMy OHII COXpaHH- 
IOTCH npu yMHOJKeHIIII Bcex paCCTOHHIIH Ha OflHO H TO JK6 nOJIOJKIITejIBHOe 
hiicjio. KpoMe toto, TyT »ce 3aKjiiOHeHO ycjiOBiie, hto caMH no ce6e 3Ha- 
HeHiiH KOop/pmaT — Hiicjia x, y — He ^ojijkhbi bxoaiitb b reoMeTpiinecKiie 
yTBep>K/],eHHH, noTOMy hto, KOop/pmaTBi iimciot reoMeTpiiHecKiiii cmbicji 
He caMii no ce6e, ho tojibko b OTHomeraH k ^aHHBiM ochm KOopfliraaT. A no 
OTHOHieHiiio k ochm ohu onpeflejiHiOTCH TaKJKe nepe3 paccTOHHHH. Hanpii- 
Mep, ypaBHeHne sjuiimca BBipaxcaeT He CBOiiCTBa sjijinnca caMoro no ce6e, 
a ero CBOiiCTBa b OTHomemm k ochm Tex KOopflimaT, b kotopbix 3anncaHO 
3to ypaBHeHiie. (Pa3JiiiHiie B3rjiH,n,OB — reoMeTpiinecKoro h aHajiiiTiiHecKO- 
ro (ajireSpaiiHecKoro) mbi y»ce oScyjKflajiii b h. I, b rjiaBax, nocBumeHHBix 
aHajiHTHHecKoit reoMeTpmi. TenepB ero BaxcHO bchomhiitb, hto6bi bbo^h 
aHajmTHHecKHe — KOopflimaTHBie — ocHOBamiH reoMeTpim, He noTepuTB b 
hiix ee cnenH(|inKy.) 

ITpiIHUB Tpil C(|)OpMyjIIipOBaHHBie nO JIO JKeHIIH , MOJKHO flaTB COOTBeT- 
CTByiomee onpe^ejieHiie njiaHHMeTpim : 

IlAaHUMempuA — omo meopuA, ocHoeannaA na mpex eucKasannux no- 
AOOHzenuAX, npunAmux e Kanecmee okcuom. 3th aKCiiOMBi hcckojibko 



HeoSbiHHbi no coflepjKam-no h tfiopMyjiiipoBKaM, ho pa3 mbi iix npiraiiMaeM 
nan ocHOBamie Teopnri, to ohii -ee aKCHOMBi. Mojkho CKa3aTB, ohii ^aiOT 
KOopfliraaTHoe, aHajniTiinecKoe ocHOBamie njiaHHMeTpnii. BnponeM, Hyac- 
ho ein;e flOKa3aTb, hto stii KOop/pmaTHBie aKCiiOMBi — coKpameimo KA 
^,eficTBHTejibHO flaiOT ocHOBamie njiaHiiMeTpini -toh ace, xaxaa ocHOBaHa 
Ha reoMeTpimecKiix axcuoMax — coKpaipeHHO FA. ^ojHKHa 6 bitb flOKa3aHa 
cjie^yiomaa 

TeopeMa 1. 06e cucmeMU clkcuom KA u FA paeuocujiwu, m. e.: 1) 
npu zeoMempuuecKOu aKCuoMamuKe eunoAHMomcn mpu Koopdunamnue 
ancuoMU u 2) o6pamno: npu noopduHamnux ancuoMax eunojmsnomcfi zeo- 
MempuuecKue cikcuomu, ecjiu coomeemcmeymu^uM o6pa30M onpedejienu 
ux ocHoeuue ncmsimusi. 

/JoKasaTejitCTBO. YcTaHOBiiM nepBoe. Mbi flOKasajiri b npeflBmy- 
m,eM naparpatfie, hto npu reoMeTpimecKOii aKCiiOMaTiiKe ^Be nepBBie ko- 

Op,H,IIHaTHBie aKCI'IOMBI BBinOJIHHIOTCH. HyjKHO ^0Ka3aTB, HTO TpeTBH TOXK6 
BBinojiHaeTCH, t. e. Hyamo ^0Ka3aTB Tanoe yTBepjK^eHiie: 

Bee ocHoenue nonsimufi zeoMempuuecKOu aKcuoMamuKU onpedejw- 
mmea, uepe3 paccmosmusi (1), 63simue c mouHocm'bm do mhochcu- 
mejifi. 

1. Tohkii npiiHHTBi 6e3 onpeflejiemia b TA, Kax h b KA, a noTOMy He 
HyayzjaiOTca b onpeflejiCHini. 

2. ToHKa M jiejKHT Ha 0Tpe3Ke AB. 3to paBHOcmiBHO TOMy, hto 

\AM\ + | BM\ = \AB\ (2) 


H M OTJHIHHa OT A H B. 

3. OTpe30K AB — MHoacecTBO tohck M c ycjiOBiieM (2) njnoc caMii toh- 
kh A II B. 

4. Tohkii A, B hbjihiotch KOHH.aMii OTpe3Ka AB , xax oh tojibko hto 

onpe^ejieH. 

5. 0Tpe3Kii AB, CD paBHBi, ecjin \AB\ = \CD\ (sto paBeHCTBO , xax h 
(2), coxpaHaeTca npu y m hoikc h h h paccToamni Ha oflim h tot ace mhojkii- 

Tejlb). 

PlTax, Bee ocHOBHBie noHaTiia TA onpe,n,ejiaiOTca nepe3 HiicjieHHBie pac- 
CToamia, B3aTBie c tohhoctbio ^o MHoaciiTejia. B pe3yjiBTaTe Bee Tpii axcii- 
ombi KA BBinojiHaiOTca b FA — b reoMeTpiiHecKon njiaHiiMeTpini. Hyaoio 
^OKa3aTB o6paTHoe, a iimchho: 

npu yKa3aHH0u mo.at>no umo UHmepnpemayuu ochobhux noujimuu TA 
see ee clkcuomu eunojmsiwmcfi e KA — e KoopOunamHou njumuMempuu. 



^],OKa3aTejibCTBO. C^ejiaeM npesc^e Bcero oneBimHoe, ho Ba*;- 
Hoe 3aMeHaHiie: cooTHomeHiiH, onpeflejiaeMbie paccToaHiiHMii, coxpaHHiOT- 
ca npn npeo6pa30Bamiax, coxpaHHiomiix paccTOHHiie. 

TaKHMH npeo6pa30BaHHHMii hbjihiotch: 

(I) x' = x + xq , y — y + yo — «nepeHOC»; 


(II) x' = ax + by, 
y' = ~bx + ay, 


a 2 + b 2 = 1 — «noBopoT»; 


(III) x' = x, y' = -y 


— «OTpaxceHne b npaMon» . 


Henocpe^CTBeHHO npoBepaeTca, hto npn TaKHx npeo6pa30BaHnax paccTO- 
HHHe coxpaHaeTca. 

(I), (III) 3TO OHeBH^HO. IIpOBepHM rjik (II): 


{ x ' 1 -x' 2 f + { y ' 1 -y' 2 f = 

= [a{x i - x 2 ) + b(yi - y 2 )} 2 + [~b{x 1 - x 2 ) + a(yi - y 2 )} 2 = 

= a 2 (xi - x 2 ) 2 + b 2 (yi - y 2 ) 2 + 6 2 (xi - a; 2 ) 2 + a 2 (yi - y 2 ) 2 = 

= {x\ - x 2 ) 2 + ( yi - y 2 ) 2 . 

Tenepb Ha30BeM jiyuoM OA, imynpiM H3 HanajibHOii tohkii 0(x o, yo) 
nepe3 TOHKy A(xa, Va), mhohccctbo tohck M c KOop/pmaTaMii 

X = X 0 +t(xA - x 0 ), . 

t€[ 0, 00). 

y = yo + t(yA - yo), 

B nacTHOCTH, jiyn, HflynpE H3 tohkii (0, 0) nepe3 TOHKy A, 3a^aeTCH 
(JjopMyjiaMii x = tXA, y = tyA- 

IIpfiMou, npoxo^mefi nepe3 tohkii A, B Ha30BeM mhojkcctbo tohck c 
KO opfliiHaTaMii, BbipajKaeMBiMii TaKHMH »ce (JiopMyjiaMH, ho npn t, npo6e- 
raiomeM bcio HiicjiOByio npHMyio ot — oo flo +oo. 

Bchkhh jiyn mojkho npeo6pa30BaHiiHMii (I) , (II) nepeBecTii b jiyn, imy- 
IHHH H3 TOHKII (0, 0) no tohkhm (x, 0). 

^eitcTBiiTejiBHO, BO-nepBBix, OHeBiiflHO, hto bchkhii jiyn mojkho npe- 
o6pa30BaHH6M (I) nepeBecTii b Jiyn, picxo^miuhh h3 tohkii (0, 0). (Ecjih 
H anajio ,n,aHHoro jiyna — 3 to TOHKa (xa, Va), to npoi-i3BO,n,HM npeo6pa30- 

BaHiie x' = x - x A , y' = y - yA-) 



Tenepb mbi iiMeeM jiyn c HanajiOM b tohkc (0, 0). IlycTb oh npoxo^HT 
nepe3 TOHKy (; xa , Da) , Tax hto oh o6pa30BaH TOHKaMH (tXA, tyA)- IIpoH3- 
BefleM npeo6pa30BaHiie (II), nojiojKHB 



3to flonycTHMO, Tax xax 3^ecB a 2 + b 2 = 1. JIio6aH tohkh jiyna (t'XA , tyA) 
0T06pa3HTCH B TOHKy C KOOpflHHaTaMH 


, xa Va 
x = — tx A + —tyA = tr A, 
va r A 


y 


/ 


y A , X A, n 

tx A H ty A = 0. 

ta r A 


(3) 


Htbk, tohkh jiyna OTo6pa:*aiOTCH b tohkii {tr'A , 0), t. e. jiyn OTo6pa»ca- 
eTCH Ha Jiyn, imyiipift H3 (0, 0) nepe3 (xa, 0)- OflHOBpeMeHHO npaMaa AB 
OTo6pa»caeTCH Ha npHMyio y = 0. ,ZI,ocTaTOHHO 6paTB jiio6Bie t b (3), hto6bi 

y6eflHTBCH B 3TOM. 

Tenepn oSpaTHMca HenocpeflCTBeHHO k ,n,OKa3aTejiBCTBy TeopeMBi 1. 
^OKa»ceM, hto e KA eunoAHSimmcfi ece jiuHeunue clkcuomu U3 FA. 

Ha npHMon y = 0 Me:»t/i,y TOHKaMH h HHCJiaMH x iiMeeTCH B3anMHO 
o^H03HaHHoe cooTBeTCTBiie . npn stom OTpe30K AB cooTBeTCTByeT hhcjio- 
BOMy npoMexyTKy c KOHpaMH xa, Xb- nosTOMy mokho HenocpeflCTBeHHO 
npoBepiiTb, hto bcc jirmeimBie aKCHOMBi 3^ecB bbihojihshotch (niiTaTejiio 
nojie3HO npoBecTii 3Ty npoBepKy) . B nacTHOCTii, aKCHOMa HenpepBiBHOCTH 
03HanaeT 3^ecb cjie,n,yioiii;ee. nycTB xa = a, Xb = b h a < b. nycTB toh- 
kh OTpe3Ka — npoMeacyTKa [a, b } — pa3flejieHBi Me»yiy MHOxcecTBaMii F, F' 
Tax, hto /i;jih x £ F h x' £ F' Bcer^a x ^ x' h F, F' coflepxcaT Hiicjia, 
OTjiiiHHBie ot a h b. nycTB c — TOHHaa BepxHHH rpamipa MHO»cecTBa F. 
Tor^a, caMO co6oii, npn bchkom x £ F 6yn,eT x ^ c. H npn bchkom x' £ F' 
6yn,eT x' ^ c. (Ecjii-i 6bi b F 6bijio KaKoe-TO x' 0 < c, to HamjiocB 6 bi x\ £ F 
TaKoe, hto X\ > x'q BonpeKii onpe^ejieHHio mhojkoctb F h F' .) EHaK, npn 
bchkhx x £ F, x' £ F' 6ya,eT x ^ c Sj x' hjiii [ax] C [ac] C [ax '] . ^jih 

OTpe3KOB C KOHpaMI'I B TOHKBX C T3KHMH KOOpflHHaTaMH 3TO 3HaHHT, HTO 
AX C AC C AX' - b corjiacHii c axcHOMOH HenpepbiBHOCTii. 

HiaK, jiHHeiiHBie aKCHOMBi bbihojihjhotch Ha npaMOii y = 0. A Tax 
KaK b Hee mojkho nepeBCCTH BCHKyio npHMyio, coxpaHHH paccTOHHiie, to 
H Ha BCHKOII npHMOH 3TII aKCHOMBi BBinOJIHHIOTCH. H Tax KaK jho6oh JiyH 
mojkho nepeBCCTH b jiyn Ha npHMOH y = 0 n o6paTHO, to Ha bchkom jiyne 
OTKjia^BiBaeTCH OTpe30K, paBHBiii flaHHOMy. 



TaKHM o6pa30M, Bee jnmeiiHBie aKCHOMBI bbihojihhiotch BCio^y. □ 

TenepB npoBepiiM, hto bbihojihhiotch TaKxce Bee njiocKOCTHBie 
aKCHOMBI. 

1 . AxcHOMa /j,cjichmm njiocKOCTH. 1 Ipsikiiiii y = 0 pa36iiBaeT Bee He 
jie>Kainne Ha Hen tohkii Ha ,n,Ba Kjiacca: y o#hiix y > 0, y .npyrnx y < 0. 
C>Tpe30K, COe^HHHK>H],HH TOHKII pa3HBIX KJiaCCOB, COflepjKHT TOHKy c y = 0. 
Ha OTpe3Ke nee, coeflimniomeM tohkii oflHoro Kjiacca, y coxpaHaeT 3HaK. 
TaKHM o6pa30M, yTBepjKflemie aKCiiOMbi flejiemiH njiocKOCTH BBinojiHHeTCH 
fljia npHMolt y = 0. Jlio6yio npHMyio mojkho nepeBecTH b npHMyio y = 0 
npeo6pa30BamieM Been njiocKOCTH, coxpaHjnonpiM paccTOHHiie. nosTOMy 
H pjl H BCHKOII npHMOII yTBep>KfleHIie aKCHOMBI BBinOJIHHeTCH. □ 

2. Akchomm yrjia. Yzjiom 6ya,eM Ha3BiBaTB napy jiyneii c o6ih;hm Ha- 
najiOM, He coflepjKanpixcH b o^hoii npHMOii (sto HacTOHin,HH yroji). Jlynn — 
ctopohbi yrjia, o6iii,ee hx Hanajio — ero Bepnnma; noHHTiie nonepeHHHBi no- 
Hi-iMaeM KaK h paHBine. 

Bo3BMeM KaKolt-Hii6yflB yroji ab c BepimiHOii (0, 0) h co CTopoHoft a, 
coflepjKameficH b npHMOii y = 0. npeo6pa30BamieM njiocKOCTH, coxpaHHio- 
ih,hm paccTOHHiie, nepeBOfliiM jiyn a b KaKoit-juiSo /i,aHHBn“i jiyn a\. Tor^a 
jiyn b nepefi^eT b hckotopbiii jiyn b\. BcjieflCTBHe coxpaHemiH paccTOH- 
HiiH Bee cooTBeTCTBeHHBie nonepeHHHBi yrjiOB ab n ai&i paBHBi. 3HaHiiT, 

Zab — Z a±bi. 

Bo3mo>kho, yroji ai6i OTjiOHceH ot jiyna a\ He no Ty CTopoHy, Kaxyio 
mbi Morjin 3apaHee 3a,n,aTB. Ho Tor^a CHanajia 3aMeHHM yroji ab Ha ab2, y 
KOToporo jiyn 62 nojiynaeTCH H3 b nepeMeHon 3Haxa y (t. e. npeo6pa30BaHii- 
eM (HI)). OneBii^HO, Zab2 = Zab. TenepB npeo6pa30Bamie, nepeBOflaipee 
jiyn a b 01, nepeBefleT jiyn 62 b TaKoii, kotopbiii jiencnT ot a\ no ^pyryio 
CTopoHy, neM b\. 

TaKHM o6pa30M, yroji, paBHBin flaHHOMy co CTopoHon Ha npHMOii y = 0, 
mojkho otjiojkhtb ot ^,aHHoro jiyna no jno6yio CTopoHy ot Hero. 

Ecjih TenepB ,n,aH jho6oii yroji ab n jho6oh jiyn ai, to nepeBOfliiM yroji 
ab b TaKoii, y KOToporo CTopoHa jienaiT Ha npHMOii y = 0. A noTOM stot 
yroji nepeBOfliiM b yroji co CTopoHoft 01. 

TaKHM o6pa30M, fljin bchkoto yrjia ab ecTB npn jiio6om flaHHOM jiyne 
ai flBa yrjia co CTopoHon a\, paBHBix Zab: OflHH no o^Hy CTopoHy ot a\, 
APyron - no flpyryio. 

Ho 3thm eni,e aKCHOMBI yrjia He flOKa3aHBi: HyjKHO em,e ^OKa3aTB 
1) e^HHCTBeHHOCTB OTjio»ceHHoro yrjia, 2) paBeHCTBO y AByx yrjiOB Bcex 
cooTBeTCTBeHHBix nonepemiH, Kor^a ecTB xoth 6bi o,n,Ha napa paBHBix. ^jih 
Toro hto6bi ycTaHOBHTB sto, flOKanceM: 

Ilpu jik>6ux deyx dannux pa3JiuHnux mounax A, B cyipecmeyem He 



6o.nee deyx mouen C, deia Komopux paccmosmufi |HC|, \BC \ uMewm 3a- 
dannue 3HaneHUH; ecjiu ecmu dee maKue mouKU, mo ohu Jieotcam no pa3- 
nue cmoponu om ompe3Ka AB. 

IlycTb CHanajia tohkii A n B — sto (0, 0) n (6, 0), b ^ 0. IlycTb r\, r^ — 
flaHHbie paccTOHHHH ot A h B, Tax hto ecjiu x, y — KOopflimaTBi tohkh C, 

2 2,2 
r i=x + y , 

r 2 = ( x ~ b) 2 + y 2 = x 2 + y 2 - 2bx + b 2 . 

OTcro^a r 2 = r 2 — 2bx + ti 2 . H 3 3Toro paBeHCTBa HaxoflHM x, n Tor^a H3 
nepBoro paBeHCTBa nojiynaeM He 6ojiee flByx bo3mojkhbix 3Ha T reHHH y. ^Ba 
3HaHeHiiH y pa3jniHaiOTCH tojibko 3HaKOM, t. e. cooTBCTCTByiomiie tohkh 
C\ , C 2 JiejKaT no pa3Hbie ctopohbi ot npuMoit y = 0 (o,h,ho 3HaneHiie 6ya,eT, 
Kor^a y = 0, — TOHKa C jicjkht Ha npuMoit y = 0). 

3tot bbibo/i, mbi nojiyHHjiii, Kor^a tohkh A , B jie»caT Ha npaMoit y = 0. 
Ecjih Tenept tohkii A, B jiio6Bie, to mbi mojkcm nepeBecTii npaMyio AB 
b npaMyio y = 0 npeo6pa30BamieM Bceii njiocKOCTii, coxpaHHiomeii Bee 
paccTOHHHH. Tohkii A, B nepeipuyT b HeKOTopBie Ho, Bq c |Ho-Bo| = |AB|, 
h /i,jih hhx HaflfleTCH He 6ojiee flByx tohck Cq c ,a,aHHBiMH paccroir h hum h 
\A(jCo = n, | So Co | = r 2 - BBH/iy coxpaHeHiia paccTOSHiiit ecTB He 6ojiee 
^Byx ToneK C Ha ^aHHBix paccTOHHiiax ot A h B; h ecjin hx flBe, to ohh 
jie»caT no pa3HBie ctopohbi ot npHMOii AB. □ 

IlycTB TenepB ,n,aH yroji ab h ot jiyna a\ no flaHHyio ot Hero CTopoHy 
OTjionceH yroji aifoi. ,ZI,onycTHM, ecTB eipe .npyroii yroji 0162 , paBHBiit ab , 
no Ty »ce CTopoHy ot jiyna a\. Tor^a y yrjiOB ai&i h a±b2 ecTB cootbct- 
CTBeHHBie nonepeHHHBi, KOTopBie paBHBi, ho kohh,bi Ha jiynax b\ h 62 y hhx 
pa3HBie. Ecjih O — Hanajio jiyna 01 , to sto 6 ya,yT KaKne-TO nonepeHHHBi, 
ABi, AB 2 c |OSi| = IOS 2 I h |ABi| = \AB 2 \- Ho, no flOKa 3 aHHOMy, c 
OflHoit ctopohbi ot AB 1 MonceT 6 bitb tojibko o/i,Ha tohkh c ^hhhbimh pac- 
ctohhhhmh otOhA Cjie^OBaTejiBHO, npeflnojiojKeHHoe h6bo3mojkho. H, 
CTajio 6 bitb, yroji 0161 , paBHBiit ab, tojibko o/pm. 

TenepB ^OKanceM: 

Ec.au y deyx yejioe ecmu napa paenux coomeemcmeennux nonepeuuH, 
mo ece ux coomeemcmeennue nonepeuunu paenu, m. e. ye.au paenu. 

^onycTHM, y yrjiOB ab h ai&i ecTB napa paBHBix cooTBeTCTBeHHBix 
nonepeHHH AB, A\B\, Tax hto \OA\ = |OiHi|, \OB\ = |OiSi|, \AB\ = 
|TiSi|. no fl0Ka3aHH0My, ot jiyna a\ mojkho otjiojkhtb yroji 0162, paBHBiit 
yrjiy ab, c Toii nee ctopohbi, r^e jiejKiiT yroji aifoi. H Tax KaK Z ai6i = Z ab, 
to Z 01&2 = Z a±bi. no paBeHCTBy sthx yrjiOB y yrjia 0162 ecTB nonepeHima 
A 1 B 2 , cooTBeTCTByiomaH h paBHaa nonepeHirae A 1 B 1 yrjia aibi. npn stom 



0Tpe30K 0\A\ o6ih,hh y sthx yrjiOB, Tax hto imeeM |OiAi| = |OiAi|, 
\ 0 \ Bi \ = IO1S2I, |^4i-Bi| = \ A \ B2 \. Ho Tax kbk tohkii B 1, B2 jiejKaT c 
o,h,hoh CTopoHbi ot OTpe3Ka 0\A\, to ohii coBna,n,aK>T. TeM caMBiM y jiynelt 
bi, 62 ecTB o6miie tohkii B\, B2, h jiynn coBna^aiOT. 3to 3HaHHT, hto 
yroji c oflHofi nonepeHimon, paBHOfi cooTBeTCTBeHHOit nonepeHime yrjia 
ab, paBeH yrjiy ab , — y hex Bee cooTBeTCTBeHHbie nonepeHirabi paBHbi, hto 
h TpeSoBajiocB floxasaTb. □ 

HTax, BBinojiHeHiie axcuoM yrjia npoBepeHO. 

3. AxcHOMa napajiJiejitHOCTH. Bo3BMeM to'ikh A(a. 0), B(b. 0) n 
C(a, c), D(b , c); a,b,c> 0. 0Tpe3Kii AC, BD paBHBi, t. e. \ AC\ = \BD\ = 
c, pacnojiojKeHBi c o^hoh CTopoHbi ot AB h \CD\ = |AB|. OTpe3Kii AC, 
BD o6pa3yiOT c AB npaMBie yrjiBi, t. e. yrjiBi, paBHbie cboiim cmcjkhbim. 
3to npoBepaeTCH coBceM npocTO, TaK xax no ,n,OKa3aHHOMy yrjiBi paBHbi, 
ecjni y hhx ecTb napa paBHBix cooTBeTCTBeHHbix nonepenira. 

TaKHM o6pa30M, aKCHOMa napajuiejiBHBix OTpe3KOB BBinojiHHeTCH, ko- 
rfla 0Tpe30K AB jiejKHT Ha npuMOii y = 0. Ho npeo6pa30BaHiieM, coxparoi- 
K>in,HM paccTOHHiie, mojkho jho6oh 0Tpe30K nepeBCCTii b 0Tpe30K Ha npa- 
moh y = 0. Cjie^OBaTejiBHO, aKCHOMa napajuiejiBHBix BbinojiHaeTCH npri 
jik>6bix OTpe3Kax AB. □ 

Ha 3 tom npoBepna aKCHOM 3aBepmaeTCH, h thrum o6pa30M ,n,OKa3aHO, 
hto b aHajiiiTiiHecKOH reoMeTpiiii, ocHOBaHHOii Ha KA - Ha KOopzpmaTHOH 

aKCHOMaTHKe — BbinojiHaeTCH TA — reoMeTpiinecKaH aKCiiOMaTiiKa. A Tax 

Kan oSpaTHoe yxce 6 bijio ycTaHOBjieHO, to, CTajio 6bitb, ,n,OKa3aHa paBHO- 
chjibhoctb o6enx aKCiiOMaTiiK, a c Hen n TeopeMa 1. □ 

A 1 1 a j 1 nr m 'ic c Ka>i aKcnoMaTHKa CTepeoMeTpHH. B ocHOBy CTepeo- 
MeTpriri mojkho hojiojkhtb cjieflyromne KOop/pmaTHbie aKCiiOMBi: 

1 . Tohku npocmpancmea nocmae.aenu eo 63auMHo odH03Haunoe coom- 
eemcmeue c mpoilKaMU uuceji x, y, z — co 6ceeo3MootcHUMU ynopsidoueH- 
humu mpouKdMU. 3th Hiicjia Ha3BiBaeM KoopdunamaMU tohku. 

2. Kaotcdou nape mouen A, B conocmaeAeno hucao — «HUCAeHHoe 
paccmosiHue » 

\AB\ = yj ( X A - XB ) 2 + {yA - UB ) 2 + (za ~ Z B ) 2 ■ 

3. reoMempuuecKuu cmuca uMewm me u mojit>KO me coomnoiueHUA, 
Komopue onpedejwwmcsi uepe3 9mu paccmosmuA, u npumoM maK, umo 
ohu — 3mu coomHowemiH — coxpaHAwmcA npu yMnootcenuu ecex paccmo- 
smuu na odno u mo otce, ho jiwOoe no.ao3tcumejit>Hoe hucao. 

0Tpe3Kii, OTHOHiemiH Tonex k OTpe3KaM onpe^ejunoTCH Tax jkc, nan 
h BBirne — b cjiynae njiaHiiMeTpini; paBeHCTBO OTpe3KOB onpeflejiaeTCH no 



paBeHCTBy paccTOHHiiii Mexyiy KOHpaMn. IIpaMyio AB mojkho onpe^ejuiTb 
KaK MHO»cecTBO ToneK c KOopfliiHaTaMH x = XA + t(xB —xa) h aHajioniHHO 
AJih y h z\ t € (—00, +oo). 

ITjiockoctb mojkho 3aflaBaTB TpeMH TOHKaMii A, B, C, He jiejKamuMii 

Ha OflHOII npHMOII, KaK MHOJKeCTBO TOHeK C KOOpflllHaTaMII 

X = XA + t(x B - xa) + s(xc - xa), 

h aHajioniHHO flji a y h z; t h s npramaiOT Bee 3HaHeHHH «ot — oo flo +oo». 

Koop/pmaTHbie aKCHOMbi paBHOCiijibHbi reoMCTpiiHecKiiM . ,H,0Ka3biBaTb 
3 to mm He 6 yneM. npiiHipimiajibHO BajKHbift (JiaKT, hto reoMeTpino mojkho 
onpe^ejiHTb aHajiHTHHecKH, nojib3yacb KOopflimaTaMii, BbiacHeH Ha npn- 
Mepe njiaHiiMeTpiiH . 

§ 3. AKCHOMaTHKa B OTBJieneHHOM nOHHMaHHH; 
ee MO^ejIB, HenpOTHBOpeHHBOCTB, He3aBHCHMOCTB, 
nojiHOTa 

AKCHOMaTHKy reoMeTpiiii c ochobhbimii o 6 r beKTaMii — 0Tpe3KaMii hjih 
npHMbiMii — mojkho noHHMaTb /];bohko: HarjiH^HO coflepjKaTejibHO h ot- 
BjieneHHO. 

B nepBOM cjiynae ocHOBHbie noHHTira — o6 r beKTbi h OTHOHiemiH — npe,a,- 
CTaBJIHKITCH B HX HCXOflHOM HarjIH,H,HOM, XOTH H HfleajIII3I'ipOBaHHOM, CMblC- 

jie, a aKCHOMbi npeflCTaBjunoT co 6 oii omicamie cbohctb stiix oSteKTOB h 
OTHO ineHHlt. TaK, HanpiiMep, 0Tpe30K mmcjihtch o 6 bihho b Bii^e H^eajibHO 
tohkoh nepTbi Ha 6yMare hjih HaTjmyToii hiitii. 

B npoTHBonojiojKHOCTb STOMy npn OTBjieneHHOM noHmamiE aKCHOMa- 
THKII ee nOHHTIIH TOJIKyiOTCH KaK OTHOCHH],HeCH K o 6 r b 6 KTaM H OTHOHieHIIHM 
«npoii3BOjibHofi npiipo,nbi», jirmib 6 bi fljia rax BbinojiHHjiocb CKa3aHHoe b 
aKCHOMax. ITpi-i TaKOM noHHMaHi-m 0Tpe30K — sto npocTO KaKoft-TO mbic- 
jii-iMbiH o 6 T>eKT, fljia KOToporo BMecTe c flpyniMH o 6 r beKTaMH, Ha3biBaeMbi- 
MII 0Tpe3KaMH H TOHKaMII, C OTHOHieHIIHMII MCJKfly HUMII, Ha3BaHHbIMII B 
aKCHOMax, BbinojiHaeTCH Bee to, hto CKa3aHO b aKCHOMax. AHajioniHHoe 
MOJKHO CKa3aTb O TOHKaX H 06 OCHOBHbIX OTHOHieHHHX. 

3iy OTBjieHeHHyio TOHKy 3pemiH BnepBbie ocoGchho hcho Bbipa3iui 
FHjib 6 epT, HanaB cboii «OcHOBaHiiH reoMeTpiin» cjre;iyK)iri;nMn npiiMeHa- 
TejIbHblMH CJIOBaMH! 

«Mbi MbicjiiiM Tpii pa3jiiiHHbix ciiCTeMbi Bemeii: Benin nepBoii cucTeMbi 
Mbi Ha3biBaeM TOHKaMii h o6o3HanaeM A, B, C, . . . ; Beinn BTopofi cucTeMbi 
mm Ha3biBaeM npHMbiMH h o6o3HanaeM a, b, c, . . . ; Bem,H TpeTbeii cucTeMbi 



mm Ha 3 MBaeM iijiockocthmh h o 6 o 3 HanaeM a, [ 3 , 7 , . . . Mbi mmcjiiim tohkh, 
npHMbie h njiocKOCTii b onpe^ejieHHbix cooTHOHieHi-rax n o6o3HaHaeM stii 
cooTHonieHiia pa3jiiiHHBiMri cjiOBaMH, xaK-To: «jie:acaTb», «Me»cfly», «koh- 
rpy3HTHBift»... ToHHoe h fljra MaTeMaTiinecKiix pejieii nojiHoe oniicaHiie 
3 thx cooTHOHiemm .nocTiiraeTca axcnoMaMH reoMeTpnn>> 38 . 

TaKHM o6pa30M, tohkh, npHMbie, njiocKOCTii — sto KaKiie-TO mmcjih- 
MBie Beipn hjih, KaK Gojiee npiraaTO y Hac roBopiiTb, oGteRTbi, Haxo^npi- 
eca b HeKOTopMx OTHonieHiiHx, Bee Heo6xofliiMbie fljia reoMeTprm CBOiiCTBa 
KOTopbix onncbiBaiOTCH aKCH0MaMn. KaK 6bi no^HepKiiBaa sto OTBjieHeHiie 
ot HarjiHflHbix npeflCTaBjieHHii, ITijibGepT roBopiiT: «TOHKa npiiHafljiejKiiT 
npHMoii» h «npHMaa: npiiHafljiejKiiT TOHKe». ITepBaa: aKCiiOMa y Hero 3By- 
hht Tax: jhoGmx A B yx ToneK A, B cymecTByeT npaMaa a , npiraafl- 

jiejKamaa KaayipH H 3 stiix flByx tohck A, B». Hh npuMaa, hii njiocKOCTb 
He MbICJIHTCH «COCTOHIIl,HMII 113 TOHeK». OTBjieHeHiie OT HarjIHflHOCTH B HC- 
xo^hbix cjDopMyjinpoBKax o6ecneHHBaeT yBepeHHOCTb, hto Bee Heo6xo,n,H- 
Moe fljia jioniHecKoro nocTpoemia reoMeTpim ^eHCTBiiTejibHO BbipaaceHO 
b aKCHOMax. 

TaK»ce c OTBjieHemieM ot Harjia,n,HOCTH noHHMaiOTca npn aGcTpaKTHOM 
B3rjiHfle ocHOBHbie o6T>eKTbi h othohichiih Harnefl, h bchkoii flpyrolt aK- 
ciiOMaTHKH. riosTOMy Ha Bonpoc, hto TaKoe npaMaa b CHCTeMe ITijibGepTa, 
hjih 0Tpe30K — b Harneii aKCiiOMaTiiKe, TaK ace KaK OTHOHiemie «jie»cHT Ha» 
h t. n., cjie^yeT otbct: sto to, o neM roBopiiTca b axcriOMax. 

TaKHM o6pa30M, b OTBjieneHHOM noHiiMaHiin aKCiiOMbi npe,n,CTaBjiaiOT 
co 6 oh onpe^ejieHHe ochobhbix oGbcktob ii OTHomemrii. 0mpe3K0M na3u- 
eaemcH mo, umo nod maKUM Ha36anueM cjiueypupyem e ancuoMax. H TaK 
»ce mojkho onpe^ejiiiTb flpynie ocHOBHbie noHaTiia. 

TaKiie onpeflejieHHH Ha3biBaiOTca aKcuoMamuuecKUMU. OGbiHHoe onpe- 
^.ejieHiie noHHTiia coctoiit b tom, hto oho pa3T>acHaeTca nepe3 flpyrne. B 
OTjiiiHiie ot 3Toro b aKCiiOMaTiiHecKOM onpeflejieHHii noHaTiia pa3T>acHa- 
10 TCH coBMecTHO, Hepe3 hx CBH3b, Kax 3to BiiflHO Ha npiiMepe onpe^ejieHHH 
OTpe3Ka. 

OTBjieneHHO paccMaTpiraaeMaa aKCiiOMaTiiKa caMa no ce 6 e hii k neMy 
CKOjibKO-HiiGyflb onpeflejieHHOMy He othochtch, TaK hto He hcho, KaKolt 
cmmcji OHa HMeeT ; He npe,n,CTaBjiaeT jih OHa npocTO Ha 6 op cjiob? JX jva ax- 
CHOMaTHKH eBKjiHflOBOii reoMeTpim 3 to He TaK, noTOMy hto b Hen, KaK 6 bi 
OTBjieneHHO mbi ee hii paccMaTpiiBajiii, 3aKjiiOHeH nepBOHaHajibHbifi pe- 
ajibHbiii cmmcji. Ho bot Kor^a Jlo 6 aHeBCKiiii co3^aBaji cboio reoMeTpino, 
cmmcji ee Gbiji HeaceH. Ha Bonpoc o ee npe^MeTe mojkho Gbijio OTBeTiiTb 
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tojibko, hto 3to to, o neM mm paccyatflaeM. JIo6aHeBCKiift Ha3MBaji cboio 
reoMeTpiiio «BOo6paataeMoft». IIpe^MeT, k KOTopoMy OHa Morjia OTHOCiiTb- 
ca, 6mji OTKpbiT no3ate. 

Boo 6 m,e, fljia toto hto 6 bi OTBjieneHHaa aKCiiOMaTiiKa nojiyHiuia 60 - 
jiee onpe^ejieHHbiri cmmcji, HyatHO Hairm npeflMeT, k KOTopoMy OHa Morjia 
6bi OTHOCiiTbca, MOflejib, rfle 6bi aKCHOMaTHKa BbinojiHajiacb, othochcb k 
onpe^ejieHHbiM o6T>eKTaM h OTHomemiaM. 

Modejii i hjih, KaK em;e roBopaT, unmepnpemayuji aKCuoMamuKU nped- 
cmaejisiem co6ou, KopomKO zoeopsi, coeoKynHocmb neKomopux ofeesmoe 
c orrmoweHusiMU, djia Komopux eunojmsimmcsi cikcuomu. 

FoBopa noflpo6Hee, ocHOBHbie o6T>eKTbi h OTHomemia aKCiiOMaTiiKii co- 
nocTaBjiaroTca o6T>eKTaM MOflejni n onpeflejieHHbiM HMeiomiiMca Meatfly 
hhmh OTHoniemiaM . Ecjih npi-i stom fljia oGbcktob ii OTHomeHim MOflejni 
BbinojiHaeTca to, hto roBopiiTca b axciiOMax (ecjni stii o6 r beKTbi h OTHOine- 
Hiia Ha3BaTb cjiOBaMii, hphhhtmmh b aKCHOMax), to mm h nojiynaeM TeM 
caMbiM iiHTepnpeTafliiio aKCHOMaTintii. Hjiii, KaK eipe roBopaT, aKCHOMbi 
peajiii3yiOTca Ha flaHHOft MOflejni. Ftpri stom hmciot b Biifly MaTeMaTiine- 
CKyio MOflejib. CcbijiKa Ha to, hto eBKjniflOBa reoMeTpua iiMeeT peajibHbift 
cmmcji, o6HapyatiiBaiomiiiiCH Ha onbiTe, fljia hhctoh MaTeMaTHKH He ro- 
fliiTca, noTOMy hto onbiT He MoateT 6bitb MaTeMaTiiHecKii tohhmm. 

^jih njiaHHMeTpHH y Hac yate ecTb roTOBaa MOflejib — ee flaeT Koop- 
fliiHaTHaa aKCHOMaTHKa. B caMOM flejie, b Heft TOHKaM conocTaBjiaiOTca 
napbi HHceji, h Bee flajibHeftiHiie ocHOBHbie noHaTHa nojiynaiOT npeflCTaB- 
jieHiie b 3THx Hiicjiax, h Bee aKCHOMbi bmhojihhiotch, KaK noKa3aHO b § 2 . 
n P H 3TOM He HyatHO OTHOCIITb KOOpflllHaTM K KaKIIM-TO TOHKaM, MOHtHO 
npocTO CHiiTaTb, hto TOHKa b MOflejni h ecTb napa niiceji. Torfla BcaKaa 
HeonpeflejieHHOCTb b noHHTim tohkii iicnesaeT, h mm nojiynaeM HiicjiOByio 
MOflejib njiaHHMeTpHH. 

HenpoTHBopeanBOCTb, ii e 3 a u m c m m o c t t> , nojiHOTa. jIjim OTBjie- 
HeHHOft aKCHOMaTHKH caMoft no ce6e Heii3BecTHO, He MoryT jih bhiboam 
H3 Hee npiiBecTii k npoTiiBopeHiiio, Korfla b oahom BMBOfle hto-to yTBep- 
atflaeTca, a b flpyroM oho ate OTpupaeTca. 

Tanaa aKCHOMaTHKa 3aBeflOMO He MoateT 6 mtb peajiH30BaHa h He HMeeT 
CMbicjia. Ecjih ate TaKiie npoTiiBopeHiia He MoryT nojiyniiTbca, aKCHOMa- 
THKa Ha3MBaeTca HenpoTiiBopeHiiBoft. 

Boo6iu;e, paccMaTpiiBaiOT r rpn cymecTBeHHbix CBOHCTBa aKCiiOM: Henpo- 
THBOpeHIIBOCTb, He3aBHCIIMOCTb , nOJIHOTy. 

1 . CncTeMa aKCiiOM Ha3biBaeTca, KaK yate CKa3aHO, nenpomueopeuu- 
eou, ecjin H3 Hee He caeflyeT KaKoe-jin6o yTBepatfleHiie BMecTe c ero ate 
OTpi-mamieM. 



B cjie^yiomHx ,n,Byx onpefleaemiax iiMeeTca b Biifly HenpoTiiBopeHiiBaa 
cncTeMa aKCiiOM. 

2. Akci-iombi Ha3biBaK)Tca He3aeucuMUMU, ecan he oflHa H3 hex He cae- 
AyeT H3 flpyrnx. 

3. CncTeMa aKCHOM Ha3BiBaeTca no.tmou, ecan OHa He MoaceT 6 bitb no- 
nojiHeHa, t. e. ecjin k aKCHOMaM HejiB3H ,n,o6aBHTB HiiKaKofi aKCHOMBi, ko- 
Topaa H3 hex He caeflOBaaa 6bi h BMecTe c TeM iim He npoTiiBopeHiiaa. 
Ilpn 3 tom, KOHeaHO, HMeeTCH b Bimy, hto ^oSaBaaeMaa aKCiiOMa xacaeTca 
Tex ace ochobhbix hohhthh. 

B 3thx onpeflejieHHHx peat. ii^eT o tom, hto cae^yeT H3 aKCHOM. 3^ecB 
3 to mohcho noHHMaTB Tax: yTBepacfleHiie B cae,nyeT 113 ciictcmbi aKCHOM 
A, ecjin KaK ToaBKO BBinoaHaeTca A, Tax BBinoaHaeTca B — bo bchkoh 
MOfleaii aKCHOM A BBinoaHaeTca yTBepacfleHiie B. Ecan ace ecTb MO^eab 
aKCHOM A, rflfi B He BBinoaHaeTca, to, 3 HaHiiT, B He cae^yeT H 3 A. Ilo- 
3 TOMy HMeiOT MecTO Tpn yTBepac^eHiia. 

1 . CncTeMa aKCHOM HenpoTiiBopeHiiBa, ecan OHa peaaii3yeTca b KaKoit- 
HuSy/ib Moreau (b Moreau He MoaceT 6 bitb npoTHBopeHiia, hto6bi B bbi- 
noaHaaocB h oflHOBpeMeHHO He BBinoaHaaocB). 

2. B ci-iCTeMe aKCHOM flaHHaa aKCHOMa He3aBiiciiMa ot flpyrnx, ecan 
ecTB MO^ean, iyje BBinoaHaiOTca Bee aKCHOMBi, KpoMe stoii. TeM caMBiM 
OHa, oaeBHflHO, He cae^yeT H3 flpynix. 

3. CncTeMa aKCHOM noaHaa, ecan bo Bcex ee MO^enax BBinoaHaeTca 
OflHO ii to ace, t. e. bchkoc yTBepacfleHiie, BBipaacaeMoe b hohhthhx aKCiio- 
mhthkh, BepHoe b oflHOii MOflean, BBinoaHaeTca TaKace bo bchkoh flpyroit. 

3to paBHOCiiaBHO noaHOTe b npeflBmymeM onpefleaeHini, hto k aK- 
CHOMaM Hiinero HeaB3a npii6aBHTB. ^eficTBiiTeaBHO, ecan ^oSaBaaeMoe 
yTBepac/jeHiie B BepHO bo bchkoh MOflean, 3HaHiiT TaM, iyje bbihohhhiotch 
aKCHOMBi, BBinoaHaeTca TaKace B , t. e. B cae^yeT H3 aKCHOM. Ecan ace 
^o6aBaaeMoe yTBepacfleHiie B He BBinoaHaeTca he b o^hoii MOflean, to, 
3HaHHT, b hiix BepHO ero OTpiipaHiie, TaK hto ^oSaBaeHiie ero Be^eT k 
npOTIIBOpeHIHO . 

TaKiie Moreau, b kotopbix BBinoaHaeTca o,h,ho h to ace (BBipaacaeMoe 
B nOHHTHHX aKCI-IOMaTHKIl) , Ha3BIBaiOT U30MOp$HUMU. 3tO nOHHTHe H30- 
Mop(J)H3Ma onpe^eaaeTca b o6m,eM Biifle caeflyiomiiM o6pa30M. 

IIpeflCTaBHM ce6e flBe cucTeMBi o6b6ktob c OTHomeHiiaMii Meac^y he- 
me. IlycTB Meacfly o6T>eKTaMH stiix ci-ictcm, a TaKace Meacfly othohichh- 
hmi-i ycTaHOBaeHO TaKoe B3aiiMH0 0flH03HaHH0e cooTBeTCTBiie , hto coot- 
BeTCTBeHHBie o6b6ktbi HaxoflHTca b cooTBeTCTBeHHBix OTHonieHiiax. To 
ecTB ecan o6b6ktbi a, b, ... o/i,hoh cucTeMBi S Haxo^HTca b OTHOine- 
hhh R, to cooTBeTCTByKHipie hm o6T>eKTBi a' , b ' , ... CHCTeMBi S' Haxo- 



flHTCH b cooTBeTCTByromeM OTHomeHim R', h o6paTHo: ecjni xaxue-TO 
o6a>eKTBi CHCTeMBi S' HaxoflaTca b OTHomeHim R', to cooTBeTCTByioinne 
IIM o6T>eKTBI CHCTeMBi S HaXO,ipiTCH B COOTBeTCTByiO 111,6 M OTHOmeHHII. Ta- 
Koe cooTBeTCTBiie Ha3BiBaeTca u30Mopcfiu3MOM. A CHCTeMBi, ,h,jih kotopbix 
mojkbt 6bitb ycTaHOBjieHO Taxoe cooTBeTCTBiie , Ha3BiBaiOTCH u30Mopcfi- 
HUMU,. 

CxasaHHoe bbiihc o nojiHOTe CHCTeMBi axciiOM BBipaacaiOT Tax: cucmeMa 
clkcuom noAHasi, ecAu ece ee ModeAU ( immepnpemav,uu ) u30MopcpHu. 

H 3 onpe^ejieHiia H30Mop(J)ii3Ma acHO, hto ccjih b o^hoii cucTeMe S 
BBinojiHaeTca HexoTopoe yTBepacflemie, to cooTBeTCTByiomee yTBepac^e- 
Hiie BBinojiHaeTca Taxace b ii30mop4>hoh cucTeMe S. IIpocTO noTOMy, hto 
Bcaxoe yTBepjxflemie xacaeTca o6bcxtob ii iix OTHomemm. Ecjiii Ha3BaTB 
cooTBeTCTBeHHBie oGbcxtbi h OTHomemia o^hhmh h tcmii ace cjiOBaMH, 
to Bee, hto OTHOCiiTca x oflHofi cucTeMe, 6ya,eT 6yxBajiBHO OTHOCHTBca h 
x /ipyroH. Ohii npe^CTaBjiaiOTca TOiyja coBepmeHHO oflimaxoBBiMii. Tax 
h MOflejin nojiHOii CHCTeMBi axciiOM ofliiHaxoBBi. Ho, xoHeaHO, tojibxo b 
OTHOineHHH cboiictb, OTHOcam,Hxca x axciiOMaTiixe, Tax xax b MO^ejiax 
MoryT 6bitb h flpynie CBOiiCTBa (xax, HanpiiMep, b yxa3aHHOii BBinie mo- 
^ejiH, xoiyja Tonxa ecTB napa Hiiceji, tohxii pa3JiiiaaiOTCH — cxaaceM, (0, 
0) h (1, 1), — ho 3to b HaHieit axciiOMaTiixe HiineMy He cooTBeTCTByeT). B 
3tom ace CMBicjie MoacHO cxa3aTB, hto nojmaa axciiOMaTiixa onpe^ejiaeT 
o^hh onpe^ejieHHBiii npe^MeT iijih, xax yTOHHaiOT, o^hh c tohhoctbio ^o 
H30M0p(j)H3Ma. 

Mbi npe^CTaBjiaeM ce6e njiocxocTB xax Bnojme onpeflejieHHBiii «npefl- 
MeT», Tax hto b njiaHHMeTpiiii xaxoe-jiii6o yTBepacflemie jiii6o BepHO, jih- 
6o HeBepHO — reoMeTpiiHecxini cjaaxT iiMeeT MecTO iijih ero HeT. nosTOMy 
axciiOMaTHxa njiaHHMeTpiiii ,n,ojiHCHa 6 bitb nojiHOH. Hama axciiOMaTiixa 
nojiHaa, xax mbi ceiinac ^oxaaceM. 

Boo6m;e Tpn yxa3aHHBie CBOiiCTBa axcnoMaTHXH nrpaiOT cympcTBeHHO 
pa3Hyio pojiB. HenpoTiiBopeaiiBOCTB o6a3aTejiBHa, nocxojiBxy npoTHBope- 
aiiBaa ciiCTeMa npocTO He iiMeeT CMBicjia. He3aBiiciiMOCTB axciiOM Heo6a3a- 
TejiBHa, ho ecjiH ee HeT, t. e. ecTB axciiOMa, xoTopaa cjie^yeT H3 ^pyrnx, to 
Taxaa axciiOMa jiihhhhh h ee mohcho iicxjhohiitb. HCejiaTejiBHO He hmctb 
TaxHx jinmHHx axciiOM, xoth hx MoacHO bbo^htb fljiH toto, hto6bi ynpo- 
cthtb floxa3aTejiBCTBa TeopeM. Tax mbi motjih 6bi, HanpiiMep, bxjhohhtb 
HexoTopBie TeopeMBi § 3 tji. I b axcuoMBi. 

nojiHOTa, xax 6bijio o6T>acHeHO, Heo6xo,n,HMa ,h,jih axciiOM njiamiMeT- 
Phh. Ho BOo6m,e b MaTeMaTHxe 6ojiBmoe 3HaaeHiie HMeiOT xax pa3 Henoji- 
HBie axcHOMaTiixii. Taxaa axciiOMaTiixa onpe^ejiaeT He oflim npe,n,MeT Teo- 
Phh, a pejiBiii xjiacc hx xax rpynnBi h xojiBpa b ajire6pe (nocxojiBxy 



ecTb, Hanpi-iMep, HeH30M0p(J)Hbie rpynnBi) hjih pa3HBie tihibi npocTpaHCTB 
b o6o6meHHofi reoMeTpnn . 

Bbibo^bi o Hamefi CHCTeMe aKCHOM reoMeTproi. KaK y»ce 6 bijio 
OTM eneHO, y Hac ecTB HiicjiOBaa MOflejiB iuiaHHMeTpim . ToaKaMii b stoii 
MO flejni cjiy»caT napbi Hiiceji (x, y ), a npoane ocHOBHBie noHHTiia onpe^e- 
jihiotch aepe3 3Tii aiicjia — KaK sto c^ejiaHO b § 2. HajiiiHiie TaKoii MOflejin 
^aeT ocHOBaHiie yTBepjKflaTB, hto 

Hama cucmeMa ancuoM ruiaHUMempuu Henpomueopeuuea, 
hjih, 6ojiee TOHHO, 

Hama aKcuoMamwca ruiaHUMempuu Henpomueopeuuea, HacKOAhKO 
Henpomueopeuuea meopusi eeipecmeemux uuceA. 

fleitcTBHTejiBHO, ecjni 6 bi h3 Hamiix aKCHOM mojkho 6 bijio 6 bi bbibcctii 
npoTHBopeHiie, to oho oGHapyaaiBajiocB 6 bi b MO^ejiH, h tom caMBiM — b 
Teopim BeipecTBeHHBix Hiiceji, Ha ochobc KOTopoii MO^ejiB nocTpoeHa. 

Tot ace bbibo^, o HenpoTiiBopeHiiBOCTH BepeH h /yia aKCHOM CTepeo- 
MeTpHH, nocKOjiBKy ,h,jih Hee Toace ecTB HiicjiOBaa MO^ejiB. Mbi tojibko 
He npoBejiii ,n,OKa3aTejiBCTBa toto, hto b MOflejni, yKa3aHHOi“i b KOHpe § 2, 
^eiiCTBHTejiBHO BBinojiHHiOTCH bcc aKCHOMBi CTepeoMeTpiiii. 

y TOHHHH , MBI CKa3ajIII, HTO HaHia CHCTeMa aKCHOM HaCTOJIBKO Henpo- 
THBOpeHIIBa, HaCKOJIBKO HenpOTHBOpeHIIBa TCOpiIH BeipecTBeHHBix Hlicejl. 
Hmchho 3to h cjie^yeT H3 Hameii hiicjioboh MOflejni. A bo 3 mo>kho jih npo- 
TiiBopeHHe b stoii MO^ejiH — 3to yace flpyrofi Bonpoc — Bonpoc o Henpo- 
THBOpeHIIBOCTII TeOpiIII BeiH,eCTBeHHBIX Hlicejl. EcTB OCHOBaHHe CHIITaTB ee 
CBo6o/I,HOH OT B03MO>KHOrO npOTIIBOpeHHH. Ho He3aBHCHMO OT B03MO3KHBIX 
COMHeHHH B HenpOTIIBOpeHIIBOCTH BeiH,eCTBeHHBIX HHCejI CflejiaHHBIH BBIBOfl 
o ciicTeMe aKCHOM reoMeTpiiii iiMeeT BaacHBiii cmbicji. 

BemecTBeHHBie Hiicjia cjiyacaT ochobhbim npe^MeTOM Been MaTeMaTH- 
kh, nepe3 mix onpeflejunoTCH cjjyHKpini h KOMnjieKCHBie nncjia h cjDyHKpuo- 
HajiBHBie npocTpaHCTBa h t. .u;. IIosTOMy, flaBaa ancjiOByio MO^ejiB aKCHOM 
reoMeTpiiii, mbi tcm caMBiM jioniHecKii BKjnoaaeM reoMeTpino b pejiocT- 
Hyio CHCTeMy MaTeMaTiiKii. H HenpoTiiBopeHiiBOCTB ocHOBamiH reoMeTpiiii 
onupaeTCH TaKiiM o6pa30M Ha iHiipoaaiiHiee ocHOBaHiie b MaTeMaTiiKe. Hto 
ace flo OKOHnaTejiBHoro flOKa3aTejiBCTBa HenpoTiiBopeHHBOCTH, to oho He 
MoaceT 6 bitb flaHo: ^,OKa3BiBaa, mbi hbm-to nojiB3yeMca, h 06 stom Toace 
mojkho cnpociiTB: a He ckpbito jih 3,n,ecB B03Moaaioe npoTiiBopeHne? 

06paTiiMca k Bonpocy o nojiHOTe Hanieii chctcmbi aKCHOM. TyT mbi 
MoaceM yTBepacflaTB: 

Hama aKcuoMamutta ruiaHUMempuu noAHan. 

/],OKa3aTejiBCTBO. Hcxofla H3 aKCHOM, mbi bbcjiii Ha njiocKOCTii 
npaMoyrojiBHBie KOopflimaTBi h bbibcjiii tfiopMyjiy ,h,jih paccToamia Meac^y 



TOHKaMii. CTajio 6bitb, 3to mojkho c,n,ejiaTB bo bchkoii MO,a,ejiH, iyi,e bbhioji- 

HJHOTCH aKCHOMBi. 3HHHHT, BCHKaH MOflejIB II30M0p4>Ha HHCJIOBOH MOflejIIl, 
b KOTopofi tohkh — 3to napti nnceji h paccTOHHiie 3aflaeTca toh »ce cjiop- 
Myjioii. TaKHM o6pa30M, Hama aKCiiOMaTHKa njiaHHMeTpim nojiHan. 

To »ce BepHO fljra a kc ii o m a r r n k n erepeoMeTpini, nocKOjiBKy h b npo- 
CTpaHCTBe TO»ce bbo^htch KOopflimaTBi h Bee reoMeTpiinecKiie cooTHome- 
hi-ih MoryT 6 bitb b hhx BbipajKeHbi. 

O He3aBi-iCHMOCTi-i Hamiix aKCiiOM njiaHHMeTpim mojkho CKa3aTB, hto 
ecTB He3aBHCiiMBie aKcnoMBi, ho cctb ii saBuciiMBie. 

AKCHOMa napajijiejiBHbix OTpe3KOB He3aBiiciiMa; sto 6y^eT fl0Ka3aH0 
noTOM. 

AKCHOMa HenpepniBHOCTH He3aBiiciiMa (sto ,n,OKa3BiBaeTCH hhcjioboh 
MOflejiBio, b KOTopofi, oflHaKO, (JmrypiipyiOT He Bee BeipecTBeHHBie nncjia 
x, y, a tojibko TaKi-ie, KOTopBie nojiynaiOTCH H3 1 npiiMeHemieM fleiiCTBuii 
THna a ± b , ab, a/b, y/ a 2 + b 2 ). 

B aKCHOMe OTKjiaflBiBaHiiH yrjia Tpe6yeTCH, hto OTKjiaflBiBaeTCH tojibko 
o,a,HH yroji, paBHBiii flaHHOMy. 3to mojkho iickjhohiitb: 3Ta nacTB aKCHOMBi 
3aBHCHMa. Mbi bbcjih ee ,h,jih npocTOTBi, nocKOjiBKy ee ,n,OKa3aTejiBCTBO 
flOCTaTOHHO CJIOJKHO. 

BBiHCHeHiie He3aBHCHMOCTH Bcex aKCiiOM npeflCTaBjmeT TpyzpiocTB. 

9K30THHecKaa mo/j,cjib njiaHHMeTpim. ripeflCTaBiiM ce6e njioc- 
koctb c npuMoyrojiBHBiMii KOopfliiHaTaMii x, y. Ho 6yn,eM cmcraTB ot- 
pe3KOM, coefliiHHiomiiM tohkh A(x o, yo), B(x i, i/i), KpiiByio, o6pa3yeMyio 
TOHKaMii M(x, y) c KOopflimaTaMii 



y = (! -t)yo + tyi, 0 < t < 1 . 

npiinumeM «OTpe3Ky» AB «fljiiiHy» 



ii 6yn,eM chiithtb paBHBiMii OTpe3Kii paBHOH cfljiiiHBis-. Bee aKCHOMBi 6yn,yT 
BBinOJIHHTBCH. 

Ecjiii xo ^ xi, to, HCKjHOHaji H3 (1) napaMeTp t, nojiymiM ypaBHemie 
BH^a 

y = kx 3 + 1. (3) 

A npn xq = Xi 6yn,eT x = Xo, h npn y o = y\ 6yn,eT y = yo, t. e. «OTpe3Kii» — 
3to Ayrn Ky6iiHecKHx napa6oji (3) h OTpe3Kii npHMBix x = const, y = 
const. 



06ih,hh npiieM nojiyaemia Tamix MOflejieft coctoi-it b cjieflyiomeM. FIo- 
jiaraeM x = f(x), y = g{y), r^e cjDyHKipni /, g oftpaTHMbi. OTpe30K 
x = (1 — t)x o + tx i, y = (1 — t)yo + tyi 3aMeHaeTca kphboh: 

x = / _1 ((1 - t)f{x 0 ) + tf(x i)), 

2/ = 5 _1 ((1 - %(^o) + tg(x i)). 


PaccTOHHiie 6yn,eT 

1^1 = \/ (/Od) - f( x o)) 2 + (sO i) - g( x o)) 2 - 


Boo6m,e, npoii3BefleM jno6oe B3aiiMHO o,n,H03HaHHoe OToSpaacemie njioc- 
koctii Ha ce6 a. OTpe3Kii nepeipuyT b Kanne-TO (fnirypti, h, cooTBeTCTBeHHO 
Bee, hto Kacaaocb OTpe3KOB, 6yn,eT KacaTbca stiix tfniryp. Tax hto nojiy- 
aaeTca MOflejib njiaHHMeTpim c stiimii (J)HrypaMH b KaaecTBe «OTpe3KOB». 
B npiiBefleHHOM npiiMepe Mbi npoii3Bejin npeo6pa30BaHiie, conocTaBjiaa 
TOHKaM (x, y) TOHKH C KOOpflllHaTaMII 


x = yx, y = y. 


OTpe30K 


nepeiifleT b 


x = (1 - t)x 0 + txi, y = (1 - t)y 0 + tyi 
x = \J '(1 - t)xl + tx\, y=(l-t)y 0 + ty 1 . 


Mojkho Taxace B3HTb x = y/x, y = y c jno6biMii HeaeTHbiMii n h m h 
t. n. 

Taxiie MOflejin cjiyacaT iijunocTpapiieH k a6cTpaKTHOMy B3rjiafly Ha 
aKCi-iOMaTHKy. «OTpe30K» MoaceT 6biTb jik> 6 oh kphboh jninib 6bi tf)op- 
MajIbHO BbinOJIHHJIHCb TpeSOBaHIIH aKCHOM. 


§ 4. Pa jlIbIC CilCTCMbl aKCHOM 

3aMKiiyTbie h Hcaaw Kiiy ibic aKCHOMaraKH. CucTeMbi aKCHOM, ko- 
Topbie KjiaflyTca b ocHOBamie reoMeTpim, KaK h flpynix Teopnit, MoryT 
pa3jHiaaTbca b h,cjiom pa^e OTHomeHim. B npeflbmymeM naparpacjie 6bijia 
npe^CTaBjieHa CHCTeMa aKCHOM iuiaHiiMeTpim - Bcero 113 Tpex aKCHOM, — 
coBepmeHHO OTjuiaHaa ot toi”i, Kaxyio mbi npimajiri c caMoro Haaajia b tji. I. 
FjiaBHoe pa3JiHHHe stiix ,a,Byx chctcm aKCHOM — reoMeTpiiaecKOH (FA) h 



KOopflimaTHOH (KA) — 3aKjnoHaeTca, kohchho, He b tom, hto b o,n,Hoii ax- 
chom flOBOjiBHO mhoto, a b flpyroft — Majio. FnaBHoe pa3JiHHHe b tom, hto 
CHiiTaeTCH 3apaHee H3BecTHt>iM b o^hom ii b flpyroM cjiynae. B KA iic- 
nojib3yK)TCH Beni,ecTBeHHBie Hiicjia, a b FA — hiihto He npe^nojiaraeTCH 
H3BecTHBiM 3apaHee. Akciiombi FA mojkho oGtHCHUTB HarjiaflHO nejiOBeKy, 
KOTopBiH He 3HaeT MaTeMaTiiKii. Ho aKCHOMbi KA 6yflyT noHHTHbi tojibko 
TOMy, kto 3HaeT Teopino BemecTBeHHbix HHceji, h ync bo bchkom cjiynae 
oh flOJixceH noHHMaTb cJjopMyjiy fljia paccTOHHiiH. 

KoHenHO, bo bchkoh aKCHOMaTHKe hto-to noflpa3yMeBaeTCH H3BecT- 
hhm; MHHHMajibHO — 3to npaBiuia rpaMMaTHKii , jioniKa, a TaKxce HaTy- 
pajibHbie Hiicjia: o^hh, ppa h t. n. Bo bchkom cjiynae, 6e3 rpaMMaTHKii 
h jioniKii Hiinero nejib3H ctJjopMyjinpoBaTb. Kan Hejib3H, HanpriMep, bbi- 
CKa3aTb aKCHOMy o npoBe,n,eHiiii 0Tpe3Ka 6e3 cjiOBa «cym;ecTByeT» hjiii 6e3 
paBHOCIIJIBHOrO BbipajKeHIIH. 

Ecjiii b aKCHOMaTHKe ncnojib3yeTCH TOjibKO TaKOii Heo6xofliiMbiH mi- 
Hi-iMyM, to mbi Ha3biBaeM ee 3aMKHyToii hjiii iiCHepnbiBaiomeii. Ecjih nee 
3 to He TaK, ecjiii b aKCHOMaTHKe noflpa3yMeBaeTCH H3BecTHbiM hjiii caMO 
co6oit noHHTHbiM HTO-J11160 CBepx 3 toto, CKasKCM, noHHTiie H3 flpyrolt Teo- 
piiii, to TaKaa aKCiiOMaTiiKa 6ya,eT He3aMKHyToii. Hania cucTeMa aKCiiOM 

FA 3aMKHyTa, CHCTeMa KA — He 3aMKHyTa. 

PaHbine, b rji. I h. 2, mbi BBejin cucTeMy aKCHOM c tcmii nee ochobhbimii 

nOHHTIIHMH, HTO FA, H C BO MHOTOM CXO^HBIMH aKCHOMHMH, HO BKJIIOHa- 
romyio aKCHOMbi ^jiiiHbi h Mepbi yrjia. B stiix aKCiiOMax Hcnojib3yiOTCH 
BemecTBeHHbie Hiicjia, h, CTajio 6biTb, Tanaa cucTeMa aKCiiOM TO»ce He3a- 
MKHyTa. Ee mojkho o6o3HaHHTb KaK HFA — «He BnojiHe reoMeTpiinecKaH 
aKCHOMaTHKa » , nocKOjibKy OHa reoMeTpiiHecKaa, ho OTCTynaeT ot hhctoii 
reoMeTpiiii, BKjnonaH hohhthh hhcjichhoh /pniHbi h Mepbi yrjia. 

Jlfla toto hto6bi c^ejiaTb He3aMKHyTyio aKCiiOMaTiiKy 3aMKHyToii, hc- 
nepnbiBaiomeH, ee HyjKHO ^onojiHiiTb aKCHOMaMH, roBopHiipiMH 06 ncnojib- 
3yeMbix b Heii hohhthhx; b npiiHipine sto Bcer^a mojkho c^ejiaTb. Tan, fljia 
toto hto6h «3aMKHyTB» cucTeMy KA, HyjKHO ,n,o6aBHTb k Heii aKCHOMbi 
BemecTBeHHbix nuceji. 3tiix axci-iOM, MHHHMy m , 18 (BOceMHa^paTb!), TaK 
hto ecjiii npii6aBHTb hx k KA, to nojiyniiTCH flOBOJibHO BHyiHiiTejibHbiii 
cnucoK. HeMyflpeHO, hto aKCHOM b KA Majio: b Heii mhoto no,npa3yMeBa- 
eTCH H3BeCTHbIM! 

npocTeinHiiii cjiynaii HeiiCHepnbiBaiomeH aKCHOMaTHKii — tot, Kor^,a b 
Heii npocTO nponymeHbi HeKOTopbie aKCHOMbi hjiii, 6ojiee toto, — He bbi- 
paaceHbi b aKCiiOMax KaKiie-jinSo ocHOBHbie hohhthh, kotopbimii, o^HaKO, 
nojib3yiOTCH b ^,OKa3aTejibCTBax. Tax o6ctoiit ,n,ejio b «Hanajiax» Ebkjiii- 
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h bo MHornx npe^cHHx h coBpeMeHHbix Kypcax reoMeTpHH, iy^e Hapa^y 
c aKCHOMaMH onripaiOTCH Ha OHeBiiflHOCTB. Ho sto «hc tot cjiyHafi»; mbi 
o6pam,aeM BHHMamie Ha a kc h o m a r r h k h , ncnojiB3yiOHi,He HereoMeTpiiHecKiie 
nOHHTHH. 

CncTeMBi aKCHOM, HcnojiB3yKmi,He BemecTBeHHBie nricjia h HeKOTopBie 
flpyrne hohhthh, MoryT 6 bitb ohchb yuoSHMMii, KaK Hama HrA; ohii pac- 

npOCTpaHJHOTCH H BBOflHTCH B IHKOJIBHBie yHe6HIIKH. Ho Ha^o HCHO nOHII- 
MaTB, hto ohii He hbjihiotch 3aMKHyTBiMii h, CTajio 6 bitb, chmh no ce6e He 
damm ucuepnueammux ocnoeanuu eeoMempuu. 

B aKCHOMaTHKe cnjioniB h ph^om tfnirypiipyeT noHHTiie MHoacecTBa. Ho 
oho HacTOjiBKO yKopemuiocB b ocHOBax MaTeMaTiiKH , hto ero noaBjieHiie 
b aKCHOMaTHKe mojkho He CHHTaTb HapymeHiieM ee 3aMKHyT0CTH : mohcho 
CK a3aTB, BKjnoHaiom;aH ero aKCiiOMaTiiKa 3aMKHyTa b paMKax o6m;eH Teo- 
peTIIKO-MHOJKeCTBeHHOH TOHKII 3peHIIH. KOHCHHO, y Teopilll MHOJKeCTB eCTb 
cboh aKCHOMM, h ecjiii iiMeTB 3 to b BHfly, to aKCHOMaTi-iKy, HcnojiB3yioinyio 
noHHTHe MHoacecTBa, HejiB3a cniiTaTB 3aMKHyT0ft. OflHaKO aKCiiOMaTH3H- 
poBaHHoe noHHTiie MHoacecTBa b nojiHOM oSbeMe pe^KO 6biBaeT Hyamo, a 
b ajieMeHTapHOH reoMeTpim oho BOo6m,e He HyacHO. Mbi BOBce 6e3 Hero 
o6oihjihcb, BBefla aKCiiOMM tjairyphi. 

HTaK, mbi (JiiiKCiipyeM (JiyH^aMeHTajiBHoe pa3jmHne flByx thiiob chctcm 
aKCHOM — 3aMKHyTBIX H He3aMKHyTBIX. 

Pa3JiHHne aKCHOMaTHK no Bti6opy ochobhbix nOHHTHH. 3a stiim 
cjie^yeT flpyroe cymecTBeHHoe pa3jmHne — no ochobhbim hohhthhm: Ka- 
Klie oSBeKTBI H OTHOHieHIIH npiIHIIMaiOTCH B aKCHOMaTHKe 3 a OCHOBHBie. 
TyT Me»c/i;y ciiCTeMaMii TA h KA onaTB ace ecTB rpoMa^Haa pa3HHii,a. B 

KA TOJIBKO OflHH BHfl OCHOBHBIX o6T>eKTOB — TOHKII H HIIKHKIIX OCHOBHBIX 
OTHomeHiiit ; Bee onpe^ejiaeTca c noMOiu,Bio KOopflimaT. B FA, HanpoTiiB, 
(b njiaHHMeTpHn) npiiHiiMaiOTCH ,n,Ba Bii^a ochobhbix o6bcktob: tohkii h 
OT pe3Kii, ^Ba Biifla OTHomeraii tohck h OTpe3KOB: tohkh — KOHen, OTpe3Ka 
hjih jieaaiT Ha OTpe3Ke, h OTHOHiemie paBeHCTBa OTpe3KOB. 

P a3JiHHHe no ochobhbim oSbeKTaM BCTpenaeTca KaK Mea^ny 3aMKHy- 
tbimh, TaK h He3aMKHyTBiMii CiiCTeMaMii aKCHOM. Hanpimep, y Hac b TA 
OCHOBHBIMH o6T>eKTaMII HBJIHIOTCH OTpe3KH, TOT^a KaK o6bIHHO OCHOBHBI- 


39 Ebkjih/i >k hji b A jieKc:aH/ij)HM b III b. ;i,o h. 3. — b Tax Ha3BiBaeMyio anoxy 3jijihhh3- 
Ma, HacTynHBinyio nocjie noxo^OB AjieKcaH,u,pa MaKe,u;oHCKoro. B ero Tpyzje «Hanajia» 
6bIJIH CHCTeMaTH3HpOBaHBI H H3JIO>KeHt>I B JIOrHHeCKOH nOCJie^OBaTejIBHOCTH OCHOBBI reo- 
MeTpHH, a TaioKe ajieMeHTbi TeopHH nnceji h reoMeTpHnecKH h3jiohc6hhoh ajire6pbi. H 3 - 
jiOHKeHHio npe^mecTByiOT onpe^ejieHHH ochobhbix hohhthh h (JjopMyjinpoBKH ochobhhx 
nojio^KeHHH reoMeTpHH — nocTyjiaTOB h «aKCHOM» (Tenepb sto pa3jiHHHe He ^ejiaeTcn) . 
B 3tom OTHomeHHH «HaHajia» nojiOHCHjiH Hanajio aKCHOMaTHKe . 



mii o6i>eKTaMH cjiyixaT npaMbie. CooTBeTCTBemio hsmchhiotch h ocHOBHbie 
OTHOineHiiH, a BMecTe c 9thm ii caMii axcuoMbi. PaccMOTpiiM npiiMepu. 

06paTiiMCH k aKCHOMaTi-iKe CTepeoMeTpim; OHa npeflCTaBjieHa y Hac 
b naTii BapiiaHTax: Tpn He3aMKHyTbie b § 8 rji. I h. 2 h flBe 3aMKHyTbie 
b §6 rji. I h. 6. IIocjie/i,Him H3 sthx flByx BapiiaHTOB OTjnnaeTCH ot Bcex 
OCTajIBHBIX TeM, HTO B H6M njIOCXOCTb IICXJHOHeHa 113 OCHOBHbIX oSteKTOB. 
(IIpocTpaHCTBeHHbie aKCiiOMbi b nepBbix BapiiaHTax § 8 rji. I h. 2 h § 6 rji. I 
a. 6 o,h,hh h Te jxe; pa3Hiiu,a — b jiimeimbix aKCiiOMax; b o6m;eM cjiynae ohii 
BKjiiOHaiOT noHHTiie HHCJieHHoii ;yrnHbr.) 

AxcHOMaTHKa rHJit6epTa. Ffe 3aMKHyTbix ieoMeTpiriecxiix ciiCTeM 
axcuoM Haii6ojiee H3BecTHa cncTeMa axcuoM F njibSepTa 40 . B Heft ochobhbi- 
MII o6T>eKTaMII HBJIHIOTCJI TOHXII, npHMbie, njIOCKOCTII, a OCHOBHBIMH OTHO- 
ineHHHMH cjiyjKaT: 1) Tonxa npimafljieixHT npaMoft, Tonxa npimafljieixHT 
njiocKOCTii; 2) Tonxa jiejxiiT Meix^y flByMH flpyniMii (sto paBHoenjibHO 
TOMy, hto Tonxa C jie»ciiT Ha OTpe3Ke c xoHpaMH A, B); 3) OTHomeHiie 
paBGHCTBa hjih, Kax oho Ha3biBaeTCH y FHjib6epTa, xoHrpyaHTHOCTH; sto, 
co6cTBeHHO, flBa othoihchiih: paBGHCTBO 0Tpe3K0B h paBeHCTBO yrjiOB. IIpii 
3tom nofl 0Tpe3K0M noHHMaeTCH napa Tonex A, B BMecTe co BceMii toh- 
KaMii, jie>KamHMH Meixfly hhmh. Flofl yrjiOM noHHMaeTCH napa jiyneii c 
o6ih,hm HanajiOM, He coflepjKamiixca b o^hoii npuMoft, a jiyn AB onpe^e- 
jiaeTCH nan coBOKynHOCTb Taxux Tonex M npuMoit AB, hto A He jiejxiiT 
Memfly M h B. 

Akchombi b ciiCTeMe Fiijib6epTa ^ejiHTCH Ha 5 rpynn: 1) axcuoMbi npn- 
Ha^jiejKHOCTH, 2) aKCHOMbi nopuflKa, xacaromneca OTHOHieHiia «Me»cfly», 
3) aKCiiOMbi KOHrpysHTHOCTii, 4) aKCHOMa napajijiejibHOCTii, 5) axcuoMbi 
HenpepbiBHOCTii (ex flBe — BMecTe ohii paBHOCiijibHbi aKCHOMe HenpepbiB- 
hocth b Hameii aKCHOMaTHKe). 

Mojkho b Hameii axciiOMaTiixe hckjhohhtb OTpe3KH H3 ochobhhx o6t>- 
eKTOB, a BMecTe c hiimii h OTHomeHiie Tonex k OTpe3KaM. Bmccto 3toto 
BBefleM Kax ocHOBHoe OTHomeHiie Tonex: o^Ha Tonxa jicjkht Meotcdy ,n,By- 
mh APyrHMi-i. ^(ajiee mojkho ycjiOBHTbca: ecjin TOHKa C jiejxiiT Meayiy 
TOHKaMH A h B, to 6yn,eM roBopiiTb, hto tohxh C «jie>xnT Ha OTpe3- 
Ke AB». Usane roBopa, mm onpe^ejiaeM 0Tpe30K AB Kax reoMeTpiine- 
CKoe MecTO Tonex, jiejxamux Meayiy A h B, njnoc caMii sth tohkh; npn 


rnjib6epT (1862—1943) — HeMerparii MaTeMaTHK. B ero pa6oTe «OcHOBaHHa 
reoMeTpHH » , noHBHBHieHcn b nepBOM BapnaHTe b 1899 r., 6bijia ,u,aHa CHCTeMa aKCHOM 
reoMeTpHH ; o,u,Ha H3 nepBbix chctcm n caMaa coBepineHHan cpe,u,H Tex, r^e axcnoMaTH- 
necxne ocHOBamiH reoMeTpHH 6bijiH npe^CTaBjieHbi Tax, xax hx c Tex nop noHHM aiOT. 
rnjib6epT 6bui xpynHenniHM MaTeMaraxoM CBoero BpeMeHH n oxa3aji Hpe3BbinanHoe 
BjinnHne Ha pa3BHTne MaTeMaraxa b pn^e HanpaB jieHHH . 



3tom ohii Ha3biBaiOTCH KOHi^aMH OTpe3Ka AB. (^amioe onpe^ejieHiie ot- 
pe3Ka corjiacyeTCH c aKCHOMon reoMeTprinecKoro MecTa 1-13 aKCHOMaTHKii 
cjnirypbi.) 

HanpiiMep, aKCHOMa ^ejieHiia OTpe3Ka Bbipa3iiTca c noHHTiieM «Meac- 
,ny» cjieflyiomi'iM o6pa30M. 

Ecjiii TOHKa C MejKfly A ii to: 1) Bcaxaa /ipyraa TOHKa M, jieacamaa 
Meacfly A h B , jieaciiT jiii6o Meac^y A h C, jih6o Meac,ny B n C; 2) BcaKaa 
TOHKa M, jieacamaa Meac/iy A ii C, jieacHT Taxace Meac,n,y A h B (n to 
ace fljia tohck M Meac/iy B \\ C — ctoht jninib noMeHaTB o6o3HaHemie A 
Ha B). 

Hi-iTaTejiB MoaceT paccMOTpeTB Harni aKCiiOMbi c tohkh 3pemia 3aMe- 
hbi (JjopMyaiipoBOK c OTpe3KaMii Ha cjiopMyjiripoBKii c OTHomemieM «Meac- 
,n,y». OopMyaiipoBKii stii 6 ynyT rpoM03,n,KiiMii. He^apoM Fnjib6epT, npn- 
hhb, KaK ocHOBHoe, OTHOHieHiie «Meac^y», bboaiit TeM He MeHee h noHaTne 
OTpe3Ka, h, KaK ocHOBHoe OTHOHieHiie, — paBeHCTBO OTpe3KOB. 

PaBeHCTBO OTpe3KOB h yrjiOB ycTaHaBjiiiBaeTca b npaKTHKe He caMO 
co6oit, KaK b aKCHOMax, a jiii6o HajioaceHiieM, jiii6o i-i3MepeHiieM (Bnpo- 
aeM, H3MepeHiie Toace coctoiit b HajioaceHnn — MacniTaSa Ha n3MepaeMbiii 
npe^MeT). IIosTOMy ecTecTBeHHO nprraaTB HajioaceHiie 3a ochobhoc noHa- 
Tiie reoMeTpiiii. 

/J,p,yrMC aKCHOMaTHKH eBKJiH^OBofi reoMeTpHH. 0;i,HO[ipeM('[nio 
c noaBjieHiieM chctcmbi aKCiiOM FHjib6epTa 6bijia flaHa iiTajibaHCKiiM Ma- 
TeMaTHKOM M. Ftnepii CHCTeMa aKCiiOM tojibko c ^ByMa ochobhbimh noHa- 
th3mh: «TOHKa» h «,n,BiiaceHiie» — to ace, hto HajioaceHiie. 

IlepBaa aKCHOMa o flBiiaceHini yTBepacflajia, hto flBiiacemie conocTaB- 
jiaeT TOHKaM tohkii. IIoHaTiia npaMolt h flpyrne onpe^ejiajiHCb nepe3 flBii- 
aceHiie. OflHaKO orpamiHeHiie TOjibKO noHaTiiaMii tohkii h flBHaceHiia npn- 
Bejio k Hpe3BbiHai“iHoii cjioacHOCTi-i aKCiiOM, h CHCTeMa Fhiepn He nojiynnaa 
pacnpocTpaHeHiia. IIotom HeMeipciiii MaTeMaTiiK <J>. Illyp flaji cucTeMy aK- 
chom c TeMii ace ocHOBHbiMii noHaTiiaMii, hto y riijib6epTa, KpoMe KOHrpy- 
3 hthoctii: BMecTO 3Toro BBOflHTca noHHTiie flBiiaceHiia, h KOHrpysHTHOCTb 
onpe^ejiaeTca KaK coBMeipaeMOCTb flBiiaceHiieM (HajioaceHiieM) . 

Torfla ace b 1904 r. He3aBiiciiMO ot Fnjib6epTa B. <J>. KaraH 41 flaji cii- 
CTeMy aKCHOM, b KOTopoii paccToaHiie Meac^y TOHKaMii (hjih, hto paBHO- 
ciijibho, — /puma OTpe3Ka) onpe^ejiajiocb KaK Bem,ecTBeHHoe hhcjio. TeM 
caMbiM 3Ta CHCTeMa 6buia He3aMKHyTa. PaBeHCTBO OTpe3KOB onpe^ejiajiocb 
paBeHCTBOM hx fljiHH. TaKaa 3aM6Ha reoMeTpiinecKoro paBeHCTBa 0Tpe3- 


41 BeHiiaMHH Oe/iopoBHH KaraH (1869—1953) 6biji npocpeccopoM Mry (c 1923 r.), 
cos^aji niKOjiy b ^Ht^t^epeHijHajibHOH reoMeTpHH. 



KOB paB6HCTBOM HX flJIIIH npOBO,H,HJiaCb B y'ie6HHKaX, npiIHHTBIX y Hac B 
niKOJie Ha npoTSDKemni nocjieflHiix 20 jieT 42 . 

Ha,n,o, OflHaKO, hcho nomiMaTb, hto OTHecemie OTpe3Ky onpeflejieHHoro 
Hiicjia b KanecTBe ero fljiiiHbi He cooTBeTCTByeT he npaKTHKe, he reoMeT- 
Phh, noTOMy hto 0Tpe30K HMeeT onpeflejieHHyio HiicjieHHyio .zyiHHy He caM 
no ce6e, a tojibko npn Bbi6ope c;i;hhhhh ii3MepeHHH, h npi-i ee 3aMeHe hhc- 
jieHHaa fljniHa H3MeHHeTCH. H BOBce Hejieno, KOiyja b aKCHOMax bbo,h,htch 
rpa^ycHaa Mepa yrjiOB, 180° y pa3BepHyToro yrjia, KaK 6yn,TO ecjin ii3Me- 
pHTb yroji flpyroft eflHHHpeit, to 6y^eT yxce ^pyraa reoMeTpiia 43 . 

B 1918 r. HeMepKiiii MaTeMaTiiK F. Beftjib ,n,aji cucTeMy aKCHOM, ocho- 
BaHHyio Ha BeKTopHoft ajire6pe. BbiTecHemie reoMeTpim ajire6poii pacnpo- 
CTpaHIIJIOCb H flOHIJIO flO HIKOJIbHbIX yHe6HIIKOB 44 . 

/ipyl’MC OCo6eHHOCTH aKCHOMaTHK. IIOMHMO ,'I.ByX OTMeneHHblX 
cjjyHflaMeHTajibHbix pa3JiHHHft b cucTeMax aKCHOM- no TOMy, hto npe,a,no- 
jiaraeTCH H3BecTHbiM, h no ochobhbim hohhtiiem, chct6mbi aKCHOM MoryT 
pa3JIIIHaTbCH H B flpyniX OTHOHieHIIHX. 

1. CaMoe npocToe — sto pa3jiiiHiie «no 4>opMe», TOiyja CHCTeMbi aKCii- 
OM OTJIHHaiOTCH TOJIbKO cjjOpMyjIHpOBKaMH H KOMnOHOBKOII aKCHOM! KaKIie 
aKCIIOMbl COeflHHHIOTCH B OflHy HJIII pa3flejIHIOTCH, a TaKJKe KaK OHII pac- 
npe^ejiHiOTCH no rpynnaM. Tax hto TyT Ha caMOM ,n,ejie He pa3Hbie, a o,n,Ha 
cncTeMa aKCHOM, tojibko BbipasKCHHaa hcckojibko pa3HbiMii cnoco6aMH. 

HanpiiMep, Haniy aKCHOMy Ii cymecTBOBaHiiH kohh;ob OTpe3Ka, § 1 rji. 1, 
mojkho pa3yi,ejiHTb Ha Tpn h ^ance Ha neTbipe aKCHOMbi (c,n,ejiaftTe sto). 
Mojkho 6buio 6 bi flejiHTb aKCHOMbi Ha rpynnbi HecKOjibKO imane, Hanpn- 
Mep, othoch aKCHOMy flejieHiiH njiocKOCTii k aKCHOMaM cbh3h, nocKOjibKy 
b Heft noHHTiie paBeHCTBa OTpe3KOB He ynacTByeT. 

Pa3yMHO cpaBHiiBaTb CHCTeMbi aKCHOM no Hiicjiy BxoflHmux b hiix aKCH- 
om tojibko b tom cjiynae, ecjin pa3,n,ejiHTb aKCHOMbi, flonycKaiomne pa3,n,e- 
jiemie; HanpiiMep, yTBepjKflemie «y OTpe3Ka ecTb ,n,Ba n tojibko ,n,Ba KOHu,a» 
yi,ejiHTCH Ha flBa: y KajK^oro OTpe3Ka ecTb flBa KOHpa; y KajK^oro OTpe3Ka 
ecTb He 6ojiee flByx kohh,ob. 

2. Bojiee cymecTBeHHbiM HBjineTCH pa3jiiiHiie no aKCiiOMaM, t. e. Tanoe, 

42 KoAMOSopoe A. H., CeMenoeun A. 0., Bepnacoe P. C. reoMeTpnn 6-8 kji. 8-e H3fl. 
1980—1982. (I [epp,OHa'ia.;rbHO .zyinHa b otom y 'leCmHKe onpejie.jiHjiacB KaK BejiHHHHa.) 
IJosopejioe A.B. reoMeTpnn 6—10 kji. M.: IIpocBemeHHe, 1981. 

14 Ta.K >Ke He OTBenaeT hh npaKTHKe, hh reoMeTpHH onpeflejieHHe paBeHCTBa OTpe3KOB 
no paBeHCTBy HHCjieHHBix /pi h h : caHTHMeTpoBBie OTpe3KH Ha H3MepnTejiBHOH jinHeiiKe 
paBHBi no reo m exp h Tec ko m y cpaBHeHHio, a He noTOMy, hto hm OTHeceHO hhcjio 1. 

44 Cm., HanpiiMep, npnHHTBin b iie/piBnee BpeMH yneSHHK CTepeoMeTpnn: Kaou- 
ckuu B.M., CKonep 3. A., BsodoecKuu M. M. reoMeTpnn 9. M.: IIpocBemeHHe, 1975, 
r,ye b KH'iec.TKe /i,oiiojiiienn>i H3jiaraeTCH aKCHOMaTHKa Beiijin. 



Kor^,a ciiCTeMbi axcnoM OTjuinaiOTCH xoth 6bi HexoTopbiMii bxo/p-iiuhmm b 
hex aKCHOMaMH no co^epjKaHino, a He npocTO no cjiopMe Bbipaacemra. Tax, 
HanpiiMep, nojiynaeTcn, xoiyja Hama axcuoMa napajijiejibHbix 0Tpe3K0B 3a- 
MeHaeTCH Ha axciiOMy napajijiejibHbix npHMbix. 

3. BapnaHTBi pasjrnHHH «no axcnoMaM» npe^CTaBjiaeT cjiynafi, xor,n,a 
cncTeMbi axcnoM OTjinnaiOTcn «chjioh» ycjiOBini, b xpaimeM cjiynae, xor,a,a 
b oflHolt cncTeMe ecTb axcnoMa, BbiBO^HMaa 113 ^pyrax, Tax hto 3axjno- 
neHHoe b Hen ycjiOBiie — jranmee, n Taxyio axcnoMy mojkho hckjhohhtb. 

HHTepecHbifi npiiMep ^aeT aKCHOMa napajijiejibHBix. Bmccto Hee mojk- 
ho TpeSoBaTb tojibko, hto cymecTByiOT Taxaa npuMaa a n He jiejxamaa 
Ha Hen Tonxa A, hto nepe3 9Ty Tonxy npoxofliiT He 6ojiee oflHoii npHMOii, 
napajijiejibHOH a. OTcro^a, kohchho, c noMom,bio flpynix axcnoM, ysxe cjie- 
^yeT, hto to jxe BepHO ,h,jih jho6oii npaMOii h jho6oii He jiejxameii Ha Heii 
TOHxii. CoBepmeHHO Tax sxe mojkho ocjia6iiTb Hamy axciiOMy napajijiejib- 
HBix OTpe3KOB, Tpe6ya tojibko, hto cymecTByiOT Taxue tohkii A , B, C, D , 
hto 0Tpe3Kii AC, BD nepneHfliixyjiHpHbi AB n CD = AB. 

AxciiOMy flejieHHH njiocxocTii mojkho 3aMemiTb axciiOMOii llama, xax 
3to H c^ejiaHO Bbime. 

Chctcmbi axcnoM ,3,. riuib6epTa, O.IHypa, F. Beiura h MOfliicjumupo- 
BaHHaa cncTeMa axcnoM A. B. IIoropejiOBa H3JiO}xeHbi b KHiire: A.neKccm- 
dpoe A./(. OcHOBamm reoMeTpiiii. M.: Hayxa, 1987. TaM »ce ^aH o6ctoh- 
TejiBHBiH onepx pa3BiiTHH ocHOBamiii reoMeTpiiii. 

F ji a b a IV 

PA3HbIE TEOMETPHH 

§ 1. reoMeTpHH JIo6aHeBCKoro; ee MO,a,ejm 

TeoMeTpiiH Jlo6aHeBCxoro ctpohtch Ha Tex jxe axcuoMax, hto reoMeT- 
pim EBKjiiifla, c efliiHCTBCHHOii 3aM6HOH axciiOMbi napajijiejiBHbix Ha npo- 
TiiBonojiojKHyio : 

Akcmomh JIo6a'iencKoro. Ha njiocxocTii ;i,jim xajxflOH npaMOii a ne- 

pe3 xa>xflyio He jiejxamyio Ha a Tomcy npoxo^HT no xpaiiHen Mepe ,n,Be 

45 

npaMbix, He nepecexaiomux ,n,aHHyio npHMyio a. 


45 CTporo roBopa, b H 3 j[ 0 >Kei[iK)M BHfle aKCHOMa JIoSaneBCKoro He HBjineTCH jioi’H'ie- 
ckhm OTpmjamieM aKCHOMbi napajuiejibHbix npaMbix. Taxoe OTpmjamie MoaceT 6biTb 
ccJ)opMyjiHpoBaHO cjie^nyiomHM o 6 pa 30 M: 

Hepe3 HGKOTopyio Tonxy npoxo^HT ^Be npaMbie, He nepeceKaiomne HeKOTopon Tpe- 
Tben npaMon. 



IIoaTOMy b reoMeTpini JIo6aneBCKoro BbinojraaiOTca Bee TeopeMbi eB- 
KjiiiflOBoft reoMeTpini - - njiaHiiMeTpmi h CTepeoMeTpiin, — ocHOBaHHbie Ha 
aKCHOMax 3a BbineTOM aKCiiOMbi napajijiejibHbix. Ho TeopeMbi, CBH3amibie 
c stoh aKCHOMOH, 3aMeHHiOTCH cymecTBCHHO flpyriiMH, KOTopbie Ha nep- 
Bbiii B3rjiHfl no 6ojibmeii nacTii BbirjiaAHT oneHb CTpaHHO. 

3,n,ecb mm yKanceM MOflejib reoMeTpini JIo6aneBCKoro Ha njiocKOCTii h 
3thm perniiM Tpii 3a;ia r iH: 1) AOKaaceM HenpoTiiBopeaiiBOCTb reoMeTpini 
JIo6aneBCKoro Ha njiocKOCTii; 2) flOKaxceM He3aBiiciiMOCTb aKCiiOMbi na- 
pajijiejibHbix ot flpynix aKCiiOM njiaHiiMeTpim; 3) nonanceM HarjiHflHbiii 
CMbicji (JiaKTOB reoMeTpini JIoSaneBCKoro, Kan ohii npeACTaBjiaiOTCH b mo- 
Aejin, KOTopaa CTpoiiTca Ha o6biHHOii eBKjiiiflOBOii njiocKOCTii, t. e., miane 
roBopa, b paMKax njiaHiiMeTpiiii. 

Moment IlyaHKape reoMeipra JIo6aneBCKoro. (OpaHnyscKHH 
yaeHbm Ahpii nyaHKape (1854-1912) — RpyrnreiiHiini MaTeMaTiiK. Onn- 
CHBaeMaa ^.ajiee MO^ejib 6bijia npe^jioaceHa iim b 1882 r.) Pojib njiocKOCTH 
,JIo6aHeBCKoro nrpaeT OTKpbiTaa nojiynjiocKOCTb; pojib npaMbix BbinojiHa- 
k)t coflepacamiieca b Hell nojiyoKpyjKHOCTii c peHTpaMii Ha orpaHiimiBaio- 
mefl ee npaMoft h jiyan, nepneHfliiKyjiapHbie stoh npaMoit. Pojib Hajioate- 
HHH BbinOJIHHIOT K0Mn03HpHH IIHBepCIIH OTHOCIITejIbHO 3THX nOJiyOKpyjK- 
HOCTefl h OTpaaceHHH b jiynax. Bee aKCiiOMbi eBKjnmoBOii reoMeTpm-i 3^ecb 
BbinojiHHiOTCH, KpoMe aKCiiOMbi napajijiejibHbix (piic. 32, a), TeM caMbiM b 
stoh MOflejiii BbinojiHaeTca reoMeTpua JIo6aneBCKoro. 

OniiHieM 3Ty MOflejib 6ojiee noApoSHO h flOKaaceM CKa3aHHoe. BepeM 
Ha o6bihhoii eBKjiiiflOBOii njiocKOCTii KaKyio-HiiGy^b npaMyio p h orpa- 
HiineHHyio eio OTKpbiTyio nojiynjiocKOCTb P. npaMyio p Ha30BeM rpa- 
hhhhoh npaMoft. nojiynjiocKOCTb P 6ya,eT nrpaTb pojib njiocKOCTii JIo- 
6aaeBCKoro; mbi 6yn,eM Ha3biBaTb ee «njiocKOCTbio» b KaBbiaKax. ToaKa- 
mii b MO^ejin 6ynyT tohkii stoii «njiocKOCTH», t. e. nojiynjiocKOCTH P. 3a 
«npaMbie» b MOflejni npiiHiiMaeM, BO-nepBbix, co^epjKamneca b P nojiy- 
OKpyacHOCTii, peHTpbi KOTopbix jieacaT Ha rpamiaHOii npaMoft (pnc. 32, a). 
«OTpe30K» AB b MO^ejiH — sto Ayra TaKOii nojiyoKpyjKHOCTii c KOHpa- 
mii A , B. 

noAaepKHeM, hto KOHeu; «OTpe3Ka» He mojkct 6biTb kohh;om nojiy- 
OKpyjKHOCTii, npeflCTaBjiaiomeH npaMyio; ee kohh,bi HCKjnoneHbi BMecTe 
c rpaHH'iHOH npaMoft; «njiocKOCTb» — sto OTKpbiTaa nojiynjiocKOCTb. Ton- 
Ka « npaMoft » cjiyaaiT o6ih,iim HanajiOM Asyx «jiyaeH» — AByx Ayr nojiy- 
OKpyacHOCTii (c HCKjHoaeHHBiMH kohuamii). «yrjiOM» Ha30BeM tfnirypy 113 


C yneTOM OCTajIbHbIX aKCHOM o6e 4>OpMyjIHpOBKH OKa3bIBaiOTCH paBHOCHJIbHbIMH, 
KaK sto CTaHeT hcho ^ajibine. 





Phc. 32 


,n,Byx «jiyHeii» c o6ih,hm HanajiOM, He coflepjKam;iixcH b oflHoli «npHMOfi» 
(puc. 32, a). 

ITomiimo yKa3aHHbix «npHMbix» ecTB eipe «npHMbie» — sto nojiynpa- 
Mbie, nepneHflHKyjiHpHbie rpaHH'mon npHMOft. Ohii hbjihiotch npe^,ejiaMii 
paccMOTpeHHbix nojiyoxpyjxHOCTeft (puc. 32, 6). Kor^a peHTp nojiyoxpyjx- 
hocth yn,ajiaeTCH no rpaminHofi npHMOii, a nojiyoxpyjKHOCTb npoxoflHT 
nepe3 ^aHHyio Tonxy, to OHa «pacnpHMjin:eTCH» h b npe^ejie nepexo^HT b 
nojiynpHMyio. IIosTOMy mbi ^ajibnie 6ya,eM MbicjinTb yKa3aHHbie nojiynpa- 
Mbie cpeflii «npHMbix» MO^ejin b xanecTBe nojiyoxpypxHOCTeft, KaK «nojiy- 
OKpy>KHOCTii 6ecKOHenHoro pa^Hyca». 3 to no3BOjniT o6ohthcb 6e3 cxyn- 
hmx oroBopoK, xacaiomuxca sthx nojiynpaMbix, npuneM, o,n,Haxo, cjie^y- 
eT noMHHTb ycjiOBHOCTb 3Toro h 6biTb roTOBbiM npoBepnTb yTBepjx^emiH 
,h,jih TaKiix «nojiyoKpy>KHOCTeii». («OTpe30K» Ha Taxon «npHMOH » — sto 
o6binHbin 0Tpe30K, a «jiynn» — oflira oSbinHbni jiyn, ^pyroii — 0Tpe30K c 
HCKjnOHfiHHblM KOHpOM Ha rpaHIIHHOH npHMOH.) 

PaccMOTpnM Tenepb b stoh MO^ejin Te axcuoMbi, b KOTopbie He bxo^ht 
noHHTiie o paBeHCTBe OTpe3KOB h yrjiOB. 

AxcnoMa napajuiejibHbix fljia npaMbix othochtch k tbkhm axcriOMaM. 
B /i;aHHOH MOflejin OHa hbho He BbinojiHaeTca: nepe3 Tonxy A, He jiejKamyio 
Ha «npaMOH» a, npoxo^HT 6ecKOHenHO MHoro «npHMbix», He HMeronpix c 
a o6ih;hx Tonex (puc. 32, a). 

Bee npomie axcuoMbi, roBopHipnc o cbh3h tohcx h 0Tpe3X0B hjih Tonex 
h npHMbix, o B3aiiMH0M pacnojioJKeHiiii Tonex h npHMbix, 3,necb Bbinoji- 
hjhotch. Tax, Ha pnc. 33 yxa3aHO nocTpoemie OTpe3xa c ^aHHbiMH xoh- 
paMii. ^[ajiee, B03bMeM nojiyoxpyjxHOCTb, npeflCTaBjunomyio «npHMyio» 
b MOflejin. IIpoBefleM npHMyio l , xacaiomyiocH stoh nojiyoxpyjKHOCTii h 
napaji- jiejibHyio rpamiHHOH npHMOft. CnpoexTiipyeM nojiyoxpy>xHOCTb H3 
ee peHTpa Ha npHMyio l (pnc. 34). rtojiymiM B3aiiMH0 0flH03HanH0e, coxpa- 


N 



Piic. 33 



Haroipee nopaflOK Toneic, cooTBeTCTBiie Meacpy TO'ucaMH npaMoii n nojiy- 
oicpyacHOCTii, t. e. «npaMoii» MOAeaii. Bee CBOficTBa, BbipaaceHHbie b aKCH- 
OMax, 6ya,yT oflHi h Te ace. Ohh Taicace oaeBiiflHO BbinojiHeHbi Ha noaynpa- 
mbix, npe^CTaBjiaroiipix «npaMbie» moaohh. Akchomh Aeaemia iuiockocth 
Taicace BbinojiHaeTca. «npaMaa» - nojiyoicpyacHOCTb — ^ejiHT njiocicocTb 
Ha flBe o6jiacTH - BHyTpeHHioio h BHeniHioio. 3to ii 6yAyT «nojiynjiocKO- 
ctii» b Harnefi MOflejui. H 3 oahoii b ^pyryio Hejib3a nepeiiTii no Kaicon- 
jipi6o Ayre, He nepeceKaa pa3Aeaaioiii;yio hx «npaMyio» — nojiyoicpyac- 

HOCTb. 

OcTaeTca onpeAeaiiTb paBeHCTBO «OTpe3KOB» h «yrjiOB» Tax, hto6bi 
B binojiHajiHCB cooTBCTCTByiomiic aKCHOMH. 3to Mbi cpenaeM, onpeflejiHB 
«HajioaceHiie». CHaaajia onpeAeaiiM «OTpaaceHiie b npaMOii». 3a «OTpaace- 
HPie b npaMoft» npiiMeM HHBepcino b toh oicpyacHOCTii, noayoKpyacHOCTb 
KOTopofi npeflCTaBjiaeT AaHHaa «npaMaa». Ecjiii ace «npaMaa» — sto no- 
jiynpaMaa, nepneHAHKyjiapHaa rpamiHHoii npaMoii, to «OTpaaceHneM» b 
H eft SyAeT oSbiHHoe OTpaaceHiie. 

«HajioacemieM» b MOAeaii Ha3biBaeM jno6yio KOMno3iiu,ino «OTpaace- 
HIIH». « P BBHblMII » CHIlTaeM <J)HrypbI, B HaCTHOCTH, «0Tpe3KPI» II «yrjibi», 
coBMemaeMbie «HajioaceHiieM». 

3to onpeAejieHiie cpa3y npiiBOAHT k BbiBOAy: yrjibi, «paBHbie» b Mope- 
jih. paBHbi 6e3 KaBbiaeK — b o6biHHOM CMbicae. B caMOM A^ae, yrjibi npn 
HHBepciiax coxpaHaiOTca, t. e. npeo6pa3yiOTca b paBHbie, ho ohh «paBHbi» 
b MOAeaii no onpeAeaemno. 06paTHo: yrjibi, «paBHbie» b MOAeaii, — sto Te, 
KOTopbie npeo6pa3yiOTCH APY r B APyra «HaaoaceHHHMH», t. e. HHBepcHHMH, 
h, CTaao 6biTb, ohh paBHbi b o6bihhom CMbicae. 

IIpii HHBepciiH b oicpyacHOCTH c peHTpoM Ha rpamiHHoii npaMoii 3Ta 
npaMaa 11 noaynjiocKOCTb P OTo6paacaiOTCH Ha ce6a. IIosTOMy copepaca- 


rpaaca b P nojiyoKpyjKHOCTt c peHTpoM Ha rpaHHHHOii npaMOii OTo6pa- 
acaeTca Ha Taxyio ace nojiyoicpyaaiocTb. B Mopejni sto 03HanaeT, hto npii 
« OTpa HceHiiax » «npaMbie» nepexopaT b «npaMbie». OneBiipHO, hto Taxace 
«jiyaH» nepexopaT b «jiyHii» h «OTpe3KH» — b «OTpe3xn». 

06paTHMCH K OTXJiapbIBaHHIO OTpe3KOB H yrjIOB B MO^ejIH. IIohhtpih, 
OTHOcaipneca k Mopejni, 6ypeM npepBapaTb 3hbkom *. 

IlycTb paHbi TOHKa A, *Jiya a c HanajiOM A, *0Tpe30x AB Ha stom 
* jiyae h *yroji ab c BepmuHoft A , o6pa30BaHHbiii *jiyaoM a BMecTe c 
*jiyaoM b. IlycTb paHbi Taxate toh- 
Ka A' , ncxopanpift h 3 nee *jiyH a', h 
OTM eaeHa *nojrynjiocxocTb Q, orpami- 
aeHHaa *npaMolt, copepataipeft *jiyn a 1 
(puc. 35, a). HaM Hyamo npoii3BecTH 
*HaaoaceHHe, nepeBopaipee Tonxy A b 
A' , *Jiya a — b a' h *jiyH b — b *jiyH, jie- 
HcamyiH b *nojiynjiocKOCTH Q Tax, hto 
* yroji, *paBHbift ab, OTjioaciiTca ot a' b 
3Ty *noaynjiocKOCTb. 

IIpoBefleM npaMyio AA! , h nycTb 
OHa nepecexaeT rpamiHHyio npaMyio p 
b TOHxe O (puc. 35,6). npoii3BepeM 
HHBepcHio c peHTpoM O, KOTopaa ne- 
peBepeT A b A'. *JTyn a nepefipeT 
b *Jiyn a" c HanajiOM A', oh o6pa3yeT c *jiynoM a' *yroa a' a". 46 

IIpoBepeM npaMyio q (6e3 xaBbinex), pejiaipyio *yroji a' a" nonojiaM, 
h nocTpoiiM OKpyacHOCTb c peHTpoM Ha rpaHHHHOii npaMOii, xacaioipy- 
ioch npaMOii q (kcthth, yxaacirre Taxoe nocTpoeHHe). HHBepcua b stoh 
OK pyacHOCTH nepeBepeT *Jiyn a" b a' (noneMy?). B CMbicjie Mopejrn sto 
3HaHiiT, hto *OTpaaceHHe b cooTBeTCTByroipeft *npaM0li nepeBopiiT *Jiyn 
a" b a! . TaxiiM o6pa30M, pBa *OTpaaceHiia nepeBopaT Tonxy A b A' h 
* jiyn a — b a'. BMecTe c *jiynoM Bca copepacaipaa ero *npaMaa a — nojiy- 
OKpyacHOCTb — nepexopiiT b * npaMyio a! — nojiyoxpyaoiocTb, — copepaca- 
ipyio *Jiyn a. *IIojiynjiocKOCTH, orpamiHeHHbie * npaMOii a, OTo6paacaiOTca 
Ha *nojiynjiocKOCTii, orpaHHHCHHbie * npaMOii a' . *JIyn b, cjiyacaipnli cto- 
poHoft paHHoro *yrjia ab, nepexopHT b *Jiyn b" c HanajiOM A! . Ho oh MoaceT 
OKa3aTbca He b toii *nojrynjiocxocTii, KOTopaa 6bijia 3apaHee OTMeneHa. 
Torpa HyacHO npoii3BecTH cipe *OTpaaceHne b *npaMoft, copepacaipefi *Jiyn 

46 Ecjih npHMaa AA' napajiJiejibHa rpaiiw'inoH npaMOii p, to totk;i, A nepeBopHT- 
c.m b A' OTpaaceHneM b npaMofi, nepneHpuKyjmpHOH p, t. e. *OTpaaceHneM b npaMoi, 
npepcTaBjiaiomeH nojiynpaMyio, nepneHpHKyjiapHyio p. 



a t. e. HHBepcHK) b OKpyjKHOCTii, co^epjKameii 3Ty *npHMyro. IIpH stom 
H a caMoit *npHMoii a' Hiinero He npoiicxo^HT: Bee ee tohkii ocTaiOTca Heno- 
flBHJKHBiMH. H TOJibKO *jiyH b" nepeimeT b *jiyH b, jiejKaiipiH b yKa3aHHOii 
*nojiynjiocKOCTii. 

Ecjiii Ha *jiyne a 6buia OTMeneHa KaKaH-Hii6ya,b TOHKa B , i-i TeM caMBiM 
OTMeneH *0Tpe30K AB, to 3Ta TOHKa nepeimeT b onpe^ejieHHyio TOHKy B' 
Ha *jiyHe a' h *0Tpe30K AB — b *0Tpe30K A' B' Ha stom *jiyie. Tax mbi 
nojiynaeM pe3yjiBTaT: Ha KajKflOM *jiyne a' mojkho ot ero Hanajia otjio- 
jkiitb *0Tpe30K, *paBHBiii flaHHOMy, t. e. fljia jho6oto flaHHoro *OTpe3Ka 
AB Ha flaHHOM *jiyne c HanajiOM A! ecTB Tanaa TOHKa B ' , hto *0Tpe30K 
AB mohcho nepeBecTii b *0Tpe30K A! B' nyTeM *Haji 0 JKeHHH. 

CoBepineHHO Tax xce to, hto *jiyH b nepeimeT b *jiyH b' , jiejKam,HH b 
HyacHoit nojiynjiocKOCTH, hto h *yroji a'b' paBeH flaHHOMy ab , no3BOjiaeT 
yTBepjK/jaTB: 

Om Kacncdozo * Ayna om ezo Haucuia no dannym cmopony om * npsiMou, 
ezo codepcHcaiu,eu, mochcho omJiocncumi> * yzo.a, paenuu dannoMy. 

OcTaeTca ^OKa3aTB, hto *yroji OTKjiaflBiBaeTCH emmcTBeHHBiM o6pa- 
30 m, Tax me, KaK h *0Tpe30K (hjih, no Harneii aicciiOMe MeHBinero OTpe3Ka, 
0Tpe30K, coflepmairpniCH b flaHHOM h He coBnaflaiomiiii c him, He mojkbt 
6bitb paBeH eMy). 

yTBepjKflemie o efliracTBeHHOCTii OTKjia^BiBaHHH yrjia cboahtch, one- 
bh^ho, k cjie^yiomeMy: 

Ecjiii *jiynn b, c, ncxo^Hinne H3 Hanajia *jiyna a, o6pa3yiOT c hum 
paBHBie yrjiBi h jiemaT c o^hoii ctopohbi ot Hero (b o^hoii nojiynjiocKOCTii) , 
to ohh coBna^aiOT. 

Ho *yrjiBi, paBHBie b Mo;i,ejin, paBHBi b o6bihhom «eBKjnmoBOM» cmbic- 
jie, a fljia o6bihhbix yrjiOB CKa3aHHoe, oneBimso, BepHO. *JIyHii b , c coflep- 
»caTCH b OKpyjKHOCTHx c rieHTpaMii Ha flaHHOii npHMOii p. Pa3 ohii o6pa3y- 
iot c *jiynoM a ^aHHBift yroji, to, 3HaHiiT, ^ana KacaTejiBHaa k yKa3aHHBiM 
OKpyjKHOCTHM B TOHKfi A. Ho OKpyjKHOCTB C H,eHTpOM Ha flaHHOII IipHMOH, 
KacaiomaacH ,a,pyroH npHMOii b flaHHOii ee Tonxe, tojibko o^Ha. 3HaHiiT, 
*jiyHii b, c coBna/i;aiOT. IlTax, * yroji OTKjiaflBiBaeTCH eflimcTBeHHBiM o6pa- 

30M. 

*OTpe30K, *paBHBiii flaHHOMy, Taicrne OTKjiaflBiBaeTCH Ha flaHHOM *jiyne 
e/^iiHCTBeHHBiM o6pa30M. ^eiicTBiiTejiBHO, nycTB *0Tpe30K AB, *paBHBiii 
,u,aHHOMy, OTjiOHceH Ha flaHHOM *jiyne a c HanajiOM A. Ecjiii 6bi mojkho 
6bijio otjiojkiitb /ipvroii *0Tpe30K, AC , paBHBiH TOMy me, to sto 3HaHiuio 
6 bi, hto ecTB *Hajiomemie (oTjniHHoe ot Tom,n,ecTBeHHoro) , OToGpamaiomee 
*jiyn caM Ha ce6a. Oho OTo6pamaeT Tor^a Ha ce6a h bcio coflepmamyio 
ero *npHMyio — nojiyonpyrnHOCTB a. Ecjiii ace *Hajiomemie nepecTaBjiaeT 



*nojiynjiocKOCTii, orpamiHeHHbie *npaMOii a, to ^,o6aBHB OTpajKemie b Hen, 
mojkho floGiiTBCH toto, hto h nojiynjiocKOCTi-i sth 6ypyT OTo6pa»caTBca 
KajK^aa Ha ce6a. 

B TaKOM cjiynae, BBHpy coxpaHemiH yrjiOB, Bee *jiyHii, Hcxopanpie H3 
tohkh A, 6ya,yT OTo6pajKaTbca Ha ce6a. 3HanHT, npn TaKoft komho3hhhh 
HHBepciiH (h OTpajKemift b BepTHKajiBHBix jiynax) Bee kohh,bi jiyneft Ha 
rpaHHHHOii npHMOft ocTaiOTCH Ha MecTe. BMecTe c hhmii OTo6pajKaiOT- 
ch Ha ce6a Bee nojiyoKpyjKHOCTH c KOHpaMH Ha rpaHHHHOft npHMOft, t. e. 
*npHMBie MOflejiii. Ho KajK,z]yio TOHKy mojkho nojiyniiTb b nepeceHemni 
3thx *npHMbix. nosTOMy Bee tohkh OTo6pajKaiOTCH Ha ce6a — «0CTaK>TCH 
Ha MecTe» — Tan hto paccMaTpimaeMoe *Haji0JKemie 0Ka3biBaeTca TOJKpe- 
CTBeHHbiM BonpeKii npepnojiojKemno. 

3thm e^iiHCTBeHHOCTb OTKjiaflbiBaHHH Ha flaHHOM jiyne 0Tpe3Ka, paB- 
hoto paHHOMy, poKasaHa. 

Ha 3 tom ^OKa3aTejibCTBO toto, hto b paccMOTpeHHOft MopejiH Bbinoji- 
HaeTca reoMeTpua JIo6aHeBCKoro, 3aKaHHHBaeTca. Tpe6oBaHne aKCHOMbi 
MeHbmero OTpe3Ka, hto b 0Tpe30K Hejib3H yMecTHTb eMy paBHbift, 3aBepo- 
mo BbinojiHHeTca npn tom, hto yjKe ,n,OKa3aHO. BnponeM, ,n,OKa3aTejibCTBO 
toto, hto oho BbinojiHeHO, HHTaTejib MOJKeT npoBecTii caM. 

OnucaHHyio Mopejib njiocKOCTii JIo6aHeBCKoro mojkho erpe Ha3BaTb 
KOHifoopMnou, nocKOjibKy b Heft HajiojKemiH npepcTaBjunoTCH HHBepcHH- 
mh — npeo6pa30BaHiiHMH, coxpaHjnorpHMH yrjibi. 

Mopcjib reoMeTpHH JIo6aHeBCKoro b npocTpaHCTBe. 3 t;i Mopejib 
onpepejiaeTca aHajiorHHHO MopejiH Ha njiocKOCTii. 

3a npocTpaHCTBO npHHHMaeTCH OTKpbiToe nojiynpocTpaHCTBO P. 
«nji0CK0CTHMii» b HeM cjiyjKaT copepjKarpnecH b P nojiycc|>epbi c h,ch- 
TpaMH Ha rpamiHHoft njiocKOCTH, a TaKJKe nepneHpHKyjiapHbie eft OTKpbi- 
Tbie nojiynjiocKOCTH (puc. 36). 3a «npaMbie» npiimiMaiOTCH nojiyoKpyjKHO- 
cth, nepneHflHKyjiHpHbie rpaHHHHOft 
njiocKOCTii (t. e. KacaTejibHbie k hhm b 
KOHpax nepneHpHKyjiHpbi stoii nnocKO- 
cth; peHTpbi iix jiejKaT Ha rpaHHHHOft 
njiocKOCTii), a TaKJKe nepneHflHKyjiap- 

Hbie eft jiyHH. PlIc . 36 

Pojib «HajiojKeHiift» nrpaiOT KOMno- 

3hh,hh iiHBepcuft b ccjjepax c peHTpaMii Ha rpaHHHHOft njiocKOCTH h OTpa- 
jKeHHft b nepneHpiiKyjiHpHbix eft njiocKOCTax. 

IIpoeKTHBHaH Mopejib reoMeTpHH JIo6a'iCBCKoro. FeoMeTpira 
JIo6aHeBCKoro Ha njiocKOCTii npepcTaBjiaeTca erpe cjieflyroipeft Mopejibio 
Ha o6bIHHOft eBKJIHflOBOft njIOCKOCTH. 




Phc. 37 


IIjiocKOCTb JIoSaHeBCKoro npe^CTaBjiaeTca 
BHyTpeHHOCTbio Kpyra (pric. 37 ), npaMbie — xop^a- 
mh (c HCKjiiOHeHHbiMH KOHpaMH, nocKOJiBKy pac- 
CMaTpnBaeTca tojibko BHyTpeHHOCTb Kpyra) . 

IIpeo6pa30BaHHH — OTo6pajKeHiia Kpyra Ha ce- 
6a, nepeBO^aipiie xop,zi,bi b xop^bi, — npHHHMaiOTca 
3a HajiCBKemia; Tax hto paBHbiMii CHHTaiOTca c]dh- 
rypbi BHyTpii Kpyra, KOTopbie OToOpaacaiOTca o^Ha 
Ha Apyryio npn Taxiix npeo6pa30BaHnax Kpyra. 

npeiiMyrpecTBO stoh MOflejni b tom, hto npaMbie ii3o6paacaiOTCH oneHb 
HarjiaflHo: xop^aMH — npaMOjiimeimbiMii 0Tpe3KaMii. Ho 3aTO b otjihhhg 
ot npeflbmymeii MO^ejni yrjibi b cmmcjic reoMeTpmi JIo6aaeBCKoro CBH3a- 
hbi c o6biaHbiMii eBKjiH^OBbiMH yrjiaMH OHeHb CJIOHCHO. 

FeoMeTpHa JIo6aHeBCKoro b npocTpaHCTBe npeflCTaBjiaeTca aHajioriiH- 
hoh MOflejibio. npocTpaHCTBOM cjiyjKHT BHyTpeHHOCTb niapa, npaMbi- 
MII — xop^bl C IICKJHOHeHHblMIl KOHH,aMII, HajIOaceHIiaMII — OTo6paaceHiia 
niapa Ha ce6a, nepeBOflaiipie xop^bi b xopflbi. Hjiockocth npe^CTaBjia- 
lOTca BHyTpeHHOCTHMii KpyroB, hbjihkmuiixch njiocKHMii ceneHiiaMii rna- 
pa (sto yace oneBHflHO cjie^yeT H3 toto, hto npaMbie H3o6paacaiOTCH 
xop^,aMii) . 

yKa3aHHyio MOflejib ^jia hjiockocth h ^jia npocTpaHCTBa mm Ha3Bajin 
npoenmueHOu, Tax KaK OToGpaacemia, KOTopbie npeflCTaBjiaiOT 3,ii,ecb Ha- 
jiOHcemiH, — 3 to npoeKTHBHbie npeo6pa30BaHiia cooTBeTCTBeHHO Kpyra h 
niapa. 3Ta MOflejib Ha3biBaeTca TaKace ModeAbw Kajiu — Kjieuna. Ee no- 

CTpOIIJI aHrjHIHCKHH MaTeMaTHK KajIH, HO OH He 
noHaji, hto BBefleHHaa iim reoMeTpua b Kpyre 
h ecTb reoMeTpua Jlo6aHeBCKoro; 3to coo6pa3iui 
no3ace, b 1870 r., HeMerpcnit MaTeMaTHK KjieiiH. 

Mo^ejib reoMeTpim JIo6aHeBCKoro Ha 
noBepxHOCTH. OKa3biBaeTca, hto reoMeTpua JIo- 
6aneBCKoro peajni3yeTca na noBepxHOCTax nocTO- 
HHHOH OTpHH,aTejIbHOH KpiIBH3HOIi: BHyTpeHHHa 
reoMeTpua TaKofi noBepxHOCTH h ecTb reoMeTpua 
JIo6aHeBCKoro. Tojibko He Ha Been hjiockocth, a 
Ha toh ee nacTii, KOTopaa MoaceT 6bitb npeflCTaB- 
jieHa flaHHOit noBepxHOCTbio. BMecTe c TeM ,n,OKa- 
3aH0, hto He cyipecTByeT (b TpexMepHOM eBKjiii- 
,ii,obom npocTpaHCTBe) hekhkoh noBepxHOCTH, ko- 
Topaa CBoelt BHyTpeHHeft reoMeTpneii npe^CTaBjiajia 6bi bcio njiocKOCTb 
JIo6aHeBCKoro . 



Bo BHyTpeHHeft reoMeTpim noBepxHOCTH pojib npaMOjirmeimbix OTpe3- 
kob nrpaiOT KpaT'iaHinne jihhhh (oTpe3Kii reo,n,e3HHecxHx) ; pojit Hajioace- 
Hiiii — Taxne OToSpaaceHiia 4>nryp, coflepacanpixca b noBepxHOCTH, koto- 
ptie coxpaHHiOT paccToamia, H3MepaeMbie no stiim xpaTnaiininM jiiihimm. 

CaMaa H3BecTHaa H3 noBepxHOCTen nocToaHHon OTpimaTejibHon xpri- 
Bii3Hbi nceB^oc(J)epa — iraoSpaateHa Ha piic. 38. 

PeajiH3an,nio reoMeTpim JIo6aHeBCKoro Ha noBepxHOCTax nocToaHHon 
OTpi-maTejIBHOII KPHBH3HBI yCTaHOBIIJI IITajIbHHCKHH MBTeMBTHK BejIbTpa- 

mh (b 1861 r.). BnponeM, eipe 3a 30 jieT ,n,o Hero 3to ycTaHOBiui, co6ctbch- 
ho, MiiHfliiHr — npocjaeccop ymiBepcnTeTa b ^epnTe (mme TapTy), — ho 
He noHaji 3Toro. 


§ 2. OaKTbi reoMeTpim JIo6aHeBCKoro 

AKCHOMaTHKa reoMeTpim JIoSaneBCKoro nojraaa — Bee ee MOflejin H30- 
MopcjsHbi. IIosTOMy cjjaKTbi — TeopeMbi stoh reoMeTpim mohcho HaOjnoflaTb 
Ha jho6oh MOflejiii. 

3^ecb Mbi yxaaceM pafl 4>axTOB reoMeTpim JIo6aHeBCKoro, xoTopbiMH 
OHa OTjiHHaeTca ot reoMeTpim EBxjnma, npeayzje Bcero Ha njiocKOCTH. Mbi 
HjunocTpnpyeM nx Ha kohcJjopmhoii hjih npoexTHBHon MOflejui. 

1. no aKCHOMe JIo6aneBCKoro Ha njiocxocTii nepe3 Tonxy A, He jieaca- 
inyio Ha npaMoil a, npoxo^HT no xpanHeii Mepe flBe npaMbie, He nepecexa- 
romne a. 

Ecjih AB - nepneHflHKyjiap H3 A Ha npaMyio a, to npaMaa b , npoxo^pi- 
in,aa nepe3 A nepneHfliixyjiapHO AB (piic. 39, a), 3aBeflOMO He nepecexaeT 
a (hto flOKa3biBaeTca Tax ace, xax b eBKjniflOBOii njiaHiiMeTpini) . nosTO- 
My b cnjiy axcnoMbi JIo6aneBCxoro ecTb npaMaa, npoxoflaipaa nepe3 A h 
o6pa3yioinaa c AB c o/i,hoh ctopohm ocTpbin yroji, ho He nepecexaioipaa 
npaMoii a. nycTb a — TOHHaa hidkhhh rpamipa Taxux yrjiOB. npaMaa c, 
npoxo^aipaa nofl TaxiiM yrjiOM k AB, Bee eipe He nepecexaeT a. (Tax xax 
imane nepe3 A npoxo/puia 6bi npaMaa, nepecexaiomaa a b 6ojiee ^ajiexoii 
Tonxe n, CTajio 6biTb, o6pa3yK>m,aa c AB 6ojibnmn yroji.) B to ace BpeMa 
jiro6aa npaMaa, npoxoflaipaa nepe3 A h o6pa3yK>maa c AB yroji, MeHb- 
nnin, neM a, yace nepecexaeT a. Taxaa npaMaa c b reoMeTpim JIoSaneB- 
cxoro Ha3biBaeTca napa.ajieA'bnou npaMoii a. OcTpbin yroji a, xoTopbiii OHa 
o6pa3yeT c nepneH/pixyjiapoM AB, Ha3biBaeTca yzjioM napaJiAejimocmu. 
no CHMMeTpnn ecTb BTopaa npaMaa c' , napajuiejibHaa a, o6pa3yrom,aa c 
AB yroji a c flpyroii ctopohm. 3tii npaMbie HeorpamineHHO, aciiMnTO- 
THnecxH npn6jinacaK)Tca x npaMoii a c o/i;hoh n flpyron ctopohm, t. e. x 
OflHOMy ee jiyny h x ^pyroMy. 




Pnc. 39 


B KOHcjjOpMHOH MO^ejIH 3TII npHMbie H3o6pa>KaiOTCH OKpyjKHOCTHMH, 
KacaiomiiMiiCH OKpyjKHOCTH, H3o6pajKaioiii;eH npaMyio a, b TOHKax Ha rpa- 
hihhoh npaMofi (pnc. 39, 6). B npoeKTPiBHOH MO^ejin napajijiejibHbie npa- 
Mbie H3o6pa>KaK)TCH xopflaMH c oOnpiM kohu;om (pnc. 39, e). 

Yroji napajijiejibHOCTH a 3aBHCHT ot paccTOHHira h. = |AB|. C poctom 

h oh y6biBaeT n ctpomutch k Hyjno, 
KaK BIIflHO Ha KOH(J)OpMHOH MOflCJIII 

(pnc. 40). HMeeT MecTO (fiopMyjia JIo- 
6aneBCKoro tga/2 = e~ hk , r^e k 3aBn- 
CHT OT e^HHHHbl II3MepeHIIH flJIHHbl. 

2. B reoMeTpiiH JIo6aHeBCKoro He 
BbinojiHaeTCH narna aKCHOMa napaji- 
jiejibHbix OTpe3KOB: ecjin paBHbie ot- 
pe3Kii AC h BD npoBe^eHbi nepneH- 
^HKyjiapHO OTpe3Ky AB b OflHy cto- 
poHy ot Hero, to CD ^ AB. Bojiee Toro, 3aBe,gOMO CD > AB, h c 
yBejiHHeHiieM ,h,jihh OTpe3KOB AC, BD paccTOsmiie CD HeorpaHiiHCHHO 
pacTeT. 3to 3HanHT, hto npaMbie AC h BD c o6ihiim nepneH/piKynfl- 
poM AB HeorpaHiiHeHHO pacxo^HTca b o6e CTopoHbi. BbinojiHaeTca flance 
cjie^yiomee. 

nycmb npuMan a nepnenduKyMpna ompe3Ky AB e eeo cepedune. To- 
zda npjiMue, eu nepneHduKyjuipHue u nepeceKammue ee docmamonno da- 



jieno om AB , ue nepeceKaiom npsiMux AC, 

BD — Jieotcam e ncuioce Meotcdy humu. 

3 t 0 BH,H,HO Ha npOeKTIIBHOII MOflCJIII 
(pile. 41 ). tfe CHMMGTpHH OTHOCHTejIBHO fllia- 
MeTpa Kpyra hcho, hto xop^a, nepneH/pi- 
KyjiapHaa ^naMeTpy, H3o6pa:scaeT npHMyio, 
nepneHflHKyjiapHyio npuMoft, H3o6pa>KaeMOH 
^naMeTpoM. IIosTOMy Ha pucyHKe xop^bi b, 
c — 3 to npHMBie, nepneHflHKyjiapHbie a. IIo- 
CMOTpuTe, Kax 9 to BbipaxaeTCH b kohcJdopm- 
hoh MO^ejin. 

3 . Bo bchkom ckojib yro^HO MajiOM yrjie 
( k&k hbctii hjiockocth) co^epacaTCH npHMbie, 

He nepeceKaromne ero ctopoh. B nacTHOCTH, cpe^n Taxiix npHMbix ecTb h 
npHMbie, nepneHfliiKyjiapHbie 6ncceKTpHce. 3 to Tax ace bh^ho Ha MO^ejiax 
(piic. 42 ) . 

4 . Ecjiii ^Be npHMbie He nepecexaiOTCH, to ohii jih6o hmciot, h npiiTOM 
e/i,HHCTBeHHbiii, 06111,1111 nepneH^HKyjiap h 6ecKOHeHHO pacxoflHTCH APy r ot 
^ pyra b o6e CToponbi, jih6o ohii napajijiejibHbi h pacxo^HTCH b OflHy cto- 
poHy, a b .npyryio — aciiMnTOTHHecKH c6jnoKaiOTCH. 




Phc.42 

5 . H3 CKa3aHHoro b 4 cjie^yeT, hto HiiKaKiie ,n,Be npaMbie He pacnojia- 
raiOTCH Ha hoctohhhom paccTOHHim flpyr ot flpyra. JIhhhh, npoxoflamaa 
Ha nocTOHHHOM paccTOHHHH ot npaMoft — BbinyKjiaa KpiiBaa; OHa Ha3biBa- 
eTca 3K6uducmaHmou. IIpn c^Biire b^ojib npHMOii tohkii hjiockocth, He 
jiejKamiie Ha stoii npaMoft, nepeMemaiOTCH no SKBiifliiCTaHTaM. 

6. CyMMa yrjiOB TpeyrojibHHKa He paBHa 7r; OHa Bceiyja MeHbine Ha 
BejiiiHHHy, nponoppiiOHajibHyio iuiorna/pi TpeyrojibHHKa: a + /3 + 7 = 7r — 
k 2 S, iyi,e k 3aBiiciiT ot efliiHiipbi ii3MepeHHH fljiHHbi. 


7. He cymecTByeT TpeyrojibHiiKOB ckojib yro^HO Gojibrnofi njioiH,a,n,H. 
(3 to yace cjie^yeT H3 npeflbmymero: TaK KaK a + (3 + 7 > 0, to k 2 s < n, 
s < ir/k 2 .) 

8. HeT no/i,o6Hbix TpeyrojibHiiKOB; ecjni y flByx TpeyrojibHiiKOB yrjibi 
paBHbi, to TpeyrojiBHiiKii paBHbi. no STOMy cymecTByeT «a6cojnoTHaa» 
e;iMHnna ^jihhbi, onpe^ejiaeMaa caMOii reoMeTpueii, HanpiiMep, CTopoHa 
paBHOCTopoHHero TpeyrojiBHiiKa c cyMMOii yrjiOB ir/2. 

9. /JjiHHa OKpyjKHOCTi-i l He nponoppiiOHajibHa pa^iiycy r, a pacTeT 
6biCTpee: l = tt / k(e kr — e~ kr ) = 2n ■ 1/k sh kr, r,n,e k — nocTOHHHaa, yxa- 
3aHHaa Btmie ( kr — 6e3pa3MepHaa BejiHHHHa), h sh o6o3HanaeT riinep6o- 
JIHHeCKHH ciiHyc. 

10. npe^eji 6ecKOHeHHO pacTynpix OKpyacHOCTeii, Kacaromuxca ^aHHOii 
npHMOii b flaHHOfi TOHite, - ne 9Ta npaMaa, a oco6aa Kpimaa, Ha3biBaeMaa 
opwhukjiom ( ujiu npedejibnou OKpywcHocm'bw) . 

11. Hepe3 Tpii tohkh, He jieacanpie Ha oflHoii npaMoit, npoxo^HT jih6o 
OK pyacHOCTb, J11160 opimiimi, J11160 3KBn;i,ncTaHTa. 

FeoMeTpua JTo6aaeBCKoro CBH3aHa c eBKjnmoBOii TeM, hto bo bchkoh 
flOCTaTOHHO Majioii oSjiacTH Ha njiocKOCTii JIo6aaeBCKoro npiiOjniaceHHO 
BbinojiHaeTca reoMeTpiia EBKjnma, TeM TOHHee, aeM MeHbrne oSjiacTb. Ec- 
jih 3a TaKyio o6jiacTb b3htb Kpyr pafliiyca r, to OTHoeiiTejibHoe otkjio- 
HeHiie ot jiiiHeiiHbix cooTHomemiii eBKjniflOBOH reoMeTpiia 6yn,eT nopa^xa 
( kr ) 2 , Kax b (JjopMyjiax ^jia cyMMbi yrjiOB TpeyrojiBHiiKa h /pniHbi OKpyac- 
hocth (y6e/i,HTecb H3 pa3JioaceHiia b pafl). 

§ 3. MHoroMepHoe gbkjih^obo npocTpaHCTBO 

MHoroMepHoe eBKjuiflOBO npocTpaHCTBO yace 6bijio paccMOTpeHO b 
tji. V a. 3. Oho onpe^ejiaeTca reoMeTpiiHecKiiMii aKCiiOMaMii, aHajiorriHHbi- 
mh aKCHOMaM CTepeoMeTpmi; 3tii aKCiiOMbi H3JioaceHbi TaKace b § 6 tji. I. Ho 
coBepmeHHO TaK ace, KaK 6bijia ctfiopMyjiiipoBaHa b § 2 rji. Ill «KOop,n,nHaT- 
Haa aKCHOMaTHKa» njiaHiiMeTpini h CTepeoMeTpiiii, Moamo ctfiopMyjHipo- 
BaTb KOopflHHaTHyio aKCHOMaTi-iKy n-MepHoro eBKjnmoBa npocTpaHCTBa. 
OHa coctoht, MoacHO CKa3aTb, b tom, hto CKa3aHHoe b TeopeMax 1, 2 § 1 
tji. V h. 3 npiiHiiMaeTca b KanecTBe aKCiiOM. Ht&k, cjiopMyjnipyeM. 

Koop^HHaTHaa aKCHOMaTHKa n-iviepiioro eBKJiH^OBa npo- 
CTpaHCTBa. 

O CHOBHbie ee o6T>eKTbi — mouKu. 

Akchomm. 

1. Kao+cdou moHKe M coomeemcmeyem onpedeJiemaM (eduHcmeen- 
Hafi) nocAedoeame.abHocrm> n Huceji (x\, x^,. . . , x n ) — «Koopdunamu mou- 



ku M », man umo k aotcdaji nocAedoeame./i'bHocmb (x\, x?, . . . , x n ) coom- 
eemcmeyem k clkou-auSo moune. TeM cclmum Meotcdy mouuaMU u nocjie- 
doeameAbHocmjiMU (no n nnceji) ecrm> 63auMno odno3HaHHoe coomeem- 
cmeue. 

2. Kaotcdou nape monerc M[x i, . . . , x n ), A / I'(x[, . . . , x' n ) nocmae.aeno 
e coomeemcmeue hucjio 

\MM'\ = yj (xi - x[) 2 + . . . + (x n - x' n ) 2 (1) 

— HucAennoe paccmosmue Meotcdy mouKaMU. 

3. FeoMempunecKUMU cuumawmcsi maKue u moJibKO maKue coomno- 
menuji, Komopue onpedejisiwmcsi paccmosmueM Mecucdy mounaMU u co- 
xpaHstwmcfi npu yMHOCHcenuu paccmojmuu na odun u mom otce, ho ak>6ou 
noAowcumejibHuu Mnocncume.ai>. 

C noMomnio paccTOHHHH onpeflejiaiOTca OTpe3Kii. Tan ace khk sto c^e- 
jiaHO b cjiynae njiamiMeTpini, t. e. npu n = 2 (b §2 ra. I). PaBeHCTBO ot- 
pe3KOB onpeflejiaeTCH paBeHCTBOM paccToamm Mexyiy KOHpaMii. BMecTe 
c OTpe3KaMi-i onpe^ejunoTCH npaivibie (Tan ace, Kan sto c^ejiaHO b § 7 rji. 
I o (Jn-irypax). HaxoHen,, onpe^ejiaiOTCH njiocKOCTii, HanpiiMep Tan. FLjioc- 
koctb, npoxo/pnpaa nepe3 ,n,Be nepeceKaronpieca npaMbie a, b ecTB o6t>- 
efliiHeHiie Bcex npaMbix, nepeceKaionpix o6e npaMbie a n b, ho b pa3HBix 
TOHKax, c ^,o6aBjieHiieM tohkii nepecenemia. 

TaKHM o6pa30M, Bee ocHOBHBie noHaTiia TA — reoMeTpnnecKon aKCH- 
OMaTHKii, H3JioJKeHHOH b § 1 rji. V h. 3, — OKa3biBaiOTCH onpe,a,ejieHHbiMH c 
noMom,Lio paccTOHHHH. Ilocjie 3Toro ,n,OKa3biBaeTCH, hto npu yKa3aHHOM 
nx onpeflejieHHH BbmojraaeTca Bee CKa3aHHoe b aKcnoMax FA (floica3a- 
TejiBCTBO mbi He ^aeM, oho 6yn,eT HaMeneHO b KOHpe stoto naparpacfm). 
C ,n,pyroH ctopohbi, aKCi-iOMbi KA KOopflimaTHOfi a kc h o m a r r h k h — cjie^iy- 
iot H3 FA, Kax TeopeMbi 1, 2 § 1 rji. V n. 3. TaxiiM o6pa30M, o6e cncTeMbi 
aKCHOM — reoMeTpiinecKiie h KOopflimaTHbie — paBHOcnjibHbi. 

B KA ocHOBHbiMH — 3apaHee He onpeflejniMbiMH — oSbeKTaMii hbjihiot- 
ch TOJibKO tohkii. Ecjiii ace TOHKy OTOJK/i,ecTBHTb c HaSopoM ee KOOp/pi- 
HaT, to Hiinero He onpeflenaeMoro He ocTaHeTca a mbi nojiymiM HiicnoByio 
MO^ejiB aKCHOMaTHKii n-MepHoro eBKjnmoBa npocTpaHCTBa. Hajinane Ta- 
xon MO^ejin flOKa3biBaeT HenpoTiiBopemiBOCTb stoh axcnoMaTiixii h b stom 
CM bicjie — cymecTBOBamie n-MepHoro eBxjnmoBa npocTpaHCTBa b xanecTBe 
nenpoTiiBopemiBO MbicjniMoro o6bCKTa (b Mepy toto, Hacxojibxo Henpo- 
THBopemiBa Teopiia BeipecTBeHHbix nnceji, H3 KOTopbix MO^ejiB CTpoirrca). 

BBefleHiie xoop/pmaT b ?z-MepHOM eBxjnmoBOM npocTpaHCTBe ,noxa3bi- 
BaeT, Tax ace xax b cjiynae njiamiMeTpini, hto Bee B03M0acHbie MO^ejin 



3TOrO IipOCTpRHCTBa (c flaHHbIM n) II30MOpc]3HbI KOOpflllHaTHOII MO^ejIII. 
TeM caMbiM aKCHOMaTHKa n-MepHoro eBKjiii,n,OBa npocTpaHCTBa nojiHaa. 

3aMeaaHHe. HcTopiiHecKii noHHTiie o MHoroMepHOM npocTpaHCTBe 
B03HIIKJIO I-I3 TOII HfleH, HTO MOJKHO MbICJIIlTb npOCTpaHCTBO, B KOTOpOM 

TOHKa onpeflejiaeTCH He TpeMH, a 66 jibhiiim hiicjiom KOopflimaT. Cootbct- 
CTBeHHO, KOopfliiHaTHoe onpe^ejieHiie n-MepHoro npocTpaHCTBa 6 bijio nep- 
BbiM, h Bonpoc o ero HenpoTiiBopeHiiBOCTii He ctohji. 

F pymioiioe onpc/j,cjieHiie gbrjih^oboh reoMeTpra. H 3 Toro, hto 
COOTHOH ieHIIH eBKJIIIflOBOH reOMeTpiIII BbipajKaiOTCH Hepe3 paCCTOHHIIH, 
B3HTbie c TOHHOCTbio flo o6m;ero MHOxciiTejiH, cjie^yeT, hto Bee 3 tii co- 
OTHOHieHIIH COXpaHJHOTCH npil JHoSbIX OTo6pajKeHIIHX. npn KOTOpbIX pac- 
ctohhiih TOJibKO yMHoacaiOTCH Ha o/],ho h to me hiicjio. C flpyrofi ctopohm, 
ecjiii HeKOTopoe cooTHOinemie coxpaHneTCH npn jno6bix Taxiix OTo6pame- 
HIIHX, COXpaHJHOIHIIX paCCTOHHIIH C TOHHOCTbio flO MHOJKHTejIH, TO OHO OT 
HHX TOJibKO H 3aBHCIIT. 

TaKHM o6pa30M, mojkho CKa3aTb, hto eBKjiiiflOBOH reoMeTpim npiiHa/i,- 
jiemaT Bee Te h TOJibKO Te cooTHOineHiiH, KaKiie coxpaHmoTCH npn yxa- 
3aHHbix npeo6pa30BaHHHx, - npii KOTopbix Bee paccTOHHiiH TOJibKO yMHO- 
IKaiOTCJI Ha o6lH,HH MHOJKI'ITejIb, HJIH, HTO paBHOCIIJIbHO, COXpaHHIOTCJI OT- 
HonieHiiH paccTOHHHH. TaKiie npeo6pa30BaHiiH npocTpaHCTBa o6pa3yiOT 
rpynny (yme b cbh3ii c h aj 1 o>Ke hhh m h 6bijio OTMeneHO, hto o6paTiiMbie 
OTo6paiKeHHH jno6oro MHomecTBa Ha ce6a, hto-jih6o b hcm coxpaHjnomne, 
o6pa3yiOT rpynny) . B njiaHiiMeTpiiii h CTepeoMeTpim sto npeo6pa30BaHiiH 
no^,o6nH. Tanoe Ha3Bamie nepeHoeiiTCH b rc-MepHyio reoMeTpino. IIoaTOMy 
mojkho CKa3aTb: eenjiudoea zeoMempusi jim6ozo uucJia u3MepeHuu UMeem 
ceouM npedMemoM ceoucmea cfmzyp, coxpanfimipuecfi npu nodo6nux npe- 
o6pa3oeaHusix uau, nan zoeopjim, uHeapuanmnue omHocumejiwo zpynnu 
nodoSnux npeo6pa,3oeaHuu. 

no nepBon KOop/pmaTHOii aKCiiOMe Kamfloft tohto OTHeceH Ha6op hh- 
ceji — ee KOopflimaT xi, X 2 , ■ ■ ■ , x n , h tohkh pa3jniHaiOTCH KOopfliraaTaMii. 
npeo6pa30BaHiie conocTaBjiTOT tohkcIm (x\, . . . , x n ) tohkii (j/i, . . . , y n ). 
Oho, CTajio 6biTb, H3o6pa»caeTCH npeo6pa30BaHiieM KOopflimaT: 

2/i = fi(xi, ■ • ■ , x n ), y n = f n (x 1 , . . . , x n ). (2) 

ycjiOBiie coctoht b tom, hto sto npeo6pa30BaHiie MomeT npimaBaTb 
paCCTOHHIIIO TOJibKO MHOJKIITejIb . BmCCTO paCCTOHHIIH MOJKHO, KOHeHHO, 
B3HTb no^KopeHHoe Bbipamemie 


(xi - x[) 2 + ... +{x n - x' n ) 2 , 


(3) 



h Torfla ycjiOBiie npiiBO/piTCH k TOMy, hto ^,ojbkho 6bitb 


(: yi y'i ) 2 +•••+(»«- <4) 2 = = A[(*i - x[) 2 + <) 2 ], (4) 


rfle A 3aBHCHT He ot KOop/pmaT, a tojibko ot caMoro npeo6pa30BaHiia. 

Tenepa mbi mojkcm ccJjopMyjnipoBaTB: 

rpynnoBtie aKCHOMM CBKjm/;oisa npocTpaHCTBa. 

1. Tohku Haxodnmcn eo 63auMH0 odno3nauHOM coomeemcmeuu c na- 
6opaMu HuceA x\ , . . . , x n — ux KoopduHam. 

2. FeoMempuHecKUM CHumaemcA ecAKoe eupaotcennoe e Koopdunamax 
coorrmowemie, coxpaHAwmeecA npu ecex mex npeo6pa3oeanuAX (2), npu 
Komopux eunoAHAemcA paeencmeo (4). 

^pyrHMii cjiOBaMH, reoMeTpiinecKiie — sto Te cooTHomemiH, KOTopaie 
HHBapiiaHTHBi OTHOCiiTejibHO rpynnbi nopoSiiH — npeo6pa30BaHiilt (2) c 
ycjiOBiieM (4). 

Kaxiie 9 to npeo6pa30BaHiia - paccKa3BiBaeTca b Kypce ajire6pBi. Tax 
ace KaK Ha njiocKOCTii h b TpexMepHOM npocTpaHCTBe, sto — opToroHajiB- 
HBie npeo6pa30BamiH c poSaBjiemieM yMHOJKeHna Ha jno6oe hiicjio, otjihh- 
Hoe ot HyjiH. To ecTB npeo6pa30BaHiia Biipa 


yi = A(anXi + . . . + a ln x n ) + b 1: 


l In = A(a n iXi + . . . + a nn x n ) + b n 


( 5 ) 


c ycjiOBHHMH: cyMMa KBappaTOB KOScjicjnmHeHTOB aik b Ka>K/iotr CTpoxe 
paBHa e^HHHpe, a CyMMBI npOH3BefleHHH OflHOIIMeHHBIX K03<|>(|>HIl,HeHT0B 
113 pa3HBIX CTpOK paBHBi Hyjiio: 

a kl + • • • + flfcn = 1 (k = 1, . . . , n), 

andki + . . . + dindkn = 0 (i ± fc; i, k = 1, . . . , n). 

AKCHOMy 2 mohcho (JjopMyjinpoBaTB Tax: 

2. EBKjiiiflOBOH reoMeTpmi npiraapjiejKaT Te h tojibko Te cooTHomeHiiH, 
KOTopBie HHBapiiaHTHBi OTHOCiiTejiBHO rpynnBi nopoSiiH, t. e. npeo6pa30- 
BaHIIH BHfla (5) C yCJIOBIIHMH (6). 

IIjiaH nocTpoeHHH reoMeTpnn Ha KOoppmianiBix aKCHOMax. 

PaccMOTpiiM n-MepHoe eBKjnmoBO npocTpaHCTBO c Koop/pmaTHBiMii aK- 
CHOMaMii. KajK/jaa TOHKa onpepejineTCH cboiimh KOop/pmaTaMii (xi 
X„). 

IIo,ii,o6ho TOMy, KaK 3 to mojkho cpejiaTB b CTepeoMeTpini, onpepejiiiM 
KOHKpeTHBie BeKTopBi KaK ynopHfloneHHBie napBi tohck: A — Hanajio, B — 



KOHen, BCKTopa AB. Koop/pmaTbi BeKTopa onpe^ejiaiOTCH KaK pa3HOCTH 
KOopfliiHaT KOHpa h Hanajia: xf — xf h t. fl. BeKTopbi paBHbi. ecjni paBHbi 
hx KOopfliiHaTBi: paBHbie BeKTopbi- -napbi tohck — hbjijhotch npe^CTaBii- 
TejiHMii o,a,Horo «a6cTpaKTHoro» BCKTopa, KOTopbift nojiHOCTbio xaparcre- 
pii3yeTCH KOopfliiHaTaMii: a = (a i, . . . , a n ). (He nyTaTb BeKTopbi c TOHKa- 
mii!) 

CjiojKeHiie BeKTopoB, yMHOxceHiie Ha hiicjio ii CKajiapHoe npon3BefleHiie 
onpe^ejiaeM (JjopMyjiaMH 

a + b = (ai + &i, . . . , a n + b n ), 

A a = (Aai, . . . , A a n ), ab = a±bi + ... + a n b n . 

H 3 nocjie^Hero paBeHCTBa cjie^yeT, ecjin nojiasci-iTb aa = a 2 h t. n., 
ab = -((a + b ) 2 — a 2 — b 2 ). 

TeM caMbiM CKajiapHoe npoH3Be,n,eHiie BbipaxceHO nepe3 paccToamie. 

Ecjiii x\, ..., x n — KOopflimaTbi tohkii M, to c Heii CBH3biBaeM ee 
«pafliiyc-BeKTop» c ee KOop/pmaTaMii r = (xi, . . . , x n ). 

npHMaa, npoxo/pnnaa nepe3 TOHKy c pafliiyc-BCKTopoM Xo, ecTb mho- 
xecTBO Tonex c pafliiyc-BeKTopaMii 

x = Xo + at , —00 < t < + 00 , 

a - HanpaBjiHiomiiH Beierop. 

njiocKOCTb mojkho 3a^aTb ee tohkoh xq h flByMH HeKOjuiiiHeapHbiMii 
^pyr flpyry BCKTopaMH a, b; tohkii njiocKOCTH HMeiOT pa^nyc-BeKTopbi 

x = Xo + at + bs, —00 < t, s < 00 . (7) 

no BeKTopaM a, b mojkho onpe^ejniTb BsariMHO nepneH/piKyjiHpHbie efln- 
HIIHHbie BCKTOpbl 

a b — ei(eib) 

Sl |o|’ 62 \b — ei(ei&)| ' 

Bbipaxcaa b (7) an b nepe3 e\ h e 2 , nojiyniiM 

x = x 0 + eiH + e 2 i 2 . 

3thm Ha njiocKOCTH BBefleHbi npHMoyrojibHbie KOopfliraaTbi t\, t-2 (c 
ocHOBHbiMH BeKTopaMH e±, e 2 h c HanajiOM b tohkc xo). C noMOipbio stiix 
KO opfliiHaT y6ejK^aeMCH, hto Ha njiocKOCTH BbinojiHaeTCH njiaHiiMeTpiia. 

Tenepb yxce HeTpyzpio npoBepiiTb, hto b npocTpaHCTBe, onpe,a,ejieHHOM 
KOOpflllHaTHblMII aKCIIOMaMI-I, BbinOJIHHIOTCH TeOMeTpiIHeCKIie aKCHOMbl. 



§ 4. rpyimoBofi npHHipm ocHOBaHHH reoMeTpnn 


Hapapy c eBKjuiflOBOii reoMeTpneft, xoTopaa cocTaBjiaeT Ham rjiaB- 
Hbiii npe^MeT, bo II h III aacTax n HacToaipeft rjiaBe Mbi BCTpeTiijnicb, 
xoTa a KpaTKO, co ccJiepiiHecxoft reoMeTpneft, c acjxJraHHoft reoMeTpneft, 
c npoeKTiiBHOii h xpyroBoft reoMeTpiiaMii h c reoMeTpneft JIoSaaeBCxo- 
ro. B o6in,eM — mecTb pa3Hbix «reoMeTpim», npnaeM Bee ohii o6o6m,aiOTca 
Ha npoii3BOjibHoe hhcjio ii3Mepemift. Oppaxo npii bcgm pa3HOo6pa3iin hx 
oGte^iiHaeT o6in,nft iipnHnnir, xoTopbift MoaceT 6biTb nojioaceH b iix ocho- 
Bamie. 

Kaacpaa H3 stiix reoMeTpini iiMeeT cboiim npepMeTOM CBOiiCTBa tfairyp, 
coxpaHaK>m,Heca npii Tex hjih iihbix npeo6pa30BaHiiax. 3tii npeo6pa30Ba- 
Hiia npocTpaHCTBa o6pa3yiOT cooTBeTCTByromyio rpynny, Tax hto o6m,ee 
ocHOBaHiie yxa3aHHbix chctcm reoMeTpini mojkho Bbipa3i-iTb Tax: e Kaotc- 
dou U3 hux U3yv,awmcsi ceoucmea tfmzyp, uneapuanmnue omHocumeAmo 
npeo6pa3oeanuu coomeemcmeywmeu zpynnu. 

B eBxjiiiflOBOii reoMeTpini H3yaaiOTca CBOiiCTBa cjmryp, coxpaHHK>iii,H- 
eca npii nopoGHbix npeo6pa30Bamiax, b ct^epiiaecxon - npii noBopoTax 
ccjiepbi. IIpeflMeT a<JxJ>HHHon reoMeTpnn cocTaBjiaiOT CBOiiCTBa, coxpaHa- 
Knu,Heca npii acjxJraHHbix npeo6pa30BaHiiax, Tax ace xax b npoexTHBHoft 
reoMeTpini H3yaaiOTca CBOiiCTBa, coxpaHaK>m,Heca npii npoexTHBHbix npe- 
o6pa30BaHHax; b xpyroBoli reoMeTpini — CBOiiCTBa, coxpaHaiomHeca npii 
npeo6pa30BaHiiax, nopoixpaeMbix iiHBepciiaMii, Bxjnoaaa OTpaacemia b 
njiocxocTax (xax HHBepcHH b «ctj)epax SecxoHeaHoro papnycas*). Haxo- 
Hep, x reoMeTpini JIo6aaeBCxoro OTHOcaTca Te CBOiiCTBa 4>iiryp, xoTopbie 
coxpaHaiOTca npii Hajiojxemiax b CMbicjie stoii reoMeTpini; ohii 6bijin npep- 
CTaBjieHbi b Mopejin c noMOipbio iiHBepcnft (§ § 1, 2). 

Bo BTopoii aacTH npepbipyipero naparpaijia 6bijio paHO 4>opMajibHoe 
onpepejieHiie eBxjnipoBOii reoMeTpini npoH3BOJibHoro ancjia H3MepeHiii“i 
c to ' i km 3pemiH yxa3aHHoro rpynnoBoro npimpima. AHajioniHHO mojx- 
ho onpepejiiiTb aiJxfaiHHyio reoMeTpino n H3MepeHnft pByMa ycjiOBiiaMii 
axcHOMaMH. 

OcHOBHbie ee o6T>exTbi - tohxh. Axciiomm caepyiomne. 

1 . Tohku naxodsimcn eo 63auMH0 odno3nauHOM coomeemcmeuu c na- 
6opaMu uuceA x\ , . . . , x n — ux Koopdunam. 

2. A$$uhhou zeoMempuu npunadAecHcam me u moAt>KO me coomnome- 
hua, Komopue coxpanAwmcA npu aw6ux npeo6pa3oeaHUAX, npedcmaeAA- 
mipuxcA e Koopdunamax k are Auneunue, m. e. ecAU mouna (x\, x n ) 
nepexodum e moHKy (y i, . . . , y n ), mo 


2/i = anxi + . . . + a ln x n + h, 



Vn — Q"n 1%1 ~t“ • • • A CL nn Xn d~ bn- 


IlocKOJiwy npeo6pa3oeaHue no nonsimuw oSpamuMO, mo omu (fiopMyjiu 
do.notcHU 6umt> o6pamuMU — man umo onpedejiumejiu U3 KoocfiifmyueHmoe 
ne paeen Hyjim. 9mu npeo6pa3oeanusi o6pa3ywm «a<fi<fiuHHyw zpynny», u 
npedMem a<fi<fiuHH0u zeoMempuu cocmaejittwm ee uneapuanmu. 

AHajioniHHO mojkho onpe^ejiiiTb npoeKTiiBHyio reoMCTpiiio n H3Mepe- 
hhh, nojib3yacb o^,Hopo/i,HbiMii KOopfliraaTaMH. ToHKa onpe^ejiaeTca n+ 1 
o^HopoflHbiMii KoopfliiHaTaMii x\, . . . , x n +i. IIpeo6pa30BaHne ii3o6pa»ca- 
eTca o^HopoflHBiMii jiHHeHHBiMH (JjopMyjiaMi-i c onpeflejiHTejieM, otjihhhbim 
ot Hyjia, KaK 3am-icaHO ,n,jia n = 2 b § 4 rji. III. 

3th npeo6pa30Bamia o6pa3yiOT «npoeKTHBHyio rpynny» n H3MepeHini, 
h npe^MeT npoeKTiiBHOfi reoMeTpim cocTaBjiaiOT ee HHBapnaHTBi. 

IIpeflCTaBjiaTB noflo6HBiM o6pa30M b KOop/pmaTax KpyroByio reoMeT- 
pruo h reoMeTpiiio JIo6aaeBCKoro mbi 3^ecb He 6ya,eM. 

Otmctiim, hto fljia Toro, hto6bi HHBepcmi « 1 neftcTBOBajin» b npocTpaH- 
CTBe (xaR h b iijiockocti-i) B3aiiMHO 0flH03HaaH0, ero HyjKHO ponojiHHTb 
6ecKOHeaHO ypajieHHOii tohkoii. IIoaTOMy npeo6pa30BaHiia, nopoatpae- 
MBie i-iHBepciiaMi-i, 3aBepoMO HejiB3a npepcTaBHTB b o6bihhbix KOoppimaTax 
(xax h npoeKTiiBHBie npeo6pa30Bamia H3o6paacaiOTca He b o6bihhbix, a b 
o^,HopoflHBix KOopfliiHaTax) . 

§ 5. TeoMeTpHH Teopirn othochtgjibhocth 

Hapapy c eBKjiiiflOBOii reoMeTpueii paccMaTpiiBaiOT «nceBfloeBKjm,ii,OBy 
reoMeTpnio». B KOoppimaTax, Korpa TOHKa onpepejiaeTca HaSopoM Koop- 
pimaT, c tohkii 3peHiia rpynnoBoro npimipma, H3JioaceHHoro b npepBipy- 
ipeM naparpa(J)e, sto BBirjiapiiT TaK. 

IIpeflMeT eBKjiHflOBOii reoMeTpim cocTaBjiaiOT HHBapnaHTBi npeo6pa- 
30BaHHi"i, coxpaHaiomiix, c tohhoctbio po MHoaaiTejia, cyMMy KBappaTOB 
pa3HOCTefi KOopfliiHaT flByx ToaeK, t. e. o6o3Haaaa pa3HOCTb 6yKBOi"i A 
pejiBTa: 

(Axi) 2 + (AX 2) 2 + ■ • ■ + (A;c„) 2 . (1) 

IlpedMem otce nceedoeeKAudoeou zeoMempuu n u3MeHeHuu cocmaejisi- 
mm uneapuanmu npeo6pa3oeaHuu, Komopue coxpansiiom, c mouHocmuw 
do MH03Kume.asi, eeAuuuny 


V = (An ) 2 + . . . + (Ai„_i ) 2 - {Ax n ) 2 , 


(2) 



ujiu eoo6iu,e maKym eejiununy V, e eupaoKenue Komopou exodum neno- 
mopoe hucjio m Keadpamoe co 3hclkom Munyc. CooTBeTCTBeHHO , nceB^o- 
eBKjiiiflOBa reoMCTpiiH mojxct 6biTb b pa3Hbix BapiiaHTax no micjiy OTpn- 

paTejibHbix KBaflpaTOB b Bbipa:>xeHHH, KOTopoe coxpaHneTCH c TonHOCTbio 
47 

pO MHOTKHTejIH . 

rtpn niicjie H3MeHeHHH n > 2, t. e. ncxjnonaH cjiynan njiocxocTii, sto 
OKa3biBaeTcn paBHOcmibHO coxpaHemiio paBeHCTBa V = 0. B nacTHOCTii, 
npn oflHOM OTpiipaTejibHOM KBa^paTe, KaK b cJjopMyjie (2), sto 03HanaeT 
coxpaHemie paBeHCTBa 

(Axi) 2 + . . . + (Ax n -i) 2 - (Ax n ) 2 = 0. (3) 

OrpamiHiiMCH 3 thm cjiynaeM c o#hhm OTpiin,aTejibHbiM xBa/jpaTOM npn 
micjie H3MepeHHH n = 4 (noneMy Tax — 6yn,eT hcho flajibine) . Cootbct- 
CTByioinyio nceBfloeBKjniflOBy reoMeTpino mojkho onpeflejniTb Tax. 
OcHOBHbie ee ofiteKiti - mouKu. 

Akchomh hjih o i i {> e/j,c j i >i i o i ij, nc ycjiOBHH: 

1. Kaotcdafi mourn 3adaemcA ynopsidouennuM na6opoM uemupex uu- 
ceji — Koopdunam x, y, z, t man, umo Meotcdy mouKa.HU u eceeo3MooK.HU- 
mu maKUMU na6opaMu ecmu e3auMHo odno3nauHoe coomeemcmeue. 

2. FeoMempuuecKuu cmuca UMemm me u moJiuKO me coomnomeHUA, 
Komopue coxpanfiwmcfi npu .aw6ux npeo6pa3oeanuAX, He Hapymawtpux 
paeencmea 

(Ax) 2 + (Ay) 2 + (A z) 2 - (At) 2 = 0, (4) 

<?a» ak)6ux deyx mouen, djiA Komopux oho euno./insiemcfi. 

reOMC i pi-IM TeOpHH OTlLOCllTCJIbHOCTll. 06paTHMCH OT OTBJieneHHO 
MbicjieHHbix OTHomeHiiii reoMeTpim x peajibHOii ^.encTBiiTejibHOCTn, xax 
Mbi MOJxeM ee ce6e npe,n,CTaBHTb b corjiacini c 4 >h3iixoii. 

Mnp npeflCTaBjiaeT co6oii MHOJxecTBO coSbiTiin, a coSbiTiie xapaxTe- 
pn3yeTcn mcctom h BpeMeHCM, iyje n xoryja oho npoiicxofliiT. MecTO onpe- 
flejiaeTCH TpeMH xoop/pmaTaMH x, y, z, BpeMH co6biTHH onpe^ejiaeTcn no 
npoMejxyTxy BpeMemi t, npome/pneMy ot HexoToporo HanajibHoro momch- 
Ta. TaxnM o6pa30M, xa>x/],OMy co6biTi-no cooTBeTCTByeT cboh Ha6op neTbi- 


17 TIpeo6pa,3<)iia.[ine, ooxpanaiomee KaKyio-jinSo hejiH'iHHy P, coxpairaeT, OMeBHflHO, 
h P. nosTOMy npeo6pa30BaHHe, coxpaH5nom,ee c tohhoctbio ,a,o MHO^KHTejia bgjihhh- 
Hy V c m OTpHu;aTejiBHBiMH KBa^paTaMH, coxpaHHeT h BejiHHHHy —V c n — m otph- 
u,aTejit>HBiMH KBa,apaTaMH . IIo3TOMy nceB^oeBKjiH^OBa reoMGTpHH , cooTBeTCTByiomaa 
o6ohm cjiynaHM, — o^Ha h Ta CooTBeTCTBeHHO, hhcjio bo3mojkhbix nceB,zi;oeBKjiH- 
^obbix reoMeTpHH n H3MepemiH paBHO n/2 npn neraoM n h (n — l)/2 — npn HeneT- 


hom n. 



pex micea x, y, z, t — neTbipe KOop/pmaTbi, Tpri npocTpaHCTBeHHbie x, y, 
z h o,a,Ha BpeMeHHaa t. Miip HMeeT neTbipe iraMepemia. 

Koop/pmaTbi x, y, z mm npeflCTaBaaeM KaK npaMoyroabHbie, Tax hto 
paccTOHHiie r Meayny ,n,ByMa MecTaMH — TOHKaMii (xi, yi, z i), (X 2 , 2 / 2 , Z 2 ) — 
BbipascaeTCH cjsopMyaoii 

r = \j (xi - x 2 ) 2 + ( 2/1 - y 2 ) 2 + (zi - z 2 ) 2 - (5) 

Ot oflHiix co6mthi"i k flpyrnM, ot oflHoro MecTa k flpyroMy pacnpo- 
CTpaHaeTCH cbct, ii BOo6m,e KaKoe 6 m to hi 6mjio saeKTpoMarmiTHoe H3- 
ayneHiie — oho »ce noTOK 4 >otohob. ,Zl,aa KpaTKOCTi-i 6yfleM roBopiiTb, KaK 
3TO npiIHHTO, O CBCTe. 

Ecjiii CKopocTb CBeTa o6o3HaHHTb c, to paccToamie r, npoftfleHHoe CBe- 
tom ot MOMeHTa to flo MOMema t, 6yn,eT 

r = c(t — to). (6) 

IIosTOMy 3aKOH pacnpocTpaHemia CBeTa ot coSbiTiia (xo, 2/0 5 Zo, to) — ot 
B cnbiHiKii b MecTe (xo, 2/0 > ~o) B momcht BpeMemi to, npeflCTaBaaeTca b 
cnjiy (JiopMyjibi (5) TaK: 

\/{x- xq ) 2 + (y- y 0 ) 2 + {z - z 0 ) 2 = c(t - t 0 ). (7) 

Bo3bo^h b KBa^paT h o6o3Hanaa pa3H0CTii 6yKB0ii A, nojiyniiM 3aK0H 
pacnpocTpaHeHiia CBCTa b BH,n,e 

(Ax) 2 + (Ay ) 2 + (A zf - c 2 (At) 2 =0. (8) 

Bo Bcex 3 thx BbiBO^,ax imeiOTca b BHfly TaKne npocTpaHCTBeHHO- 
BpeMeHHbie KOopflimaTbi x, y, z, t, b kotopmx pacnpocTpaHemie CBeTa 
npe^CTaBjiaeTca KaK nponcxo,zi,ain,ee c nocToaHHofl CKopocTbio bo Bcex Ha- 
npaBjieHiiax. Pa3Hbie cucTeMbi KOopflimaT MoryT 6biTb CBa3aHbi c pa3- 
hbimii TejiaMH, ^BiDKymiiMHCH pa3jiiiHHbiM o6pa30M, h pacnpocTpaHeHiie 
CBeTa OTHOCHTejibHO hiix MO»ceT Bbiraa^eTb no-pa3HOMy, no,n,o6HO TOMy, 
KaK no-pa3HOMy BbiraafliiT flBicKemie o^hiix Tea OTHOCHTeabHO ^pyrax, 
KaK MiiMO naccaaciipoB «nabiByT» flOMa. 

Ho mojkho CHHTaTb TBep,a,o ycTaHOBjieHHbiM, hto chctcmbi Koop/pi- 
HaT, b kotopmx 3aKOH pacnpocTpaHeHHH CBeTa npe^CTaBaaeTca cjsopMyaoii 
(7) nan (8), cyipecTByiOT 48 . Ha30BeM hx , nopenyeeuMU no hmchh <J>h3h- 
Ka F. Jlopemja, Hameflmero (J)opMyabi npeo6pa30BaHiia TaKiix KOop/pmaT. 

48 IIoHaTHO, KaK /pi 'A Ka>Ka oro 3aKOHa 4 >h3hkh, CKa3aHHoe BepHO .numb npHSaHaceHHo; 
o^HaKO c 6ojibinoH ereneHbio tohhocth. 



3tii KOopfliiHaTbi CBH3aHti c Tax Ha3biBaeMbiMii unep'nua./i'bHUMu cucme- 
mcimu, no OTHOineHiiio k KOTopbiM BbinojiHneTCH «3aKOH riHeppiiii* : Tejio, 
He HcnbiTbiBaioni,ee B03fleHCTBiii“i, abickctch OTHOCiiTejibHO stoh cncTeMbi 
npHMOJIIIHeilHO h paBHOMepHO. 

^jih HHeppiiajibHbix CHCTeM BbinojiHaeTCH (JjyHflaMeHTajiBHbiii 3aKOH 
npiipoflbi — n p h h h, h n o t h o c ii t e ji b h o c t h: no omnouienuw k maKUM 
cucmeMaM Aejienufi odnou u moti otce npupodu npomeitawm odunaKoeo. 
(Kan fljia naccasKiipoB b paBHOMepHO jieTHipeM caMOJieTe Bee nponcxo,zi,HT 
b caMOJieTe Tax, xax ecjni 6bi oh ctohji Ha 3eMjie.) 

Ho He B^aBaacb b sth bbiboabi <J>h3hxh, mojkho BbicxasaTb npirapun 
OTHOCHTejibHOCTi-i npocTO b ero MaTeMaTiraecxoM Bbipa^xemm: 

3okohu (fiu3UKU eupaotcammcsi odunaKoeo eo ecex Jiopenyeeux cucme- 
Max Koopdunam. 3th xoopflimaTbi xapaxTepirayiOTCH TeM, hto b hiix pac- 
npocTpaHeHiie CBCTa npeflCTaBjiaeTCH cjaopMyjiofi ( 8 ) . nosTOMy npiiHpnn 
OTHOCHTejIbHOCTII MOJKHO Bbipa3IITb T3K: 

Bupaotcenufi 3aKonoe npupodu uHeapuanmnu npu npeo6pa3oeanuax 
odnou cucmeMU Aopenyeeux Koopdunam e dpyzym, m. e. no omnoiueHUKt 
k maKUM npeo6pa3oeanusiM, nomopue ocmaeAfnom neu3Mennou cfiopMy.ay 
3aKona pacnpocmpanenuA ceema (7). 

3tot nee 3axoH BbipaxcaeTca 4>opMyjiofi (8), a ecjin Bbi6paTb e/pmu- 
pbi H3MepeHim Tax, htoSm cxopocTb CBeTa 6buia c = 1, to cjsopMyjia (8) 
npno6peTaeT Bim: 


(A*) 2 + (Ay) 2 + (A z) 2 - (At) 2 = 0. (9) 

Tenepb noflBefleM iitot. 

1 . Mup ecmu Mnootcecmeo co6umuu, u Kaotcdoe co6umue 3adaemca 
nemupuMJi KoopdunamaMU x , y, z, t, npn neM cyipecTByiOT Taxne xoop- 
^imaTbi — «jiopeHH;eBbi», b xoTopnix 3axoH pacnpocTpaHemra CBeTa Bbipa- 
jxaeTca cjjopMyjion (9). 

2. Buno.ansiemcfi npunyun omnocumeAunocmu, kok oh moAUKO umo 
6 ua afiopMyjiupoean. 

CpaBHiiB 3 to c onpe^ejieHiieM nceBfloeBxjn-moBOH reoMeTpnn, CBH3aH- 
hoh c cjaopMyjion (4), mojxho BH^eTb nojiHoe coBnaflemie. 

B reoMeTpnn b CTpyxType Miipa ocHOBHbie oStexTbi — sto coGbitiih, 
no^o6HO TonxaM. 

3axoHbi stoii CTpyxTypbi, no,no6HO axciiOMaM reoMeTpnn, cjie^yromne. 

1 . KaotcdoMy codumuw mochcho conocmaeumu uemupe Koopdunamu x, 
y, z, t , maK umo Meotcdy co6umuHMU u na6opaMU Koopdunam ycmanae- 
AueaemcA e3au.uno odno3nau,noe coomeemcmeue. 



2 . 06&eKmu6Huu (fiu3UHecKuu cmucji UMeiom moJit>KO me coomnome- 
husi, Komopue coxpansiwmcfi npu jiw6ux npeo6pa3oeaHUfix, ne napyuiaw- 
vu,ux paeencmea ( 9). 49 

IIOHHTHO, B 3aKOHbI (}>H3HKH BXOflHT pa3HBie <|>H3HHeCXHe BejIM'IHHbl nO- 
MHMO KOOpflHHaT X , y, Z, t, II OHII flOJHXHbl TOJXe COOTB6TCTByiOin,IIM o6pa- 
30m npeo6pa30BBiBaTBCH. Ho orpamiHiiMca TeM, hto mohcct 6bitb Bbipaate- 
ho b o,a,HHx KOopfliiHaTax (xaK Hanpi-iMep, xaxoii-Hii6yflb 3aKOH ^BnaceHiia 
MaTepiiajiBHOii tohkii, xoiyja ee xoop/piHaTbi x, y, z oxa3BiBaiOTCH cjsyHx- 
Hhhmh t) . B KOopfliiHaTax BbipaacaiOTCH npocTpaHCTBeHHO-BpeMeHHBie co- 
OTHOineHiiH. H bbibo,h,, xotopbih mbi nojiy r wjin, coctoiit b tom, hto o6maa 
CTpyKTypa Taxux cooTHOHiemm — npocTpaHCTBeHHO-BpeMeHHaa CTpyxTy- 
pa Miipa — ecTb CTpyxTypa, hjih, flpyniMii cjiOBaMH, reoMeTpua aeTbipex- 
MepHoro nceBfloeBKjuiflOBa npocTpaHCTBa. 

§ 6. PnMaHOBa reoMeTpna h ,a,pyrne 

PnMaHOBa reoMeTpua, hjih, hto to ace, reoMCTpiiH piiMaHOBBix npo- 
CTpaHCTB » npeflCTaBjiaeT co6oii o6o6m;eHHe BHyTpeHHefi reoMeTpim no- 
BepxHOCTefi Ha npoii3BOjiBHoe hiicjio iraMepemiH h Tax jxe othochtch k 
n-MepHOii eBKjiiiflOBOH reoMeTpim, xax BHyTpeHHaa reoMeTpua noBepxHO- 
CTeii — k reoMeTpim Ha njiocKOCTH. OHa Ha3BaHa no iiMemi ee C03^aTejia 
PiiMaHa 50 . 

BHyTpeHHaa reoMeTpua noBepxHOCTii onpe^ejiaeTca jyniHaMH xpiiBBix 
Ha Heft, nosTOMy c tohkii 3pemiH CBoeft BHyTpeHHefi reoMeTpim noBepx- 
hoctb — 3to ^ByMepHoe MHoroo6pa3iie, b kotopom onpeflejieHBi ^jhihbi 
KpiiBBix, npnaeM fljuiHa rjia^xofi xpnBoft BbipaataeTca HHTerpajiOM f ds 
ot «jiiiHeiiHoro 3jieMeHTa» ds. 3to cooTBeTCTByeT TOMy, hto fljnmbi H3- 
MepaiOTca xax 6bi «6ecxoHeHHO MajibiMii maraMii» ds — cyMMa hx baojib 
KpiiBofi h ^aeT ee fljnmy (Tax noacHaji caM PiiMaH). 

Ha rjia^xofi noBepxHOCTii bo BBefleHHbix Ha Heft xoopfliiHaTax xBaflpaT 


49 3 th npeo 6 pa 30 BaHHH mojkho Ha 3 BaTB «o 6 iu,hmh npeo 6 pa 30 BaHHHMH JlopeHii 1 a», b 
OT jiHHHe ot cneu,HajibHoro hx BH,zj,a, k KOTopoMy o 6 bihho npHMCHHiOT Ha 3 BaHHe «npe- 
o 6 pa 30 BaHHH JIopeHii,a». 

50 BepHxapT PHMaH ( 1826 — 1866 ) — HeMeijKHH MaieMaraK, o,zj,hh h3 BejiHHaHumx Ma- 
TeMaTHKOB XIX b.; eMy npHHa^jie^KHT ph,zj, c^yH^aMeHTajibHbix H^en h pe3yjibTaTOB b 
pa 3 Hbix o 6 jiacTHx MaTeMaraKH. B 1854 r. oh nponeji b reTTHHreHCKOM yHHBepcHTeTe 
jieKD,Hio «0 rnnoTesax, jiencamHx b ocHOBaHHH reoMeTpHH » . B Hen oh BBeji oGiijee noHH- 
THe o npocTpaHCTBe b MaTeMaTHxe, BKjnonaH 4 >yHKu,HOHajibHbie npocTpaHCTBa, yKasaji 
ochobbi o 6 iu,eH TeopHH npocTpaHCTB c H 3 MepeHHeM ,u,jihh, BKjiK)HaiOH];eH pHMaHOBy reo- 
MGTpnio, h yKa 3 aji Ha ee B 03 Mo:scHyio cbh3b c cJ)H3hkoh. JIeKu;HH 3 Ta 6 bijia ony 6 jiHKOBaHa 
TOJibKO nocjie ero CMepTH, b 1868 r. 



jii-meiiHoro ajieMeHTa ds 2 BbipaacaeTca KaK KBappaTiiHHaa tfiopMa ot piicj)- 
cjDepeHpriajiOB KOoppimaT — nepBaa KBappaTiiHHaa (J)opMa noBepxHOCTii. 

HtoSbi onpepejiiiTb, hto TaKoe piiMaHOBO npocTpaHCTBO, pocTaTOHHO 
nepeHecTii CKa3aHHoe Ha n H3MepeHHH. 

PiiMaHOBO npocTpaHCTBO — 3to MHoroo6pa3iie, b kotopom onpepejieHBi 
pjniHBi KpiiBBix, npiineM fljiiiHa KpiiBOii BbipaacaeTca HHTerpajiOM f ds ot 
« jniHefiHoro 3jieMeHTa» ds. 3to cooTBeTCTByeT TOMy, hto pjniHbi H3Mepa- 
K>Tca Kax 6bi «6ecKOH6HHO MajibiMii niaraMii» ds; cyMMa hx bpojib KpiiBOii 
h paeT ee fljiimy s = f ds. 

B KOopflimaTax x\, . . . , x n , BBepeHHbix b MHoroo6pa3im hjih b ero 06- 
jiacTH, KBappaT jnmeiraoro sjieMeHTa ds 2 BbipaacaeTca KaK KBappaTiiHHaa 
(JjopMa ot fliicjscjDepeHipiajiOB KOoppimaT: 

n 

ds 2 = dikdxidxk, (1) 

i,k— 1 

rpe KOSc^tfaipneHTbi gn~ aBjiaroTca HenpepbiBHbiMii cjjyHKipiaMii tohkii 
ee KOopfliraaT x\, . . . , x n ; npn stom gn~ = g^i- OopMa (1) nojioaaiTejibHaa, 
t. e. npHHHMaeT tojibko nojioaaiTejibHbie 3HaaeHiia, KpoMe toto cjiynaa, 
Korpa dx\ = . . . = dx n = 0. 

3apaHiie ds 2 cjDopMyjioft (1) 3HaanT cjiepyiomee. Ecjiii b MHoroo6pa3ini 
hjih b HeKOTopofi ero o6jiacTH, rpe pacnojioaceHa KpiiBaa, BBepeHbi Koop- 
piiHaTbi X \ , . . . , x n , to KpiiBaa MoaceT 6 bitb 3apaHa napaMeTpiiaecKiiMii 
ypaBHeHHHMH 


X\ = fi{t), ..., x n = f n (t ); t G [to, ti}. 

IIpepnojiaraeTca, hto stii cjjyHKipni HMeiOT HenpepbiBHbie npon3BopHbie. 
Torpa, npiiHHB pjia stiix npoii3BOjibHbix o6o3HaaeHiie df Jdt = Xi , mojkho 
H 3 (1) nojiyaiiTb Bbipaacemie pjia sjieMeHTa pjiimbi ds paHHOH kphboh: 


ds = 


n 

* ^ ^ 9ik%i%k dt) 

\ i,k— 1 


h ^jinHa kphboh npe^CTaBHTCH HHTerpajiOM : 




Tax xax K03(jKj>nLi;neHTBi g^ cyTB Henpept>iBHBie (JjyHKpini xoopflimaT x\, 
. . . , x n , a Ha KpnBOH X\ = fi(t) h t. fl., to gik OKa3BiBaiOTCH HenpepBiB- 
HBIMII (J)yHKH,IIHMH t, TB.K }Xe KaK X\, . . . , X n . IIoSTOMy HHTerpajI HMeeT 
o 6 bihhbiii cmbicji h cymecTByeT 51 . 

Tax >xe xax Ha noBepxHOCTii, paccTOHHiia b piiMaHOBOM npocTpaHCTBG 
Mejxfly flByMH TonxaMH M, N mojxho onpe^ejuiTB xax TOHHyio hiijxhioio 
rpaminy fljiiiH xpiiBBix MN, coe/(,nHHiomHx sti-i tohxii. 3to 6yfleT fljniHa 
xpaTHaflmeii H3 xpiiBBix MN, ecjni xpaTHaflmaH cym,ecTByeT. Bo bchxom 
cjiynae y xajxfloft tohxii ecTb Taxaa oxpecTHOCTB, hto jnoGbie ,n,Be ee tohxii 
moikho coe;i,nHHTb xpaTHaiimeft. KpaTHaimiHe iirpaiOT b phmbhoboh reo- 
MeTpiiii pojiB OTpe3xoB . KpiiBaa, xoTopaa oxa3BiBaeTCH xpaTHaimieii Ha 
xaixflOM ^ocTaTOHHO MajiOM ynacTxe, Ha3biBaeTCH zeode3uuecK0u, Tax >xe 
xax Ha noBepxHOCTHx. Ho 6ojiBHine flyrn reofle3iiHecxiix MoryT h He 6 bitb 
xpaTHaitmHMH, xax, HanpiiMep, flyra Sojibihiix xpyroB Ha c<|>epe, SojiBmiie 
nojiyoxpyjxHOCTii. 

B Majiolt oxpecTHOCTii J1106011 tohxii reoMCTpiiH piiMaHOBa npocTpaH- 
CTBa Majio OTjiiiHaeTCH ot eBxjiHflOBOii: TeM MeHbine, neM MeHBine oxpecT- 
hoctb. 3to ocHOBaHO Ha tom, hto npeo6pa30BamieM xoopflimaT mojxho 
npHBecTH xBaflpaTiiHHyio tfiopMy ^ gikdxidxk b ,n,aHHOii Tonxe x Bi-my 
^ dxf , t. e. x xBa,a,paTy jiimeimoro sjieMCHTa eBxjniflOBa npocTpaHCTBa b 
npHMoyrojiBHBix xoop/pmaTax. B6 jiii3h flaHHOii tohxii jiiiHeiiHBiii sjieMeHT 
ds 6yn,eT nosTOMy Majio OTjninaTBCH ot eBxjiH^OBa dxf . nosTOMy 11 
reoMeTpiiH b oxpecTHOCTii 6yn,eT 6jiH3xa x eBxjniflOBOii. 

ToHHee 3 to mojxho Bbipa3iiTB cjie^yioiii,HM o6pa30M. 

B n-MepHOM piiMaHOBOM npocTpaHCTBe b oxpecTHOCTii J1106011 flaHHOii 
tohxii O mojxho BBecTii Taxiie xoopfliiHaTBi x\, . . . , x n , hto paccTOHHi-ie 
| MTV | Mejx/iy jho 6 bimii ^ByMH TonxaMH M, N stoh oxpecTHOCTii mojxho 
npe^CTaBiiTB (JiopMyjioii 

\MN\ = \J (Aa:i) 2 + . . . + (Ax„) 2 + e, (2) 

iyje Axi, . . . , Ax n — pa3HOCTn KOop^HHaT ToneK M, TV, a £ TaKOBO, hto 
e/\MN\ — > 0, KOiyja tohkh M, N npnGjiH^caiOTCH k O. 

51 PHMaH BBeji noHSTHe o 6ojiee o6iu,hx npocTpaHCTBax, b kotopbix TaiQKe onpe- 
^ejieHBi ^jihhbi KpHBbix, BbipancaiomHecH HHTerpajiOM f ds ot jiHHeHHoro ajieMeHTa 
ds. Ho ds npe^CTaBjiHeTCH He o6H3aTejit>HO KopHeM H3 nojiOHCHTejibHOH KBa/jpaTHHHoii 

4)OpMBI OT ^J,HCj)4)epeHD;HaJIOB KOOp/],HHaT dx 1, dx n , a JH060H HX nOJIOJKHTejIBHOH 

4>yHKU,HeH, 3aBHCHHl,eH TaK>Ke OT TOHKH — OT CaMHX KOOp,H,HHaT, ds = f(xi ; dXi) = 
f(x 1, . . . , Xn ; dx 1, dx n ), npHHeM 3Ta 4>yHKU;HH 0^,H0p0,I],HaH OTHOCHTejIBHO dx 1, . . . , 
dx n , t. e. f(xi\ Xdxi) = |A| f(xi; dxi ), hto h no3BOjiaeT npe^eraBHTb ,n;jiHHy HHTerpa- 


JIOM. 



Haaajio KOopflimaT mojkho B3HTb b tohk£ O h o6ecneHiiTb, hto KpaT- 
Haftmne — reofle3iiHecKiie jihhhh, npoxo/pirrpie aepe3 Hee, — 6y;iy r r npefl- 
CTaBjiaTbca KaK npaMbie ypaBHemiaMH Bii^a 

x\ = ais, . , x„ = a n s. (3) 

^jiima 0Tpe3Ka TaKOii jihhhh 6ya,eT tohho npeflCTaBjiaTbca eBKjnmo- 
boh hjih mi(J)aropoBOH cjjopMyjiofi: 

\MN\ = yj. Axf + . . . + Ax (4) 

B aacTHOCTii, \OM \ 2 = x\ + . . . + x^. 

3to no3BOjiaeT onpeflejuiTb yroji — BejiHHHHy yrjia Meac,n,y flByMH jih- 
HHHMH, HCXOflHIH,HMH H3 TOHKH O , TaK Hte KaK B eBKJIIIflOBOM npOCTpaH- 
CTBe. A TaK KaK 3a O mohcho nprmaTb jno6yio TOHKy, to yroji onpe^e- 
jiaeTca Meatfly jiio6biMH flByMH jihhhhmh, HCxoflMrrpiMH h 3 oflHoii tohkii. 
Tohho TaK ate mojkho bbccth flpyrne noHHTiia fliKfxJiepeHflHajibHOH reo- 
MeTpini, nocKOjibKy ohii othochtch k CBOiiCTBaM KpiiBbix h noBepxHOCTefl 
«b TOHKe » , t. e. onpeflejiaiOTCH hx CBOHCTBaMii b CKOjib yroflHO Majioii ee 
OKpeCTHOCTI-I (11 nOCKOJIbKy OTKJIOHeHIIH OT eBKJIIIflOBOH reoMeTpuii He Iir- 
paioT pojni). 

Ho pHMaHOBa reoMeTpiiH BOo6iu,e OTjaiaaeTca ot eBKjuiflOBOii h b Ma- 
jibix o6jiacTsx, xoth h Ha Bejni'uiHbi 6ojiee bmcokoto nopaflKa MajiocTH. no 
aHajiorHH c noBepxHOCTaMii, y kotopmx rayccoBa KpuBiiSHa othochtch k 
hx BHyTpeHHen reoMeTpHH, roBopaT o «piiMaHOBOii KpiiBii3He», xapaKTepn- 
3yiomeH OTKjiOHemie reoMeTpiiH flaHHoro piiMaHOBa npocTpaHCTBa b6jih3ii 
flaHHoft ero tohkii ot eBKjniflOBOii reoMeTpiiH. B3HToe b tohhom CMbicjie, 
noHHTHe KpHBH3Hbi piiMaHOBa npocTpaHCTBa cjiojkho. Oho, TaK ace KaK 
Ha noBepxHOCTHx, CBH3aHO c otjihhhcm ot 7t cyMMbi yrjiOB TpeyrojibHiiKa, 
CTopoHaMii KOToporo cjiyataT KpaTHaiiimie jihhhh. 

O flpyrnx «reoMeipHHX». npn rpynnoBOM npirapime onp<vi,ejiemm 
toh hjih hhoh reoMeTpHH OHa bboaiitch Ha npocTpaHCTBe b pejiOM, h TaK 
onpe^ejiaeTCH, npn flaHHOM ancjie H3MepeHiiii, pafl npocTpaHCTB : eBKjniflo- 
bbi, acJxJiHHHbie h flp. Ho b piiMaHOBbix npocTpaHCTBax reoMeTpua onpefle- 
jiaeTCH b 6ecKOHeaHO Majibix oSjiacTax, Moamo CKa3aTb, fliitJxliepeHflHajib- 
ho, h pacnpocTpaHaeTca iiHTerpiipoBaHiieM. noaTOMy pa3Hbix piiMaHOBbix 
npocTpaHCTB jno6oro flaHHoro ancjia H3MepeHHH — pejibiii KOHTHHy y m . 

3tot «flHtjKj)epeHH,HajibHbiH» npimflim npiiMeHaeTca Taxate h b flpy- 
thx cjiyaaax, nopoatflaa HOBbie KOHTiiHyyMbi pa3Hbix npocTpaHCTB. 

Kax reoMeTpua piiMaHOBa npocTpaHCTBa HBjiaeTca eBKjniflOBOii b Ma- 
jibix o6jiacTax c tohhoctbio flo BejiiiHHH BbiCHiero nopaflKa MajiocTH, Tax 



mojkho paccMaTpiiBaTb npocTpaHCTBa, b kotopbix b Majibix o6jiacTax, to- 
»ce C TOHHOCTblO p,0 BCJIIIHIIH BbICHierO nOpHflKa, BbinOJIHaeTCH Xaxaa-JIIl6o 
^pyraa reoMeTpua, HanpiiMep acjxjaHHHaa, — sto b npocTpaHCTBax Tax Ha- 
3biBaeMoit acJscjDiiHHon cbh3hoctii. 

Oco6oe 3HaHeHiie iimciot nceBflopiiMaHOBbi npocTpaHCTBa — Taxue, b 
M ajibix o6jiacTHx xoTopbix c tohhoctbio po Majibix Bejiiimm Bbicmero no- 
pa,n,xa BbinojiHaeTca nceBfloeBxjnmoBa reoMeTpua. 

B npHMeHeHHH k cj}H3Hxe 3Ta reoMeTpua aeTbipex H3MepemiH cjiyaciiT 
MaTeMaTnaecKiiM annapaTOM 'reop an BceMi-ipHoro TaroTemia, Hocamelt Ha- 
3BaHne o6m,eii Teopmi OTHOCiiTejibHOCTii. 3ia Teopiia Tax »ce o6o6in,a- 
eT Teopino OTHOCiiTejibHOCTii, xax nceB^opiiMaHOBa reoMeTpua o6o6m,a- 
eT nceB/i,oeBxjiiiflOBy reoMCTpiiio. IlpocTpaHCTBO h BpeMa mojxho pa3fle- 
jihtb TOJibxo b orpaHiiaeHHbix npe^ejiax, BMecTe >xe ohii o6pa3yiOT epu- 
Hyx) cJjopMy cymecTBOBaHi-ia MaTepmi — npoerpaHCTBO-BpeMa, h reoMeT- 
p h m ero nceB^opiiMaHOBa. «KpiiBii3Ha» ero npoaBjiaeTca bo bccmiiphom 
T aroTeHim — b stom, mojxho cxa3aTb, n coctoiit cynpiocTb oGbacHemia 
BceMiipHoro TaroTeHiia b o6m;ei“i Teopmi OTHOCiiTejibHOCTii. 

3,n,ecb reoMeTpua ^eMOHCTpiipyeT CBoe Hpe3Bbmaimoe 3Hanemie b no- 
HHMaHM caMbix (JiyHflaMeHTajibHbix 3axoHOB Miipo3flaHiia, Tax »ce xax 
HOBefiimie reoMeTpimecxiie Teopmi HaxoflHT npi-iMeHemie b 4)n3iixe ajie- 
MeHTapHbix aacTim,. 

B o6in;eM, coBpeMeHHaa reoMeTpua BxjnoaaeT MHoromicjieHHbie Teo- 
pmi pa3Horo pofla npocTpaHCTB h cjaiiryp b hiix, a flajiexo He Bee 6bijm 
3flecb ynoMaHyTbi. Ho hx o6be^3,iiHaeT o6m,aa ocHOBa, ecjin He cmiTaTb 
HexoTopbix He oneHb 3HamiTejibHbix Teopmi. 

Bcaxoe npocTpaHCTBO, xoTopoe onpe^ejiaiOT h iiccjieflyiOT b reoMeT- 
Phh, npe^CTaBjiaeT co6oii, 3a pe^xiiM iicxjnoHemieM, TonojioraiHecxoe npo- 
CTpaHCTBO , HaflejieHHoe toh hjih iihoh flonojimiTejibHoii CTpyxTypoii — 
MeTpiixoii, rpynnori npeo6pa30Bamni h t. p. h t. p. Ho npii BceM hx pa3- 
HOo6pa3iiii Bee ohii Bbipocjni H3 3epHa oSbiHHoro TpexMepHoro eBxju-mo- 
Ba npocTpaHCTBa, H3 ero yrjiy6jieHHoro iisyneHiia h o6o6m,emiH, 113 cbh- 
3aHHbix c hum HarjiHflHbix npeflCTaBjieHiifi xax, cxaaceM, npeo6pa30Bamie 
cjairyp nepeMem,eHiieM hjih npoexTiipoBamieM c njiocxocTH Ha njiocxocTb, 
o6o6m,aeMoe b o6m,eM rpynnoBOM npirapime onpeflejiemia pa3Hbix «reo- 
MeTpHii», hjih H3Mepemie /i,jhih MajibiM MacnrraSoM, xoTopoe jierjio b oc- 
HOBy piiMaHOBoii reoMeTpiiii 11 ee o6o6m,emiH. 



